PAPER NO. | Elements of a theory for the me-
chanical behavior of concrete are developed. A
comparison of the stress-strain curves of sandstone,
hardened cement paste, mortar and concrete sug-
gests that the heterogeneity introduced by the
aggregates is responsible for the inelastic behavior
of concrete. A study of the mortar-aggregate
‘interface behavior indicates that under compressive
loading this interfaco is lirst to fail and that the
cracked interface behaves essentially plastically
even though the constituont materials are brittle.
This pseudo-plastic behavior of the interface results
in a gradually curving stress-strain diagram. An
analytic model, based only on observed micro-
behavior, measured materials properties, and a

. plausible statistical distribution of mortar strengths,
permits a stress-strain curve to be calculated. This
curve is strikingly similar to that of concrete, includ-
ing a descending branch.

Inelastic Behavior and
Fracture of Concrete”

By SURENDRA P. SHAH and GEORGE WINTER

B Tins sTUDY PROVIDES INFORMATION on the nature of inelastic behavior
of concrete by examining its micro-behavior under short-time loading.
Based on this micro-behavior and on statistical concepts, the study
attempts to develop elements of a unified theory for the response of
concrete from zero load through the clastic, inelastic and descending
ranges of the stress-strain curve to fracture.

ORIGIN OF INELASTIC DEFORMATIONS

Inelastic behavior of conerete is here defined as that behavior in
which response of concerete to external loading is non-linear and irre-

® This paper is the seventh in a continuing series of papers dealing with various
aspects of an investigation sponsored by the National Science Foundation and
conducted at Cornell University, The carlier papers appeared in the February,
March, April, May, 1963, August 1964, and July 1965 ACI JOU“NABOCllmentS
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versible. Only the short-time loading in which the deformations due
to creep are small compared to the instantancous deformations caused
by loading is considered. .

To understand the response of concrete when it is loaded, it is
desirable to study the behavior of each of its components, In Figure 1-1
are shown typical stress-strain relations of hardened cement paste, stone,
mortar and concrete subjected to uniform compression up to failure
of cach material. Identical procedures were used for mixing and curing
the paste, mortar and concrete specimens, and the methods of testing
were the same for all four materials, The curves for paste, mortar and
concrete, each represent the average of 8 dial gage readings, two on
every specimen for four specimens cach, These were prismatic specimens
with flared ends and the strains were measured on a 54 in, length,
The curve for stone is the average of 6 onc-in, SR-4 gages, two on each
of three prismatic specimens. The rate of loading was approximately
the same for all four materials. Figure 1-1(a) shows:

1. Considering the two basic constituents of concrete, it is scen that
the stress strain curve for stone is linear up to fracture, and that for
hardened cement paste is nearly linear,

2. FFor mortar, the stress-strain relation is definitely curved, much
more so than those of the two constituents,
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Figure 1.1 Compression stress-strain diagrams for stone, paste, mortar and
concrete

3. For concrete, in turn, the diagram is more strongly curved than
that for mortar,

4, The compressive strength of mortar is significantly less than that
of paste.

5. The compressive strength of concrete in turn is less than that of
mortar,

Note that paste and mortar of the same w/c-ratio are compared and,
in turn, mortar and concrete of the same w/c-ratio are used.

These observations suggest that the inclasticity in conerete is caused
by the introduction of aggregates and by the attendant heterogencity.

The fact that the stress-strain curve of paste is almost lincar has
also been observed by Ructz' and Gilkey.* Ruetz found that the stress-
strain curves for the vaste of water-cement ratios of 0.30 and 0.65 are
very nearly straight lines. Gilkey plotted the stress-strain curves of
concrete, mortar and paste in non-dimensional form and observed that
the curve for the paste is nearly linear while those for mortar and
conerete are successively more curvilinear,

The relation between inclasticity and the presence of aggregates in
conerete is also indicated by Kaplan’s observation that the higher the
percentage of aggregates (with the same w/c¢ ratio), the lower the
strain at which the stress-strain curve deviates from a straight line.®

Since mortar is weaker than either stone or cement paste alone, and
since conerete is weaker than mortar, the bond between cement paste
and aggregate is likely to be a weak link in the heterogencous concerete
system, Consequently, one might suspect that the presence of aggre-
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8 CRACKING IN CONCRETE

gates produces inclasticity in concrete as a result of relative weakness
of the interfaces between paste or mortar and aggregates. This idea
seems to be supported by the microcrack investigations at Cornell
University' and later at the Cement and Concrete Association, London,®
by the work of Jones,® and Dantu.?

The microcrack investigation at Cornell showed that cracks between
the aggregate and mortar exist before any load is applied (see also
Ref. 5). These interfacial cracks, which are called bond cracks, hegan
to increase noticeably at about 30 to 50 percent of ultimate load and
were predominant throughout the entire loading. By studying the
ultrasonic-pulse velocity, Jones found that “the onset of cracking arises
mainly from spread of microcracks along the boundaries of the coarse
aggregate, . . . Dantu used photo-clastic coatings on the surface of
the compression specimens and found that the strain at the mortar-
aggregate interface was 4 to 6 times the average strain, All this evidence
strongly suggests that the bond between mortar and aggregate is a
weak link in the heterogencous conerete system, and that this interfacial
bond is mainly responsible for the inclastic behavior of conerete under
short-time loading,

STRESS-STRAIN BEHAVIOR OF THE INTERFACE

Since the behavior of conerete under an external short-time load
seems to be significantly influenced by the interfacial bond, the authors
decided to study the stress-strain behavior of the interface between
mortar and aggregate. In actual conerete, there are innumerable inter-
faces, To study what happens at the interfuce by directly loading
conerete would be very difficult, but the interface can be isolated and
studied by itself.

Experimental investigation

The behavior of the interface was examined by testing specimens as
shown in Figure 1-2, They consist of an inclined stone slab, 4 in, thick,
about 3% in, long and 2 in. wide, und the mortar surrounding the stone,
The stone was fine grained sundstone with a compressive strength of
27,000 psi. The mortar had a sand/cement ratio of 3.0 and a water/
cement ratio of 0.5, The cement was portland, Type 1L

Three different inclinations of the stone, ¢, were selected, 23, 42 and
50 deg. There was o minimum of three specimens for each angle,

Structurally speaking, the specimen can be divided into zones. The
center zone containg the stone slab and represents the influence of the
interface. The exterior zones of homogencous mortar simulate the cffect
of confinement to which an interface is subjected in“the concrete mass.
The specimens were loaded to failure and the straing and loads were
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Figure 1.2 The specimen for the interfacial study

recorded at vegular intervals, The testing time for each test was about
one-half hour. The arrangement of the SR-4 strain gages is shown in
Figure 1-2,

RESULTS AND DISCUSSION

The load-strain curves up to failure obtained from the various gages
for one cach of the specimens with the stone inclined at 23, 42, and
50 deg are shown in Figures 1.3, 1.4, and 1.5 respectively, For the
suke of hrevity, only the results of the specimens with the stone inclined
at 23 deg will be -discussed in detail. The following observations are
made from Figure 1-3.

1. Up to a load of 12 kips, the strains in gage 1, representing the
center zone, and gage 3, representing mortar in the exterior zones,
are nearly alike and linear. This means that up to 12 kips, the interface
was intact and as a result the specimen behaved homogencously and
clastically.

2. For loads beyond 12 kips, and up to failure, the center strain
gage 1 did not show any appreciable increase in strain at all, This
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INELASTIC BEHAVIOR AND FRACTURE i

means that the center portion, the one containing the aggregate, did
not take any additional stress beyond that which was present at a
load of 12 kips. The increase in load above 12 kips, therefore, must
have been resisted by the mortar in the exterior zones. This is clearly
indicated by the increased rate of strain of gage 3 at 12 kips.

3. At about 12 kips, cracks at the interface or bond cracks were
observed visually. This indicates that at that load, the unconfined bond
strength of this interfuce was exceeded. Since these inclined bond
cracks did not open until after final failure, it scems likely that the
contact between the stone and the mortar was maintained. This mecans
that the cracked interface can continue to carry a share of the total
load through friction. Thus, at 12 kips, only the cohesion between the
stone and mortar was lost.

4, Inclined, bond cracks were shortly followed by vertical cracks in
the mortar at the top and bottom corners of the stone slab (see
Fig. 1-6). As the loading proceeded, these vertical cracks did not
pereeptibly increase in length until final failure.

If the interface had not been confined by the mortar in the exterior
zones, there would have been sliding along the interface when the
load in the central zone was carried by friction alone. This is because
the angle of inclination of the interface from the horizontal, 67 deg,
is greater than the angle of friction which is 30 to 40 deg at the inter-
face. The confinement, or prevention of sliding provided by mortar
produces tensile stresses in the mortar as shown in Figure 1-7(a). This
is evident by the readings of gage 7 in Figure 1-3. When these tensile
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Figure [.5 Load-.strain relations for specimen W-11, ¢ = S(bdaauments
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12 CRACKING IN CONCRETE

stresses exceed the strength of mortar, local vertical mortar eracks form,

5. After the formation of local vertical mortar cracks, the central
zone can be strained longitudinally without necessurily increasing the
stresses in that zone, The opening of locul vertical mortar cracks permits
sliding at the interface so that the central zone deforms longitudinally,
Readings of gages 6 and 7 show that there was sliding at the inter-
face and that the local vertical mortar cracks did widen (Fig, 1-.3),
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Figure 1.6 Photograph of failed specimen W-5
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Figure 1.7 Stress-distribution in the interfacial specimen aHter the cohesion
between the stone and the mortar is lost

Thus, the formation of mortar cracks provided the interface with a
yiclding type of confinement, ie, a confinement which furnished a
reasonably constant horizontal restraining foree as further limited sliding

proceeded.

The net effect was that for loads above 12 kips, the center zone or
the eracked interface behaved essentially plastically (gage 1 on Fig. 1-3),
even though there is no flow process involved in these brittle materials.
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14 CRACKING IN CONCRETE

6. At the final failure of the specimen, crushing of the mortar in the
exterior zones was observed (Fig. 1-8), This is because beyond the
load of 12 kips the increase in load was carried entirely by the exterior
zones. Therefore, the specimen failed when the mortar in these zones
could not carry any additional load.

Numerical confirmation

When a compressive load is applied to the specimen, there are normal
(o) and shearing (r) stresses acting on the plane of the interface
between stone and mortar, If oy is the applied vertical compressive stress
on the speeimen, then the stresses acting on the interface inclined
at an angle ¢ to the vertical are given by:

T = nsin2¢/2 (1)
g = msin’g (2)

The relation between the normal and shear stresses acting on the
interface at failure is given by the Coulomb-Mohr theory:

T = ('r)"m = ¢ + otand (3)

where ¢ is the cohesion and 6 the angle of friction for the interface
(Ref. 8). By combining (1), (2), and (3), the maximum vertical com-
pression that an unconfined interface inclined at an angle ¢ can
support is given by: ’

(1 )un = cleotg + tan(0 + )] » (4)

(1) ds called the unconfined bond strength of the interface, The
calculated values of (o). in terms of load for all three angles of
the interface tested is given in the first row of Table 1-1. The values
of ¢ and 6 correspond to the type of mortar and stone used and are
taken from a prior and independent investigation (Ref. 8). Since these
values can be determined only approximately, two sets of the values
of ¢ and 0, differing from cach other by about 10 percent, are used.
The caleulated values of (), in terms of load agree well with the
obsevved values for the appearance of bond cracks,

After the appearance of bond crack, the interface carries its share
of total load entirely through friction. (o) represents the maximum
stress the interface can carry through friction so that the necessary
horizontal restraint is no greater than the tensile strength of the mortar.
()¢ was caleulated approximately by assuming the stress distvibutions
of Figure 1-7, That is, the confining compression (o) which is necessary
to keep the interface from sliding is assumed to be uniformly distributed
and is equal in magnitude to uniformly distributed tensile stresses in
the mortar. Then (o4 )¢ can be approximately caleulated from equilibrium,
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INELASTIC BEHAVIOR AND FRACTURE 15

TABLE 1-1 PERFORMANCE OF SPECIMENS OF FIGURE 1-2

= 23° = 42° ¢ =50°
Observed  Caleulated Observed  Caleulated Observed Calculated
Loud-Stage (e (2)¢t (1) (2) (1) (2)

Appearance of inters

facind eracks 12,0« 119+ 13,2+ 17.0% 14,0 14,3 34,00 23.5* 7.8
Appearance of locul

verticnl mortor cracks 12,08 11.4% 12.6% 15,4 13.8«  17,0% — 21.2¢ -
Fallure of specimens 28.0%  20).0% 21).4% 20,00  23.9% 25,4 38,00 285.0% 374

(1)* Caleulated wings ¢ = 350 psl, # = 32°, e = 400 pui, fn
(2}t Culenlnted usings ¢ = 400 psl, # = 35%, ft = 400 psi, fin

4500 pal,
4500 psi.

uon

Figure 1-7(D) cither by using the Mohr-circle shown in Figure 1-7(c¢) or
by the following formula;

(ln)’ ko f'
2

&

sin2¢ = tand[ (o) sin*¢ + ficos?¢] (5)

where f, is the tensile strength of the mortar. The calculated values of
(o), in terms of total load agree well for all three angles with the
observed values for the appearance of local vertical mortar eracks
(Table 1-1),

. The failure load of the. specimen was calculated as the sum of the
plastic load of the interface (1) and the compressive strength of the
mortar (f,,) in the exterior zones. The last row of Table 1-1 shows
that the failure loads of the specimens have been fairly well estimated.
The numerical values of f,, and f; were taken from experimental results
of Refs. 8 and 9 respectively, which were obtained independently on
presumably identical material,

IMPLICATIONS

The study of the specimens was helpful in approximately simulating
the behavior of real stone-mortar interface. The major implications of
this study can be summarized as follows:

1. In concrete, the interfaces are located at various angles, and there-
fore bond cracks will form at different loads at these interfaces. Since
bond cracks behave plastically, o gradual curving of the stress-strain
curve of concrete results, This provides an explicit explanation of the
fact that the introduction of the aggregates makes the stress-strain
curve of concrete deviate from a straight line.

2, The sliding of the interface is accompanied by widening of local
vertical mortar cracks at the ends of the interface. This phenomenon
probably accounts for the volume of expansion of concrete which is
observed near the ultimate load.
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16 CRACKING IN CONCRETE

3. The pscudo-plastic behavior of pre-existing no-load bond cracks?
explaing the moderate non-linearity of the stress-strain curve of concrete
even at very low loads.

4. The Coulomb-Mohr theory applied to the behavior of the interface,
combined with the maximum normal stress theory applied to both tension
and compression failure of the mortar satisfactorily predicts the strength
and behavior of the confined interface.

ELEMENTS OF A THEORY OF MECHANICAL
BEHAVIOR OF CONCRETE

Evidence was presented which indicates that the bond between
aggregate and mortar is a weak link in the heterogencous conerete
system. Under compressive short-time loading, this hond is first to break.
The broken bond or bond crack hehaves pseudo-plastically under further
load, and appears to be responsible for initiating mortar cracks.

On the basis of this experimentally observed microbehavior of concerete,
an attempt was made to formulate analytically a bebavior theory of
concrete, which is intended to explain the performance of concrete
under short-time load up to and including failure. The hypothesis mainly
involves the integration of the observed microbebavior to obtain a
reasonable picture of macrobehavior,

The theory is based on an analytic model, termed the structural unit
(Fig. 1-8). The unit consists of a single picce of aggregate embedded
in a prism of mortar. A circular cylindrical aggregate was selected
because it seems that in a wunit volume of concrete all the interfacial
angles are equally represented. Thus, a circular cylinder seems appro-
priate and mathematically convenient to represent an average condition
of the interfuce in bulk conerete.

6avg
by
MORTAR —| o
>
LN
CYLINDRICAL |
AGGREGATE

Prr

ar2 er

Figure 1.8  The structural unit
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INELASTIC BEHAVIOR AND FRACTURE 17

The ratio of the thickness of the surrounding mortar to the radius
of the aggregate, d/r, depends primarily on the relative amounts of
aggregate and mortar in a given mix. This ratio can be approximated
by the method used by Hsu!® This method assumes that all the aggre-
gates are spherical balls of equal radius, and requires the knowledge
of the volume of aggregates in a given mix and their volume in a fully
compacted state. The larger the amount of mortar relative to stone, the
higher the ratio d/r.

Stress-strain relationship for the structural unit

The behavior of this structural unit under axial compression can be
saleulated analytically from equilibrium, compatibility of deformations
and from ecxperimentally verified, though simplified, assumptions as
follows: '

i. The three-phase system: paste, sand and gravel is replaced by a
two-phase system consisting of the matrix (i.e. paste or mortar) and
the aggregate.

ii. Both component phases, the matrix and the aggregate are assumed
to have linear stress-strain relations (Fig. 1-1); for analytical simplicity
they ave also assumed to have identical moduli of elasticity.

iii. The portion of the cylindrical interface over which the stress
exceeds the unconfined bond strength is assumed to behave in the same
mauner as obtained experimentally for the specimens of Figure 1-2.

It is believed that these assumptions, while somewhat idealizing the
system and making it amenable to simple analytical treatment, are in
basic agrecement with independent experimental cvidence and retain
all the essential features of the real, more complex multi-phase material.

On this basis, the structural unit shows the following hehavior under
increasing axial compression:

1. Because the stone and mortar are assumed to have linear stress-
strain curves and identical moduli of clasticity, the structural unit will
behave linearly elastically as long as the interface between aggregate
and mortar is intact,

2. At some load or stress, the unconfined bond strength will be
exceeded over some angular portion of the interface and a bond crack
will have formed. The relation between the unconfined hond strength
(o1 )un and the angle of the interface, for given set of ¢ and 6, is
given by Equation (4) or by the Mobhr-circle shown in Figure 1-9. In
Figure 1-9, the broken line is the bond strength line given by the
Coulomb-Mohr failure theory for given ¢ and 0. As the axial load is
applied to the unit, the normal and shear stresses oceurring anywhere
an be described by the Mohr circle, Increasing the load increases
the diameter of the circle. At some load, the Mohr circle will just touch
the bond strength line, The compressive stress at this noinD@cisfments
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Figure 1.9 Mohr.Circles representing different stages of interfacial failures
or bond crack propagation

as (og ) and the angle of the interface at which the first bond crack
will form is defined as ¢, and is given by ¢, = 45 deg —g. As the

load increases, additional bond cracks will form. Eq. (4) can ‘be
rewritten in terms of ¢, as:

2¢  sin2¢,

((n)u.l., = 0052(4,_4,") — C()S2¢o (6)

It can be seen from this equation and Figure 1-9 that propagation of
bond cracking will be symmetrical about the angle ¢,. In other words,
at some stress greater than (o)), the portion of the interface be-

tween the angles ¢, + « and ¢, — « will have failed. Substituting
e = ¢, — ¢ in Eq. (6) yields
9¢ sin2
(o)), = <C SINZdo (7)

cos2a — c0s2¢,

With the increasing load on the unit, « and the diameter of the
Mobr circle increase. At some load, the Mohr cirele will coincide with
the circle representing failure in the mortar and the unit will fail.

3. The cracked interface behaves pseudo-plastically. This plastic load
or stress is the maximum stress supported by friction and is limited
by the tensile strength of the mortar. This stress, (), can be caleu-

lated by making the same assumptions that were made f‘m&&‘dh‘fé{‘itg]

Document Sharing Hub

Full document details: ACI SP-20


http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20

INELASTIC BEMAYIOR AND FRACTURE 19

specimen (Fig. 1.7), and is given by Eq. (5) which can also be
expressed as

9
ﬂg—‘*ﬂ[(m), + £]
((n)( =3 + ft (8)

c082a — €052y
3

4. The stress-strain curve of the unit below the compressive stress
of (o1)mm, or before bond cracking, is a straight line which can he
obtained by knowledge of the modulus of clasticity of mortar. The
stress-strain curve of the unit above the stress of (o)m was calculated
as follows:

Let the applied load on the unit he such that the extent of bond
cracking is 2a. That is, the portion of the interface having angles
between ¢, +1a and ¢, — « is hehaving plastically while the remaining
portion is still clastic, The vertical stress in an clastic clement is desig-
nated as oy, while the vertieal stress in a plastic element is designated
as og, (Fig, 1-10), The stress in any plastic element may be formulated
from Eq. (8) as:

082
L0y + £1)

gg = 9 C;)Sgﬂ - ML + f, (9)
trr-(DNST 0, o *1{8)
LU LY L I
z Il 1
I
e | | 1T
|
47/7’4 | /\ /“ o+ d
/ &
/ ¢
N2\ Sl
/ (/ 4
// // a '\3
z 3
#o » XY

Figure 1-10 Delfinitions of «, 8, y, T T and . Note that for a giveﬁ

. B and v are variables of integration.
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20 CRACKING IN CONCRETE

The stresses in all elastic elements are equal and are determined by
the stress in that element which is just being transformed into the
plastie stage:

2¢sin2¢,
cos2a — cos2e,

(LY = rq

From cquilibrium of vertical forces,

« i

/uﬁrsin(da., + g)dp + /(Vﬂl'sill<¢(, + pB)dg
$o $o
. 5 ~ %o
+ e /rsin(y + ¢o)dy + «ra/rsin(y +oe)dy . (10)
o o
d

d
+ g 5 = N —2)
where o, is the average stress for the whole unit. Carrying out the
integrations indicates that o, can be expressed in terms of « For
selected values of «, o, can be explicitly calculated.

The strain in the unit can be derived by assuming that plane sections
remain plane. In that case, the strain of the whole unit is the same as
that in the clastic clements which is equal to ‘

e 2e5in24p, . (11)
S S emgy T i emmeee—ems TR
E E{cos2a — cos24,) v ,

where E is the modulus of clasticity of mortar. Thus, one can also
calceulate the strain explicitly for sclected values of a.

Thus, for any given value of «, the corresponding stress and strain
of the structural unit can be explicitly caleulated from the Equations
(10) and (11). In this manner, one can caleulate point by point the
complete stress-strain curve of the unit. For details of analysis, see
Ref. 11. .

From this, it follows that the quantities which determine the stress-
strain curve of the structural unit of a given mix are the following
properties of the materials involved: degree of compaction of the
aggregates, cohesion and angle of friction of the interface, compressive
and tensile strength of the mortar, and modulus of clasticity of mortar
and aggregate. It is significant that all these quantities can be, and
have been, experimentally measured, independently and e priori.

A stress-strain curve of the structural unit caleulated from the analysis
deseribed here and for a realistic set of material constants is shown
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Figure I-11 Calculated stress-strain curves

in Figure 1-11. This stress-strain curve of the unit slowly deviates from
a straight line. It is important to note that this deviation is caused
entirely by the separately observed behavior of the interface since it
was assumed that both the aggregate and mortar are ideally elastic.
The inelastic behavior of the structural unit is caused by the weak
bond between the aggregate and mortar and does not involve any
real flow processes of cement gel or other materials, The unit, therefore,
does exhibit nelusticity of the type found in concerete. However, the
actual stress-strain curve of conerete bends more sharply toward the
horizontal at about 90 percent of the ultimate and has a peak and a
descending branch, It scems that the stress-strain curve of a single unit
does not reflect the inelastic behavior which appears in the concrete
near the ultimate load,

Statistical analysis

The end point of the caleulated curve of the structural unit is de-
termined by the seleeted strength of the mortar. In a given mass of
concrete, there are probably significant variations in the mortar strength
and in aggregate spacing, represented by d/r in the structural unit.
Bulk concrete, therefore, can be thought of as consisting of large num-
bers of structural units whose ultimate strengths show a certain amount
of scatter. Thus, even when a number of lower strength units fail, load
can still be resisted by the remaining stronger units, which are decreasing
in number with an increasing load. In what follows, it will be shown
that this type of behavior, resulting from the statistical distribution of
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22 CRACKING IN CONCRETE

the strengths of the units, can give a stress-strain curve with a descending
hranch,

It is assumed that a given cross section of a conercte speclmen ander
uniaxial compression is made up of n structural units, The ultimate
strengths of these units are assumed to be distributed according to a
disttibution function G(x), where x denotes the varfuble strength in
ksi of cach unit. G(x) is the probability that the strength of a unit
has a value greater than or equal to x. It is not possible to experimentally
obscrve G(x). However, it is possible to measure the distribution of
the compressive strengths of the whole specimens, e.g., eylinders. The
problem, then, is to determine the relation between the known distribu-
tion of the strengths of the specimens and the unknown distribution
of structural units, To find such a relationship, the following assumy-
tions were made:

1. The strength of each unit is independent of others.

2. Hooke’s law is valid for cach wunit and all units have the same
modulus of clasticity,

3. Plane sections remain plane,

4. As soon as the ultimate strength of one of these units s exceeded,
that unit is completely destroyed and its load bearing capacity is reduced
to zero. This causes redistribution of, and an increase in stresses in
other units which have so far remadned whole, Total fuilure does not
oceur so long as the lond-bearing cupacity of the unimpaived part iy
not exceeded.

It () is the average stress on a cross section containing n structaral
units, then from equilibrium,

(r)ave = G(x) " x (12)
The maximum strength or the ultimate strength of the cross section
b}

(o), corresponds to that value of x, Xuux, which satisfies the equation

£16(x) =0 (13)

Daniels (Ref. 12) has studied the limiting distribution of (o). for
large values of n. He showed that if G(x) approaches zero at a higher
rate than 1/x, the distribution function for (o). for large values of n
approaches the normal distribution, Furthermore, in that case, the mean
value of (o)., M, is

M= Xuux * G (xumx) (14)

and the coefficient of the variation of (o), V, is

V= "G(xmnx) (15)

. Documents

Full document details: ACI SP-20


http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20

]

|

INELASTIC BEHAVIOR AND FRACTURE 23

The above relations are valid provided the strengths of the specimens,
(¢#)e are distributed normally, Since the strengths of the concrete
eylindevs can be regarded as being normally distributed, these relations
are applicable to concrete. A suitable function for G(x) is still to be
assumed,

A, L Johnson'* has shown that for a Dbrittle material like concrete
the most suitable distribution of the strength of structural units, G(x),
is perhaps the Weibull type of distribution,'* Accordingly, the following
distribution of the strengths of the units was assumed:

G(x) =¢ ™ - (16)

where x; is the lowest possible strength of the structural units and x,
and m are constants, which can be determined from the Eqgs. (14)
and (15),

Tests of 32 four-by-cight cylinders showed that the cocfficient of
variation of the compressive strengths, V, was 0.071 and the mean
compressive strength, M, was 4.0 ksi. The lowest possible value of
the ultimate strengths of the units, x), was taken as 2,0 ksi. The number
n was assumed to be 150, Substituting these values and the Eq. (16)
into the Eqs. (14) and (15), the values of x, and m were foun(‘ to be
7.05 and 1.25, The distribution function of the strength of the units
was thus found to he:

(2 o8
G(x) =c¢ ™ (17)
The average stress-strain relationship for the conerete can now easily

be obtained. When the stress in the units which are still intact is equal
to x, then the average stress (o), is given by

auy = XG(x) = xe¢ TV (18)
The strain ¢ is simply given by
¢ =3 (19)

where E is the modulus of clasticity of the unit, which was assumed
to be 3.0 X 10* ksi, Combining (18) and (19) shows the relation between
average stress and strain for the entire cross section.

Fe-g 125

I o

Cuvg = Ecc 7.5 (20)

This statistically calculated relation is plotted on Figure 1-11.
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24 CRACKING IN CONCRETE

The statistically calculated curve has a peak and a descending branch
similar to the compression curve of concrete (Fig. 1-11), Thus, it seems
that the scatter in the strength of the mortar and of aggregate spacing
-an strongly affect the inclastic behavior of conerete in the near and post-
ultimate range of loading,

In the statistical analysis it was assumed that individual units behave
clastically, This was done to simplify the analysis. In actual concrete,
both the inclasticity of the units which was analyzed in the previous
section and is due to presence of interfaces, and the inelasticity resulting
from the statistical variations in the strengths of the units occur simul-
tancously.

From the microcrack investigation' it was observed that mortar
cracking increases sharply at about 90 percent of ultimate load. This
load was termed critical load, Even though bond cracking also increases
at the critical load, it is significant throughout the entire loading range.
This suggests that hond cracking plays u relatively mwjor role in cansing
inclastic behavior of conerete below the critical load. The critical load
is reached when the mortar cracking becomes  sufliciently  extensive
to alter the character of the material from an essentially continuous
to an essentially  discontinuous  material. Beyond  the critieal load,
significant additional inelasticity is introduced by the statistical distri-
bution of the strength of the mortar, which played a relatively minar
role below the critical load,

In summary, the stress-strain curve, caleulated on the basis of the
experimentally investigated cffects of microcracking and a reasonably
assumed mortar strength distribution within bulk concerete, has all the
well-known characteristics of a typical compression stress-strain curve
of concrete. This suggests that for conerete which is composed of two
almost ideally elastic materials  (aggregate and hardened paste), its
inclastic behavior can be explained s resulting from substantially brittle
microcracking combined with a generally accepted type of distribution
of materials strength properties.

Application of the analysis

The clements of a behavior theory developed here can be useful
in explaining some other observed phenomena of conerete, in addition
to its inclastic behavior, For example: .

1. Under biaxial or triaxial compression, the unconfined bond strength
of the interface will be greater than under uniaxial compression, since
this will increase the normal compression forees acting on the interface,
In addition, the extra confinement will inerease the effective tensile
strength of the mortar. Thus, the hypothesis will correctly predict a
higher nltimate strength for biaxial and triaxial than uniaxial compression,

2. The hypothesis also shows that the compressive strmgihghrapgete
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is much more sensitive to the strength of mortar and the relative amounts
of mortar and aggregate than to the properties of the interface. This
is because interfacial failures are critical only for a portion of the total
available interface. In Figure 1-9, only those portions of the interface
having angles of inclinations between ¢uux and ¢ui will eventually fail.
TFor the remaining portions of the interface, and also for the mortar
between aggregate, it is failure in the mortar which is eritieal.

3. Since higher strength concretes generally have lower aggregate-
to-cement ratios, the theory explains why the higher strength concretes
tend to show less inclastic deformation than those of lower strength.

Simplifications

The primary purpose of the behavior theory presented here is to show
that one of the significant and perhaps the primary cause of the inclastic
behavior of concrete is the nature of the interface between the aggre-
gate and mortar, 1t is felt that the stractural unit and the assumptions
fnvolved in developing this theory represent essential features of actual
conerete. However, because of the complex nature of the problem, sev-
eral simplifications had to be made, Some of these are briefly discussed
here. ‘

L. It was assumed that the mortar is a perfectly clastic material, This
simplification can be justified if mortar is regarded as an intermediate
material between hardened paste and conerete and so that the inclasticity
of mortar, in turn, is due to the behavior of the interface between sand
and paste. Thus, mortar can be replaced by paste in the analysis, and
the latter can be considered as a perfectly elastic material (Fig, 1-1).

2. The differences between the moduli of elasticity of mortar and
aggregate were neglected. It has been reported that the moduli of mortar
at 28 days and of normal aggregate are indeed often fairly close,!s 17 1%
so that differences in moduli, where they exist, seem to play no decisive
role in concrete behavior,

3. The hypothesis prediets that the higher the percentage of coarse
aggregate, the lower the d/r ratio and, therefore, the lower the compres-
sive strength of the concrete. This is known to be true for the range
of structural concretes used commercially. However, continuing research
at Cornell seems to indicate that for the impractically low percentages of
volume of aggregates, inereasing the amount of aggregates incereases
the strength rather than decreasing it. This is not reflected in the
hypothesis, probably because the effect of the addition of aggregates
on the void-to-volame ratio was neglected. ‘

CONCLUS!ONS

1. Comparison of stress-strain curves in short-time compression  of
stone, paste, mortar and conerete show that the first two foclh‘i"ﬁé'nts
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26 CRACKING IN CONCRETE

linear while concrete’s curve is most curvilinear, This indicates that
inelasticity in conerete is connected with the heterogeneity produced by
the presence of aggregates.

2. A detailed study of the interface between the aggregate and mortar
indicates that when external load is applied to conerete, interfacial
surfaces are first to fail. That is, when the unconfined bond strength of
the interface is reached, a bond crack is formed; the cohesion between
the aggregate and mortar is lost, and thereafter the interface carries its
share of the total load entirely through friction.

3. Under increasing load, the interface where a boud crack exists
behaves pseudo-plastically, It is conjectured that the loss of cohesion
produces the observed Joeal vertical mortar eracks which make possible
the plastic behavior of the eracked interface,

4, The plastic behavior of the interface and the resulting redistribution
of the internal stresses cause the overall stress-strain curve of conerete
to deviate gradually from a straight line,

5. The unconfined bond strength of the interface can he determined
fairly accurately by the Coulomb-Mohr failure theory, The confined
strength of the interface is limited by and related to the tensile strength
of the mortar,

6. Based on this experimentally observed microbehavior, an attempt
has Deen made to formulate, analytically, the clements of a behavior
theory for conerete under short-time load up to and including failure,
This theory gives a stress-strain curve which has all the shape character-
istics of that of concrete up to the critical load (about 85-to 90 peveent
of ultimate). It is significant that the only quantitative information
necessary to obtain this theoretical stress-strain velationship ave the
values of basic material properties of the constituents of conerete. These
quantitics have been obtained experimentally and independently.

7. The hypothesis explains that the mechanical behavior of conerete
below the critical load is governed chiefly by the interfacial behavior,

8. The critical load is that at which mortar cracking has become
sufficiently extensive to cause volume expansion and to change the
character of the material from an essentially continuous to an essentially
discontinuous material.

9. The shape of the peak region and the descending branch of con-
crete’s stress-strain curve is caused primarily by statistical variations in
the ultimate strength of the mortar and in aggregate spacing throughout
bulk concrete.

10, The hypothesis correetly predicts higher biaxial and triaxial than
uniaxial compressive strength of concerete in contrast to some theories
which assume highly indeterminate space-frames as models for concrete
behavior,
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11. Even though the constituent materials of concrete (aggregate and
hardened paste) are almost ideally elastic and brittle, the behavior theory
demonstrates that the significant inelasticity which exists in concrete can
be explained on the basis of brittle micro-behavior without assuming
any experimentally unobscrved flow processes.

12, It is noted that parts of that portion of the proposed behavior
theory which relates to the “structural unit,” developed step by step from
experimental evidence of microcerack research at Cornell and elsewhere,
strikingly confirms some of the concepts advanced by Brandtzaeg!' forty
years carlier and without comparable experimental basis.
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PAPER NO. 2 Fracture of plain concrete under
biaxial tensile and compressive stress is investigated,
The stress states at inception of microcracking, or
discontinuity, and strength are found. Such prop-
erties as strength, stiffness and mode of breaking
alter with the extont of microcracking in a speci-
men; the extent of microcracking depends on load-
ing program. Explanations of fracture which over-
look these subjects by considering only mean stress
at breaking may be faulty. The curve of discon-
tinuity is suggosted as a simple, sale criterion of
strength for some problems of engineering design.

Proper'ries of Concrete Change
When Microcracking Occurs

By J. ISENBERG

B Tue rPROCESS OF FRACTURE IN cONcrery under uniaxial tensile or
compressive stress begins with the spreading of microcracks,'s 2 * most
of which originate in the coarse-aggregate mortar interface.® The
present experiment® defines the inception of microcracking, or discon-
tinuity,” under biaxial tensile and compressive stress. Complete breaking
develops from the microceracking process.

Theories of strength, such as the octahedral shear stress theory,® ®
have been proposed both as engineering design criteria and to explain
the fracture process. It is a common fault of these theories to assume
that strength can be forecast exclusively in terms of mean stresses and
that stiflness is a permanent property. Repeated!% and  sustained!
loading tests illustrate the fault by showing that strength and stiffness
are not permanent properties, but change as microcracking develops;
further illustrations are cited below,

Different rules apply to the complete breaking of a specimen, according
to whether the hreaking mode is tensile cleavage or compressive crushing,
Cleavage begins when the mean tensile stress is sufliciently magnified
at the tip of a crack to break hond between cement gel particles, and
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30 CRACKING IN CONCRETE

when the energy supplied by the applied forces ov their stress field is
at least as large as the cnergy absorbed in extending the crack.!4-
The stability of the crushing mode, which involves extensive micro-
cracking, depends on the flexibility of the test machine, 7> %

The present experiment illustrates that it is reasonable to design some
structures such that substantial microcracking never occurs, This is be-
cause the ability of concrete to resist tensile stress is not a permanent
property; it depends partly on the extent of microcracking, which is a
highly uncertain factor if discontinuity develops at any time during the
life of the structure. Henee, discontinuity should be considered as a de-
sign criterion for such structures as beams under combined bending and
shear which may collapse due to excessive principal tensile stress.

TEST TECHNIQUE
Apparatus

Combinations of torsion and compression were applied to tubular
specimens, Appuratus s shown in Figure 2-1, Torsion was applied by
turning the serew juck Al-3 The rvesulting rotation of the arm, B, on its
self-aligning roller race was transmitted to the specimen through shear
pins. Rotation at the top was resisted by the leaf spring, F1. The spring
accommodated  changes in length of the specimen without applying
appreciable direct foree. ’

Twist waus measured as the relative displacement of two arms. The
movement of each was recorded on micrometers. Contact, which. was
sensitive to unit twist -4 X 10 % radiuns/in, was sensed by the establish-
ment of an clectrie cirenit and the lighting of a bulb.

Direct force was applied through the scerew jack, J1,2, Direet foree
was transmitted to the bottom of the specimen through a central post-
tensioning strand, Direct stress, p, is computed from direct foree.

Axial strain, ¢, was measured with a mechanical extensometer sensi-
tive to average strain of 10 X 10" in./in.'" The distribution of ¢ around
the cirvcumference of the specimen was checked with ERS gauges, and

J. lsonberg received a B.S. degree from Stanford University in
1962 and obtained the Ph.D. in 1967 from the University of Cam-
bridge, England; the present article is based on his doctoral dis-
sertation. Dr, Isenberg served as a Lieutonant, Civil Engineer Corps,
US Navy from 1965 to 1967, He is presently a member of Ag-
babian-Jacobsen Associates, Los Angeles, Calif,
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CHANGE WHEN MICROCRACKING OCCURS 3

Figure 2.1 Apparatus to apply torsion and compression

found to be uniform within £ 4 percent. Circumferential strain e, was
measured with ERS gauges.

Shear stress, r, is computed as if it were uniform in the wall of the
specimen; this enables shear stress at the middle radius to be caleulated
within £ 2 percent from torque at all stages of inclastic deformation,
The assumption of a linear shear-stress/strain relation, used by others,?
gives an accurate result only for loading programs in which the axial
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32 ’ CRACKING IN CONCRETE

stress {s small at breaking, Thelr approximation s doubtful at high levels
of axial stress because an inelastic component of twist of the same order
as the elastic part can develop, Shear strain at the middle radius, vy, is
computed from unit twist by assuming that shear strain is proportional
to radius, Principal stresses, p. and pe and strains, ¢, and ey, are computed
from =, p, v, ¢ and ¢; by well-known formulas, '

- Manufacture of specimens

A specimen is shown in Figure 2-2, The mold and external dimensions
are deseribed elsewhere® The wall was 033 4,005 in, thick; the wall
thickness :radius ratio was 1:3.82, The maximum size of coarse aggre-
gate particle was M in, Biaxial stress/strain relations were consistent
among many specimens, which indicates that the wall thickness, 1.78
times larger than the largest stones, was adequate for the present
experiment. If the experiment had required -the third principal strain,
in the radial direction, to be measured then a thicker wall would have
been needed in order to make measurements representative of structural
concrete.
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CHANGE WHEN MICROCRACKING OCCURS 33

The chief difficulty in casting the specimens was to prevent cracking
in the waisted portion due to restraint of shrinkage by the external mold.
End one was made of a rich mix, Central portion two was made of the
mix to be tested, Conerete was placed to the top of the straight portion
of the mold; a steel eylinder formed the central cavity Q. The concrete
was allowed to set for three hours, Then, a thin ring of rich mortar, J,
was placed and unvestrained shrinkage was permitted for 12 hours more.
At that stage, the mortar ring was scraped and moistened, and end three
was cast with a rich mix.

The steel eylinder was extracted at age 24 hours, The polystyrene form,
P, was inserted into the open end which was then sealed with concerete.
Brass sleeves, 1D, which were cast with the fresh conerete, accommodated
shear pins projecting from the end plates. A fuller description of the
method is given elsewhere® The mix proportions were: W/C = 0.71;
A/C = 6.0, The specimens were immersed for 9 weeks at 19 deg C; then
they were stored in air at 60 percent relative humidity until testing at
age 12 weeks. The average strength of companion three-in. cubes was
6250 psi; the coeflicient of variation among the strength of cubes was
5.0 pereent.

TEST PROGRAM

One object of the tests was to find curves of strength and discontinuity
in principal stress plane for two types of loading programs. Test Series D

: : . e . s . .
was made in proportional loading —‘-)—'» = k. Test Series DD was made in

compression followed by torsion; z:dditi(mul compression was applied
in Tests DD 2,3 after veaching discontinuity, The principal stress/strain
curves were measured in loading and unloading,

A sccond object was to determine the effect of severe microcracking
on the properties of a specimen in a subsequent test. Some specimens of
Test Series 1D were loaded up to the maximum stress and then quickly
unloaded before breaking in the compressive crushing mode. The results
illustrate how part of a structure might behave if it is londed up to maxi-
mum stress, unlonded, and subseqguently reloaded. The Test Series are
summarized in Table 2-1,

-‘TEST RESULTS

In each test, discontinuity is recognized by a sensible departure from
linearity in the r/y curves, The method of Least Squares is used to fit a
line of inteveept 7, and slope G to data from early load stages which are
obviously before discontinuity. The value of r, is always less than 1 per-
cent of maximum 7, Student’s t-test is used to determine the highest load

stage at which the quantity y» = y — (& ey can be attributed to

G
experimental error. This is defined as the stage of discontinuity. The
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34 CRACKING IN CONCRETE

TABLE 2.1

TEST SERIES D

First Loading Second Loading
Mode of Breaking or
Specimen k Impending Breaking k Mode of Breaking
1 1 fast cleavage
2 1 fast cleavage
3 4.5 fast cleavage
4 6 fast cleavage
5 10,5 cleavage
8 11.5 slow cleavage
7 17 transition 1 ~ stable cleavage
8 17 transition 1 stuble cleavage
9 25 crushing
10 25 crushing
11 38
12 38 —
13 38 crushing
14 39 crushing
15 39 crushing 1 slow cleavage
16 300 crushing
17 - 300 : crushing
18 520 crushing
19 © crushing 1 slow cleavage

TEST SERIES DD

Initlal Direct r Applied to Additional
Specimen Stress (psi) (psl) Direct Stress
1 505 715 no
2 N 80C 505 yoes
3 1300 660 yoy
4 2000 40 no

upper graphs in Figure 2-3 show y* as ordinate and ey as abscissa. The
arrows indicate the stage of discontinuity according to the previous
definition, The definition of discontinuity in terms of y* is casy to apply
consistently, but it should not be inferred that discontinuity occurs at
a particular load stage. The lower curves in Figure 2-3 show pi/e, re-
lations; these also reflect discontinuity and indicate that serious cracking
develops over several load stages.

Figure 2-4 shows that a rule of constant p. does not predict discon-

tinuity. A rule of constant e, is also inapplicable; %6%dmgﬁfgllty
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36 ' . CRACKING IN CONCRETE

increases approximately lincarly with increasing p. from 90 to 160 x 10-
in./in,

The shape of the outer curve in Figure 2-4, which represents strength,
is consistent with the results of previous investigators.® 0 It appears that
the different loading programs of Series D and DD have little effect
on stress at breaking or discontinuity in virgin specimens,

ANALYSIS
The fracture process in virgin specimens

The fracture process in virgin specimens is evaluated by the amount
of irrecoverable work done in forming and extending crack surfaces,
The amount of work per unit volume of specimen or specific work Wy,
up to maximum stress is an index of the extent of microcracking and
hence of change in specimen properties. The following analysis shows
that specimen properties change concurrently with the transition in
fracture mode as k is changed from 1 to o,

Analysis is made of Test Sevies 1. It is assumed that W, is equal to
the arca enclosed by the stress/strain curves of loading up to maximum
stress and unloading. Part of the inelastic energy is due to viscous effects;
this part is assumed to be small since the tests were completed within
about four hours. In addition, the relative values of W, are important,
It is reasonable to assume that, if tests at k = 11 and k = 25 are carried
out at approximately equal strain rates, the amount of work due to
viscous effects is about equal; hence the difference in inelastic energy may
be attributed to eracking. '

Unloading curves for Specimens D1-6, which fractured by cleavage,
were drawn parallel to the initial tangents to the loading curves; indepen-
dent experiments show that stiffness is virtually unchanged by loading
at k < 12. The unloading curves for specimens 1D7-10,13-19 were drawn
straight between the stress and strain points which were measured at
maximum and at zero stress. This overlooks some curvature in the unload-
ing relation in the sense opposite to the loading relation, If this curvature
were considered, the value of W, would be slightly higher than the
vilue shown below, and the transition would be sharper.

The relatipn between Wy, and ks shown in Figure 2-5. Slightly erratic
values of Wy are due to unloading at ¢. between 1800-2000 x 100
in./in., whereas maximum stress would probably have been reached at
ahout e, = 2000 X 10 * in./in,, in cach of Tests 139, 10, 13-19; a hetter
estimate of W, for these tests is 4 psi,

The transition in W, signifies replacement of the cleavage breaking
mode by the crushing mode at about k = 17. The transition also indicates
that two initially identical specimens acquire different properties due

Documents

Full document details: ACI SP-20


http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20

CHANGE WHEN MICROCRACKING OCCURS 37

\ \
~
17 K=300
——————
18 K=520
ettt
3 j= 16 K = 310
1
‘“ 19Ka 00
- s — T S — c" —— S———— —
(2]
a
("
;o'i e
S
>
[V}
o
w
z
w
[a}
w
(W]
o4
(@)
v
1]
< -
PROPORTIONAL LOADING
TEST SERIES D
1,2_-*3
el 1 ) 1 1 i 1 1 A
o] H 10 5 20 as 0 s 40

RATIO (P/R)= K

Figure 2-5 Specific inelastic energy at breaking do.ponds on loading program

! Documents

Document Sharing Hub

l " Full document details: ACI SP-20


http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20

38 . CRACKING IN CONCRETE

to microcracking if one is loaded at k = 12 and the other at k = 25, For
example, the ratio of specimen stiffness at breaking to initial stiffness is
about 1.0 for the cleavage regime, k <12; for the crushing regime,
k = 25, the average ratio is about 0.80 in compression and 0.50 in tension,

The distinction between the two modes of fracture extends into the
breaking stage of the fracture process, The irrecoverable specific work of
a three-inch cleavage erack in the present experiment is about 0.02 psi.t 18
In tests under uniaxial compression in a stiff machine where maximum
¢ == 3800 X 10* in./in,, the irrecoverable work done after maximum
stress is approximately 9 psi. In the latter case, this shows that many of
the cracks which are formed during the first part of the fracture process
participate in crushing, whereas only one of a few existing cracks partici-
pate in cleavage.

The fracture process in specimens

containing extensive microcracking

Some specimens which were first tested at k 2 17 were re-tested to
determine the effect of extensive microeracking on such properties as the
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Figure 2.6 Shear stress/strain curves show seffect of microcracking on
stiffness and strength.
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CHANGE WHEN MICROCRACKING OCCURS 39

strength and stiffness during a second loading program. None of the
specimens which were re-tested contained cracks visible to the unaided
cye; the extent of microceracking in each is reflected in the magnitude
of Wy, Figure 2-5, The experiment illustrates that different design
methods are needed according to whether a structure is to withstand a
single application of load or several applications of load near to maximum.

Figure 2-6 shows that extensive microcracking causes strength and
stiffness in second loading at k = 1 to be veduced. A virgin specimen is
shown for comparison. In the reloading tests, the condition of stress
magnification was met at a low value of p, or = and stable spreading of
a cleavage crack began, The crack spread stably through Specimens
D7,8; however, in Specimens D15,19, the condition of energy release
was also met and unstable cleavage occurred. These tests illustrate that
strength and stiffness of specimens and in some cases the stability of
cleavage eracks depend not only on the mean stress, but also on the
extent of micvoeracking present in the specimen,

Previous microeracking had negligible effect on strength when reload-
ing was made at k 2 17. The substantial reduction in stiffness, noted
above, is consistent with previous tests'™ in repeated loading under uni-
axial compressive stress,

A specimen which contains extensive microcracking is weaker than a
virgin specimen when tested in the cleavage regime because the size
and number of cracks capable of initiating cleavage are greater. Strength
in the crushing regime is affected less because the fracture mode naturally
involves extensive microcracking. Microcracking reduces stiffness partly
by permitting relaxation of stress in the stiff coarse aggregate particles
which is transferred to the more flexible mortar,

CONCLUSIONS

A criterion of strength for engincering design should recognize that
some properties of conerete change when microcracking occurs. In simple
ases, such as uniaxial compression, harmful changes can usually be pre-
dicted and avoided, although experiments in sustained and fatigue load-
ing indicate that even this is diflicult, Some reloading tests in the present
experiment illustrate that design rules for more complicated states of
stress may be unsafe if based on the strength and stiffness of a virgin
specimen in short-term loading. Since danger or uncertainty is due to
spreading of microcracks, it appears that confidence would be increased
in some cases if the curve of discontinuity replaced the curve of short-
term strength as a criterion of strength. Further rescarch is required,
however, before recommending a practical method of predicting the
eurve of discontinuity for different mix proportions, coarse aggregate
type and moisture content.
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NOTATION
e. = principal compressive strain
o, = principal tensile strain
G = shear modulus
k = ratio of principal stresses e

Pt
principal compressive stress

Pe

D

W, = average inelastic energy per unit volume absorbed up to maxi-
mum stress :

principal tensile stress

y = shear strain at middle radius of specimen

y' = dilference between observed value of y and the value predicted
by lincar theory of elasticity

v = shear stress at middle radius of specimen

1, = intercept of r/y relation determined by Least Squares procedure
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PAPER NO. 3 Crack formation and propaga-
tion were studied experimentally and theoretically
for concrete submitted to static compressive load,
to sustained load, and to pulsating load. Prior to
first loading, shrinkage cracks were not obsorved
in the cement-aggregate bond phase or in the
mortar matrix of the concrotes studied. A few well-
dofinod bond cracks developed when the spocimens
woro loaded to about half the comprossive strength.
These cracks propagated through the cemont mortar
matrix to othor aggregate particles as load was
incroasod, and they ultimately caused the spoci-
mons to fail. There was no evidence of gradual
deterioration due to widespread formation of cracks
in the material structure when the load was in-
. , creased to failure. Stability of the cracks under
sustained and pulsating load was studied. Fracture
mechanism of hardoned cement paste is discussed.

Cracking and Fracture of
Concrete and Cement Paste

SR TR R A

By TORBEN C. HANSEN

B TINY CRACKS DEVELOP IN CONCRETE at stresses far below ultimate
failure. Formation and propagation of such cracks have been studied
indircctly by sonic and acoustic methods and by measuring surface
strains on concrete specimens, Robinson' has observed formation and
propagation of cracks by x-ray methods. Due to limitations in the tech-
nique employed, the detection of cracks was somewhat uncertain, Hsu
et al? also studied internal cracking by x-ray techniques. In addition,
they examined cross sections of conerete, sliced perpendicular to the
direction of applied load, after the specimens had been submitted to
loads of differenit magnitudes, and subsequently unloaded. The cracks
were detected by treating the cut surfacts with a colored dye. The
dye supposedly penctrated and  discolored the cracks, but not the
uncracked material, Kaplan,® Romualdi and Batson,' and  Glucklich?®
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44 ‘ CRACKING IN CONCRETE

have presented theorles of erack growth and fracture of concrete, based
on Griffith’s hypothests for fracture of brittle materlals,®

According to Hsu et al,* differential shrinkage between the cement
mortar matrix and aggregate particles produces bond cracks even when
a concrete is not submitted to any external load. When load is applied,
stress  concentrations around aggregate particles augment and result
in more extensive eracking, The inerease in crncking is slight for loads
below 30 to 50 percent of the ultimate. Beyond this limit, bond ceracks
increase rapidly in length, width, and number, the sonic velocity of
concrete deereases markedly, the stress-strain diagram  deviates from
lincarity, and there is an increase in the lateral expansion of the concrete,
At higher loads, bridging through the mortar matrix between individual
bond cracks creates a continons erack pattern, As the number of
eracks nereases with incereasing load, the conerete gradually erumbles
due to general disintegration of the matrix,

In order to apply to conerete the refined theories of crack formation
and propagation based on energy considerations, as attempted by Kaplan,
Romualdi and Batson, and Glucklich, it is essential that the exact nature
of the internal cracking of concerete be established. It was therefore
decided to verify the conclusions presented by Hsu et al,, by direct
microscopic observation of formation and propagation of cracks in
concrete specimens during compressive loading. The results obtained
did not agree with some of the conclusions arrived at by Hsu et al,
In aldition, new information was obtained on the behavior of internal
cracks in concrete submitted to sustained and to pulsating load, Some
exploratory investigations of the fracture mechanism  of neat cement
paste were also carried out,
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FRACTURE OF CONCRETE AND CEMENT PASTE 45

FRACTURE OF CONCRETE UNDER STATIC
COMPRESSIVE LOAD

Procedures and equipment

The mechanism of crack initiation and propagation in concrete under
static compressive load was studied. Specimens, 7.5 by 7.5 em in cross
section and 40 em long were prepared from concrete having a water-
cement ratio of 0.52 by weight, and 325 kg Swedish Standard Portland
cement per cu m. High quality granite gravel aggregate, 16 mm max, size,
was used. The specimens were stored for 28 days in water at 20 deg C,
and then sliced in sections, 7.5 by 7.5 by 2.5 e¢m. The cut surfaces,
displaying cross sections through the material structure, were polished
and the specimens were dried in the Iaboratory for several years, Then,
the polished , surfaces were examined microscopieally at 1000 power
magnification in order to determine the extent of possible bond cracking
due to shrinkage.

The specimens were placed on edge between the platens of a 20 t
Amsler compression testing device, A microscope was attached to the
device, so that the polished surfaces could be examined while the load
was being applied (Figure 3-1). The microscope was interchangeable
with a camera by means of which the crack patterns could be recorded
(Figure 3-2), The transducers of a Cawkell Ultrasonie Materials Tester
were positioned on the two opposite exposed edge surfaces of the
specimens, and the sonic velocity was continuously recorded through-
out the experiments, parallel to the plane of the polished surfaces and
perpendicular to the direction of applied load. The onset of cracking
is indicated by a “marked drop” in velocity of the sonic pulse, The
drop in velocity is defined us “marked” when it exceeds the reading
aceuracy of the apparatus. By using an improved technique developed
independently by the author, and Reiding,” it is possible to obtain a
reproducibility of 0.02 p sce. in reading the sonic velocity on the Ultra-
sonic Tester., After a specimen had been positioned in the testing device,
the compressive load was applied in small increments and the polished
surfaces were examined continuously for cracks, Crack propagation was
recorded after cach load increment. Optimum results and convenience
were obtained by using 50 power microscopic magnification and 4 power
magnification from object to film. Nothing was gained by increasing
the microscopic magnification, as all cracks were casily detected under
low magnification,

Results

After several years exposure to dry atmosphere, there was no evidence
of shrinkage cracks, neither in the cement-aggregate bond phase, nor
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Figure 3.1 Equipment for study of internal cracking of concrete under
compression
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Figure 3.2 Equipment for recording of internal cracking of concrete under
compression

in the mortar matrix of the concretes studied, prior to first loading.
This is contraty to what has been suggested by Robinson! and Hsu
¢t al®

When the specimens were loaded more or less instantancously, the
first crack usually developed at 45 to 55 percent of the compressive
strength, This erack appeared abruptly and was accompanied by an
immediate drop in the sonic velocity, The crack was always clearly
visible at low microscopic magnification, and usually developed midway
hetween the platens of the testing device and in the center third of
the specimen, It always developed in the bond phase between the
mortar matrix and one of the larger aggregate particles and extended
in the direction of applicd load. Typically, the crack passed through the
mortar matrix to.join an air void or another aggregate particle located
immediately in its vertical plane, as illustrated by a-a in Figure 3-6. At
this stage, the crack was usually 0.01 to 0,02 mm wide (sce Figure 3-3
which is a close-up of the small framed portion of Figure 3-6). The
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initin] length of the crack was one fourth to one third of the height
of the specimen. It never extended all the way to the platens, even
in two cases where an 0.5 mm thick rubber membrane was placed
between the specimen and the platens in order to climinate lateral
restraint from the platens.

The crack usually extended clear through the specimen and could bhe
observed on both opposite surfaces, Observation of the specimens under
high microscopic magnification at this stage provided clear evidence

“that the erack was an isolated phenomenon and not an indication of

Figure 3-3 Crack in concrete at onset, close-up of Figure 3-6
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Yehogan , o

Figure 3.4 Crack in concrete moments before ultimate failure, close-up of
Figure 3-7

more wide-spread disintegration of the material structure. When the
speeimens were unloaded, the crack almost closed up. After unloading,
it was seldom more than 0.005 mm wide. Upon repeated loading and
unloading, the crack opened and closed in what appeared to be an
almost reversible, elastic manner.

When the load was increased, the erack widened and propagated in
the direction of applied load, At 70 to 80 percent of the compressive
strength another similar erack occeasionally developed at some distance
from the first crack. The second crack also continued to propagate
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with increasing load, but the material structure remained intact up
to failure. Some specimens were examined at high microscopic magni-
fication after loading to 90 percent of their compressive strength, There
was no indication of any general disintegration of the matrix,

No more than two independent cracks were ever observed before
ultimate failure occurred.

At loads near ultimate failure the cracks would typically be 0.1 mm
wide midway between the platens, and more narrow near the platens
(see Figure 3-4, which is a close-up of the small framed portion of
Figure 3-7 just before failure occurred). Development of one or two
0.1 mm wide cracks in a 7.5 em wide specimen provides suflicient
explanation for the large increase in the transverse expansion, over and
Yeyond the normal elastic dilatation, which is obscerved in all concerete
specimens loaded beyond the level of first eracking,

In specimens loaded divectly agaiust the platens, the cvacks never
extended all the way to the platens, As the load was increased, they
stopped growing in length but not in width, and the typical “hour-glass”
shaped shear failure pattern eventually developed. In specimens loaded
against a rubber membrane, the cracks first split the specimens into two
or three separate columns, and ultimate failure then took place due to
buckling of the individual columns or to shear failure along inclined
surfaces of larger aggregate particles. The experimental technique em-
ployed in this investigation did not permit a detailed study of the
ultimate failure process. Iighspeed photography should be useful for
this purpose,

Discussion of results

In order to explain why bond eracks are formed in concrete under
compressive load it is expedient to consider the stress  distribution
around a single clastic particle located in a continuous clastic matrix
of infinite extension and submitted to a uniaxial compressive stress.

According to Goodicer® the stresses in the elastic matrix surrounding
an elastic inclusion can be determined from Eq. 1, 2, 3.

2A %2 C B 25 - ) C
o= O, (L o~ = U R S LA o
art 2E, 3 I — 2 1% +1 5 F [ (1 — %) ¥
+ 36 -'1-] cos20} (1)
.
o A e ) B
T e i
C Bl  os )
+ ”i;:; — 21 15] cos26 f (2)
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—op, [ A _2(l-w)C_ B
Wy = 2El { r# 1 — 2y 18 9 T
C B
+ [ 3 - T 15 F]C()Szo} (3)

where E; = modulus of elasticity of the matrix material

r = distance from center of particle

v = Poisson’s ratio of matrix material

orr, o8, o = stresses in matrix material defined by Figure 3-5
¢, 0 = angles defined by Figure 3-5

A, B, C are constants which can be determined from the following
equations:

- l‘.q - E|
« 8B, (7= B )Bs + (8 — L0y )Es
o (1= 20)(6 = 51)2E, + (3 + 19 ~ 2u)Es
(1 = %2)3E, + (1 + ve)Eq

>
-—3

r L= m) ii 2 Ee — (1 = 2u)E,
NN O e 1 (4)
Yo (17 =720)2E, ¥ (1 + va)Es
4
/
/

’———--

- e o]

o

Figure 3.5 Notation used in analysis of stresses around spherical inclusion
in matrix of infinite extension
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52 CRACKING IN CONCRETE

B = 'l_ i, - E, (5)
o? 8Ey (7 — 5¢)E, + (8 — 101 )E,
c_T 5(1 — 2u)(E, ~— Eu) (8)
a® 8E; (7 — 5m)E; + (8 — 10n)E,

where T = applied external tensile stress, positive for tension
vg = Poisson’s ratio of particle material
E; = modulus of clasticity of particle

radius of particle

i

" A spherical cavity and a spherieal rigid inclusion oceur as limiting cases,
For the cavity (E: = 0) we obtain

A T 13— 10y

W 8E T = By (N
B T 1 _

PO B_ET 7= 5 (8)
C T 5= 2)

U S8E, 7 — 51 (9)

For the rigid inclusion (E; = «) we obtain

A T[l=w 3

& 4E.[1 L T 2oy,] (10)
B _ T 1

W T BE, 8 — 10k (11)
E:_lu (12)
a® 8E, 8 — 10 =

The question arises whether it is warranted to draw any conclusions
concerning the stress distribution around particles in a closely packed
system like conerete, on the basis of an analysis of the stress distribution
sround an dsolated purticle in a matrix of Infinite extenston, The single
purticle model has been shown to give reasonable results when used
in the analysis of clasticity and shrinkage of conerete (Hansen® 10), This
is an indication that it may also be applicable in the analysis of internal
stresses, Nielsen'™ has measured the stresses on evlindrical stress gages
embedded in conerete under aniasial compressive load. The stiffness
of the gages was equivalent to the stiflness of various types of aggregate
material used. Hast'® has shown that the compressive stress on one
isolated, clastie, cylindrical particle embedded in an elastic matrix of
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FRACTURE OF CONCRETE AND CEMENT PASTE 53

infinite extension, with the axis parallel to the direction of applied load,
. can he caleulated according to Eq. 13:

- [159[1.125(1 — n?)eR + 1]
7 L125(1 = v %) =REs + IE, |

(13)

where oy = axial compressive stress on eylindrical particle

oy = appliecd compressive stress
Ey = modulus of clasticity of particle
E¢ = modulus of eclasticity of matrix

vy = Poisson’s ratio of matrix
R = radius of particle
I = height of particle

1

Table 3-1 shows that there is reasonably good agreement between
particle stresses in conerete measured by Nielsen and the stresses cal-
culated according to Eq. 13 for a single particle model. It may therefore
be assumed that Eq. 1 through Eq. 12 apply to concrete. The stress in
the bond phase hetween an infinitely rigid particle and the matrix phase,
perpendicular to an applied compressive load of magnitude —T, can

be determined from Eq. 1 when inserting Eq. 10, 11, 12, r = 4, and
0 = 90 deg, We find:
o= — (Lo 5z By,
o= = (g w8 - 10.,|) 1 (14)

For real materials, the numerical value of o depends on the modu-
lus of clasticity and Poisson’s ratio of the component materials, When
the modulus of elasticity of an inclusion is a few times higher than

TABLE 3.1 CALCULATED AND MEASURED STRESSES ON CYLINDRICAL
STRESS GAGES, EMBEDDED IN CONCRETE, LOADED IN COMPRESSION.

Modulus of Modulus of Externally  Calculated  Mcasured

clasticity  elasticity  appliced stress on stress on
Length  Diameter  of gage of matrix stress gage gage

Gage  of guge  of gage 1, x 107" 15y x 107 a ay, cale ., MCAS

No. om om ky/cn? ky/em? ky/cem? kg/em® kyg/em?
Ay 4,40 2.00 170 300 134 05 81
A 4,40 2.00 193 300 134 95 112
B, 4.40 2.16 448 300 134 164 220
M 3,70 2,106 408 300 134 154 98
T 3.70 2.16 304 300 134 151 116
D, 9.00 2.11 523 300 134 192 200
D, 9.00 2,11 330 300 134 192 216
) ON 9.00 1.87 201 300 134 98 98
oM .00 1.87 252 300 134 99 76
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54 CRACKING IN CONCRETE

the modulus of elasticity of the matrix material, it can be shown that
the stresses around the inclusion approximate the stresses around an
infinitely rigid particle. (See for instance, Coutinho'#)

Provided certain assumptions are made, the magnitude and sign of
arr can be estimated, Assuming that the matrix material is cement
paste for which the modulus of -elasticity is considerable lower than
for the aggregate particles, and assuming that » = 0.3, we find from
Eq. 14 a tensile stress orr = 0.16T, acting on the bond phase, perpen-
dicular to the direction of applied load. The tensile strength of the
bond phase is determined by the chemical composition and  texture
of the particle surface, by the water-cement ratio, and by the conditions
under which the conerete s cured and stoved. If we assume that
the tensile strength of cement paste is approximately one tenth of the
compressive strength of the paste, and according to Hsu et al, that
the bond strength is approximately 65 percent of the tensile strength
of cement paste, hond cracks would develop along an aggregate particle
at a stress corresponding to 40 percent of the compressive strength,
This value is of the right order of magnitude,

The particle size does not afleet the magnitude of the stress in the
bond phase. However, according to Hsu et al., the strength of the bond
between cement mortar and Jarge aggregate particles is somewhat less
than the strength of the bond between cement paste and sand grains,
Therefore, it can be expected that cracks first appear along the larger
aggregate particles.

Formation of eracks in concrete does not take place at random. Once
the first erack has formed along an aggregate particle, tensile stresses
in the material structure are relieved and subsequent eracks cannot
develop parallel to the first crack for a distance of several times the
diameter of the particle, Morcover, it is apparent from energy con-
siderations, that it is casier to extend an already existing crack, than
it is to form a new crack. This explains why no more than two cracks
were ever observed in the test specimens, and why the second erack
always developed at asomewhat higher load than the fivst, The number
of eracks formed in a specimen is determined by the size of the specimen,
and the distance between the individual eracks is probably determined
by the maximum size of aggregate particles.

From the experimental results, it may be concluded that compressive
failure of conerete, made with dense aggregate, takes place in two
stazzes, At o comparatively low stress, bond cracks develop parallel to
the direction of applied load. Provided there is no friction between
the specimen and the platens of the testing device, these eracks continue
to grow until the specimen is split into a number of structurally inde-
pendent columns which ultimately fail in buckling or shear, resulting
in complete collapse of the material structure, Wﬂcn there is con-
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siderablo frietion between the platens and the specimen, the eracks
never extend all the way to the platens before the specimen fails in
shear, producing the well-known “hour-glass” shaped failure pattern,

Although the mechanisms of initial cracking and ultimate failure are
different, they are not completely independent. If the strength of the
bond between aggregate and cement mortar s low, the compressive
strength of the conerete is low, and viee versa. This was shown by
Dantinne' who tested two series of concrete specimens, one series
made with regular aggregate, and the other series made with the same
aggregate, but all particles coated with a thin layer of bitumen which
prevented any bond from developing, Dantinne found that the strength
of the conerete made with coated aggregate was considerably lower
than the strength of comparable concrete made with clean aggregate.
Other investigators have found that conerete made with cement clinker
aggregate, with excellent bonding qualities, has exceptionally high com-
pressive strength, Alexander, Wardlaw, and Gilbert'® have attempted
to correlate bond strength and compressive strength of concrete.

Let us now consider the stress distribution around a void embedded
in a cement paste matrix, Inserting Eq. 7, 8, and 9, ¥ = «, and 6 = 0
in Eq. 2, and assuming that the material is submitted to an externally
applied compressive load, we find a tensile stress above and below
the void and perpendicular to the direction of applied load, of
magnitude:

uff) = (3.__*_-..__1_5"')

(15)

Making the same assumptions as before, concerning the properties of
the cement paste, we find that the tensile strength of the paste is
exceeded above and below the void, when the externally applied com-
pressive stress is 15 percent of the compressive strength, Chao and
Van Vlack' observed eracks above and below soft particles embedded
in a sintered steel matrix under uniaxial compressive load. At low
compressive stresses, such eracks were never observed around air voids
in our specimens. However, at higher compressive loads, the cracks
would often pass from the side of a large aggregate particle to the
top or bottom of an air void located in its path,

Experimental evidence that submicroscopical cracks may form in
conerete at a very low level of compressive stress was obtained by
Kaiser!™ who studied changes in amplitude of ultrasonic  vibrations
transmitted  through  concrete speeimens submitted  to  progressively
higher compressive loads. Kaiser found that the amplitude of such
vibrations increased rapidly when concrete was loaded from 0 to 5
pereent of the compressive strength, bat dropped markedly when the

load was further increased from 5 to 10 percent. If micmsuBgéﬁﬁ;lkéntS
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