PAPER SP 18-1 The torsional actions and reactions which are gener-
ated in a structure are a function of its configuration
and the distribution of the dead and applied live loads.
This paper discusses aspects of the torsional problem
with emphasis on over-all structural action, as op-
posed to the consideration of individual members only.
Specific reference is made to spandrel beams, edge
beams in shells, an orthotropic shell, certain grid
systems and curved prestressed concrete bridges.
The interrelationships between the applied live loads
and torsion are discussed. The need for further
research and the necessity to include provisions
for torsion into engineering codes of practice is
emphasized,

Aspects of Torsion in Concrete
Structure Design

By K. G. TAMBERG

[0 Torsion is becoming an increasingly important factor in struc-
tural design. Refinements in analysis, the greater use of novel
structural forms by architects and the employment of ultimate
strength rather than working stress design, have required explicit
attention to torsion, Consideration of the combined effects of flex-
ure, shear, and axial load is commonplace under present design
methods, but torsion has been treated mostly informally and im-
precisely., For example, many engineers plan structural frames
in such a manner as to minimize the effects of torsion while others
allow for torsion in a discretionary manner. It is, therefore, not
surprising that some distress has been experienced.

A recent survey of structures conducted in the United States
and Canada by the Portland Cement Association for ACI Committee
438 uncovered some classic cases of torsional distress. Distress
occurred in connection with a variety of construction details, and
the degree varied from minor to extensive cracking of a serious
nature. The maximum cost of repair work encountered was over
$50,000 for one structure whose value is in excess of a million
dollars. This does not include the legal fees incurred as a result
of litigation, the inconvenience and cost of lost space during re-
pairs, or the damage to the professional reputation of the struc-
tural engineer. The need to account properly for torsion is thus
emphasized.
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8 TORSION OF STRUCTURAL CONCRETE
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Most discussions of combined loadings acting on structural
members begin with the assumption that these forces are known.
It is clear, however, that the whole structure must be analyzed
as a unit in order to determine these forces. The interaction of
the torsional and flexural stiffnesses inherent in a structure, and
the restraints imposed by component parts upon one another must
be considered. Torsion results from the monolithic character of
cast-in-place concrete construction, and also occurs when precast
elements are employed.

On the other hand, the torsional reactions present in a struc-
ture may prove beneficial rather than detrimental in certain cases.
The extra strength of structures attributable to torsional stiffness
may be best mobilized when applied loads act eccentrically. Design
loadings presently in use do not always take advantage of this fact,
which is particularly true for bridge construction. If, however,
torsional stresses govern the design, a proper assessment of the
eccentricity of the applied forces is, needless to say, imperative.

SPANDREL BEAMS

Fig. 1-1 shows cross-sections of spandrel beams which are
frequently used in construction. Details a, b and c¢ are suitable
for use when precast slab or beam elements are employed, or
when the member framing into the spandrel is cast later, Torsion
is introduced into the spandrels by the eccentric action of the
vertical forces V (details a and b), which are due to members
supported as indicated in detail c. Details a and c are used at the
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FIG. 1-1 SPANDREL BEAMS

discontinuous edges of floor systems, Detail b is generally used
to support precast elements along an interior line of columns, in
which case torsional moments may arise because of the presence
of asymmetrical loading during erection. It may be said cate-
gorically that members under vertical load will be subjected to
torsion in addition to shear and bending unless the line of action
of the loads passes through the shear center of the cross-section
employed. Design procedures should, of course, take this fact into
account, It is noted that the shear center does not coincide with
the centroid of the cross-section except for bisymmetrical or anti-
symmetrical sections.

Cast-in-place spandrel beams which are integral with the
floor slab present more complicated problems in design. Detail d
shows the cross-section of a spandrel beam cast monolithic with
the slab. The ordinate of the typical associated moment diagram,
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10 TORSION OF STRUCTURAL CONCRETE

per unit length of the spandrel, is Mg at the inside face of the
beam. Detail e shows the resultant forces acting at the vertical
interface of slab and beam, per unit length of spandrel. A strict
evaluation of these forces requires that the whole structure be
treated as a space frame; alternatively, some idea of the magni-
tudes of the forces involved may be obtained by use of approximate
methods.1-5  If the quantity Mg + Ve - Peq is known along the
length of a spandrel, the resulting torsional moments acting at any
cross-section may be evaluated. If concentrated wall loads are
present, the torsional moments are modified accordingly.

Both creep and cracking will change the magnitude of the
quantity Mg + Ve - Peq arrived at on the basis of an elastic analy-
sis. The presence of creep will result in the reduction of the
transverse moment Mg. The state of knowledge with regard to
creep in reinforced concrete, however, does not allow a precise
analytical evaluation of the resulting change., The presence of
cracks due to torsion results in a pronounced reduction of the
torsional stiffness of a spandrel. The significance of the conse-
quent redistribution of moments in the structural frame should be
investigated, and the advisability of permitting cracks to occur
where architectural appearance is not a consideration must be
established on the basis of serviceability criteria.

Shoolbred and Holland,6 employing elastic analysis, have in-
dicated that the influence of the force P in reducing the torsional
moments applied to a spandrel is of minor consequence.

It has become a rather widespread architectural practice to
use spandrel girders that are wide and shallow, as in detail f of
Fig. 1-1, where the width of the spandrel beam is greater than
that of the column. The consequent misalignment of the beam and
column center lines not only complicates the calculation of tor-
sional moments, but raises questions regarding both the transfer
of torsional moments into the columns and the effective width b of
the cross-section in torsion,

EDGE BEAMS OF SHELLS

In shells, the presence of edge beams affects the magnitude
of the transverse moments, which, in turn, influence the trans-
verse reinforcement and the thickness of the shell. Economy in
shells requires the most efficient distribution of the applied forces.
For example, the importance of edge beams for cylindrical shells
is demonstrated in Fig. 1-2, which is due to Kemp.* The example
considered, representative of a number of shells encountered in

*Dr. E. L. Kemp, West Virginia University, by private corres-
pondence.
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FIG. 1-2 ‘TRANSVERSE BENDING MOMENTS FOR A BARREL SHELL

practice, is a 3-in. thick barrel shell of 55-ft span; the magnitude
and distribution of transverse moments are compared for the case
of no edge beams and for the case of edge beams 3 ft deep and
6 in, wide. Totally different moment distributions pertain for the
two cases, and the absolute maximum moment is reduced by more
than 20 percent when edge beams are provided.

Some edge beams thus may be subjected to torsional moments
unless care is taken to reduce or eliminate the torsion by proper
alignment of the shell reactions.

Fig. 1-3, for example, shows a typical cross-section through

a tension ring of a circular dome which is assumed to be supported
on a line of columns cast monolithically with the ring. The forces
Ty and Ty, respectively, are the vertical and horizontal com-
ponents of the force T, per unit length of tension ring, which the
shell exerts on the ring. At the

interface of ring and shell, there

are moments M, per unit length of

M ring, Torsion in the ring is pro-

; duced by the eccentric action of
/ the forces Ty and Ty, moment,

M, and the self-weight of the ring.

P If prestressing is introduced, the
v T Tes M magnitude of the net torque is
modified by the vertical and hori-
zontal components PV and Py of
a general prestressing force P,
acting per unit length of edge

%.

FIG. 1-3 TENSION RING OF beam. It follows that the net
SPHERICAL DOME torsional moment introduced at
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12 TORSION OF STRUCTURAL CONCRETE

any section is then primarily a function of M, the forces T and P
and their eccentricities, the distributed vertical load along the
beam center line, the flexibility and spacing of columns and the
diameter of the dome. The magnitude of these torsional moments
may be effectively controlled by proper location and dimensioning
of the edge support, and by the magnitude and location of the
prestressing.

ORTHOTROPIC SHELLS

The torsional analysis of members with open, thin-walled
cross-sections, such as cylindrical shell structures, is more com-~
plex in principle than the analysis of ordinary linear members,
such as rectangular beams. Fig. 1-4 illustrates plain and mono-
tropic cylindrical shells, both of which will deform excessively
when subjected to twisting about the longitudinal axes because of
low torsional stiffness. The addition of transverse ribs to the

/—C]RCULAR CURVE OR OTHER~\
S S

aWiin

VY

C.G.» CENTRE OF GRAVITY

a) PLAIN CYLINDRICAL SHELL b) MONOTROPIC CYLINDRICAL
SHELL

FIG. 1-4 CYLINDRICAL SHELLS WITH CARTESIAN COORDINATE
SYSTEM THROUGH CENTER OF GRAVITY OF SECTION
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DESIGN ASPECTS 13

monotropic shell converts it into an orthotropic shell and produces
restraints which force warping of the cross-section to occur. This
warping, which does not occur in the plain and monotropic shells,
is responsible for substantially increased torsional stiffness and,
moreover, makes it feasible to design entire structures of a shell-
like shape. These structures may be subjected to twist by re-
sultant transverse wind or earthquake forces which do not act
through the flexural center.

A particularly interesting example involving both of these
features is the Toronto City Hall (Fig. 1-5), selected to present
a realistic notion of the stress and deflection characteristics of
such a structure against the background of the main analytical
expressions.7

The magnitudes of the stresses arising from torsion, bending
and shear due to self-weight, superimposed live load and wind
forces, are compared at the third-floor (podium roof) level
(Fig. 1-6). A typical cross-gection through the East Tower is
shown in Fig. 1-7. The buttresses, walls, and columns are the
longitudinal ribs, and the concrete floor slabs are the transverse
ribs, The over-all structural action of the building must be con-
sidered when establishing the stress distributions involved. For
design calculation purposes, the tower is treated as a cantilever,
and may be considered fixed at the third-floor level (see Refer-
ence T). The general theory of shells,ﬂ’ 9 modified for the special
boundary conditions resulting from the presence of the diaphragms,
must be used for rational determination of the internal stresses,
strains, and deformations resulting from the action of external
forces.

The following basic assumptions pertain:

(1) Plane sections normal to the middle surface of the shell
remain plane.

(2) Stresses acting in a direction perpendicular to the
generatrix of the shell may be neglected.

(3) The middle surface of the shell is inextensible in the
transverse direction.

The basic eighth-order differential equation which establishes the
relationship between the external forces and the internal stresses
and strains for a shell is:

4
aaslz,s) + 12 9 e(z,8) _ P(z,s) (1)
3 4
h 9z
where
2
5 I R 1_._§_>
& = 2 2 38 R 3s )
s 98
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FIG. 1-5 TORONTO CITY HALL

#(z,s) = stress function
h = thickness of shell

z and s = coordinates of a point on the middle surface of the shell
(z is directed along the generatrix, s is directed along
the contour of the shell)

P(z,s) = a given load function expressed through the components
Pz, Ps, Pn, of the vector of intensity of external forces
acting on the shell

R=R(s) = radius of the middle surface of the shell
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FIG. 1-6 EAST-WEST SECTION OF CITY HALL

The stress function ¢(z,s) which satisfies the differential
Eq. (1) and the boundary conditions provides the solution. If the
stress function ¢(z,s) is known, the longitudinal normal stresses
o(z,s) and transverse bending moments G(z,s) may be determined
from the following formulae:

2

5 (z,8) = % 2 Hzs). (2)
97z

G(z,s) = a¢(z,s) (3)

Now, it has been found that Eq. (1) is equivalent to a system
of two symmetrical differential equations:

2
2loon] | g ge,e - P, )
97
2
woleye) - 2. G ®)
h 22

Eq. (4) may be derived directly by considering the equilibri-
um conditions of a shell element.

Eq. (5) may be derived directly by considering the compati-
bility of deformation of the middle surface of the shell; namely,
from the condition that
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16 TORSION OF STRUCTURAL CONCRETE
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FIG. 1-7 CROSS-SECTION THROUGH EAST TOWER

2
fe(z,8) + 3 ZX =0 (6)
3%
and from the well-known equations of elasticity:
Ep°
N(z,s) = Ehe(z,s); G(z,s) = - I3 x(z, s) )
where
N(z,s) = normal force
E = modulus of elasticity
e(z,s) = longitudinal tensile strain
x = transverse bending strain

The important feature to note is that Eq. (1) can be derived by
way of Eq. (4) and (5) as well as by first principles.
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DESIGN ASPECTS 17

A fourth basic assumption is introduced; namely, that, be-
cause of the presence of rigid reinforced concrete floor slabs, the
contour of the shell remains unchanged (i.e., x = 0). For this
condition, Eq. (5), (6) and (7) yield

32 Bzc(z s) 3 {1  ao(z,s)
aolz,s) =~ (R—"5=) * 55 <’R' T&‘) @
s s

Eq. (8) essentially states that the longitudinal normal
stresses, being a function of the contour coordinate, s, z, follow
the law of sectorial areas and that warping of the originally plane
cross-sections of the shell occurs.

Taking into consideration the fundamental interrelationships
of stress, strain, and geometry from the theory of elasticity,
Eq. (8) may be solved without any difficulties. Its solution is:

o(z,s) = FI(Z) + Fz(z) y(s) + F3(z)x(s) + F4(z) w(s) (9)
where
Fl(z); Fz(z); F3(z); F4(z) = functions of integration
x,y = Cartesian coordinates of the middle
surface of the shell (Fig, 1-4)

w(s) = fr ds = gectorial coordinate representing twice
s the area enclosed between the initial
and moving radius vectors and by the

shell contour (Fig. 1-8)
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FIG. 1-8 LAYOUT FOR CALCULATING THE LOCATION OF
FLEXURAL CENTER OF AN ORTHOTROPIC SHELL
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18 TORSION OF STRUCTURAL CONCRETE

Exact geometric interpretations may be given to functions
Fl(z), Fz(z), F3(z) and F4(z), transforming Eq. (9) as follows:

M _(z) M M
o(z,8) = P(z, ) * x” y(s) * —y—(z—) x(s) * B(Z) w(s) (10)
IX Iy IW
where

P(z,s) = total normal force parallel to z-axis
A = cross-sectional area of shell

Mx(z) = bending moment with respect to x-axis
IX = moment of inertia with respect to x-axis

My(z) = bending moment with respect to y-axis

Iy = moment of inertia with respect to y-axis
MB(z) = bimoment
IW = gectorial moment of inertia

The first three right-hand terms of Eq. (10) are clearly those
normally pertaining to short columns subjected to biaxial bending.
They are easily evaluated, provided the normal force, the mutually
perpendicular bending moments, and section properties of the shell
are known. The fourth term, however, is the torsional component
which makes the shell problem different from the short column,
and it warrants special attention. It is constructed to be of the
same form as the second and third terms, and is a generalized
computational device permitting convenient calculation of the tor-
sional stress component. Iy is a new geometrical characteristic
called the sectorial moment of inertia and is determined by the
following formula:

Iy = sz(s)hds (11)
where w(s) has been defined previously as twice the shaded area
shown in Fig. 1-8. Similarly, Mp(z), called the bimoment, is a
new concept and a generalized force. This bimoment, due to the
external torsional moment applied to the shell, is an internally
balanced force arising from the warping of the cross-section in the
z-direction. The bimoment MB(z) is not a moment; nor is Iy a
moment of inertia in the usual sense, but together with w(s) they
form a dimensionally correct expression for stress.

In order to calculate MB(z), it is necessary to express the
bimoment with respect to the angle of rotation, 6(z), related to the
ilexural center:

MB(Z) = - EIW o' (2) (12)
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DESIGN ASPECTS 19

However, before a value for 8'(z) may be obtained, s must
be evaluated from the following fundamental equation, given in
Reference 9:

iv
EIWO (z) - GIp 6"(z) + m(z) =0 (13)
where
EIW = gectorial rigidity
GIp = torsional rigidity
m(z) = external torsional moment per unit length of the shell in

the longitudinal, z-direction

Eq. (13), with corresponding boundary conditions, determines
an angle of rotation, 6(z), as a function of the coordinate z. Its
solution is:

6(z) = C; + Cyz + Cgysinh az + Cycoshaz +0(z)  (14)

3

where

C1, C C3, C4 = functions of integration

27
o(z) particular solution of the differential equation
GI
o = —L
EI
w

The required derivatives of Eq. (14) may be readily obtained and
evaluated.

il

The angle of rotation, 6(z), is related to the flexural center,
and coordinates x and y may be evaluated according to the following
formulae:

éfy(s) h w(s) ds
!yz(s) h ds

(15)

érx(s) h w(s) ds (
= 16)
Y Jx%s)nas

Eq. (15) and (16) may be simply derived from the condition
that no torsion is generated by forces passing through the flexural
center, This means that the location of the center can be deter-
mined as a point of intersection of the lines of action of two mutu-
ally perpendicular forces for two independent flexural deformations
in the planes of two principal axes.
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20 TORSION OF STRUCTURAL CONCRETE

Referring to Fig. 1-8, Eq. (11), (15) and (16) are modified
as follows:

Iy

2 2 2
érw(s)hds+%:wbab+%:wcaC (17

»
1

éry(s) h w(s) ds + % Vo ¥p2p Zn:ycwcac

18)
) 3 (
E[y (s) hds+§ Yy, A * %:ycac

, sx(s) h w(s) ds + zn: X, Wa, + %: X, w,a, (19)

S .2 2
sx(s)hds+zn:xba

+Ex2a
b n'cc

In Eq. (17) to (19), inclusive, n refers to the number of
buttresses or columns.

In addition too(z,s), it is also important to evaluate the
tangential (shear) stresses, t(z,s). An equation (Reference 8) may
be written as follows:

“(z,8) = & [c"(@)hds + ¢""(2)S,(5) + 0"(2)S () + 0" '(2) S (5] (20)

where

Sy(s) = -er(s) h ds—»for Fig. 8: !(s) hds + Zn: X, a + %xc a,
Sx(s) = !y(s) h ds =—=for Fig. 8: éfy(s)hds +Xn) Yy, 3y anyc a,
Sw(s) = é“w(s) h ds—=for Fig. 8: érw(s)hds + Zn: W a %wc a,

g£,n ¢ = deformations of the shell along x, y, z directions at any
point of the shell (Fig. 1-4)

The solution to Eq.(20) may be presented as follows:
= ! t [ t
“(2,9) = Filo) + Fyla) S (6) + Fia)S,(5) + Fyla) S () (21)

where

Fi(z); Fz'(z); Fé(z); Fli(z) = functions of integration

Exact geometric interpretations may be given to functions
F{(z), Fz'(z)', Fé(z), and F‘i(z), as follows:
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(z,8) =

where
M (z)
I

\'% (z)
\'% (z)
M (z)

21

1

I

il

il

M., (z) V () V_(z) M, (z)
K W
Ip h + I};h Sy(s) + —-Ith—Sx(s) * 1o Sw(s) (22)

torsional moment

torsional (polar) moment of inertia
shear force in xoz plane along x-axis
shear force in yoz plane along y-axis

torsional warping moment

As before, the fourth term is the novel generalized stress due to
orthotropic shell action.

The moments Mg(z) and Myy(z) may be expressed as functions
of the angle of rotatione:

- 1
MK(Z) GIpe (z) (23)
- ' - - tee
Mw(z) = MB(z) = EIwe (z) (24)
Similar to the arguments presented in connection with

Eq. (10), it follows that Eq. (13) must be solved before t(z,s) values
may be established.

Finally, it is pointed out that the deflection of the shell at
a particular point may be calculated by adding vectorially the de-
flections resulting from external loading in the x and y directions

and torsion.

The deflection resulting from torsion is obtained by

multiplying the appropriate ¢ (z) value with the distance from the
flexural center to the point in question (refer to Fig. 1-9).

Design data relating to the East Tower of the City Hall in

Toronto are presented next,

The information was made available

by Dr, P. T. Mikluchin of P. T. Mikluchin and Associates, Ltd.,

Consulting Engineers, Toronto, Ontario.

This company acted as a

special consultant to Viljo Revell and John B. Parkin Associates,
Toronto, and was responsible for the complete analysis of the shell
structures.

For the East Tower:

A= 1030 £t
1 = 848,000 ft*
X 4
I, T 7,841,000 ft
I ¥ 885,000,000 £t
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d) RESULTANT DEFLECTION AR OF POINT A

FIG. 1-9 DEFLECTION MODE OF SHELL
I = 1700 ft4
p
h= 1.5ft
w(s) = sectorial coordinate*
Sy(s) = area moment with respect to y-axis™*
Sx(s) = area moment with respect to x-axis™
Sw(s) = sectorial area moment*
Further, in Eq. (10), the quantity P(z,s) is the dead load of

the tower, including the reduced permissible live load acting on the
concrete floor slabs, above the level under consideration. At the
third-floor level P(z,s) = 96,000 kips. The term M,(z) consists
of the moment which is induced by the self-weight of the floor slab,
radial beams, and the live load supported by the slab, and the
moment induced by the normal component of the wind force which
is parallel to the y-axis and acts through the flexural center. At
the third-floor level, the contribution of the dead-live load com-
ponent is 160,000 ft-k, whereas the moment arising from the wind
force is approximately 340,000 ft-k. Study makes evident that the
dead load moment must occur because the origin of the reference

*These geometrical properties were evaluated for each location
where stresses were calculated, but are not listed in this paper.
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system is located at the center of gravity of the cross-sectional
area of the shell, which includes the buttress wall and column
areas, whereas the resultant gravity force is eccentric therefrom
because it includes the weight of the floor slabs and beams.

Because of the unorthodox shape of the Toronto City Hall, the
wind loads acting on the structure were obtained from wind tunnel
tests carried out on a model at the Institute of Aerophysics, Uni-
versity of Toronto,10 These loads may be replaced by a resultant
acting eccentrically with respect to the flexural center as shown
in Fig. 1-4. In turn, this resultant force may be decomposed
into normal, Vy(z), and tangential, V4(z), forces and a torsional
moment, Mxy(z , acting at the flexural center, for computational
purposes (see Fig. 1-7). Thus My(z) is established. My(z) arises
entirely from the wind force and is approximately 196,000 ft-k at
the third-floor level. The bimoment, MB(z), arises from the tor-
sional reaction of the shell, induced by wind, and is equal to ap-
proximately 31,700,000 k—ftz‘

At the third-floor level, Eq. (10) thus becomes:
o(z,8) ¥ - 93 + 0.59y(s) + 0.025x(s) + 0.036w(s)  (25)

If y(s) and x(s) values in ft and w(s) in ft2 are substituted
into Eq. (25), the computed stress o (z,s) is obtained in kips per
sq ft.

In Eq. (22), at the third-floor level, Mg = 0, the tangential
shear force Vy(z) = 1250 kips, the normal shear force
Vy(z) = 2380 kips and Myl(z) = 222,000 ft-k, all of these forces
arising from wind action. Eq. (22) thus becomes:

t(z,9) ¥ 107 1. 068 (s) + 18.75,(s) + L.67S ()]  (26)

If S,(s) and Sy(s) values in £t3 and Sy(s) in 1t4 are substituted

into Eq. (26), the computed stress t(z,s) is obtained in kips per
sq ft.

The numerical coefficients in Eq. (25) and (26) change when
the stresses at a different floor level are computed.

The variations of the Mp(z), Mg(z) and My{z) values with
the height of the East Tower, measured from the third-floor level,
are presented in Fig. 1-10. It is significant to note that the tor-
sional warping moment, My/fz), is almost solely responsible for
the shear stress arising from torsion. The rate of change of the
bimoment increases when proceeding from the top of the tower
downward.

Stress diagrams corresponding to the solutions of Eq. (25)
and (26) are presented in Fig. 1-11 to 1-14, inclusive. The sign
convention used for shear stresses is indicated in Fig. 1"5’0cuments
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Fig. 1-11 illustrates the variation of the individual stress
components when moving along the shell. The magnitude of the
normal stresses corresponding to gravity forces and to normal,
tangential plus torsional wind forces are plotted, as appropriate,
along the center line of the curved shell, or the center line of
the buttresses, walls, and columns as indicated. For clarity, the
symmetrical gravity forces are shown for the left half only. The
symmetrical normal stresses acting on the columns and walls due
to the normal component (Fig. 1-7) of the wind force are shown
on the right half only, whereas those for the shell are shown in
their entirety., The stresses acting on the buttresses and arising
from the normal wind force component are not shown but are of
magnitude similar to those acting on the curved shell. The normal
stresses due to the tangential component (Fig. 1-7) of the wind
force are small in magnitude and are shown only along the center
line of the shell and the three end walls on the right-hand side.
The normal stresses due to the torsional effect of the wind force
are plotted for the shell all along its center line, for the columns
and walls on the right only and for the end wall on the left. It is
to be noticed that these normal stresses are of opposite sign on
the right- and left-hand sides of the diagram.

Eq. (25) was used in order to derive the stresses presented
in Fig. 1-11, except that the gravity part of the second right-hand
term should be lumped with the first term in order to permit a
ready calculation of the component curves. This means that the
first right-hand side term of Eq. (25) becomes[-93 + 0. 19y(s) ] and :
the second term becomes 0.40y(s), the other terms remaining
unchanged.

Fig. 1-12 shows the total normal force at each location, as
compiled from Fig. 1-11, with the stresses from the torsional
effect of the wind force superimposed. It is most important to
note that the latter stresses account for a substantial portion of
the total stress. At the maximum stress of 1040 psi, torsion
accounts for 27 percent of the total. If at the same location only
wind forces are considered, then torsion accounts for 78 percent
of the total stress. It is thus clear that when the contributions of
the wind force to the normal stresses are evaluated, for towers
similar to the one under consideration, it is of utmost importance
to understand the torsional action of the structure clearly.

Fig. 1-13 presents shear stresses which arise from the
normal, tangential, and torsional components of the wind force
(Fig. 1-7).

The sum total of these components, with the torsional part
superimposed, is shown in Fig. 1-14, It is seen that, at the maxi-
mum stress of 181 psi, torsion accounts for 67 percent of the total
shear stress.
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The shear stresses presented in Fig, 1-13 and 1-14 may be
calculated by using Eq. (26), provided that the S,(s), Sx(s) and
Sw(s) values are known. As indicated earlier, these values are
not shown in this paper, but Eq. (26) has been presented in order
to allow the reader to picture more readily the process of solution.

The deflection mode of the shell is indicated diagrammatically
in Fig. 1-9. The East Tower is considered fixed at the third-floor
level, and the deflections 301 ft above this level, at the top of the
building, may be computed. The Ax component of Fig. 1-9a arises
from the tangential wind force component. The tower acts as a
cantilever about the y-y axis, and ax = 0.009 in. Corresponding to
Fig. 1-9b, the tower acts as a cantilever about the x-x axis, with
Aoy = 0.140 in. In order to calculate the deflection component of
Fig. 1-9c, the angle o must be known. Corresponding to Eq. (14),
successive values for the East Tower are: 6= 0, 1,49 x 10-4,
5.49 x 10-4, 8.94 x 10-4, 14.2 x 10-4 for elevations above the
third floor of 0, 0.25¢ 0.5¢, 0.75%and ¢, respectively, (where
%= 301 ft). This means that Axg = 0rcos 8 = 14,2 x 10-% x 2059
x cos 48.4 deg = 1,94 in. and ayg = 14.2 x 10-% x 2059 x sin
48,4 = 2.19 in. at the edge of the shell at the top of the tower,
resulting in total deflections in the x and y directions of 0.009 +
1.94 = 1.95 in. and 0.14 + 2,19 = 2,33 in., respectively. It is
clear that torsional action is responsible virtually for the whole
deflection,

Finally, it is pointed out that the normal stresses, shear
stresses, and deflections applicable to the East Tower of the City
Hall and referred to in this paper are somewhat high because
excessively large design wind pressures were used. Later dis-
cussion with the Institute of Aerophysics of the University of
Toronto indicated that the design wind pressures originally es-
tablished and used could have been lower. The maximum stresses
and deflections should be multiplied by approximately 0.68 in order
to give rmore realistic values,

From the above discussion it follows that it is important to
understand the torsional behavior of members and structures, and
to establish the applied forces with reasonable accuracy. In the
case of Toronto City Hall, the provision of the buttresses, walls
and columns as part of the external concrete shell resulted in a
torsionally stiff structure. This may be considered analogous to
providing reinforcing steel in a concrete beam in order to increase
its resistance to torsional or combined loading. The orthotropic
action of the East Tower limits deflections to small values.

Fig. 1-10 through 1-15 appear on pp. 26 through 31. Tecxt continues
on p. 32.
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32 TORSION OF STRUCTURAL CONCRETE
GRIDS

Another case in which torsional reaction may play an im-
portant part in assisting to support externally applied loads occurs
for plate and grid frameworks. The magnitudes of the governing
shears, moments, and deflections are affected by the torsional
stiffness.

It is the purpose of this section to:

(1) Illustrate, by means of an example, a rectangular grid sup-
ported along all sides and subjected to a uniformly distributed
load, the importance of making proper allowance for torsion,
and the effects which arise from various approximations used;

(2) Emphasize that the employment of Bach's method may result
in large errors when calculating torsional stiffnesses;

(3) Discuss in elementary terms the importance of the interre-
lationship of the torsional and flexural stiffnesses in right
multi-girder bridge decks, with specific reference to five-
girder decks;

(4) Emphasize that the electronic computer may be employed
successfully in the analysis of bridge decks, considering the
latter in terms of equivalent grids.

It is also pointed out that a number of methods and pro-
cedures of analysis are at the disposal of the engineer and may
be used to investigate the efficiency of structures in distributing
applied loads.11-24  These methods may be broadly classed into
three main groups:

(1) The structure is divided into longitudinal and transverse
members of particular flexural and torsional stiffnesses, and
deflection compatibility equations are derived;

(2) The longitudinal or primary members are considered to be
interconnected by some form of cross-connection which repre-
sents the behavior of the transverse members, and equations
are derived accordingly;

(3) The structure is analyzed in terms of anisotropic or ortho-
tropic plate theory.

Clearly, with such wide choice, experience and judgment are
required in selecting the most suitable method of analysis for the
solution of a particular problem. The accuracy of the results ob-
tained depends on how closely the actual structure is in agreement
with the assumptions inherent in the employed method of analysis.

A rectangular concrete grid structure 48 x 60 ft in plan,
composed of beams and integral slab, and simply supported along
all four sides, is shown in Fig., 1-16. The self-weight of the grid
is 137 psf, which corresponds to a loading expected to occur on
the floors of stock rooms in libraries.25 The total load is 287 psf.
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FIG. 1-16 GRID SYSTEM SIMPLY SUPPORTED ALONG ALL FOUR EDGES

This structure has been7previously analyzed by means of the
orthotropic plate amalogy,zs,2 which makes use of the basic dif-
ferential equation:

4 4 4
9 W 3 W 9w
X aX %y 9y

w = deflection
X,y = Cartesian coordinates
q = intensity of load
D_ = bending stiffness of plate in x direction
D_ = bending stiffness of plate in y direction
2H = vD_ +vD_ +2(D. +D )
X y Xy yx

v = Poisson's ratio

ny = torsional rigidity
Ex Ix E I 01 02
Dx = b ; D = —aLY; ZH = b_ + .Z.._
1 y 1 1 1
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34 TORSION OF STRUCTURAL CONCRETE

EX=Ey = E generally = modulus of elasticity

IX = moment of inertia of each beam parallel to x-axis

b1 = distance center-to-center of beams parallel to y-axis
(b1 = 6 ft in Fig. 1-16)

Iy = moment of inertia of each beam parallel to y-axis

ay = distance center-to-center of beams parallel to x-axis
(a1 =5 ft in Fig. 1-16)

C1 = torsional rigidity of each beam parallel to x-axis

C2 = torsional rigidity of each beam parallel to y-axis

For the case under consideration, w in Eq. (27) may be
expressed in terms of a double trigonometric series. After de-
termination of the particular coefficients of this series and the
deflection function, the moment and shear expressions may be
found by successive differentiation. Maximum values obtained
from this analysis, corresponding to five distinctly different as-
sumptions, are summarized in Fig. 1-17. The dotted portions of
the cross-sections were neglected,

Case 3 of Fig. 1-17, which includes all elements of the struc-
ture, may be considered closest to reality. The reliability of the
results obtained for the remaining four cases may then be checked
by comparison to case 3, leading to the following conclusions:

(1) Negligibly small errors result when the contribution to tor-
sional stiffness arising from the 3-in. thick concrete slab is
neglected. Compare cases 5 and 3. This means that the
structure may also be analyzed as an open grid framework,

(2) The torsional moments of cages 1, 3 and 5 at the corners of
the grid are large, and torsional distress may occur. This
illustrates the importance of properly proportioning edge sup-
ports, and the importance of accounting for torsional effects
in the analysis.

(3) When neglecting torsion, the resulting increases in deflection
and governing design moments are a maximum, approximately
28 percent, for the open grid framework. Compare cases 1
and 2,

(4) 1In contrast to its negligible contribution in torsion, the effect
of the concrete slab in flexure is extremely significant, Com-
pare cases 2 and 4.

In connection with the above, it is pointed out that the elastic
torsional properties of cross-sections may be calculated by well-
known formulas,28 by valid approximations, or by finite differ-
ences.29 If approximations are introduced, the designer must
assure himself that he understands their significance. For
example, an approximation frequently used in calculating the
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torsional stiffness of sections is to employ Bach's method,3O which
divides the section into component rectangles and sums the stiff-
nesses of the individual components. The magnitude of the error
introduced depends on the shape of the cross-section. To illus-
trate the order of magnitude of the errors in Bach's approximation,
which may be expected to occur in certain cases, Fig. 1-18 is

40000 ] ™ I -y

] N -1

] (R~ f /f

4 | v Girder e
35000 a f = _

N [ .

1 19= l [ .

N A /r Continuity effect
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\ \\
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——
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R = Shear Modulus of
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Curve "A"  Girder plus Slab interconnected {G-Slab = G-Girder).
Curve '"B' Girder plus Slab interconnected (G-Slab = 0.77 G-Girder).

Curve "A'" Girder plus Slab acting separately but rotating

through the same angle (G-Slab = G-Girder),
Curve "B'" Girder plus Slab acting separately but rotating

through the same angle (G-Slab = 0.77 G-Girder).

FIG. 1-18 TORSIONAL STIFFNESS VALUES K FOR
AASHO GIRDER IITI PLUS SLAB
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presented. This figure originates from Reference 29 and shows
torsional stiffness values, K, as a function of slab width, corre-
sponding to the conditions listed for Type III prestressed concrete
AASHO girders. The effects arising from slab width, continuity,
and two types of concrete are clearly illustrated. The slab con-
tributes a great deal more to the torsional stiffness than is the
case in Fig. 1-17. When Bach's method is used, the continuity
effect at the slab-beam junction is lost and, in addition, the tor-
sional stiffness is underestimated by a substantial margin for the
naked girder,

Torsional stiffness assumes significance in bridge con-
struction also. It is important to achieve a distribution of the live
load for economical design of multi-girder decks. The effective-
ness of such a deck in distributing loads is a function of the ratio
of the longitudinal to the transverse flexural stiffness of the deck
and of the torsional stiffness of the longitudinal girders. The
transverse flexural stiffness may be varied by the introduction of
diaphragms, whereas the torsional stiffness of the girders is de-
pendent on the type of cross-section selected. For rational design
of bridge decks, it is thus necessary to understand the interaction
of the torsional and flexural stiffnesses in order to arrive at opti-
mum designs.

The following discussion limits itself to the consideration
of simply supported, rectangular, five-girder bridge decks with
identical and uniformly spaced girders only, but provides the de-
signer with a qualitative as well as quantitative means of visual-
izing the effects exerted by torsional and flexural stiffnesses on
the distribution of loads in a large number of bridge decks oc-
curring in practice.

Corresponding to the char'acterisi.:ic flexural stiffness ratio,
;Ilr:igf} IG/ES IS L), and the torsional stiffness Kg of a longitudinal
where

EG = modulus of elasticity of longitudinal girder material
IG = moment of inertia of one longitudinal girder

ES = modulus of elasticity of transverse medium (slab alone
or slab plus diaphragm in case of composite section)

IS = moment of inertia per unit length of transverse medium
(slab alone or slab plus diaphragm in case of composite
section)

L = bridge span

the following extreme conditions, embracing all possible cases of
the five-girder bridges under consideration, may be visualized:
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Case la— H = 00, KG=0
Case lb—H = 0, KG=0
Case 2a — H = o0, KG=00

Case 2b—»H = 0, KG=00
The smaller H is, the larger is the relative transverse stiff-
ness; H = 0 thus denotes infinite transverse stiffness.

An understanding of the interrelationships between torsional
and flexural stiffnesses affecting the distribution of applied loads
within the grid system may be best obtained through consideration
of the applicable influence lines. Extreme cases 1b and 2b are
the more interesting and important for the present discussion.

The transverse distribution of a concentrated deck load to
the various girders, in the case of 1b, is easily obtained by
employing a redefined form of the well-known flexural formula
o = (P/A + Mc/I). In accordance with Fig., 1-19, for example,
the portion of the load P distributed to girder A, when this load
is at A, is (P/5 + P x 2S x 25/1082) = 0.60P. Similarly, when
the load P is at D, the portion of P carried by girder A is
(P/5 -P x S x 28/1082) = 0. Other points on the influence lines,
which are straight, may be obtained in a similar manner., With
two points known, the influence lines for case lb may be drawn,

TRANSVERSE FLEXURAL STIFFNESS OF DECKsco
JORSIONAL STIFFNESS OF GIRDERS »0

_____{’RANSVERSE FLEXURAL STIFFNESS OF DECK*»®

LEGEND: {

TORSIONAL STIFFNESS OF GIRDERS s

a} LOAD DISTRIBUTED TO GIRDER "A"

0.2P

0.4p b} LOAD DISTRIBUTED TO GIRDER "B"

OL JO
0.2P 0.2P

¢} LOAD DISTRIBUTED TO GIRDER "C"

FIG. 1-19 FRACTION OF MOVING LOAD "P'' DISTRIBUTED TO THE
GIRDERS OF A 5-GIRDER BRIDGE, SHOWN AS A FUNCTION
OF POSITION FOR TWO EXTREME CONDITIONS
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It is observed that for zero torsional stiffness, in Fig. 1-19,
the load on the outer girders A and B increases linearly with the
eccentricity of P, whereas the presence of infinite torsional stiff-
ness (case 2b) would have the effect of producing an equal distri-
bution of the load among the girders., The load distribution to
girder C is constant for conditions 1b and 2b, irrespective of the
position of P, Girder A, with the load at A, must carry three
times as much load when the torsional stiffness of the girders is
zero than when infinite torsional stiffness prevails. If a uniformly
distributed load of intensity P acts over a distance 2S between A
and C, the load acting on the same girder at zero torsional stiff-
ness is two times the value at infinite torsional stiffness. There-
fore, the resulting girder loads for any combination of discrete
loads P between A and C will vary between the ratios 3.0 and
2.0. The corresponding limits for girder B are 2.0 and 1.5,
respectively. It is clear then that torsional stiffness assumes
importance in helping to distribute eccentrically applied loads only
when flexurally stiff diaphragms are present,

It may be concluded also that the importance of the contri-
bution rendered by torsion to load distribution is dependent on the
live load design criteria employed. It is suggested that the present
trend toward heavy and special type vehicles makes the continued
use of the widely accepted AASHO design loadings questionable
insofar as they do not distinguish between ordinary and special-
permit truck traffic. On the other hand, the division of truck
traffic into ordinary and special-permit truck traffic, representing
the former by uniformly distributed loads and the latter by an
extra heavy vehicle, would seem to take the maximum advantage
of the torsional stiffness inherent in a bridge deck,31 Therefore,
the preceding analysis may well form the basis for a reappraisal
of present highway loading standards, leading possibly to improved
economy in design and greater understanding of bridge behavior.

Influence ordinates at intermediate values of torsional stiff-
ness may be conveniently evaluated from the extreme values in
Fig. 1-19 by using the interpolation formula derived by Hendry and
Jaeger:

=0+ (o= P) A CH oy * (o = o )r  (28)
° 3+3_\[E

Pg = distribution coefficient or influence value at torsional
stiffness parameter g

Py = distribution coefficient or influence value when the tor-
sional stiffness equals zero
P = distribution coefficient or influence value when the tor-

sional stiffness equals infinity
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with the qualities o« and g redefined as follows:

o« = 0,124 Ti-(%)s

B =4,94 TGEGXHX%—
GG
KG = torsional stiffness of one longitudinal girder
GG = shear modulus of elasticity of longitudinal girders
S = gpacing of longitudinal girders

The larger the coefficient r becomes, the closer the infi-
nitely stiff condition is realized. Fig. 1-20 presents values of r
with respect to g for values of « = 0.1, 1,0, 10 and 100, cor-
responding directly with values of H = 1.24(L/S)3, 0.124(L/S)3,
0.0124(L/S)3 and 0.00124(L/S)3, respectively. The values for
each of these expressions for H with respect to L/S are given in
Fig. 1-21, along with superimposed graphs representing actual
bridge designs.

B
F"Va voe 4
3
10O - H-0.00[24(%)

H=0.0124 ('&)3

090 1

0.80 +

3
Hl0.124('l§)
0.70 +

0.860 -1
0.50 —+
040
030 +
020 -

[sX1s] —r

} ] i 1 ] } }
T T

I} -
o T T 1 T A
| 2 3 4 5 8 7 8 p

FIG. 1-20 PLOT OF I VERSUS 8 FOR FOUR FUNCTIONAL VALUES OF H

It may be concluded from Fig. 1-20 that, in order to take
advantage of torsional stiffness, the characteristics of bridge decks
preferably should be such that the « and 8 values are larger than,
say, 1.0. Fig. 1-21 indicates that a large number of bridges in

Documents

Document Sharing Hub

Full document details: ACI SP-18


http://www.avadocuments.com/doc/aci-sp-18
http://www.avadocuments.com/doc/aci-sp-18

DESIGN ASPECTS 41

Hi
NOTE:
L* FOR COMPOSITE CONSTRUCTION
'~""’(£)3 (STEEL + CONCRETE } WITHOUT STIFF
> TRANSVERSE DIAPHRAGMS.
100

He0.124 (%)3

50—

Le100 AASHO I %
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wocozals)

| T Lot

5 10 15 %

FIG. 1-21 PLOT OF H VERSUS L/S FOR FOUR FUNCTIONAL VALUES OF H

the highway system have o-values larger than the specified mini-
mum. The bridges represented in Fig. 1-21 are of composite de-
sign. The decks consist of steel and prestressed concrete AASHO
girders, generally with 7-in. thick concrete slabs. The H-values
applicable to concrete girder decks also fall within the range
covered by these bridges. It should be noted, however, that decks
with steel girders have practically zero torsional stiffness, that
the g-values for AASHO girder decks are smaller than 1,0, and
that decks with concrete girders frequently have 8 -values in excess
of 1.5. The Interim Specification of the 1961 AASHO Code?23
specifies distribution coefficients of S/6.0 and S/5.5, respectively,
for decks consisting of concrete T-beams and for concrete slabs
acting together with steel beams or prestressed concrete girders.
These coefficients apply to bridges designed for two or more
traffic lanes, S < 10 and 14 ft, respectively. Even more advan-
tageous load distribution, namely S/7.0, is permitted for concrete
box girder bridges because of their large torsional stiffness.

For the same selected H-values of Fig. 1-20 and 1-21, ap-
proximate load influence lines for girders A, B and C for zero
and infinite torsional stiffness are given in Fig., 1-22 to 1-24,
Each influence line applies to a large number of bridges since H
is a function of (L/S)3, and L/S may be freely specified.

Fig. 1-22 shows load limits which can be expected to act on
girder A, and indicates that the influence ordinates may be either
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—____} SEE FIG, [~19
0.6P

FIG. 1-22 FRACTION OF MOVING LOAD '“P'' DISTRIBUTED
TO GIRDER "A" (FIG. 1-19), SHOWN AS A FUNCTION OF
POSITION FOR TWO EXTREME CONDITIONS

7 O S

0.8P |

1,0P ]

LEGEND:

____} SEE FIG,[-19
0.6P

0.6P+

1.0P |

FIG. 1-23 FRACTION OF MOVING LOAD "P' DISTRIBUTED TO
GIRDER "“B" (FIG. 1-19), SHOWN AS A FUNCTION OF
POSITION FOR TWO EXTREME CONDITIONS
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g ¢ % ¢
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LEGEND:
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0.4 P

0.6P 4

08P |
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FIG. 1-24 FRACTION OF MOVING LOAD "P'" DISTRIBUTED TO
GIRDER "C'" (FIG. 1-19), SHOWN AS A FUNCTION OF
POSITION FOR TWO GXTREME CONDITIONS

positive or negative quantities. Since the location of design loads
such as H20S16 on bridge decks is specified in the AASHO Code,
the reader may readily use Fig. 1-22 to determine how such loads
are distributed to the girders. To determine the number of lanes
which must be loaded in order to produce governing moment, ac-
count must be taken of the characteristic flexural stiffness ratio,
H, and the torsional stiffness of girders. For example, for high
values of H, one or two loaded design lanes closest to girder A
may produce the governing moment, but this moment may arise
also from all design lanes loaded for H < 0.0124(L/S)3, depending
on the value of the torsion coefficient 8. Similar arguments may
be put forth in connection with Fig., 1-23 and 1-24,

Spot checking has indicated that the H20S16 live load moments
in some five-girder decks with AASHO girders (Fig. 1-21), in spite
of the low values of g, are about 10 percent smaller than the
moments calculated by neglecting the torsional stiffness of the
longitudinals. This observation is confirmed by Reference 32, It
appears that an over-all saving of 5 percent or more of the total
cost of a bridge may be realized if, because of the reduction in
live load moment, the number of girders may be reduced from five
to four., This indicates that the taking into account of torsional
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44 TORSION OF STRUCTURAL CONCRETE

influences when using precast bridge girders may result in signifi-
cant savings, even when no diaphragms are used. Moreover, the
permissible gross vehicle weight of a single vehicle traveling down
the middle of a deck employing AASHO girders may frequently be
increased by 20 percent if torsional stiffness is taken into account.

The advantages to be gained by providing a large degree of
torsional stiffness in five-girder bridge decks may also be as-
sessed by referring to Reference 33, which discusses torsionally
weak systems. Fig. 1-25 to 1-27, taken from that source, present
maximum live load (H20S16) moments for zero torsion which occur
at center span of girders A, B and C (Fig. 1-19) of a simply sup-
ported 100-ft span deck as a function of H, of the girder spacing,
S, and of the number of lanes loaded, N. In addition to the notes
of Fig. 1-25, the following specifications apply:

(1) When calculating the maximum live load moment for girder A,
design vehicles within their 10-ft lanes were located within
11-ft design lanes adjacent to girder A, with one wheel load
always placed at girder A,

(2) Similarly, for girder B, 11-ft design lanes were used. No
wheel load was located on the outside of the exterior girders
when calculating maximum moments.

(3) For girder C, the design vehicles were located within 11-ft
lanes on either side of girder C.

The choice of using an 11-ft lane throughout S = 5 to 14 ft
was made arbitrarily and produces rather severe conditions of
loading. Fig. 1-25 implies that the moments at H = 0 are of a high
value in comparison with the values yielded by the AASHO line;
moments increase with a decrease in the H-values. In Fig. 1-26,
the H = 0 line yields considerably higher moment values than in
Fig. 1-27. The maximum moments in girders B and. C decrease
with a decrease in H,

As discussed earlier, the provision of torsionally stiff
girders tends to even out the magnitudes of the moments supported
by individual members when reasonably stiff diaphragms are pro-
vided. In the extreme, for the 100-ft bridge under consideration,
each girder would resist a maximum moment of 305 ft-k for each
lane of H20S16 live load, not including impact. For two, three
and four lanes loaded, the corresponding figures are 2 x 305 = 610,
3 x 305 x 0.90 =824 and 4 x 305 x 0.75 = 915 ft-k, respectively,
including the statistical reduction factors. Specifically, for
S =91ft, H=0, this implies that the maximum moments in girders
A (Fig. 1-25) and B (Fig. 1-26) would change from 1260 to 824 ft-k
and 1010 to 824 ft-k, respectively, corresponding to reductions of
34,6 and 18.4 percent. The moment in girder C {Fig. 1-27) would
increase from 610 ft-k to 824 ft-k. The governing design moment
for the deck is 824 ft-k plus an appropriate increase for impact,
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48 TORSION OF STRUCTURAL CONCRETE

According to the AASHO lines of Fig., 1-25 to 1-27, the maximum
moment for girders B and C is 1230 ft-k, and the equivalent figure
for girder A is 1090 ft-k, The governing AASHO design moment,
therefore, is about 50 percent larger than the design moment,
824 ft-k,

In design it is, of course, impossible to achieve infinite
flexural and torsional stiffness. Practical limitations are set by
economy and the shape of cross-sections employed. In Refer-
ence 33, the following formula, which is applicable to torsionally
weak bridge decks and defines the longitudinal to transverse flexu-
ral stiffness ratio, H', including extra diaphragms, has been
derived:

H' = ———— (29)
— + I'n

where

Eplp

Eglg

E., = modulus of elasticity of diaphragm
I

r =

D
D= moment of inertia
n = number of additional diaphragms (n > 3)

The formula was derived assuming the same shape of de-
flection profile for the concrete slab and continuous diaphragm.
The value H' is nothing but a new H-value which reflects the in-
fluence arising from the added transversals., It is thus possible,
on the basis of Eq. (29), to investigate the suitability of providing
diaphragms and to establish the resulting increases or reductions
in girder moments.

Since the AASHO lines in Fig., 1-25, 1-26 and 1-27 refer to
bridge decks "without” diaphragms, it is evident that little is to be
gained by providing diaphragms in the lower regions of S. The
concrete slab dominates the load distribution. At S = 9 ft, how-
ever, more significant reductions in moment may be expected to
occur as diaphragm action assumes dominance over slab action.
ForH =50, r = 0.20and n = 3, H' = 1,61. This means that the
moment in girder A is increased from 1090 to about 1220 ft-k, In
girder B the moment is decreased from 1230 to about 1020 ft-k,
with the corresponding figures for girder C being 1230 and 730ft-k,
respectively. From this specific example of a torsionally weak
system, it may thus be concluded that diaphragms may be incor-
porated which closely approximate the infinitely stiff flexural con-
dition, providing continuity prevails.
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Now consider the effect of torsion. Let L = 100 ft, S = 9 ft
and H' = 1, 61, in which case the upper curve of Fig. 1-20 applies.
Consequently, if g > 1, the infinitely stiff torsional condition is
approximated. It was pointed out earlier that concrete girder
decks frequently have g-values in excess of 1.5; large g-values
apply to prestressed concrete box girders also. Thus, the 100-ft
bridge may be framed in a manner that the governing live load
design moment is about 70 percent of the governing AASHO moment
(1230 ft-k).

The provision of torsionally stiff longitudinals and flexurally
stiff transversals enhances the overload capacity of a bridge deck
enormously. In the extreme case (H = 0, Kg = o), a 100-percent
increase in live load on the bridge means only a 20-percent in-
crease for each member of a five-girder bridge, with the same
girders, equally spaced.

The stress distribution in multi-girder decks may be im-
proved further by decreasing the spacing between the outside and
first interior girders. This configuration produces a more favor-
able stress distribution in the slab spanning between the girders.
The Guyon-Massonet theory, modifications thereof,22 and the
Hendry and Jaeger theory,21 which are in common use, are not
directly applicable to such cases. These cases are, however,
easily solved by employing the electronic computer,34

The electronic computer may be employed with particular
advantage in case of a complex layout of one deck grid system
such as the Sheppard Avenue Canadian Pacific Railway crossing at
Agincourt, Ontario.35,36 The irregularly shaped three-span,
continuous deck of this railroad bridge consists of hollow post-
tensioned boxes, and was replaced by an equivalent grid system
for purposes of analysis. The torsional stiffness of the resulting
grid could not be neglected as this would have given an incorrect
picture of the stress distribution.

The foregoing discussions pertaining to load distribution have
centered around simply-supported five-girder bridge decks with
equally-spaced and stiff members. Similar reasoning applies to
continuous bridge decks and to decks with more or fewer girders.
It is noted, however, that the ability to carry overloads is not as
pronounced, for example, for three- as for five-girder bridges.
Nevertheless, the use of bridge decks with a low number of girders
has become increasingly popular, particularly in prestressed
concrete construction.

The double box section, with the boxes being separated by a
stretch of slab, and the single box section are both commonplace
in Europe.
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ELEVATED ROADWAYS

The most characteristic feature of modern urban-area high-
ways is the large number of geometrically complex multi-level
interchanges and grade separation structures necessary for smooth
and safe traffic flow., Such structures frequently take the form of
long curved bridges with a minimum of space available for piers.
A typical example is the Spadina Interchange (Fig. 1-28) at
Toronto, Ontario.

FIG. 1-28 SPADINA INTERCHANGE AT TORONTO

It is the purpose of this part of the paper to describe briefly
the significance of torsional forces acting on certain prestressed
concrete superstructures, on curved alignments, which are sup-
ported on a minimum number of piers. The size, number, and
position of piers and the construction depth of the superstructure
are the significant factors determining the suitability of a structure
to the geometrical requirements of an interchange. These factors
are, in turn, related to the structural configuration employed.
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If piers are constructed monolithically with the deck, there
is a transfer of forces from the deck to the piers, which does
little to reduce the forces in the deck and increases the strength
requirements for the piers, If, as is the present trend, it is
required that single columns be used along the center line of the
structure, such a transfer of forces would require excessively
large pier shafts. It has been found advantageous to prevent the
transfer of longitudinal forces to piers by the use of sliding or
elastomeric bearings. A recent development has been the use of
bearings which permit the deck not only to move horizontally and
to deflect under longitudinal bending independent of the pier, but
also to twist under the action of torsion. The only longitudinal
forces transmitted to the piers then are the small horizontal forces
caused by friction in the bearings. In some cases even friction
can be eliminated by providing a bearing at both top and bottom of
the pier (Fig. 1-29), The forces in the piers thus are axial com-
pression only, permitting minimum pier size,

Torsion which is not resisted by a pier is transmitted along
the bridge deck to a point at which it can be conveniently resisted,
either by a more massive pier or a row of columns, preferably
situated either at a less congested part of the interchange or at an
abutment., The magnitude of the torsional moments arising at the
restraints depends upon the distance between adjacent restraints.

FIG. 1-29 LELEVATED ROADWAYS UNDER CONSTRUCTION
AT TORONTO
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For decks which are on a curved alignment, the torsion induced
by permanent loads may be reduced by offsetting piers and by
varying the prestressing force across the width of the bridge.
The latter may be accomplished by changing the spacing between
prestressing cables.

The cross-section of the superstructure is of primary im-
portance. Adequate torsional stiffness and strength, as well as
flexural, and a minimal depth are generally required. Fig. 1-30
shows some basic forms used for bridge cross-sections. Detail
a shows the torsionally least stable arrangement; detail g, the
rectangular solid slab, provides the maximum torsional stiffness
for a given depth. The solid slab also has the highest flexural
strength, but is inefficient for long spans because of the large
dead load involved.

FIG. 1-30 BASIC FORMS USED
FOR BRIDGE CROSS-SECTIONS

Elastic torsional stiffness is of interest for rotation control,
but the magnitude and location of torsional stresses resulting from
the applied torque are the primary considerations. Torsional
shears of significant magnitude must be combined with other
stresses in order to calculate the resulting principal stresses
governing the selection of a cross-section. Sophisticated vari-
ations of basic cross-sectional forms, used for some of the post-
tensioned concrete bridges in the Province of Ontario, are shown
in Fig, 1-31. References 37 to 44 are relevant to the design of
elevated roadways.
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FIG. 1-31 CROSS-SECTIONS USED IN ONTARIO--CONTINUOUS
POST-TENSIONED PRESTRESSED CONCRETE DECKS

Strain energy analysis is well suited to space structures such
as curved bridges. For relatively large numbers of unknowns,
matrix formulation and computer solution are advantageous. The
total strain energy is expressed as:

_ M2 dx T2 dx

U= )= * /) o (30)

where M and T are the bending moment and torque, respectively,
in terms of selected forces M, T, and Vn.‘l5 Integer n refers
to location., Shear energy is generally negligible. Deformations
consistent with the selected redundant forces are defined by:
aU/3M, = 0 (flexural rotation), 2U/oT, = 0 (twist) and 3U/aV
(vertical deflection), which yield a set of linear deformation equa-
tions in terms of selected redundant forces.

A simplified method of investigating the effects of torsion in
symmetrical curved bridge decks, developed at the Department of

Documents

Full document details: ACI SP-18


http://www.avadocuments.com/doc/aci-sp-18
http://www.avadocuments.com/doc/aci-sp-18

54 TORSION OF STRUCTURAL CONCRETE

Highways of Ontario, is believed to be of considerable practical in-
terest. The following analytical expressions are derived for sym-
metrical, three-span continuous structures as shown in Fig. 1-32,
and are later applied to the analysis of an actual structure.

Fig. 1-32 shows a structure with torsional restraints at
abutments A and E; otherwise free rotation may take place. Point
supports are provided at locations B and D, situated symmetrically
with respect to the transverse center line. A fictitious cut is in-
troduced at C as indicated to render the structure statically deter-
minate for analysis purposes. The following stipulations apply:

(1) For uniformly distributed loads and for curves up to approxi-
mately 30 deg, which is rarely exceeded in highway bridges,
the resulting effect of torsion on the longitudinal bending
moments may be neglected. This assumption permits the

SYM. TRANSVERSE
<
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torsion=0

moments MCDLP

LONGITUDINAL ¢
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FIG. 1-32 SYMMETRIC THREE-SPAN PRESTRESSED CONCRETE
BRIDGE--~INDUCED TORSION
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curved deck to be developed into a straight alignment for the
purpose of calculating the longitudinal moments.

(2) Longitudinal bending has a significant effect on the magnitude
of torsional moments,

(3) Maximum torsional moments are the result of loads applied
symmetrically with respect to the transverse center line
(Fig. 1-32a),

It follows that, for symmetrically applied loads about the
transverse center line, only one redundant force, namely, the
longitudinal moment, acts at the cut at location C, The shear and
torsional forces are equal to zero because of symmetry of loading,

Deferring for the moment a discussion of the effects created
by live loading, the torsional moments due to initial and super-
imposed dead loads and the prestressing force may be expressed
in the following terms:

(1) Longitudinal moment Mgpy,p. at C.

(2) Load wppp per unit length of deck, distributed along the
longitudinal center line (Fig. 1-32a)

(8) Torque tpr,p per unit length of deck, distributed along the
longitudinal center line.

(4) Torques Tpp which arise from cable forces at the supports of
the bridge deck when the prestressing force is varied across
the width of the deck.

The subscripts refer to location (C), dead load (DL), pre-
stressing force (P) and torque at supports due to prestressing
force (TP). In turn, the subscripts to be introduced for the initial
and superimposed dead loads are IDL and SDL, respectively. Note
that DL = IDL + SDL.

Now,
Meprp * Memr * Mespr * Mep (31)
and, referring to Fig., 1-33,
“prp © ¥ioL * YspL T Vp (32)

The component wp is due to the prestressing force, whose
effect may be represented in terms of a uniformly distributed load
by using the equivalent load method. 47 Similarly then,

toLp ~ YL * tspL * tp (33)

The torque typ, is the resultant of the initial dead load times
the eccentricity, 4 p,, measured from the longitudinal center line
of the section, or
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56 TORSION OF STRUCTURAL CONCRETE

Y

1soL =Y Jﬁ IYSDL

(o) SUPERIMPOSED DEAD LOAD (SDL)

|DL=)’ fl? Tyior

(b) INITIAL DEAD LOAD {IDL)
o\"
0\\
PRESTRESSING V/ /
CABLE
/ /

{¢) PRESTRESSING (P)

X
WDLP=WmL+WsoL+WP % Re ﬁ
torp=toL+isoL+ e EP e, 5 R e

FIG. 1-33 UNIFORMLY DISTRIBUTED LOAD AND TORQUE DUE TO
INITIAL AND SUPERIMPOSED DEAD LOAD AND PRESTRESSING

tIDL = \r—ll1 {(R +x)xdA = Y—E— IYIDL (34)
where
R = radius
x = distance of area dA from the longitudinal center line
(Fig. 1-33b)
IYIDL = moment of inertia about Y-Y axis
vy = density of material (0.150 kcf for concrete)
The torque tSDL = Wgp, ¥ 4gp1’ °F alternately:
t = Yi- Iy (35)
SDL R SDL
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