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PREFACE 

The Hyperbolic Paraboloid (HP) concrete shell came to 
the attention of American designers thfough the work of the 
Spanish/Mexican engineer Felix Candela and his illustrated 
articles in the AC1 Journal which were published in the 
early 1950's. Since that time many HP structures have been 
designed and built both in the United States and throughout 
the world. This publication is a result of over ten years 
effort by certain members of joint ACI-ASCE Committee 334 on 
Concrete Shell Design and Construction. This effort has 
been devoted to developing analysis and design data and 
techniques forhyperbolicparaboloidconcreteshells, ecpecially 
for umbrella, gable, and saddle shells. The material in 
this publication was presented by the authors at the AC1 
Fall Convention in Seattle, Washington, November 13, 1987. 
It is hoped the information presented in this publication 
will encourage the design and application of this efficient 
and economical type of construction. 

Jack christiansen 
Chairman, ACI-ASCE Committee 3 3 4 
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1. I 

Chap ter 1 

Hyperbolic Paraboloid Shell Structures 

by W.C. Schnobrich 

INTRODUCTION 

Shell structures mobilize geometry to activate both the membrane 
and the flexural internal force systems to efficiently support any distri- 
buted loads applied to those structures. Based primarily on  their 
efficiency, these geometric structural forms are employed in a number of 
industrial applications such a s  pressure vessels, containment structures, 
etc. where the principal function of the structure is to contain or sustain 
a particular loading environment.This selection is especially true when 
substantial loads are involved such as high internal pressures. The shell 
structures selected for these applications tend to be simple forms, most 
frequently combinations of various shells of revolution such as cylinders, 
cones, spheres and (for the pressure vessels) the torospherical or  ellip 
soidal shapes because of their ability to respond to most loads by a mem- 
brane state over the major areaof the shell. Edge effects are confined to 
a narrow zone near the edge or  around a zone of discontinuity that may 
be present as a result geometry changes. 

In addition shell forms contain a number of functiona1,economic 
and esthetic virtues which make tlieni logical choices for a number of 
applications to building structures. For repetitive structures and for those 
needing long, colunin free spans reinforced concrete shell roofs have 
often been chosen. Futhermore, these structures provide a clean inner 
surface often in a pleasant geometric shape. They have good fire resistant 
qualities. By proper orientation or shape selection glass areas can be 
placed so that natural lighting can be directed onto all or  nearly all the 
covered ground plan. 

Keywords: hvPerbolic.parabo1i.c shells: reinforced 
concrete; roofs; shells (structural forms); structural 
analysis 
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2 Schnobrich 

The hyperbolic paraboloid ( H P  )is one configuration of reinforced 
concrete shell that sustained a most dramatic growth in numbers of 
applications not only as roof structures but also for foundations, walls, 
etc. Of equal importance are its advantageous sliape,being generated as 
it is by a system of intersecting straight lines thus making fabrication of 
the forms for the casting of concrete shells relatively economic and its 
esthetic characteristics.Tliis single class of shell can take on an almost 
infinite variety of visual and functional forms depending on the amount 
of twist present in the individual panels, along what lines those panels 
are bounded and then joined to fabricate the entire surface, the location 
and types of supporting structure, etc. Just how versatile this class of 
shell is can be seen in the works of Felix Candela (2) and in the publica- 
tions of Joedicke (3).Figures (1.1) and (1.2) taken from the excellent 
recent book by Schueller (5)  show a number of possible basic shapes and 
sketches of a number of H P  shells that have been built.These figures do 
show the variety of form and function that the H P  can achieve. 

. 

The most popular form of H P  used is the inverted umbrella. One 
feature that is prominent for t.his configuration is ability to construct the 
individual shells a s  stand alone units. This produces a system which can 
be constructed in an espdient manner. 

1.2 EXAMPLES 

One of the first roofs built with the hyperbolic parabolid geometry 
was for a cosmic ray laboratory on the University of Mexico campus, 
Fig. 1.3. The shell was designed by Felix Candela with a thickness of 5/8 
inches.Although of relatively small span,33 feet in the transverse direc- 
tion by two 18 foot spans in the longitudinal direction, the structure 
ushered in an era of much activity centered around this geometric form. 
Candela utilized the hyperbolic shapes for many of his structures con- 
structed not only in Mexico but throughout the world. He employed the 
shape not only in the umbrella, saddle, and gable configurations but con- 
ceived such combinations as the groined vault to achieve stress free 
edges and a light flowing appearence. 

W.C. Schnobrich, member ,ACI, is a professor of Civil Engineering 
at the University of Illinois,Urbana. His primary area of specialization is 
shell.structures. He is a member of ACI-ASCE Committee 334, Con- 
crete Shell Design and Construction and is chairman of the ASCE Com- 
mittee on Finite Element Analysis of Reinforced Concrete. 
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Hyperbolic Paraboloid Shells 3 

The classic example of the gable roof shape was that designed by 
Anton Tedesko for a department store in Denver Colorado (6).  This 
shell shows the clean graceful lines of this configuration Fig. 1.4. The 
shell spans 131 feet by 112 feet. I t  .has a basic thickness of 3 inches 
which is increased through taper to mate with the ridge and edge beams 
to minimize edge effects. The shell has a rise of 28 feet so that, although 
shallow,it has sufficient curvature to avoid serious local bending prob- 
lems. The shell has been in service since completion without any indica- 
tion of distress or  need of unusual maintenence. 

One interesting application of the hyberbolic parabolid shell in the 
inverted umbrella form was for the roof of an underground garage for 
the Lincoln Library in Springfield Illinois,designed by Hanson En,' vineers. 
The inverted umbrella shape was chosen so that the depressions over the 
columns would provide additiona1 depth of soil to allow planting of trees 
and other landscaping so the building site could retain the appearance of 
the court house as  it was when Lincoln was practicing law. The shape 
thus meant that less excavation was necessary to provide the necessary 
soil depths. A n  added benefit is observed in the clean catliedrel like 
appearance of the roof, Fig. 1.5. This shell supports a loading of 
saturated soil making it one of the more heavier loaded shell roofs. Thus 
the shell is expected to have more bending present in the surface than in 
a normal application of an H P  shell. Some 90 shell units with spans of 30 
.feet were built. These shell spans were controlled by the column spacing 
needed for the waffle slab comprising the roof of the lower level parking. 
Shell thickness of 6 inches was selected based on the anticipated heavy 
saturated soil load. The depth of the inverted umbrella was 4 fb4 in. 
Reuse of forms was achieved with the forms mounted on  rollers for easy 
movement thereby providing an additional economic factor in this appli-' 
cation. 

Roof systems are often required to cover plants which are used for 
water supply o r  waste treatment when those plants are constructed in 
populated areS.These roof systems must cover large column free 
spaces.Tlie HP shell lias been found to be both an economic and esthetic 
solution for this application. Several examples include E.L.Smith Water 
Treatment Plant,Edmonton designed by Associated Engineering Services 
and the Oakwood Beach Water Pollution Project designed by Kline and 
Hoffman in association with Greeley and Hansen. These projects were 
acknowledged by engineering and architectural awards as to the excel- 
lence of the solution. 

The largest saddle shaped shells were designed by Milo Ketchurn to 
serve as maintenance hangers at TWA's overhaul base at the Kansas 
City airport. The shell was formed by the intersection of two saddle 
shapes. These shells have a span between supports of about 320 feet 
with the thickness being 4 inches. The edge beams are hollow triangular 
shapes which increase in depth from the tips to the supports. Again the . -  
versitility of shape present in the H P  shell állows 
to the shape of the volume to be enclcsed; the 

the riof to be -adapted 
saddle being an ideal 
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4 Schnobrich 

shape for a hanger for jumbo jets. By tilting the shell can be made to 
provide additional height for the tail assembly without raising the entire 
roof line. 

A particularly efficient modification to the inverted umbrella shaped 
shell can be seen in the roof for the gymnasium at Brown University (7) .  
The roof of the structure was to serve as additional usable area. The 
individual shell units were 90 feet by GO feet. With two units joined 
together to form one transverse shell unit, 180 foot column free span 
was provided. A flat slab cast  between perimeter beams has vertical 
members attaching this slab to the shell. This composite shell now func- 
tions as a giant, tapered cantilever beam, The top slab serves as the ten- 
sion flange for the structure while the shell surface becomes the 
compression component. Fig. 1.G shows an interior view of this 
structure. Again there are added benefits derived from the chosen shape, 
the air volume trapped between the shell and slab performs as good 
insulation for the structure. This concept was developed by Daniel Tully 
during his design of a number of roof structures for gymnaisium 
applicationS.The top slab provides level area that can be used ,in this 
case for tennis courts. 

A particularly graceful form of HP shell is the groined vault 
geometry.The first application to demonstrate the beauty of this form 
was a resturant constructed in Xochimilico Mexico and designed by Felix 
Candela. The shell covers a pentagonal ground plan with mentsa basic 
diameter of 140 feet using a thickness of only 1.5 inches. The normal 
heavy perimeter beams required by many HP shells are not required in 
this geometry. Felix Candela was the first to develop this aspect of the 
design, Form costs tend to be high for this shape.A second factor that 
must be considered is the limited head room clearence associated with 
this shell. A number of replications of this shell have been built by vari- 
ous designerS.one of special note mas built in Stuttgart. It has a thickness 
of but one centimeter while spanning some 50 meters. The shell could 
be cast so thin because i t  utilized glass fiber for reinforcement. 

Another significant shell is the spork coliseum in Ponce Puetro 
Rico. This HP shell was designed by the T Y Lin group (8).The roof 
covers a ground plan of 276 feet by 232 feet. Again a 4 inch thickness is 
adequate for the shell surface.Thirty inch wide edge beams vary in depth 
from 18 inches at their tips to a maximum of 94 inches at the abutments 
for the long spans. Pier supports are placed at the midpoint of each span 
thus making these edge beams 138 foot cantilevers. The space covered 
by this shell is enclosed by walls. Thus the thinness of the shell and the 
use of only four support piers dramatically capture the grace of this roof, 
Fig (1.7). Because of the size of this structure the design firm did have a 
comprehensive finite element analysis preformed on the structure, partic- 
ularly including the supporting edge members and their eccentric place- 
ment relative to the shell. 
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Hyperbolic Paraboloid Shells 5 

The largest concrete dome in the world, the Icing Dome in 
Seattle,Wa., is constructed of HP saddle segments. The dome has a clear 
span of 661'-4". The shell slabs are 5" thick and are bounded by arched 
rib stiffeners. See Fig.l.8. 

Other HP shells that must be mentioned include the inverted 
umbrella shells that makeup the roof for the terminal buildings of the 
Newark International Airport.These shells represent rather large spans 
for the inverted umbrella being 115 feet by 120 feet with a rise of about 
20 feet. Another Candela shell of special note is the Church of Our 
Miraculous Lady in the Navarte district of Mexico City. This shell of 
gable units has a very steeply inclined roof. Because of the steepness of 
the slope Candela provided special counter weights along the ridge lines 
of the shells to balance anticipated upward thrusts expected to be present 
in the shell because of the steep slopes involved. 

One can not list some of the more interesting HP shells without 
making special note of St Marys Cathedral located in the heart of San 
Francisco. The roof consists of eight liypar shells which are approxi- 
mately 50 feet wide by 130 feet high placed on a very steep slope.The 
shell was sliotcreted on top of precast concrete ribbed forms. The basic 
structure covers a 205 foot square plan while rising some 190 feet 
1iigh.Tlie ribs forming the base of the roof system enhance the interior 
view of the roof. This can be seen in an interior view Fig. (1.9). Because 
of the complexity of the structure extensive model tests and computer 
analyses we re pe rfo rm e d. 

1.3 ANALYSIS 

Over the years since the HP form of shell construction first became 
popular many papers have been written concerning their analysis and 
behavior. The initial papers dealt with either a simplified procedure such 
as a membrane analysis (1) or a niore elaborate bending analysis method 
applied to a simplified structure. The results produced by a membrane 
analysis do indicate the basic mechanism of how the shell globally 
responds to the load. Both approaches ,the membrane and the more 
complex bending theory ,however left many questions unanswered. The 
membrane theory, although adequate for preliminary design does not 
provide complete enough information necessary for the final design of 
the supporting members. Questions of shallowness (how shallow can a 
shell be before slab bending starts to dominate), how the weight of any 
stiffener o r  edge beam is carried locally (either by the shell or by the 
beam itself), etc. remainded unanswered by a membrane theory. The 
elaborate bending analysis when performed required such unrealistic sup- 
port conditions a s  to often render the results of little practical interest. 
Most of the shells built during this era were sufficiently small that the 
deficiencies of the theory could be overcome and were overcome by 
good design procedures. 
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6 Schnobrich 

With the development of the capability to preform large systems of 
numerical calculations, finite element and finite difference procedures 
have evolved that are capable of properly treating this structure in its 
many forms. These numerical schemes provide a suitable analysis pro- 
cedure for these structures considering their properties to be orthotropic, 
edge or  support beams in any placement relative to the shell, any shape 
covering any ground plan, partial loadings covering limited areas of the 
shell etc. Currently procedures are being developed which will allow 
other influences to be considered such as creep, large deflections, con- 
crete cracking, etc. Analysis procedures have been developed to a 
sufficent level of capability as to handle most cases that the designer will 
have to consider. 
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Hyperbolic Paraboloid Shells 9 

Fig. l.3--Candela1s C o s m i c  Ray Laboratory 
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10 (schnobrich 

Fig. 1.4--Gable Hp roof, Denver, Colorado 
(Courtesy Anton Tedeclco) 
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Fig. 1.8--King Dome, Seattle, Washington 

Fig. a.+--%nterior view of Saint Mary's Cathedral 
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Chapter 2 

Membrane Analysis 

by A. C. Scordelis 

S y n o p s i s :  A r e v i e w  of  t h e  s t a t e  of  t h e  a r t  f o r  t h e  membrane 
a n a l y s i s  of HP s h e l l s  i s  presented.  Membrane s o l u t i o n s  us ing  
s i m p l e  s t a t i c s  a r e  g i v e n  f o r  HP s h e l l s  h a v i n g  s q u a r e ,  
r e c t a n g u l a r ,  o r  p a r a l l e l o g r a m  shapes i n  p l a n  and s u b j e c t e d  o n l y  
t o  uniform v e r t i c a l  loading  o v e r  t h e  h o r i z o n t a l  p r o j e c t i o n  of 
t h e  s h e l l .  S t a t i c s  of s h e l l - e d g e  beam systems a r e  d iscussed  
f o r  s a d d l e  s h e l l s ,  i n v e r t e d  u m b r e l l a s ,  g a b l e  s h e l l s ,  and s h e l l s  
on two s u p p o r t s .  

Membrane s t r e s s e s  f o r  g e n e r a l  l o a d i n g s  on Bp s h e l l s  having a 
p a r a l l e l o g r a m  s h a p e  i n  p l a n  o b t a i n e d  u s i n g  a d i f f e r e n t i a l  
e q u a t i o n  a p p r o a c h  a r e  d e s c r i b e d .  S t r e s s  t r a n s f o r m a t i o n  
formulas  a r e  g i v e n  which can be used t o  f i n d  p r i n c i p a l  membrane 
s t r e s s e s  i n  t h e  s h e l l  and boundary s t r e s s e s  t o  be t r a n s m i t t e d  
t o  t h e  edge members. 

Membrane  s t r e s s e s  i n  HP s h e l l s  h a v i n g  a n  a r b i t r a r y  
q u a d r i l a t e r a l  shape i n  p l a n  a r e  d i s c u s s e d  and procedures  f o r  
de te rmining  them a r e  d e s c r i b e d .  

Keywords: hyperbolic parabolic shells; membrane theory 
(shells); reinforced concrete; roofs; shells 
(structural forms); structural analysis 
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18 Scordelis 

Alex C. S c o r d e l i s  i s  t h e  Byron L. and  E l v i r a  E. N i s h k i a n  
P r o f e s s o r  of S t r u c t u r a l  E n g i n e e r i n g  a t  t h e  U n i v e r s i t y  of  
C a l i f o r n i a  a t  B e r k e l e y  where h e  h a s  b e e n  a member of t h e  
f a c u l t y  s i n c e  1949. He i s  a member of  A C 1  Commit tee  334, 
C o n c r e t e  S h e l l  D e s i g n  and  C o n s t r u c t i o n ,  and  Commit tee  343, 
Concrete  Bridge Design, and s i n c e  1978, of t h e  N a t i o n a l  Academy 
o f  Engine e r  ing. 

INTRODUCTION 

The m a j o r i t y  of t h e  d e s i g n s  of  h y p e r b o l i c  p a r a b o l o i d  
( h e r e a f t e r  termed HP) s h e l l  r o o f s  d u r i n g  t h e  1950's and 1960's 
w e r e  a c h i e v e d  b y  m a k i n g  u s e  o f  t h e  membrane  t h e o r y  o f  
t r a n s l a t i o n a l  s h e l  1s and cons ider ing  approximate I2.1, 2.61 or 
i n t u i t i v e  e x p r e s s i o n s  12.33 f o r  f l e x u r a l  s t r e s s e s  a t  p o i n t s ,  
where i t  was known t h a t  t h e  membrane s t a t e  of s t r e s s  could  n o t  
e x i s t  and f l e x u r a l  s t r e s s e s  of s i g n i f i c a n t  magnitude might be 
p r e s e n t .  W i t h  t h e  a d v e n t  of t h e  cornputer  i n  t h e  1 9 6 0 ' ~ ~  
m e t h o d s  o f  a n a l y s i s  u s i n g  f i n i t e  e l e m e n t s  o r  f i n i t e  
d i f f e r e n c e s ,  which  i n c o r p o r a t e d  b o t h  membrane and  b e n d i n g  
a c t i o n  i n  t h e  s h e l l ,  became p o s s i b l e .  Today, many g e n e r a l  
computer programs a r e  a v a i l a b l e  t o  o b t a i n  t h e s e  more a c c u r a t e  
s o l u t i o n s ,  which should  be used i n  f i n a l  designs.  

W h i l e  t h e  l i m i t a t i o n s  o f  t h e  membrane t h e o r y  a r e  now 
r e c o g n i z e d  for HP s h e l l s ,  i t  s t i l l  i s  a u s e f u l  a p p r o a c h  t o  
u n d e r s t a n d i n g  t h e  o v e r a l l  s t a t i c s  o f  t h e s e  s t r u c t u r e s .  
Membrane t h e o r y  assumes t h a t  o n l y  in-p lane  membrane f o r c e s  Nx3 
Ny,  and  NXy c a n  e x i s t  i n  t h e  s h e l l .  S h e l l  b e n d i n g  and  
t o r s i o n a l  moments M,, My, and Jixy, t r a n s v e r s e  s h e a r s  Qx and Qy, 
s h e l  1 d e f o r m a t i o n s ,  and c o m p a t i b i l i t y  of s t r a i n s  between t h e  
s h e l l  and i t s  edge members a r e  ignored. The membrane a n a l y s i s  
s a t i s f i e s  s t a t i c s ,  b u t  n o t  c o m p a t i b i l i t y .  

I n  what f o l l o w s ,  f i r s t ,  a membrane s o l u t i o n  f o r  t h e  s p e c i a l  
case  of a uniform v e r t i c a l  load  o v e r  t h e  h o r i z o n t a l  p r o j e c t i o n  
w i l l  be  d e s c r i b e d  u s i n g  s imple  s t a t i c s .  Then, a more g e n e r a l  
membrane s o l u t i o n  for a r b i t r a r y  l o a d i n g s  w i l l  b e  o u t l i n c d  u s i n g  
a d i f f e r e n t i a l  e q u a t i o n  approach. Appropr ia te  r e f e r e n c e s  w i l l  
be  g iven  f o r  those  wishing t o  s t u d y  t h e s e  i n  g r e a t e r  d e t a i l .  

SOLUTION USING SIMPLE STATICS 

The d o u b l y  curved  s u r f a c e  of an H p  s h e l l  may be def ined  i n  
two ways,  e i t h e r  a s  a s u r f a c e  of t r a n s l a t i o n ,  or a s  a warped 
p a r a l l e l o g r a m ,  F i g .  2.1. I n  t h e  f i r s t  c a s e ,  t h e  s u r f a c e  i s  
d e f i n e d  b y  t r a n s l a t i n g  a v e r t i c a l  a r c h i n g  p a r a b o l a  h a v i n g  
upward c u r v a t u r e ,  cod,  o v e r  a n o t h e r  s a g g i n g  p a r a b o l a  w i t h  
downward c u r v a t u r e ,  jok, Fig. 2.1. The HP s u r f a c e  may a l s o  b e  
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genera ted  by t r a n s l a t i n g  a s t r a i g h t  l i n e  i j  a l o n g  two s t r a i g h t  
l i n e s  i k  and j&, F i g .  2.1, t o  form a warped para l le logram.  

C o n s i d e r ,  f i r s t ,  t h e  c a s e  w h e r e  L i  = L2 = L a n d  
01 = c2 = c. Thus, t h e  a r c h i n g  and sagging p a r a b o l a s  would be 
i d e n t i c a l  i n  Fig.  2.1. A p l a n  view of t h e  warped p a r a l l e l o g r a m  
p o r t i o n  o f  t h e  s h e l l ,  i j k &, t o  b e  a n a l y z e d ,  i s  shown i n  
F i g .  2.2. Note t h a t  f o r  t h i s  c a s e  t h e  Hp i s  square  i n  p l a n  and 
t h e  s t r a i g h t  l i n e  g e n e r a t o r s  a r e  o r t h o g o n a l  t o  e a c h  o t h e r  i n  
t h e  p l a n  view. Now assume o n l y  a uniform v e r t i c a l  loading  of 
w psf  of h o r i z o n t a l  p r o j e c t i o n  a c t i n g  o n  t h e  s h e l l .  It w i l l  b e  
shown t h a t  i f  i t  i s  assumed t h a t  a t  a l l  p o i n t s  t h e  a r c h i n g  
p a r a b o l a s  c a r r y  w/2 and t h e  sagging p a r a b o l a s  c a r r y  w/2 of t h e  
t o t a l  l o a d  w, t h e  boundary f o r c e s  r e q u i r e d  a t  t h e  edges of t h e  
s h e l l  f o r  e q u i l i b r i u m  w i l l  c o n s i s t  o n l y  of a uniform membrane 
s h e a r  Nxy ( f o r c e / l e n g t h )  a long t h e  edges g iven  by: 

2 

xy 2c 
N = -  wa (2 .1)  

This  v a l u e  i s  t h e  same a t  e v e r y  p o i n t  a l o n g  t h e  edges, a s  w e l l  
a s  w i t h i n  t h e  s h e l l .  No membrane f o r c e s ,  N, o r  Ny, n o r m a l  t o  
t h e  edges a r e  r e q u i r e d  f o r  equi l ibr ium.  This  remarkable  f a c t  
i n d i c a t e s  t h a t  t h e  s h e a r  f rom Eq. (2.1) may b e  p i c k e d  up  b y  
edge  members u n d e r  p u r e  a x i a l  f o r c e ,  w i t h  no b e n d i n g ,  and  
t r a n s m i t t e d  t o  t h e  s u p p o r t s  a t  s e l e c t e d  c o r n e r s  o f  t h e  HP 
s h e l l .  

Equat ion  (2.1) may b e  v e r i f i e d  u s i n g  s i m p l e  s t a t i c s  a s  
d e s c r i b e d  i n  t h e  f o l l o w i n g  paragraphs.  

C o n s i d e r  t h e  o n e - f o o t  wide  a r c h i n g  p a r a b o l a ,  i&, and 
s a g g i n g  p a r a b o l a ,  jk, s t r i p s  s p a n n i n g  b e t w e e n  t h e  c o r n e r s ,  
F i g s .  2.2 and 2.3. Assuming t h a t  each t a k e s  a d i s t r i b u t e d  l o a d  
of  w/2 and  n o t i n g  t h a t  L = f i ( 2 a ) ,  t h e n  i n  b o t h  c a s e s  t h e  end 
r e a c t i o n s  a r e  

(2 .2)  

2 

8c 16c 2c 
= - -  wa (2 .3)  - -  (w/2) L2 WL H =  

Next, c o n s i d e r  one-foot p a r a b o l i c  s t r i p s  LA and Ls  meeting 
a t  a common p o i n t  p on t h e  s h e l l  edge ,  F i g s .  2.2 and  2.3. 
Since t h e s e  s t r i p s  a l s o  c a r r y  u n i f o r m l y  d i s t r i b u t e d  l o a d s  of 
w/2 and  h a v e  s h a p e s  i d e n t i c a l  t o  t h e  p a r a b o l a s  s p a n n i n g  a 
d i s t a n c e  L between t h e  corners ,  then  t h e  h o r i z o n t a l  r e a c t i o n s  H 
a r e  t h e  same a s  g i v e n  b y  Eq. (2.3). A s  a m a t t e r  o f  f a c t ,  t h i s  
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i s  t r u e  f o r  a l l  p o i n t s  i n  t h e  s h e l l .  N o t e  a l s o ,  f o r  a l l  
p o i n t s  p on t h e  edge of t h e  s h e l l ,  LA + LS = L, and, thus  

- - -  - v  s WL J 2 w a  WL WL 
+ - = - -  A v + v  = -  

A S  4 4 4 2 ( 2 . 4 )  

which i s  t h e  same a s  Eq. ( 2 . 2 ) .  

A s m a l l  wedge-shaped d i f f e r e n t i a l  e lement  a t  edge p o i n t  p 
i s  t a k e n  o u t  a s  a f r e e  body and  shown i n  F i g .  2.4.  H and VA, 
from t h e  a r c h i n g  p a r a b o l i c  s t r i p ,  and H and Vs from t h e  sagging 
p a r a b o l i c  s t r i p ,  c a l c u l a t e d  f r o m  E q s .  ( 2 . 3 )  and (2 .41 ,  a r e  
b a l a n c e d  by t h e  boundary f o r c e s  F,, Fy, and F,. Summing f o r c e s  
i n  t h r e e  o r t h o g o n a l  d i r e c t i o n s  xsy,z ,  w i t h  z being  a v e r t i c a l  
d i r e c t i o n ,  t h e  boundary f o r c e s  F,, Fy, and F, a r e  

FX = H (*) fi (I) fi, + H (g) (&) 
2 w a  F = -  dx x 2c 

(“x) + v (*) 
FZ = A Jz s &  

= ( A 

= 7 JZwa (g) = y dx 
) ($)= (g) 

( 2 . 5 )  

( 2 . 6 )  

( 2 . 7 )  

and n o t i n g  t h a t  d z / d x  = c / a  = s l o p e  of t h e  s h e l l  edge ,  
dx = ( a / c ) d z ,  t h e n  Eq. ( 2 . 7 )  becomes 

( 2 . 8 )  

Thus, a t  a l l  p o i n t s  a l o n g  t h e  edges t h e  f o r c e  Fy normal t o  the 
edge  i s  z e r o  and  t h e  r e s u l t a n t  of  F, and  F, i s  a p u r e  s h e a r  
f o r c e  R p a r a l l e l  t o  t h e  s l o p i n g  edge, F i g .  2 . 4 .  

2 

2 c  
R = -  wa ds 
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T h i s  v e r i f i e s  Eq. (2.1) and  i n d i c a t e s  t h a t  t o  f i n d  t h e  t o t a l  
f o r c e  a l o n g  a n  edge  member, or i t s  components  i n  t h e  x o r  z 
d i r e c t i o n s ,  one s i m p l y  needs t o  m u l t i p l y  NXy ( f o r c e / l e n g t h )  by 
t h e  s l o p e  l e n g t h  or i t s  p r o j e c t i o n s  i n  t h e  x or z d i r e c t i o n s .  
It  s h o u l d  b e  noted  t h a t  o n l y  if i t  i s  assumed t h a t  t h e  a r c h i n g  
and sagging p a r a b o l i c  s t r i p s  each take  one-half  of t h e  l o a d  w 
w i l l  t h e  n o r m a l  f o r c e  Fy on t h e  b o u n d a r y ,  Eq. (2.61, h a v e  t h e  
d e s i r e d  z e r o  v a l u e .  The above s o l u t i o n  would r e p r e s e n t  o n l y  
one of t h e  many membrane s o l u t i o n s  which c o u l d  s a t i s f y  s t a t i c s ,  
i f  normal boundary f o r c e s  were p e r m i t t e d .  

To summarize f o r  t h i s  s p e c i a l  c a s e  of a uniform l o a d  w psf  
of h o r i z o n t a l  p r o j e c t i o n ,  t h e r e  e x i s t s  a t  a l l  p o i n t s  i n  an  HP 
s h e l l  a s t a t e  o f  u n i f o r m  p u r e  s h e a r  Nxy p a r a l l e l  t o  t h e  
s t r a i g h t  l i n e  g e n e r a t o r s  and uniform h o r i z o n t a l  compressive or 
t e n s i l e  components of t h r u s t  H i n  t h e  d i r e c t i o n  of arching  o r  
sagging p a r a b o l a s ,  r e s p e c t i v e l y .  The v a l u e  of t h e s e  f o r c e s  per‘  
u n i t  l e n g t h  i s  g iven  by t h e  s imple formula 

(2.10) 

F i g u r e  2.5 i l l u s t r a t e s  t h e s e  f o r c e s  p e r  u n i t  l e n g t h  on t y p i c a l  
e lements  taken  from t h e  s h e l l .  

U s i n g  a p r o c e d u r e  s i m i l a r  t o  t h a t  d e s c r i b e d ,  HP s h e l l s  
h a v i n g  t h e  g e o m e t r i e s  shown i n  F i g .  2.6 may b e  a n a l y z e d  f o r  a 
u n i f o r m  v e r t i c a l  l o a d  w p s f  o f  h o r i z o n t a l  p r o j e c t i o n  l2.51. 
Formulas  f o r  NXy, t h e  uniform membrane shear ,  a t  a l l  p o i n t s  i n  
t h e  s h e l l  a r e  g i v e n  i n  F i g .  2.6 f o r  e a c h  c a s e .  Note t h a t  f o r  
a l l  of t h e  c a s e s  shown t h e  a rch ing  (A) and sagging (S) v e r t i c a l  
p a r a b o l a s  a r e  o r t h o g o n a l  t o  each o ther .  When t h e s e  p a r a b o l a s  
h a v e  d i f f e r e n t  r i s e l s p a n  r a t i o s ,  t h e  s t r a i g h t  l i n e  g e n e r a t o r s  
w i l l  form a p a r a l l e l o g r a m  i n  p l a n  w i t h  a p l a n  a n g l e  w between 
t h e  edges,  Figs .  2.6c,dDe. For  t h e s e  l a t t e r  c a s e s  t h e  a r c h i n g  
and  s a g g i n g  p a r a b o l a s  a r e  s t i l l  assumed t o  e a c h  t a k e  w/2. 
However, t h e  h o r i z o n t a l  compressive o r  t e n s i l e  components of 
t h e  t h r u s t  a r e  no l o n g e r  e q u a l  t o  e a c h  o t h e r  b e c a u s e  o f  t h e  
d i f f e r e n c e  i n  r i s e l s p a n  r a t i o s .  N e v e r t h e l e s s ,  when a boundary 
w e d g e  e l e m e n t  s i m i l a r  t o  t h a t  s h o w n  i n  F i g .  2.4 i s  
i n v e s t i g a t e d ,  i t  i s  o n c e  a g a i n  f o u n d  t h a t  o n l y  a p u r e  s h e a r  
b o u n d a r y  f o r c e  NXy p a r a l l e l  t o  t h e  e d g e  i s  r e q u i r e d  f o r  
e q u i l i b r i u m .  

I n  Figs .  2.6a,b,c,d i t  can be seen  t h a t  t h r e e  of t h e  c o r n e r  
p o i n t s  h a v e  t h e  same z c o o r d i n a t e ,  w h i l e  o n l y  one  h a s  a z 
c o o r d i n a t e  e q u a l  t o  c. For  t h e  g e n e r a l  case ,  Fig. 2.6e, of a l l  
four  c o r n e r s  h a v i n g  d i f f e r e n t  z c o o r d i n a t e s ,  c ,  c a n n o t  b e  
e a s i l y  f o u n d ,  and  i t  i s  b e t t e r  t o  u s e  t h e  g e n e r a l  e x p r e s s i o n  
f o r  N,, given  i n  F i g .  2.6e C2.51. 
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EDGE MEMJ3ERS AND SUPPORTING SYSTEMS 

(2 .12)  

F i g u r e  2.7 i l l u s t r a t e s  t h e  s t a t i c s  of a s a d d l e  s h e l l - e d g e  
beam s u p p o r t  s y s t e m ,  b y  membrane t h e o r y ,  u n d e r  a u n i f o r m  
v e r t i c a l  l o a d  w p s f  o f  h o r i z o n t a l  p r o j e c t i o n .  F i g u r e  2.7a 
shows f r e e  body diagrams of €he s h e l l ,  t h e  edge beams, and the  
j o i n t s  a t  t h e  corners .  The d i r e c t i o n s  of t h e  uniform boundary 
s h e a r s  Nxy a c t i n g  on t h e  s h e l l  edge can e a s i l y  be e s t a b l i s h e d  
s i n c e  t h e y  m u s t  go f r o m  t h e  low p o i n t s  t o  t h e  h i g h  p o i n t s  i n  
o r d e r  t o  b a l a n c e  t h e  downward l o a d  w. E q u a l  and  o p p o s i t e  
s h e a r s  a c t  o n  t h e  e d g e  b e a m s  w h i c h  p r o d u c e  a l i n e a r l y  
i n c r e a s i n g  a x i a l  f o r c e  i n  t h e  e d g e  b e a m  f r o m  t h e  h i g h  
unsupported p o i n t s ,  j and k, t o  t h e  low suppor ted  p o i n t s ,  i and 
1. The j o i n t s  a t  t h e  low p o i n t s ,  i and  1, a r e  h e l d  i n  
e q u i l i b r i u m  by v e r t i c a l  and h o r i z o n t a l  r e a c t i o n s ,  RV and RH, a t  
t h e  s u p p o r t s ,  F i g s .  2 .7a ,b .  

The v a l u e  of  N ( f o r c e / l e n g t h )  c a n  b e  c a l c u l a t e d  u s i n g  
Eq. (2 .11) .  From t h i s  t h e  maximum a x i a l  f o r c e  P i n  t h e  edge  
beam and t h e  r e a c t i o n s  R V  and RH c a n  b e  f o u n d  b y  m u l t i p l y i n g  
NXy by t h e  a p p r o p r i a t e  p r o j e c t e d  l e n g t h  

xY 

2 wa 
xy 2c 

N = -  (2 .13)  

(2.15) 2 R = 2 N (2c) = 2wa v XY 

3 JZwa R~ = fi N ( 2 a )  = - XY C 
(2.16) 

As a c h e c k ,  n o t e  t h a t  RV a s  c a l c u l a t e d  a b o v e  e q u a l s  t h e  
t o t a l  l o a d  W = w(2aI2 d i v i d e d  by 2 a s  i t  should.  . .. 

._  
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F i g u r e s  2.7c,d i n d i c a t e  an  a l t e r n a t e  way of looking a t  t h e  
membrane s o l u t i o n .  F o r  t h e  c a n t i l e v e r  of  F i g .  2 . 7 ~ ~  t h e  
e x t e r n a l  moment (W/2)(x1)  i s  b a l a n c e d  b y  a n  i n t e r n a l  c o u p l e  
TYl - - Cy1 where T e q u a l s  t h e  sum of t h e  uniform s h e l l  membrane 
t e n s i l e  f o r c e s  H, and  í! e q u a l s  t h e  h o r i z o n t a l  c o m p r e s s i v e  
t h r u s t  i n  t h e  edge  beams. F o r  t h e  a r c h  of F i g .  2.7d t h e  
e x t e r n a l  moment (w/2)(x2) i s  b a l a n c e d  by t h e  couple  Cy2 = R ~ y 2 ,  
w h e r e  C e q u a l s  t h e  sum o f  t h e  u n i f o r m  s h e l l  m e m b r a n e  
c o m p r e s s i v e  f o r c e s  H, and RH e q u a l s  t h e  e x t e r n a l  h o r i z o n t a l  
r e a c t i o n  a t  t h e  s u p p o r t .  

F i g u r e  2 . 7 ~  c l e a r l y  i n d i c a t e s  t h a t  w h i l e  t h e  membrane 
t h e o r y  s a t i s f i e s  s t a t i c s ,  i t  v i o l a t e s  c o m p a t i b i l i t y  o f ’ s t r a i n s  
a t  t h e  s h e l l - e d g e  beam j u n c t u r e  s i n c e  t h e  s h e l l  i s  i n  t e n s i o n  
and t h e  edge beam i s  i n  compression. 

. .. 
F i g u r e s  2.8 and 2.9 i l l u s t r a t e  how t h e  same two b a s i c  HP 

s h e l l  p a n e l s  may b e  assembled on d i f f e r e n t  edge beam suppor t ing  
systems t o  form an i n v e r t e d  u m b r e l l a ,  Fig.  2.9a, a g a b l e  s h e l l ,  
F i g .  2 .9b  o r  a s h e l l  o n  two s u p p o r t s ,  F i g .  2 . 9 ~ .  T h e  
d i r e c t i o n s  of t h e  b o u n d a r y  s h e a r  f o r c e s ,  Nxy ,  a c t i n g  on t h e  
edge  beam s y s t e m s ,  F i g .  2.9, c a n  e a s i l y  b e  e s t a b l i s h e d  b y  
recogniz ing  t h a t  t h e y  must f l o w  towards t h e  l o w  p o i n t  i n  each 
p a n e l .  The s i g n  and  m a g n i t u d e  o f  t h e  a x i a l  f o r c e  i n  e a c h  
s u p p o r t i n g  beam and of t h e  r e a c t i o n s  t h a t  must be s u p p l i e d  a t  
t h e  s u p p o r t s  can be determined a s  d e s c r i b e d  p r e v i o u s l y  f o r  t h e  
s a d d l e  s h e l l .  Note t h a t  i t  is e s s e n t i a l  t h a t  t h e  s u p p o r t s  b e  
c a p a b l e  of c a r r y i n g  a l l  of t h e  n e c e s s a r y  h o r i z o n t a l ,  a s  w e l l  a s  
v e r t i c a l ,  r e a c t i o n s  d e l i v e r e d  t o  them by t h e  edge beam system. 

F i g u r e  2.10 i n d i c a t e s  f o r  e a c h  of  t h e  t h r e e  s h e l l s  a n  
a l t e r n a t e  way of looking  a t  t h e  s t a t i c s  of t h e  she l l -edge  beam 
s y s t e m s .  I n  t h e  f r e e  b o d y  d i a g r a m s  shown on t h e  l e f t ,  i t  i s  
e v i d e n t  t h a t  t h e  e x t e r n a l  s t a t i c a l  moment i n  each case i s  be ing  
t a k e n  by a T-C c o u p l e  p r o v i d e d  b y  h o r i z o n t a l  support  r e a c t i o n s  
a n d l o r  edge beam f o r c e s .  Note t h a t  f o r  t h e  s e c t i o n s  shown t h e  
s h e l l  edges have  only p u r e  s h e a r  NXy a c t i n g  on them and, thus,  
do n o t  c o n t r i b u t e  t o  t h e  T-C couple .  

MEMBRANE STRESSES FOR GENERAL LOADINGS ON HP SHELLS 
HAVING A PARALLELOGRAM SHAPE I N  PLAN 

For l o a d i n g s  o t h e r  t h a n  a uniform l o a d  w psf  of h o r i z o n t a l  
p r o j e c t i o n ,  such a s  dead load ,  wind l o a d ,  and e q u i v a l e n t  s t a t i c  
ear thquake  l o a d ,  t h e  s i m p l e  s t a t i c s  approach used above cannot  
b e  u s e d  e a s i l y  t o  f i n d  t h e  membrane s t r e s s e s  i n  t h e  s h e l l  N,, 
N and Nxy. ,Using a d i f f e r e n t i a l  e q u a t i o n  approach, Csndela  
[a12l, T e s t e r  12.81, and Ramirez, S c o r d e l i s ,  and Ngo C2.5, 2.71 
have  d e v e l o p e d  g e n e r a l  f o r m u l a s  f o r  a v a r i e t y  of l o a d i n g s  and 
g e o m e t r i e s .  The s e  e q u a t i o n s  b e  come a 1 g e b r a i c a l  1 y i n v o l v e d ;  
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h o w e v e r ,  c o m p u t e r  p r o g r a m s  12.5, 2.71 a r e  a v a i l a b l e *  which  
p r o v i d e  s o l u t i o n s  f o r  t h e  membrane s t r e s s e s  i n  t h e  s h e l l  and 
b o u n d a r y  f o r c e s .  A b r i e f  d e s c r i p t i o n  of  t h e  d i f f e r e n t i a l  
e q u a t i o n  approach i s  g i v e n  i n  t h e  f o l  lowing paragraphs.  

Using a r i g h t h a n d  skew coord ina te  system xyz, t h e  geometry 
of  a n y  HP h a v i n g  a p a r a l l e l o g r a m  s h a p e  i n  p l a n  i s  d e f i n e d  i n  
F i g .  2.11 b y  t h e  p l a n  d i m e n s i o n s  a and  b ,  t h e  skew a n g l e  o i n  
t h e  h o r i z o n t a l  x y  p l a n e ,  and t h e  z c o o r d i n a t e s  of t h e  f o u r  
c o r n e r s  i ,  j ,  k ,  and A?. The equat ion  of t h e  s u r f a c e  i s :  

z = A + Bx + Cy + Kxy (2.17) 

where 

D i f f e r e n t i a t i n g  Eq. (2.171, l e t :  

2 2 2 
K - 0 ;  - =  a Z  - -  a Z  a Z  

2 axay ax ay2 
_ - -  

(2.19b) 

The p o s i t i v e  d i r e c t i o n s  of  t h e  membrane s t r e s s e s  and  t h e  
e x t e r n a l  l o a d i n g  a r e  shown i n  F i g .  2.12. The p r o b l e m  t o  b e  
s o l v e d  may be s t a t e d  s i m p l y  as :  Given: an ñP s h e l l  w i t h  known 
geometry and boundary c o n d i t i o n s  (Fig. 2.1) and known e x t e r n a l  
l o a d i n g ,  X, Y and  Z ( F i g .  2.12); F i n d :  t h e  membrane s t r e s s e s  
Nx, Ny, and Nxy i n  t h e  t r u e  s u r f a c e  o f  t h e  s h e l l  ( F i g .  2.12). 
The g e n e r a l  method of  s o l u t i o n  was o r i g i n a l l y  p r e s e n t e d  by 
Pacher  12.41 and b a s i c a l l y  c o n s i s t s  of p r o j e c t i n g  t h e  membrane 
s t r e s s e s  on t h e  h o r i z o n t a l  p l a n  xy and f i r s t  s o l v i n g  f o r  t h e s e  
p r o j e c t e d  s t r e s s e s  from which i n  turn t h e  t r u e  - s t r e s s e s  may be 
found.  The " p r o j e c t e d "  s t r e s s e s  Kx, Ny, and NXy a r e  i n  t h e  
d i r e c t i o n  of t h e  x o r  y axes and a r e  f o r c e s  p e r  h o r i z o n t a l  u n i t  
l e n g t h  i n  t h e  x or y d i r e c t i o n s .  The " t r a e "  s t r e s s e s  N,, N , 
and Nxy  a r e  i n  t h e  d i r e c t i o n  o f  t h e  x o r  y g e n e r a t o r s  on  t g e  
t r u e  s u r f a c e  of t h e  s h e l l  and a r e  f o r c e s  p e r  t r u e  u n i t  l e n g t h  
of  g e n e r a t o r .  The e x t e r n a l  l o a d s  X, Y, o r  Z a r e  f o r c e s  p e r  
u n i t  of h o r i z o n t a l  p r o j e c t e d  area.  The s l o p e  of t h e  g e n e r a t o r s  

- 

* D e t a i l e d  i n f o r m a t i o n  on t h e  input-output d a t a  a s  w e l l  a s  t h e  
a v a i l a b i l i t y  of t h e s e  computer programs i s  a v a i l a b l e  from t h e  
au thor .  
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in the x and y directions are defined by the Tan $ and the 
Tan q,  respectively, and the angle between the generators in 
the true surface is y .  

Using equations of equilibrium with the projected stresses, 
the following expressions are obtained: 

Substituting the geometric properties of the HP shell from 
Eqs, (2.19) into Eq. (2.21), the following results is obtained: 

1 - 
N = - [ < x + q ~ -  Z] s i n  w 

xy 2K (2.22) 

- 
Note that by Eq. (2.221, Nxy is uniquely determined at any 
point in the shell and is independent - of the boundary 
conditions. Once Nny is known, ix and Ny are obtained by 
suitable integration of Eq. (2.20): 

I[% + X s i n  w dx + f l ( y )  (2.23a) 3 - 
ay 

Nx = - 

J[% + Y s i n  w dy + f 2 ( x )  (2.23b) I - N = -  
Y 

The arbitrary functions fl(y) and f2(d can be determined from 
the specified boundary values of Fx andgy at any two adjacent 
edges of the shell. 

Finally, the true stresses (Fig. 2.12) are obtained from 
the projected stresses by the following relationships: 

- 
N 

XY X Y U  

- - 
(2.24) N = Nxy; Nx = N p; N =I 

where 

(2.25) 
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The s o l u t i o n  o f  Eqs.(2.22) and (2.23) ,  e x c e p t  f o r  t h e  w e l l  
known c a s e  o f  u n i f o r m  v e r t i c a l  l o a d  Z e q u a l  t o  w p s f  of  
h o r i z o n t a l  p r o j e c t i o n ,  i s  e x t r e m e l y  t e d i o u s  and a l g e b r a i c a l l y  
involved.  

For  t h e  s p e c i a l  l o a d i n g  Z = w, X = O ,  Y = O,  s u b s t i t u t i n g  
i n t o  Eqs. (2.22) and  (2.24),  Nxy i s  f o u n d  t o  b e  c o n s t a n t  
throughout t h e  s h e l l  and t o  be e q u a l  t o  t h e  same v a l u e  a s  found 
b y  t h e  s i m p l e  s t a t i c s  a p p r o a c h ,  Eq. (2.11).  A l s o ,  i t  c a n  b e  
s e e n  f r o m  Eq. (2.23) t h a t  i f  t h e  b o u n d a r y  f o r c e s  Ñx a n d Ñ y  a r e  
s p e c i f i e d  t o  b e  z e r o  a t  b o u n d a r y  e d g e s  x = O and  y = O ,  
r e s p e c t i v e l y ,  t h e n  t h e y  w i l l  a l s o  b e  z e r o  a t  t h e  b o u n d a r i e s  
x = a and  y = b ,  r e s p e c t i v e l y .  T h i s  a g a i n  v e r i f i e s  t h e  
s o l u t i o n  found by s t a t i c s  f o r  t h e  s p e c i a l  loading  of Z = w. 

. .. 
- 

F o r  o t h e r  g e n e r a l  l o a d i n g s ,  Nxy w i l l  n o t  b e  c o n s t a n t  
t h r o u g h o u t  t h e  s h e l l ,  b u t  c a n  b e  f o u n d  u s i n g  Eq, (2.22).  
Formulas f o r Ñ X y ,  N,, and Ñy f o r  v a r i o u s  l o a d i n g s  a r e  a v a i l a b l e  
12.5, 2.71. I n  o r d e r  t o  s a t i s f y  t h e  r e q u i r e m e n s s  - of  t h e  
membrane a n a l y s i s ,  t h e  b o u n d a r y  s t r e s s e s  N, a n d  Ny must  b e  
s p e c i f i e d  a t  two i n t e r s e c t i n g  edges of t h e  s h e l l .  It is always 
p o s s i b l e  t o  c h o o s e  t h e  c o o r d i n a t e  a x e s  s o  t h a t  t h e  z - a x i s  
p a s s e s  t h r o u g h  t h e  p o i n t  of  i n t e r s e c t i o n  o f  t h e s e  e d g e s  
( F i g .  2.13). I n  t h i s  way, t h e  s t r e s s e s  ( N x l x = 0  and  ( N y I y = o  
a c t i n g  on t h e  boundar ies  a t  t h e  y and x axes,  r e s p e c t i v e l y ,  can 
b e  c h o s e n  a s  d e s i r e d  w h i l e  - t h e  b o u n d a r y  s t r e s s e s  a t  t h e  
o p p o s i t e  e d g e s  (rx)x=a and (NyIy=b a r e  f i x e d .  Thus ,  only two 
of  t h e  f o u r  e d g e s  o f  t h e  HP c a n  b e  f r e e d  of  n o r m a l  b o u n d a r y  
f o r c e s  for a g e n e r a l  loading .  

The s t r e s s e s  Nx, Ny, and Nxy a r e  o b l i q u e  components of t h e  
s t r e s s e s  i n  t h e  t r u e  s u r f a c e  of  € h e  s h e l l  ( F i g .  2.12).  The 
t r u e  normal and s h e a r i n g  s t r e s s e s  Nß and Tß on any p l a n e  making 
an a n g l e  ß i n  t h e  t r u e  s u r f a c e  w i t h  t h e  p o s i t i v e  p a r t  of t h e  x- 
g e n e r a t o r  may b e  f o u n d  b y  c o n s i d e r i n g  t h e  e q u i l i b r i u m  of  a n  
element such a s  t h a t  shown i n  F i g .  2.14. 

- 

- - 

2 
s i n  ß s i n  (B-Y) s i n  (ß-u) 2 

s i n  ß -t- 2N 
Ny s i n  y (2.26) N = N  - í3 x s i n  y XY s i n  y 

The t r u e  a n g l e  y between the  g e n e r a t o r s  a t  any p o i n t  i n  t h e  
s h e l l  can be found by t h e  fo l lowing  formula: 

COS y = COS @ cos Y cos w + s i n  @ s i n  Y 
(2.28) 

- cos w + 
- 

( l + E  ) ( l + r i  1 
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The p l a n e s  on w h i c h  t h e  p r i n c i p a l  s t r e s s e s  N i  and N2 a c t  
can b e  found by s e t t i n g  Tß = O i n  Eq. ( 2 . 2 7 ) .  

The two a n g l e s  g i v e n  by Eq. (2.29) a r e  des igna ted  a s  el = 2812 
and 02 = 0 1  + 900,  w h i c h  d e f i n e  t h e  p l a n e s  on  w h i c h  N 1  and N2 
a c t ,  r e s p e c t i v e l y .  S u b s t i t u t i n g  e a c h  o f  t h e s e  a n g l e s  
i n d i v i d u a l l y  i n t o  Eq. (2.26) f o r  ß, t h e  v a l u e s  of N i  and N2 can 
be c a l c u l a t e d .  

The t r u e  a n g l e s  b e t w e e n  t h e  p o s i t i v e  p a r t  o f  t h e  x- 
g e n e r a t o r  a n d  t h e  d i r e c t i o n s  o f  N i  a n d  N2 t h e m s e l v e s  
( F i g .  2.14) a r e  s i m p l y  

The p r o j e c t i o n  o f  e a c h  o f  t h e s e  a n g l e s  p 1  and p2 o n  t h e  
h o r i z o n t a l  xy p l a n e  may b e  found by t h e  f o l l o w i n g  formula:  

- !J s i n  p s i n  w 
t a n  p = ( 2 . 3 1 )  cos p s i n  y + s i n  p ( p  cos w -  cos y)  

The c o m p u t a t i o n  o f  membrane s t r e s s e s  i n  HP s h e l l s  u n d e r  
g e n e r a l  l o a d i n g s ,  i f  done manual ly ,  i s  ex t remely  t e d i o u s  and 
time-consuming. However, t h e  procedure has  been programmed f o r  
a d i g i t a l  computer so t h a t  t h e  r e s u l t s  can be o b t a i n e d  s i m p l y  
and  r a p i d l y  u s i n g  a n  a v a i l a b l e  computer  p r o g r a m  [2 .5 ]  w h i c h  
r e q u i r e s  a minimum of i n p u t  d a t a .  

MEMBRANE STRESSES I N  EO? SHELLS HAVING 
AN ARBITRARY QUADRILATERAL SHAPE I N  PLAN 

A method f o r  d e r i v i n g  g e n e r a l  f o r m u l a s  f o r  membrane 
s t r e s s e s  i n  EO? s h e l l s  h a v i n g  a p a r a l i e l o g r a m  s h a p e - i n  p l a n  was 
d e s c r i b e d  a b o v e .  Now, i t  w i l l  b e  shown how t h o s e  f o r m u l a s ,  
w i t h  p r o p e r  m o d i f i c a t i o n s ,  c a n  b e  u s e d  t o  d e t e r m i n e  membrane 
s t r e s s e s  i n  EO? s h e l l s  h a v i n g  a q u a d r i l a t e r a l  shape i n  p l a n  i n  
w h i c h  t h e  f o u r  c o r n e r s  may h a v e  a r b i t r a r y  and  i n d e p e n d e n t  
e l e v a t i o n s  i n  s p a c e .  The s o l u t i o n  d e s c r i b e d  e n a b l e s  t h e  
d e s i g n e r  t o  a n a l y z e  t h e  membrane s t r e s s e s  i n  a v a r i e t y  of  
i n t e r e s t i n g  a r c h i t e c t u r a l  and s t r u c t u r a l  c o m b i n a t i o n s  o f  HP 
s h e l l s ,  a few examples of which a r e  shown i n  Fig.  2.15. 

A g e n e r a l  HP i n  s p a c e  i s  shown i n  F i g .  2.16. ~ 1 x 2 ~ 3  i s  a 
r i g h t  h a n d  o r t h o g o n a l  c o o r d i n a t e  s y s t e m  w i t h  t h e  ~ 1 x 2  p l a n e  
p a r a l l e l  t o  a h o r i z o n t a l  p l a n e .  xyz is a r i g h t - h a n d  skew 
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c o o r d i n a t e  s y s t e m  w i t h  t h e  z a x i s  n o r m a l  t o  t h e  x y  p l a n e  and  
t h e  skew a n g l e  b e t w e e n  t h e  x and y a x e s  e q u a l  t o  w.  The HP 
shown i s  formed b y  two s e r i e s A o f  s t r a i g h t  l i n e  g e n e r a t o r s  
r e p r e s e n t e d  by t h e  u n i t  v e c t o r s  I and II, which a r e  p a r a l l e l  t o  
p l a n e s  I and II, r e s p e c t i v e l y .  P l a n e s  I and II i n  t u r n  a r e  
r e s p e c t i v e l y  p a r a l l e l  t o  t h e  x z  and  yz  p l a n e s  o f  t h e  skew 
c o o r d i n a t e  system. A p r o j e c t i o n  of t h e  ñP on the  xy p l a n e  w i l l  
a l w a y s  a p p e a r  a s  a p a r e l l e l o g r a m  ( F i g .  2 . 1 7 a )  w h i l e  a 
p r o j e c t i o n  of t h e  i@ on any o t h e r  p l a n e ,  f o r  example XlX2D W i l l  
appear  a s  an a r b i t r a r y  q u a d r i l a t e r a l  (F ig .  2.17b).  

Genera l  f o r m u l a s  f o r  membrane s t r e s s e s  i n  EP s h e l l s  may b e  
d e r i v e d  a s  d e s c r i b e d  a b o v e  f o r  t h e  c a s e  of  t h e  g e o m e t r y  and  
l o a d i n g  g i v e n  i n  t h e  skew c o o r d i n a t e  system xyz. The p r e s e n t  
p r o b l e m  i s :  g i v e n  a n  HP w i t h  g e o m e t r y  and l o a d i n g  i n  t h e  
o r t h o g o n a l  c o o r d i n a t e  s y s t e m  ~ 1 x 2 ~ 3 ,  f i n d  t h e  t r u e  membrane 
s t r e s s e s  i n  t h e  s h e l l .  A c o m p l e t e  and  d e t a i l e d  s o l u t i o n  t o  
t h i s  problem i s  d e s c r i b e d  i n  Ref. l2.71. 

The l o c a t i o n  o f  a p o i n t  P ( a , ß )  on t h e  HP ( F i g s .  2.16 and  
2.17) may be c o n v e n i e n t l y  d e f i n e d  by t h e  parameters  a and ß. a 
r e p r e s e n t s  t h e  f r a c t i o n A o f  t h e  t o t a l  d i s t a n c e  between a = O and 
1 t h a t  t h e  generato: II h a s  t r a v e l e d .  ß i s  f o u n d  s i m i l a r l y  
u s i n g  t h e  g e n e r a t o r  I between ß = O and 1. In t h i s  manner, t h e  
e q u a t i o n  of  t he  HP i n  t h e  ~ 1 x 2 ~ 3  c o o r d i n a t e  s y s t e m  may b e  
w r i t t e n  a s  

and i n  t h e  xyz skew c o o r d i n a t e  system a s  

z = z + (Zk- Zi)" + (zj - Zi)ß + (za- z j k i  - z. + z Ja0 i (2 .33)  

or, i f  d e s i r e d  i n  t h e  xyz  s y s t e m ,  a s  g i v e n  i n  Eq. (2.17) a b o v e  
f o r  an H p  w i t h  a p a r a l l e l o g r a m  shape in t h e  xy p lane .  

z = A + Bx + Cy + Kxy (2.17) 

For  an  EP w i t h  an  a r b i t r a r y  q u a d r i l a t e r a l  shape, t h e  g i v e n  
d a t a  c o n s i s t  of t h e  Xlrx2,x3 c o o r d i n a t e s  of p o i n t s  i, j ,  k,  and 
1, F i g s .  2.16 and 2.17b, and  t h e  l o a d i n g  v e c t o r s  i n  t h e  
o r t h o n g a l  ~ 1 x 2 ~ 3  c o o r d i n a t e  system. Using v e c t o r  a l g e b r a  and 
t h e  g i v e n  d a t a ,  t h e  g e o m e t r y  o f  t h e  s h e l l  a ,  b,  w ,  z i ,  z j ,  zk ,  
and  z f ,  F i g s .  2.16 and  2.17a, and  t h e  l o a d i n g  v e c t o r s  i n  t h e  
skew xyz  c o o r d i n a t e  s y s t e m  c a n  b e  found.  Once t h i s  i s  done ,  
t h e  g e n e r a l  f o r m u l a s  d e r i v e d  f o r  a n  HP w i t h  a p a r a l l e l o g r a m  
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shape in the xy plane may be used to determine the membrane 
stresses N,,Ny, NXy, the principal membrane stresses and their 
directions, and the boundary stresses at the edges. A computer 
program c2.71 is available for performing this analysis with a 
minimum of input data. 

CONCLUSIONS 

Methods for determining membrane stresses in HP shells 
using simple statics f o r  simple loadings and geometries and 
using a differential equation approach for more general 
loadings and complex geometries have been presented. 

The importance of understanding the statics of the combined 
shell-edge beam system has been emphasized. 

Computer programs are available 12.5, 2.71 for performing 
the membrane analyses described with a minimum of input data. 
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a 

Fig. 2.1--Hyperbolic paraboloid surf ace 

a )  Plan View b) Three Dimensional View 

Fig. 2.2--Square HP shell with LI = $ = L and cl = c2 = c 
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-Arch Span = L- -Sag Span = L ,--I 

w/2 (ib/Ft) - ., 

Fig. 2.3--Loads and reactions on one-foot-wide arching 
and sagging parabolic strips 

Shell I Fy 
a )  Plan View b) Elevation Views 

Fig. 2.4--Differential wedge element at point p 
on shell edge boundary 
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Fig. 2.5--Stress (force/length) states on a typical 
differential element 
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-X  

Ø 
Y 

wab 
Nxy= 2c 

wa2 
Nxy= 2c Sin w 

wab 
Nxy=  yy S i n u  

ab R =  

Plan Views Three-Dimensional Views 

Fig. 2.6--Membrane shear NW for case of uniform load 
w psf of horizontal projection 
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(a)  Plan View 

Wl2 

J 7  W (Total) 

(b) Elevation Views 

1 W l 2  

I Rv 

(c) Statics of Shell-Edge Beam Cantilever 

W l 2  
n W l 2  I 

t -  

(d) Statics of Shell-Edge Beam Arch 

Fig. 2.7--Statics of saddle shell-edge beam support system - ._ 
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Fig. 2.8--Boundary shear forces on HP shell panels 

a) Inverted Umbrella 
(Single Column Support) 

b) Gable Shell 
(Four Supports) 

c) Shell on Two 
(Column Supports) 

I- Support 

F S u  pport 

Ed& Beam I- Support 

Fig. 2.9--Shear forces actin9 on edge beam systems 
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a) Inverted Umbrella on Single Support 

Edge 

b)  Gable Shell on Four Supports 

c) Shell on Two Supports 

Fig. 2.10--Statics of shell-edge beam systems 
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a) Plan View b) Three Dimensional View 

Fig. 2.11--Geometry of the HP shell 

a) Plan View b) Three Dimensional View 

Fig. 2.12--Membrane stresses on true surface 
and in projected xy plane 
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Y 

Fig. 2.13--Boundary stresses at x = O and y = O 

/Ny 
Z L  X 

,Horizontal 

Ø 

a)  Plan View b) Three Dimensional View 

Fig. 2.14--Normal and shearing stresses, Np and Tp, on an 
arbitrary plane on the true surface of the shell 
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( a )  Example 1 

20 

20 20 20 

20 

20 

20 

(b) Example 2 

20 

(c) Example 3 (d) Example 4 

Fig. 2.15--Structural systems using HP shell units 
having arbitrary quadrilateral shapes 
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Fig. 2.16--Geometry of a general HP shell  

a) xy Plane b) XI X2 Plane 

Fig. 2.17--Projections of HP on xy plane and 
horizontal ~ 1 x 2  plane 
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Chapter 3 

Bending Theory 

by W.C. Schnobrich 

Synopsis : 

The equations for a bending theory of shallow shells are 
specialized to the case of  the hyperbolic paraboloid shell. The 
nature of the analytic solutions to these equations that have 
been achieved for this class of shells is described. Such 
analytical solutions involve boundary conditions which depart 
significantly from those present in real shell applications. 
Types of numerical approximate solutions present as alternatives 
are noted and the details of one of these, the Finite Elements 
Method, are described. The importance of the dead weight of 
perimeter or support beams is noted, demanding a bending solution 
with real support conditions. Some representative solutions are 
included as examples. 

Keywords: bendinq; edge beams: finite element method; 
hyperbolic parabolic shells; reinforced concrete; 
shells (structural forms); structural analvsis 
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W. C. Schnobrich, Member, AGI, is a Professor of Civil 
Engineering at the University of Illinois, Urbana. His primary 
area of specialization is shell structures. He is a member of 
ACI-ASCE Committee 3 3 4 ,  Concrete Shell Design and Construction 
and the Chairman of the ASCE Committee on Finite Element Analysis 
of Reinforced Concrete Structures. 

3.1 INTRODUCTION 

The severe deficiencies of the membrane analysis, i.e., the 
inability to account for the dead weight of supporting and/or 
edge beams and the failure to achieve compatibility between the 
shell and those beams, can result in a significant departure of 
computed membrane results from reality. For a number of 
HP configurations a bending analysis is essential to the proper 
definition of the behavior of the shell-beam system even at 
service loads. 

Many discussions of general bending theories adequate to the 
HP problem exist in the literature [ 3 . 2 , 3 . 6 , 3 , 1 3 , 3 . 1 7 , 3 . 2 5 ] .  
Basic assumptions common to all these shell theories are made 
during the development of these theories 

a) The thickness dimension is small relative to the other 
characteristic dimensions of the shell. 

b) The displacements are small relative to the dimensions 
of the shell. 
relative to the undeformed configuration. 

Equilibrium equations being written 

c) Transverse shearing strains are neglected. This 
assumption translates into normals remaining normal. 
This assumption may easily be relaxed, however, for 
those cases where shear deformations may be significant. 

d) Normal stresses in the thickness direction are 
neglected. 

The HP as used in a roof shell configuration does not require a 
particularly rigorous theory to be sufficient for the problem. 
The equivalent of a Donne11 type theory will suffice. However, 
the actual support conditions present in the real structure must 
be closely simulated if an acceptable solution is to be 
attained. Classic approaches using boundary conditions for which 
bending solutions can be achieved through analytic means, may 
differ as far from the real case as would a pure membrane 
solution. Fortunately, use of one of the readily available 
numerical procedures circumvents the problem. They provide the 
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designer with an analysis method adequate to the problem. Thus, 
these procedures will be emphasized in this report. 

3 . 2  GOVERNING EQUATIONS 

The governing equations expressing the bending theory for 
hyperbolic paraboloidal shells can be cast in several forms, 
depending on the coordinate system used when defining the shell 
surface. The first equations presented below are specialized to 
the particular case of the hyperbolic paraboloid described by 
characteristic lines, i.e. , the surface is related to a 
coordinate system which coincides with its asymptotic or straight 
lines, Fig. 3.1. The equation of the surface in this form is 

The terms are defined in the figure. Poisson ratio is assumed 
zero and 

The 
cut from 

aNX - 
ax 

aN 
Y 
ay 

aQX - 
ax 

and 

aMX - 
ax 

- 
ay 

higher order terms are neglected. 

equations expressing the equilibrium of a small element 
the shell are: 

aN +x + P x = 0  
ay 

aN 
+--=+P = o  

ax Y 

+ 2mxY + pz = O 
+ 

aY ( 3 . 1 )  

(3.2) 

The geometric relations defining the strains in terms of  
displacements -are expressible by 
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where ( ),, - a (  )/ax. 

With a linear elastic theory, the stress resultants and 
displacements are related by the following equations 

N = K U ,  
X X 

N = K V ,  
Y Y 

k N = - (U, + v I x  - 2kw) 
XY 2 Y 

M = -D W, 
X xx 

M = -D W, 
Y YY 

M = -D W, 
XY XY 

where 

(3.4) 

1 3  
12 K = Et and D = - Et 

On substituting the following nondimensional coordinates 

- 
(3.5) 

2 2 ü = u/a G = v/b w = kw X = t /12rf 

2 E = x/a tl = Y/b r = a/b 6 = PZa /Etf 

into equations (3.2) and (3.4) then those results into 
equilibrium equations (3.1), the result can be written in the 
following form: 

- 2- 2 + 213, + r u, - 2r #, = Pxa /K ( 3 . 6 )  v'ttl E E  tltl tl 

2 2 - 2 r w ,  = P a / K  2 
I: u'Etl rltl + V ' E E  E r  2- + 2r v, (3.7) 

If the displacements are not nondimensionalized, the equations are 

(3.6a) 
2 - 2rakw, = Pxa /K 2. 

2U,Et + tltl + E t l  tl 

(3.7a) 2 - 2akw, = P a/K 2 
+ E Y  

ru,Etl + 2r v, 
tltl 
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-2 -4 2 rulq + vIE - 2akw + X A (kaw) = PZa /kK 

with 

-2 1 h 2 b 2 - 4  ¿I4 2 a4 + r4 a 4 
X = - (-) (-) A = - + 2r ~ 

at4 a<2aq2 av4 12 a f 

(3.8a) 

It is possible to reduce the governing equilibrium equations 
expressed in the displacement unknowns, as the above three 
equations represent, into a system of two equations in two 
unknowns by selecting a stress function which is chosen so as to 
automatically satisfy the first two of Eq. (3-1). This is 
achieved by defining the in-plane stress resultants as 

N = 9, + I Pxdx 
+ I Pydy X YY 

N = 9, Y xx 

The equilibrium equations, (3.1), now reduce to 

4 DA w = Z - 2k9, 
XY 

where 

4 a2 a2 2 A = ( -  + - )  2 ax ay2 

(3.8) 

( 3 . 9 )  

With the introduction of the stress function as an unknown, it 
becomes necessary to enforce .the compatibility of strains by the 
following equation 

(3.10) 4 A 9 = 2Etkw, 
XY 

Unless this equation is satisfied, there is no guarantee that the 
deformed structure will be a smooth continuous structure. In 
order to determine the complete deflected shape of the shell, the 
tangential displacements must be determined. These displacements 
are computed from the stress resultant-displacement equations, 
(3.4). Thus, the tangential displacements are related to the 
stress function by the equations 
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- J4xx) dx 

- v@2yy) dY 

.--J 1 

.--J 1 

Eh 

Eh 

( 3 . 1 )  

If in-plane loads exist they should be added to these equations. 
The fact that the tangential displacements are integral equations 
of the stress function is a severe handicap when the boundary 
conditions pertinent to the structure involve these 
displacements. Several solutions are published in the literature 
combining the ¿D and w equations into a single equation, Apeland 
and Popov [3.3] present the solution form for two opposite edges 
being moment free knife edge supports for example. 

The classical thin shell solution thus involves the solution 
of either the three partial differential equations with 
displacements unknowns (u-v-w formulation Eqs. (3.6-3.8) or two 
equations with the normal displacement and the stress function as 
unknowns (a-w formulation, Eqs. 3 . 9  & 3.10). Which of these 
forms or variations therefrom is used as a matter of personal 
preference, the method to be used to achieve a solution to 
whatever equations are used, and/or the boundary conditions 
present for the real shell. 

If the coordinate axes are aligned to the principal 
curvatures, the equation of  the surface can be expressed as, 
Fig. 3.2, 

where rx and r,, are the radii of  curvature in the x and y 
directions. This equation can also be derived from the previous 
equation by a simple coordinate transformation. Note for the HP, 
rx is negative while ry is positive. The equilibrium equations 
are now 

aNx - + aNxy + P x = 0  
ax ay 

aN aN 
J + - - = + P  = o  
ax ax Y (3.12) 

aQ, aQ Nx N y 
r + pz - + y + - +  ax ax r X Y  

The bending equations remain the same as before, (Eq. 3.2). The 
strain-displacement equations now take the form 
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