
PAPER NO. I Elements of a theory for the me­
chanical behavior of concrete are developed. A 
comparison of the stress-strain curves of sandstone, 
hardened cement paste, mortar and concrete sug­
gests that the heterogeneity introduced by the 
aggregates is responsible for the inelastic behavior 
of concrete. A study of the mortar-aggregate 

·interlace behavior indicates that under compressive 
loading this interface is first to fail and that the 
cracked interlace behaves essentially plastically 
even though tho consti'tuont materials are brittle. 
This pseudo-plastic behavior of the interlace results 
in a gradually curving stress-strain diagram. An 
analytic model, based only on observed micro­
behavior, measured materials properties, and a 
plausible statistical distribution of mortar strengths, 
permits a stress-strain curve to be calculated. This 
curve is strikingly similar to that of concrete, includ­
ing a descending branch. 

Inelastic Behavior and 
Fracture of Concrete* 

By SURENDRA P. SHAH and GEORGE WINTER 

• Tms STUDY I'HOVIDES IN.FOIIMATION on the nature of inelastic behavior 
of concrete by cxamininv; its micm-hchavior under short-time loading. 
Based on this micro-hehavim· nnd on statistical concepts, the study 
attempts to develop clements of a unified theory for the response of 
concrete from zero load through the clastic, inelastic and descending 
ranv;es of the stress-strain cmve to fracture. 

ORIGIN OF INELASTIC DEFORMATIONS 

Inelastic hehavim· of concrete is here defined as that behavior in 
which response of concrete to extemal lomling is non-linear and irre-

• This paper is the seventh in u l'Ontinuing scril'S of papers dealing with various 
uspel'ls of un irwcsligntion sponsored hy the National Sdenee Foundation and 
eondul'll·d at Cornell University. The carlil·r papt'rs appeared in the Fehruury, 
!\.lurch, April, 1\.la)', l!J03, August 1904, and July 1905 ACI JounNAI.S, 
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6 CRACKING IN CONCRETE 
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versihlc. Only the short-time loading in which the deformations due 
to crct•p are small compawd to the instantaneous deformations caused 
by loading is consid<•red. 

To understand the n•sponse of concrde when it is loaded, it is 
dt•sirahle to study tlw lwhavior of t•ach of its compmwnts. In Figure 1-1 
are shown typical sh·<•ss-stmin relations of hardened cement paste, stone, 
mortar and concretl~ suhj<•ctcd to uniform compression up to failure 
of each material. ldl'ntical pmccdurcs were used for mixing and curing 
the paste, mortar and concrete specimens, and the methods of testing 
were the same for all four materials. The curves for paste, mortar and 
concrete, t•ach represent the average of 8 dial gage readings, two on 
every specimen for fom specimens each. Tht!se wcw prismatic specimens 
with flnrt~d emb nnd tlw strains were nwasu1·cd on n 51~ in. length. 
The cmvc for stone is the avcruge of 6 one-in. SH-4 gages, two on each 
of three prismatic specimens. The rate of loading was appmximately 
the same for all four mat<•rials. Figure 1-1 (a) shows: 

I. Considl'l'ing tlw two basic constituents of concrete, it is seen that 
the stress strain curve for stone is lhwar up to fracture, am\ that for 
hardenl'd C<'m<•nt paste is neal'ly linear. 

2. For mortar, the strl'ss-strain relation is dl'finitely cmvcd, much 
mow so than thos!' of tlw two constituents. 
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Figure 1-1 Compression stress-strain diagrams for stone, paste, mortar and 
concrete 

3. For concrete, in turn, the diagmm is m~rc strongly curved than 
that for mortar. 

4. The compn•ssive strength of mortar is significantly less than that 
of paste. 

5. The compressive strength of concrete in turn is less than that of 
mortar. 

Note that paste and mortar of the same w/c-rntio nrc compnrl•d and, 
in tum, mortar and concrete of the same w/c .. ratio arc used. 

Tlwse ohsNvations suggl•st that the hwlastidty in concwtc is caused 
hy the introduction of aggregates and hy the attendant heterogeneity. 

The fact that the stress-strain curve of paste is almost linear has 
also been observed by Huetz 1 and Gilkey.~ Huctz found that the stress­
strain cmvcs for the l)l\Stc of water-cement ratios of 0.30 and 0.65 arc 
very nearly straight lines. Gilkey plotted the stress-strain curves of 
concrctt>, mortar and paste in non-dimensional form and observed that 
the curve for the paste is nearly linear while those for mortar and 
concrete nrc successively more curvilinear. 

The relation between inelasticity and the presence of aggregates in 
concrete is also indicated by Kaplan's observation that the higher thl• 
percentage of aggregates (with the same w I c ratio), the lower the 
strain at which the stress-strain cmve deviates from a straight line." 

Since mortar is wt•aker than either stone or cement paste alone, imd 
since concrete is weaker than mortar, the bond between cement paste 
and aggregate is likely to be a weak link in the heterogeneous conerl'lc 
system. Consl'CjUl'ntly, one might SIIS[Wct that tlw prPsen<.'l' of aggre-
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8 CRACKING IN CONCRETE 

gates produces inelnsticity in concrete ns 1\ result of relntive wenkness 
of the interfaces between paste or mortar and aggregates. This idea 
seems to he supported hy the micmcrack investigations nt Cornell 
University4 11nd later 11t the Cement 11nd Concrete Associntion, London, n 

hy the work of Jones,11 11nd Dantu.7 

The microcmck investigation at Cornell showed that cracks between 
the aggt·egate and mortar exist before any load is applied (sec also 
Ref. 5). Tlwse interfacial cracks, which arc called bond cracks, began 
to increase noticeably at about 30 to 50 pPrcent of ultimate load and 
were predominant throughout the entire loading. By studying the 
ultrasonic-pulse velocity, Jmws found that "the onset of cmcking arises 
mainly from spr<•ml of microcracks along the boundaries of the coarse 
aggregate ... ," Dantu usl'd photo-l'lastic coatings on the surface of 
the t·omprcssion specimens and found that the stmin at the mortar­
aggr<·gate interface was 4 to 0 times the average strain. All this evidence 
strongly suggests that the bond hetwet•n mortar and aggregate is a 
weak link in the hl'terogeneous concrete system, and that this interfacial 
hond is mainly responsible for the hwlastic l)('haviOI' of concrett• under 
short-time loading. 

STRESS-STRAIN BEHAVIOR OF THE INTERFACE 

Since the bchavim· of concrete mulm· an extcmal short-time load 
st•t•ms to be significantly influenced by the interfacial bond, the authors 
decided to study the stress-stmin behavior of the interface lll'tween 
mortar and aggregate. In actunl concl'eh•, thl'l'<l lll'e inmmwt·uble inter­
fact's, To study whnt hnppt•ns nt tlw fntt•t·fnce hy dh·t•ctly loading 
concrete would he very difficult, hut the interface cnn be isolated and 
studied hy itsl'lf. 

Exporlmental Investigation 

The behavior of the interface was examined hy testing specimens as 
shown in Figure 1-2. Tlwy consist of nn inclined stone sinh, J~ in. thick, 
nboul 3)~ in, long IIJHI 2 in. widt•, and tlw mortar SUI'J'oumling the stone. 
The stone was fine graitwd stindstone with 11 compressive strength of 
27,000 psi. The mlll'tnr had a sand/cement ratio of 3.0 and a water/ 
cenwnt ratio of 0.5. The cenwnt was portland, Type III. 

Tlm•e difft•t·cnt inclinations of tlw ston<•, <J>, were sdectcd, 2.'3, 42 11nd 
50 dt•g. Tht•rt• was 11 minimum of thJ't•t• spt•cinwns for pach angle, 

Stl'llclurally spPaking, tlw spPcinwn <:an lw divi<lnd into zmws. Tho 
centl'r :t.mw contains the stone slah and repl't•st•nts tlw Influence of the 
interface. The exterior :t.ones of homogeneous mortar simulate the effect 
of confinenwnt to which an interface is subjected in' the concrete mass. 
The specinwns wt•re loaded to failure and the strains 11nd loads were 

l 
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Figure 1-2 The specimen lor the interfacial study 

recorded nt l'cgulnr lntm·vnls. Tlw h!sting thn<! for each test was about 
one-half hour. The 1\1'1'1\llgmnent of the SH-4 stmln gages Is shown in 
Figure 1-2. 

RESULTS AND DISCUSSION 
The lond-stmin cmves up to failure obtained from the various gages 

for one ench of the specimens with the stone inclined at 2.'3, 42, nnd 
50 dt•g 1\l'e shown In Figures 1-3. 1-4, nnd 1-5 rl•spe<:tlvely. For the 
snke of brcvlty, only the t't.•sults of the specimens with the stone inclined 
at 23 deg will be ·discussl'd in detail. The following observations are 
made from Figure 1-3. 

1. Up to 11 load of 12 kips, the strains in gage 1, representing the 
ct•ntet' :r.mw, and gage 3, l'epl'l!SPntin!( mortar in the exterior :r.ones, 
nrc nearly alike nnd lhwnr. This means that up to 12 kips, the interface 
was Intact ami ns 11 result the spl•cinwn hl'lmvl•d homogtmeously nnd 
elastically. 

2. For loads beyond 12 kips, and up to failure, the center strain 
!(age 1 did not show any appreciable increase in strain nt all. This 

Full document details: ACI SP-20

http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20


10 

~ 
I PAILUfll AT 21,D K 

§ 
30 

20 

0 600 1200 1800 

CRACKING IN CONCRETE 

GAGEl 

CRI'CKS VISIBLE AT 12K 

j GAGE 6 - - - ___ -o _ ------ _ .. 
__.- -;GAGE 7 - - ---- - -

-:: -NOT~-TIIA; ~~~V; :.:1; REPRESENTS COMPRESSION 
FOR GAGES I AND 3 I SOLID LINES l, WHILE IT 
REPRESENTS TENSION FOR OAOES 6 AND 7 (DOTTED LINESI 

2400 3000 3600 4200 4800 MOO 
STRAIN·MICROINIIN 

Figuro J.] Behavior of restrained interlace, Specimen, creeks end strains 
for</> • 23 deg 

GAGE 7 
3 

30 

~ 
i2 
I 

i 20 9 
FAILED 

10 

1200 1800 2400 
STRAIN- MICROIN/IN 

Figure 1-4 Loed-streln relations for specimen W-8, </> • 42 deg 

Full document details: ACI SP-20

http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20


INELASTIC BEHAVIOR AND FRACTURE II 

means that the center portion, the one containing the aggregate, did 
not take any additional stress beyond that which was pre11ent at a 

.load of 12 kips. The increase in load above 12 kips, therefore, must 
have been resisted hy the mortar in the exterior zones. This is clearly 
imlicnted by the Increased rate of strain of gage 3 at 12 kips . 

. '3. At about 12 kips, cracks at the interface or bond cracks were 
observed visually. This indicates that at that load, the unconfined bond 
strength of this intt>rfnce was excet>ded. Since these inclined bond 
cracks did not opt>n until nfter finn] failure, it seems likely that the 
contact between the stone and the mortar was maintained. This means 
that the cracked interface can continue to carry a share of the total 
load through friction. Thus, at 12 kips, only the cohesion between the 
stone and mortar was lost. 

4. Inclined, bond cracks were shortly followed by vertical cracks in 
the mortar at the top and bottom corners of the stone slab (see 
Fig. 1-6), As the loading proceeded, these vertical cracks did not 
perceptibly increase in length until final failme. 

If the interface had not been confined by the mortar in the exterior 
zones, there would have been sliding along the interface when the 
load in the Cl'ntral zone was carried by friction alone. This is because 
the anglt• of inclination of the inh•rface from the horizontal, 67 cleg, 
is grcatPr than tlw angle of friction which is 30 to 40 dq.( at the inter­
face. The confinement, OJ' prevention of sliding provided by mortar 
produces tensile stn•sses in the mortar as shown in Figme 1-7 (a). This 
is evident by the rendings of gnge 7 in Figure 1-3. When these tensile 
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12 CRACKING IN CONCRETE 

stresses exceed the strength of mortnr, locnl verticnl mm·tnr crncks form. 
5. After the formation of local vertical mortm· crncks, the central 

zone cnn he stl'l\ined longitudinally withmit neeessnrily inc1·cu~·/ng the 
stresses In that zone. The opening of local vertical mortm· cl'l\cks permits 
sliding at the interface so that the centml zone deforms longitudinnlly. 
Readings of gages 6 and 7 show th:it there was sliding at the inter­
face and that the local vertical mortar cmcks did widen (Fig. 1-3). 
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Figure 1-6 Photograph of failed specimen W-5 

Full document details: ACI SP-20

http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20


INELASTIC BEHAVIOR AND FRACTURE 

0~ ~ ~ ~ ~ ~B __. __. __. 
"'2 __. __. __. __. __. 

A 

(b) 

(a ) 

SHEAR STRESSES 

( c ) 

TENSION IN THE 
MORTAR (-) 

13 

Figure 1-7 Stress-distribution in the interfacial specimen after the cohesion 
between the stone and the mortar is lost 

Thus, the formation of mortar cracks provided the interface with a 
yielding type of confinement, i.e., a confinement which furnished a 
reasonably constant horizontal restraining force as further limited sliding 
pmceeded. 

The net effect was that for loads above 12 kips, the center zone or 
the cracked interface behaved essentially plastically (gage 1 on Fig. 1-3 ), 
even though there is no flow process involved in these brittle materials. 
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14 CRACKING IN CONCRETE 

6. At the final failure of the specimen, crushing of the mortar in the 
exterior zones was observed (Fig. 1-6). This is because beyond the 
load of 12 kips the increase in load was carried entirely by the exterior 
zones. Tlwn•fore, the specimen failed when the mortar in these zones 
could not carry any additional load. 

Numerical confirmation 

\Vhen a compn•ssive load is applied to the specimen, there are normal 
( ") .md slwaring ( T) stn•sscs acting on the plane of the interface 
lwtwel'n stonl' and mortar. If .,1 is tlw applied vertical compressive stress 
on the spPcinwn, tlwn the• sh·c•ssPs acting on the intl•t·face inclilwd 
at an ang)p </> to tlw wrtical are given by: 

( 1) 

(2) 

The relation hetwpen the normal and shear stresses acting on the 
interface at failme is given by the Coulomb-Mohr theory: 

T = ( T )IIIII = e -f- trtan0 (3) 

where c is the cohesion and 0 the angle of friction for the interface 
( Hef. 8). By combining ( 1), ( 2), and ( .'3), the maximum vertical com­
pres~ion that an unconfined interface inclined at an angle </> can 
support is given by: 

( <TJ )u.lo. = c[cotq, + tan( 0 + <1>)] ('4) 

(''I ) 11 .1o. is called the unconfined bond strength of the interface. The 
calculated values of (''I ) u.lo. in tt•rms of load for all three angles of 
the interface tested is given in the first row of Table 1-1. The values 
of c and 0 correspond to the type of mortar and stone used and are 
taken from a prior and independent investigation ( Hef. 8), Since these 
values can be determined only approximately, two sets of the values 
of c• and 0, diii'Pring from Pach othPr by about 10 percent, are used. 
The calculated vahtl'S of ( tr 1 ) u.lo. in terms of load agree well with the 
observed values for the appearance of bond cmcks. 

Aftl'r tlw appPamncc• of bond crack, tlw intt•rface carrit•s its share 
of total load PntirPiy through friction. ( tr 1 ) 1 represents the maximum 
stress the interface can carry through friction so that the necessary 
horizontal restraint is no grl'ater than the tensile strength of the mortar. 
("I )r was calculated approximately by assuming the stress distributions 
of Figme 1-7. That is, the confining compression (tr~) which is necessary 
to keep the interface from sliding is assumed to he uniformly distributed 
and is t•qual in magnitude to uniformly distributed tensile stresses in 
the mortar. Then ( •TJ ) 1 can he approximately calculated' from equilibrium, 

Full document details: ACI SP-20

http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20


INELASTIC BEHAVIOR AND FRACTURE 15. 

TABLE 1·1 PERFORMANCE OF SPECIMENS OF FIGURE 1·2 

"'= 23' 
Ohst•rvt•d Colcnlllt"'l 

t = 42' 
Ohscrvc.•c. Cnlculnted 

Lolld·SlttKt' (I)' (2)t (I) (2) 

Appc.•nrunc<• uf lnh•r· 
fnt'lul crtwks 12.0k 11.3' 13.2k 17.1Jk 14.3' IH.3' 

Appt•nruncc.• of lm.-ul 
Vl'ltknl mortnr <.·rucks 12.0' 11.4' 12.0' lli.H' 13.H' 17.0' 

F'nilun• of Slll'<'hnt•n!l 2H.O' 21J.0' 21J.4' 20.0' 23.1J' 211.4' 

(I )° C~tknlnh•d IIMIIIMI c = :).~o lid, II= 32', r. = 400 tJMI, fm = 4!\()() lid. 
(2)t Clllculllh'd IINIIIMI c = 400 tJNI, II= 311', r. = 400 IINI, fm = 4.~00 ••.• t. 

"'=50' 
Oh,.rved Cnlculartd 

(I) (21 

3H.O' 23.!1' 37.H' 

21.2' 

3H.O' 2!\.o• 37.H' 

Figme l-7(h) either hy using the Mohr-circle shown in Figure l-7(c) or 
by the followii1g formula:' 

(~r,),-f, 

2 
(5) 

where f, is the tensile strength of the mortar. The calculated values of 
( "• ) 1, in terms of total load agree well for all three angles with the 
observed values for the appearance of local vertical mortar cracks 
(Table 1-1), 
. The failme load of the specimen was calculated as the sum of the 
plastic load of the interface ( rrt ) 1 and the compressive strength of the 
mortar (f .. ,) in the exterior zones. The last row of Table 1-1 shows 
that the failure loads of the specimens have been fairly well estimated. 
The numerical values of f11 , and f1 were taken from experimental results 
of Hefs. 8 and 9 respectively, which were obtained independently on 
presumably identical material. 

IMPLICATIONS 

The study of the specimens was helpful in approximately simulating 
the behavior of real stone-mortar interface. The major implications of 
this study can he summarized as follows: 

l. In concrete, the interfaces arc located at various angles, and th(•rc­
fore bond cmcks will form at dilh~n·nt loads at these interfaces. Since 
bond cracks ))('have plastically, a gradual cmving of the stress-strain 
cmve of concrete results. This provides an explicit explanation of the 
fact that the introduction of the aggregates makes the stress-strain 
cmve of concrete dl•viate from a straight line. 

2. The sliding of the interface is accompanied hy widening of local 
vertical mortar cracks at the l'nds of the intl'rface. This phl'nomcnon 
probably accounts for the volun]e of expansion of concrete which is 
ohservl'd m•ar the ultimate load. 
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16 CRACKING IN CONCRETE 

3. The pseudo-plastic behavior of pre-existing no-load bond cracks4 

explains the moderate non-linenrity of the stress-stl'llin curve of concrete 
even at very low loads. 

4. The Coulomb-Mohr theory npplied to the behavior of the interface, 
combined with the maximum normal stress theory applied to both tension 
and compression failure of the mortar satisfactorily predicts the strength 
and behavior of tlw confined interface. 

ELEMENTS OF A THEORY OF MECHANICAL 
BEHAVIOR OF CONCRETE 

E,·idence was pn•st•nted which indicates that the bond between 
aggregate and mortar is a wt•ak link in the lwterogeneous concrete 
system. Under compressive short-time loading, this bond is first to break. 
The broken bond or bond crack behaves pseudo-plastically under further 
load, and appears to he responsible for initiating mortar cracks. 

On the basis of this experimentally observed micmhchavim of concrete, 
an attempt was made to formulate analytically a behavior theory of 
concrete, which is intended to explain the performance of concrete 
undt•r short-time load up to and including failure. The hypothesis mainly 
involves the integration of the ohsl'rvcd microlwhavior to obtain a 
reasonable picture of mact·ohl'havior. 

The tlwory is hast•d on an analytic model, tt•rmcd the structural unit 
(Fig. 1-8). The unit consists of a single piece of aggregate embedded 
in a prism of mortar. A circular cylindrical aggregate was selec~ed 

because it seems that in a unit volume of concrete all the interfaCial 
angles arc equally rcpresentl'd. Thus, a circular cylinder seems appro­
priatt• and matlwmatically conwnil'nt to wprt•st•nt an average condition 
of the intt>rfncl' in hulk concrt'tc. 

favg 

d/ 2r d/2 
Figure 1-8 Tho structural unit 
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INELASTIC BEHAVIOR AND FRACTURE 17 

The ratio of the thickness of the surrounding mortar to the radius 
of the nggrcgntc, d/J·, depends primnrily on the relative amounts of 
nggrcgnte and mortnr in n given mix. This rntlo cnn he approidmatcd 
by the method used by Hsu.10 This method assumes that all the aggre­
gates nrc splwricnl balls of NJlUtl mdius, und requires the knowledge 
of the volume of aggregates in a given mix und their volume in a fully 
compacted state. The larger the amount of mortar relative to stone, the 
higher the mtio d/r. 

Stress-strain relationship for the structural unit 
The lwhavior of this stmctural unit under axial compression can he 

calculated analytically from equilibrium, compatibility of deformations 
and from experimentally verified, though simplified, assumptions as 
follows: 

i. The three-phase srstem: paste, sand and gravel is replaced by a 
two-phase srstem consisting of the matrix (i.e. paste or mortar) and 
the aggregate. 

ii. Both component phases, the matrix and the aggregate arc assumed 
to have linear stress-strain relations (Fig. 1-1); for analytical simplicity 
they arc also assumed to have identical moduli of elasticity. 

iii. The portion of the cylindrical interface over which the stress 
exceeds the unconfined bond strength is ussunwd to behave in the same 
manner as obtained experimentally for the specimens of Figure 1-2. 

It is believed that these assumptions, while somewhat idealizing the 
system and making it amenable to simple analytical treatment, are in 
basic agreement with independent experimental evidence and retain 
nil the l'Sscntial ft•atmes of the real, more complex multi-phase material. 

On this basis, the structuml unit shows the following behavior under 
increasing axial compression: 

1. Because the stone and mortar arc assumed to have linear stress­
strain cmves and identical moduli of elasticity, the stmctural unit will 
behave linearly elastically as long as the interface between aggregate 
und mortar is intact. 

2. At some load or stress, the unconfined bond strength will he 
exceeded over some angular portion of the interface und a bond crack 
will have fomwd. The rl'lntion between the unconfined bond stn·ngth 
( "• ) u.h. and the angle of the interface, for given set of c and 0, is 
given by Equation ( 'l) or by the 1\·fohr-circle shown in Figure 1-9. In 
Figme 1-U, the broken line is the bond strength line given hy the 
Coulomb-Mohr failure theory for given c and 0. As the axial load is 
applied to the unit, the normal and shem· stresses occurring anywhere 
can he described hy the Mohr circle. Increasing the load increases 
the diameter of the circle. At some load, the 1\·lohr circle will just touch 
the bond strength line. The compressive stress at this point is defined 
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18 CRACKING IN CONCRETE 
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MORTAR FAILURE 
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Figure 1-9 Mohr-Circles representing different stages of interfacial failures 
or bond crack propagation 

ns ( '" ) """ and the angle of the interface at which the first bond crack 
0 

will form is defined as q,., and is given by q,., = 45 deg - 2 . As the 

load increases, additional bond cracks will form. Eq. ( 4) can ·he 
rewritten in terms of q, .. as: 

2c sin2q,., 
("I)u.h. = 2( ) 2 

cos q,-q,.. ...... cos "'" 
(6) 

It can be seen from this equation and Figme 1-9 that propagation of 
bond cracking will be symmetrical about the angle rf>o· In other words, 
nt some stress greater than ( cr1) """' the portion of the interface he­
tween the angles rf>o + " and q,., - " will have failed. Substituting 
a= q,, - </> in Eq. (6) yields 

( 111) ll.h. 
2c sin2q,., 

cos2ct - cos2q, .. 
(7) 

\Vith the increasing load on the unit, " and the diameter of the 
Mohr circle increase. At some load, the Mohr circle will coincide with 
the circle representing failure in the mortar and the unit will fail. 

3. The cracked interface behaves pseudo-plastically. This plastic load 
or stn•ss is the maximum stress supported by friction and is limited 
by the tensile strength of the mortar. This stress, ( cr 1) r, can be calcu­
latt-d by making the same assumptions that were made for the interfacial 

Full document details: ACI SP-20

http://www.avadocuments.com/doc/aci-sp-20
http://www.avadocuments.com/doc/aci-sp-20


INELASTIC BEHAVIOR AND FRACTURE 19 

specimen (Fig. 1-7), and is given by Eq. (5) which can also be 
expressed as 

cos2<f>"[ ( ) + f ] -3- ITI f I 

( ITI) t = 2 --=------=--
" cos2<f>n 

COS~a- - 3-
(8) 

4. The stress-strain curve of the unit below the compressive stress 
of ( tr1) 111111 , or before bond cracking, is a straight line which can be 
obtained by knowledge of the modulus of elasticity of mortar. The 
stress-stmin cmve of the unit above the stress of ( tr.} 111111 was calculatccl 
as follows: 

Let the applied load on the unit he such that the extent of hond 
cracking is 2u. That is, the portion of the interface having angles 
between <f>., +·a and <f>., - a is behaving plastically while the remaining 
portion is still elastic. The verticlll stress in lin clastic clement is dt•sig­
nnt(•d ns "~·· while tlw VCI'tical stl·ess in n plastic t•lement is designated 
liS "fl• (Fig. 1-10). The sh'(!SS in lillY pills tic e)(•mcnt mny he formulated 
from Eq. ( 8) liS: 

cos2<f>.,( + f ) --- ITI1 I 

" 3 f "11 = • ·---=--- + I 
"u cos2<f>., 

cos~,.. - - 3--
(9) 

"'vo 

~~-~-------------L-~---.x~ 

Figure 1-10 Definitions of a, fJ, y, "a' u 11 , and u"Y, Note that fore given 
a, p and y are variables of integration. 
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20 CRACKING IN CONCRETE 

The stresses in all clnstlc clements arc cqunl and arc determined by 
the stress In that clement which Is just being transf<ll'mml Into the 
plastic stage: 

= 2csin2</>.. = 
""' cos2u - cos2<f>.. "" 

From t•quillhrlmn of wrticnl fort·t~s, 

" -u I rrprsin ( </> .. + {3) d/3 + I •rpl'Sin ( </>o + {3) d/3 

"'" 
</>u 

-n 

+ •ra I rsin( y + </> .. )dy + 
-</> .. 

.,. 
2 - </>o 

•rafrsin(y + </>u)dy 

" 

( 10) 

where u.,,.1 is the average stress for the whole unit. Cnnying out the 
integrations indicates thnt •r.,,.. can he expressed in terms of u, For 
selected values of "• •r11 ,.1 can he explicitly calculated. 

The strain in the unit can he derived hy assuming that plnnc sections 
remain plane. In that case, the stmin of the whole unit is the same as 
thnt In the (~lnstic dements which is t•qunl to 

tra 2csin2•/•u _ ( 11) 
-E- = -K{Ciis2;~·-.::::- cos2~;;y - '"''" 

where E is the modulus of elasticity of mortar. Thus, one can also 
calculate the stmin explicitly for selected values of a. 

Thus, for any given value of "• the corresponding stress nnd strain 
of the structuml unit can be ('Xplicitly calculated from the Equations 
( 10) and ( 11). In this mamw1·, one can calculate point hy point tho 
complete stress-stmin curve of the unit. For details of analysis, sec 
Hcf. 11. 

From this, it follows that the quantities which determine the stress­
strain curve of the structlll'al unit of n 1-(iwn mix m·e the following 
properties of the matcl'inls Involved: dewce of <.•om paction of the 
aggregates, cohesion and angle of friction of the interface, compressive 
and tensile strength of the mortar, and modulus of elasticity of mortar 
and aggregate. It is significant that all these quantities can he, nnd 
have been, experimentally measured, independently and a priori. 

A stress-stmin curve of the stmctlll'al unit calculatt~d from the analysis 
d(•scrihed here and for a realistic s<'t of material constants is shown 
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d/2r •0.07 

STRAIN- MICROIN/IN 

x0 •7.95 KSI 
m •1.25 
E • 3.0 X 103 KSI 

Figure 1-11 Calculated stress-strain curves 

21 

in Figure 1-11. This stress-stmin cmve of the unit slowly deviates from 
a straight line. It is important to note that this deviation is caused 
entirely by the sepamtely observed behavior of the interface since it 
was assumed thtit both the aggregate and mortar are ideally elastic. 
Tlie inelastic behavior of the structural unit is caused by the weak 
bond between the aggregate and mortar and docs not involve any 
real flow p•·oceSSl'S of C<'ment gel or otlwr materials. The unit, therefore, 
do<•s !•xhlhlt hl!'lustklty of tlw typo found In concJ'!!h!, Jlowl•Vl'r, the 
nctunl sh'l'Ss-strnin t'III'Ve of t•oncrete bends moro sharply toward the 
horizontal at about HO percent of the ultimate and has a peak and a 
descending branch. It seems that the stress-strain curve of a single unit 
docs not reflect the inelastic behavior which appears in the concrete 
ncar the ultimate loud. 

Statistical analysis 
The end point of the cnlculated curve of the structural unit is de­

termined hy tlw selected strength of the mortar. In a given mass of 
concr1•tc, tlwre nrc pmllllhly significant vnrintions in the mortar strength 
nnd in aggregate spacing, rl!prescntcd by d/r in the structural unit. 
Bulk concrete, therefore, can he thought of as consisting of large num­
bers of structmal units whose ultimate strengths show a certain amount 
of scatter. Thus, even when a number of lower strength units fail, load 
can still be resisted by the remaining stronger units, which arc decreasing 
in number with an increasing load. In what follows, it will be shown 
that this type of behavior, resulting from the statistical distribution of 
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22 CRACKING IN CONCRETE 

the l'trengths of tho units, cnn give n strcss-strnln curve with n d<,sccmllng 
lll'lmch. · 

It Is nssumed thnt n given cross section of n concrete specimen under 
uninxinl compression Is mnde up of n structmnl units. The ultimate 
stnm~ths of tlwse units nrc nssllllHld to he distrihuh~d according to a 
dish ilmtlon function G( x), wlwr'll x d<mot<•s the vm·lnhl<! stn•ngth In 
ksi of each unit. G( x) Is the pmhnhility that the strcn~th of a unit 
has <\ value ~n·nt<•r than or <'qunl to x. It is not possihie to <•xperinwntally 
obsti'Vl' G ( x), llowl'Vl'l', It Is posslbl<• to lll<'IISIII'll tho dlstl'llmtion of 
the compl"<•ssivP sh'<•n~ths of tlw whoiP sp<•cluwns, <'.~ .• cylind<•rs. Thu 
pmhl<•m, tlwn, is to dl'termine the rl'lation between the known distribu­
tion of thP str·l'ngths of tlw spPl'inwns and tlw unknown distribution 
of struc:tuml units. To find such 11 rt'lationship, tlw following nssump­
tions were made: 

1. The strength of l'ach unit is independent of others. 
2. Hooke's law is valid for each unit and all units have the same 

modulus of l'lasticity. 
3. Plane s<•ctions l'l'main plmw. 
4. As soon as the ultimate stl'<·n~th of one of thes<• units Is exceeded, 

that unit Is completely destroyed and its loud h<laring capacity Is reduced 
to z<·•·o. This causes n•distribution of, and an increase In stl'l!Sscs In 
otlu·•· units whkh haw so far J"<•mahll'd whol<~. Total faiiiii'P docs not 
occtu· so Jon~ as the lond·IH•al'lng cupnclty of tlw unhnpnlrcd pnrt Is 
not exceed<•<!. 

II (" ) .. ,." is the nveraw~ stl·<•ss on a cross section contnining n structural 
units, tlwn from <•quilihl'ium, 

(")"'"" = G(x) 'X (12) 

The maximum strcn~th m· the ultimate strcn~th of the cross section, 
(") ,., cm·r·<•sponds to thnt vnhw of x, """'"' which sntlsfies tlw <•quat ion 

d 
-- [G(x) · x] = 0 
dx 

(13) 

Daniels ( Hef. 12) has studied the limiting distribution of ( 11 ),. for 
large values of n. He showed that if G ( x) approaches zero nt n higher 
rate than 1/x, the distribution function for (" ),. for large values of n 
approaches the normnl distribution. Fmthermore, in thnt case, the mean 
value of ( ") ,., M, is 

M = Xmnx 'G {Xmnx) 

nnd the coefficient of the vnriation of ( 11 ),., V, is 

V = JI-("f(x.,10x) 
nG(xmnx) 

( 14) 

(15) 
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INELASTIC BEHAVIOR AND FRACTURE 23 

Tho nhovo relations nrc valid provided the strengths of the specimens, 
( 11 ),., arc dlstl'ihuted normnlly. Since the strengths of the concrete 
cyllndt!rS can he rcg11rdcd as being normally distributed, these relations 
nrc appllcnhlc to concrete. A suitnhle function for G(x) is still to he 
nssumed. 

A. I. Johnson 111 h11s shown thnt for n brittle. material like concrete 
the most sultnhlo distribution of the stnmgth of structural units, G( x ), 
is perhaps the Weihull type of distrihution.u Accordingly, the following 
distribution of the strengths of the units was nssunwd: 

where x1 Is 
and m nrc 
and ( 15 ). 

X··XI Ill 
-(--) 

G(x) = C x .. ( 16) 

the lowest possible stnmgth of the structural units and Xo 

c~mstnnts, which cnn he determined from the Eqs. ( 14) 

Tests of 32 four-by-eight cylinders showed that the coefficient of 
variation of the compressive strengths, V, was 0.071 and the mean 
compressive stnmgth, M, Wlls 4.0 ksi. The lowest possible value of 
the ultimate strengths of the units, "" was taken as 2.0 ksi. The number 
n w11s nssumt!d to be 150. Substituting these values and the Eq. ( l6) 
Into the Eqs. ( 14) and ( 15 ), the values of x .. and m were found to he 
7.0.'5 11nd 1.25. The distribution function of tlw stnmgth of tlw units 
w11s thus fowul to lw: 

G(x) = 
x-i! 1.23 

+-) c 7.!)1} ( 17) 

The aVl'l'llgc sh't•ss-stl'llin relationship for the conc•·ctc can now t•asily 
he obtained. When the stress in the units which arc still intact is equal 
to x, then the nvcmgc stress (" )11 ,.K is given by 

x n 1.!!3 
··(····-!'-·) = Xtl 7 •0·~ 1111'"" - xG(x) (18) 

The stmin ( is simply given by 

- X -E (19) 

where E is the modulus of elasticity of the unit, which was assumed 
to be 3.0 X 10:1 ksi. Combining ( 18) and ( 19) shows the relation between 
nvcmge stress nnd strain for the entire cross section. 

(20) 

This stntlstlcnlly cnlculntcd relation is plotted on Figure 1-11. 
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24 CRACKING IN CONCRETE 

The statistically calculated cmve has a peak and a descending branclt 
similar to the compression curve of concrete (Fig. 1-11). Thus, it seems 
that the scatter in the strength of the mortar and of aggregate spacing 
can strongly affect the inelastic behavior of concrete in the ncar and post­
ultimate range of loading. 

In the statistical analysis it was assumed that individual units behave 
elastically. This was done to simplify the analysis. In actual concrete, 
both the itwlasticity of the units which was analy:wd in the previous 
Sl't•tion and is due to pn•spnce of interfacl's, and the ilwlasticity resulting 
from the statistical variations in the strl'ngths of tlw units occur sinml­
taneously. 

From the microcrack investigation 1 r. it was ohsl'rved that mmtar 
cratking inCI'l'aSl'S sharply nt about HO percent of ultimate load. This 
load was tl'rnwd critical load. Ewn though bond cracking also incn•ases 
at the critical load, it is significant throughout tlw t•ntire loading range. 
Thi:; sugg<'sts that bond cnwking plays 11 rl'lntiwly major roll• in causing 
inelastic behavior of concJ'l'te below the critical load. The critical load 
is reaclwd when the mortar cracking ))('comes sufficiently extensive 
to altl'r tlw characll·r of the matl'rial from an esspntially continuous 
to an l'Sscntially discontinuous mah·•·ial. Beyond the critical load, 
significant additional inelasticity is intmducl'd hy the statistical distri­
lmtion of the str<'ngth of the mortar, which playl•d a l'l'latiwly minor 
roll' below the critical load. 

In summary, the sh'l'Ss-strain cmve, calculated on the basis of the 
experimentally investigated effects of microcmcking and a reasonably 
assuml'd mortar strl'ngth distribution within hulk concrete, has all the 
well-known characll•ristics of n typical compn•ssion sh'l'Ss-strain cmve 
<if eoncrl'tl'. This suggl•sts that for concrl'h' which is composed of two 
almost idl•ally Plastic matPrials ( ngg..Pgah• nnd hardl'Jwd paste), its 
ilwlastic l)('havior t•an hl• l'Xplailwd ns l'l'Stdting from substantially hrittlt• 
mkmcracking c<imhinPd with a gl'IH'l'HIIy accl'pt<'d type of distribution 
of materials stJ·pngth pmpnrties. 

Application of the analysis 
The l'll'nwnts of a ))('havior tlwory devclopl•d here can he useful 

in (!Xplaining some otlwr ohsl'rVl'd phenomena of concrete, in addition 
to its ilwlast ic lH'ha vim·. Fo1· <'X am pin: 

1. Undl'r biaxial or triaxial compression, the unconfined bond strength 
of the inh·rface will he gn•atl'r than under uniaxial compression, since 
this will inl·n•asl' thl' nonnal t·ompl'l'ssion forcl'S acting on the interface. 
In addition, the <'Xtra confiJH'IIH'IIt will incn•ase the pffl•ctive tensile 
stn.>ngth of the mortar. Thus, the hypotlll'sis will COJ'J'(•ctly predict 11 

high<'r ultimate stmngth for biaxial and triaxial than uniaxial compn•ssion. 
2. The hypothl•sis also shows that the compl'l'Ssive strength of concrl'!e 
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is much more sensitive to the strength of mortar and the relative amounts 
of mortar and aggregate than to the properties of the interface. This 
is because interfacial failures nrc critical only for a portion of the total 
nvnilahlc interface. In Figure 1-9, only those portions of the interface 
having angles of inclinations between rJ>,.,, and r/>mln will eventually hlil. 
For the remaining portions of the interface, and also for the mortar 
between aggregate, it is failure in the mortar which is critical. 

3. Since higher strength concretes generally have lO\wr aggregate­
to-cement ratios, the tlwory explains why the higlwr strength coneretes 
tend to show less inelastic ddormntion than those of lower strength. 

Simplifications 

The primary purpose of the behavior theory presented here is to show 
that one of tlw significant and 1wrhaps the primary cause of the inelastic 
behavior of concrete is the nature of tlw intl'rface lwtwt•cn the aggn•­
gatc and mortar. It is fl'lt that tlw stnwturnl unit and the assumptions 
Involved in dt'veloping this theory n•pn•st'nt t•ssl'ntial ft•atures of actual 
concrett•. However, hecnuse of the complt'x nature of the problem, scv­
eml simplifications had to he made. Sonw of these arc briefly discusst~d 
lwre. 

1. It was nsstmwd that tlw morhu· is n pt•rfl'<.'tly clastic matt•rial. This 
simplification cnn lw justifil'<l if mortar is n•ganlt•d as an inl<•rnwdiatt• 
material between hardl'n<'<l paste and concrete and so that the inelasticity 
of mortar, in tum, is due to the behavior of the interface between sand 
and paste. Thus, mortar can he n•placed hy paste in the analysis, and 
the latter can he considered as a perfectly elastic material (Fig. 1-1). 

2. The differcnct•s bl'tween the moduli of elasticity of mortar and 
aggregate were neglcctl'tl. It has been n•port<•d that the moduli of mortar 
at 28 days and of normal aggn•gate Ill'<' ind<•t•d oft<'ll fairly clos<•, 111• 11 • tK 

so that difft•n•n<•t•s in moduli, wht•t•t• tlwy t'Xist, s<'l'lll to play no dt•cisivt• 
role in concrl'tt• lwhavim·. 

3. The hypothesis tm•dicts that the higlwr the pl'rcentage of coarst• 
nggrt•g~tt<•, the lowt•r tlw d/r mtio and, tlwrl'fore, the lower the l'ompn•s­
sive sh·l'ngth of the conerete. This is known to he tme for the rang<• 
of structuml concretes ust•d comnwrcially. Howt•ver, continuing n•search 
nt Corrwll st•t'ms to indicat<• that for tlw impmctil·ally low pl'rct•ntagt•s of 
vohmw of aggn•gatt•s, im.'rt•asing tlw amount of nggn•gatt•s incn•ast•s 
the strength ratlwr than dl'cn•asing it. This is not rdlt•l'!t•d in tlw 
hypothesis, probably lwcausc tlw l'fl'cct of the addition of aggn•gatt•s 
on the void-to-voliune ratio was rwgll'ctcd. 

CONCLUSIONS 

1. Comparison of sh't•ss-strain curves in short-time l"ompn•ssion of 
stone, past<•, mortar and l'oncrt'tc show that the first two are nearly 
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26 CRACKING IN CONCRETE 

linear while concrete's curve is most curvilinear. TJJis iml\cates that 
inelasticity in concrete is connected with the lleterogeneity pmduced by 
the presence of aggregates. . 

2. A detailed study of the interface between the aggn~gate and mortm· 
indicates that when external load is applied to concrete, interfacial 
surfaces arc first to fail. That is, when the unconfined bond strength of 
the interface is reached, a bond crack is formed; the cohesion between 
the agg1·egatc and mortar is lost, and thereafter the interface carries its 
share of the total load entirely through friction. 

3. Under increasing load, the interface where a hom\ crack cxistli 
lll'havcs pseudo-plastically. It is conjl•cturcd that the loss of colwsion 
producl'S tlw ohsl'J'ved local vertical mortar cracks which mnkc possihll~ 
the plastic l)('hnvlor of tlw cmckl•d lntl'rfncl'. 

4. The plastic bl'lmvior of the interface and the n~sulting redistrilmtion 
of the intl•rnal stresses cause the ovemll sh'l'ss-strain curve of concrete 
to dl·viat(• gradually from a stmight line. 

5. The unconfilwd hom! stwngth of the intl•J·face can he dl•tennined 
fairly accumtl'ly by the Coulomh-r-.lohr failme theory. The confilwd 
strl'ngth of tlw intt•rface is limited by and n•latml to the tensile stn•ngth 
of tlw mortar. 

Ci. Based on this t•xpt•l'inwntally ohst•rved microhehavior, an attt•mpt 
has het•n mad!• to formulatt•, analytieally, the ell'nwnts of a lwhavior 
themy for concn•h• undl•r shmt-time load up to and including failure. 
This theory giVl's a stn•ss-stmin curve which has all the sfutpe ciumtctel'· 
is tics of that of concrete up to the critical load (about 85 to HO pcrct•nt 
of ultimate). It is significant that the only quantitative information 
necessary to obtain this tlworl'tical stress-stmin relationship arc the 
valul's of basic matl'rial propPrtiPs of tlw constiltll'nts of concrl'te. These 
quantitil'S, have hl'l'n ohtai1wd l'X))('rinwntally and indl'pl•mll•ntly. 

7. The hypotlwsis l'xplains that the nJPl'lumical hPhavim· of concl'dt! 
below tlw critical load is govenwd chiefly hy the interfacial behavior. 

8. The critical load is that at whieh mortar cracking has h(•comc 
sufficiently l'Xtl•nsiVl' to cause vohum• l'xpansion and to changl~ the 
character of tlw matl•rial from an essl•ntially continuous to an l'SSl'lltially 
discontinuous matPrial. 

U. The shape of tlw 1wak rl'gion and the d<•scending hranch of eon­
crete's stn•ss-strain curve is caused primarily hy statistical variations in 
the ultimate strength of the mortar and in aggregate spacing throughout 
hulk concretl•. 

10. The hypotlwsis COJTl'clly predicts higher biaxial ami triaxial than 
uniaxial compn·ssivc strength of concrete in contrast to some theories 
which asstmw highly indeterminate space-frames as modds for concrete 
behavior. 
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11. Even though the constituent matel'lals of concrete (aggregate and 
hardened paste) arc almost ideally elastic and brittle, the behavior theory 
demonstmtes that the significant inelasticity which exists in concrete can 
he explained on the basis of ))l'ittle micro-behavior without assuming 
any experimentally unobserved flow pmcesses. 

12. It is noted that parts of that portion of the proposed behavior 
theory which relates to the "structumlunit," developed step by step from 
experimental evidence of micmcmck research at Cornell and elsewhere, 
strikingly confirms some of the concepts advanced by Brandtzaeg111 forty 
years earlier and without comparable experimental basis. 
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PAPER NO. 2 Fracture of plain concrete under 
biaxial tensile and compressive stress is investigated. 
The stress states at inception of microcracking, or 
discontinuity, and strength are found. Such prop­
erties as strength, stillness and mode of breaking 
alter with the extent of microcracking in a speci­
men: the extent of microcracking depends on load­
ing program. Explan11tions of fracture which over­
look those subjects by considering only mean stress 
at bre11king m11y bo lt1Uity. Tho curve of discon­
tinuity is suggested as a simple, s11le criterion of 
strength lor some problems of engineering design. 

Properties of Concrete Change 

When Microcracking Occurs 

By J. ISENBERG 

• THE l'IIOCESS OF FIIACTUIIE IN CONCIIETE under uniaxial tensile or 
compressive stress begins with the spreading of microcracks, 1• 2 • 3 most 
of which originate in the coarse-aggregate mortar interface.~· 11 The 
present experiment0 defines the inception of microeracking, or discon­
tinuity,7 under biaxial tensile and compressive stress. Complete breaking 
develops from the microcracking process. 

Theories of strength, such as the octahedml shear stress theory,H· 0 

have been proposed both as engineering design criteria and to explain 
the fracture process. It is a common fault of these theories to assume 
that stn•ngth can be forecast exclusively in terms of mean stresses and 
that stiffness is a permanent property. Hept>ated 11'-ta and sustained 1 

loading tt•sts illustrate the fault by showing that strength and stiffness 
arc not permanent properties, hut change as microcracking develops; 
furtlwr illustrations arc citt>d lwlow. 

Dill'1•n•nt rull's apply to tlw cotnpl1'11• hrl'aking of a S(ll'dnH•n, according 
to wlwthl'r th1• lm•aking mode is tl'nsilc el1•avagt• or compressive crushing. 
Cleavage begins when the mean tcnsih~ stress is sufficiently rnagnifil'd 
at the tip of a crack to break bond between cement gel particles, and 

29 
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30 CRACKING IN CONCRETE 

when the energy supplied by the applied forces or their stress field is 
at least as large as the energy absorbed in extending the crack.H-lll 
The stability of the crushing mode, which involves extt>nsivc micro­
cracking, dt>twnds on the fll•xihility of tlw tl•st machine. 17 • IH 

The present expl•rinwnt illustrates that it is reasonable to design some 
stmctlll'l'S such that substantial microcracking lll'Vl'r occms. This is he­
cause tht> ability of concret(• to n•sist tensile stn•ss is not a pt>rmanent 
propt>rty; it detwnds partly on the l'Xtent of microcracking, which is a 
highly unct>rtain factor if discontinuity dl'wlops at any time dming the 
life of the structmc. Hl•nce, discontinuity should he considered as a de­
sign crih•rion for such structmes as beams undl•r combined bending and 
shear which may collapse dul' to l'XCl'ssivl' principal tPnsill• strl'SS. 

TEST TECHNIQUE 
Apparatus 

Combinations of torsion and compn•ssion wl're appliPd to tubular 
SJWdnwns. Appul'llltls is shown In Figun• 2-1. Torsion was appli<•<l by 
turning tlw sen•w juck Al-:3. Tlw r<'snlting rotation of the urm, B, on Its 
self-aligning rolll'r racl' was transntittt•d to th<· specinwn through slwar 
pins. Hotation at tlw top was n•sistl'd by tlw ll'af spring, Fl. The spring 
accommodah•d changps in length of tlw siwcimen without applying 
apprPciahll' dir<•ct force. 

Twist was nwasun•d as the rPlatiw displacPnwnt of two arms. The 
movl•ment of l'ach was r<•cordl'd on micronwtPrs. Contact, whieh. was 
sensitiw to unit twist ·l X 10 11 radians/in. was s<•nsed by tlw Pstahlish­
llll'nt of an Plt•ctrie circuit and tlw lighting of 11 bulb. 

Din·ct forcl' was applil'd through tlw scn•w jack, J 1,2. DirPct fOI'cl' 
was transmiltt•d to tlw bottom of tlw SJWeinwn through a cPntral post­
tensioning strand. Direct str<•ss, p, is com[Hit(•d from din•ct force. 

Axial strain, e, was measured with a nwchanical extcnsometer sensi­
tivl' to avPrage strain of 10 X I0- 11 in./in. 17 Thl' distribution of e around 
the cil'<.·umft•r<•nn• of tlw S[Wcinwn was elwckt•d with EHS gaug<•s, and 

J. Isenberg received 11 B.S. degree from St11nford University in 
1962 11nd obt11inod the Ph.D. in 1967 from tho University of Cllm­
bridgo, Engl11nd: tho present article is based on his doctoral dis­
sertation. Dr. Isenberg served 11s a Lieutenant, Civil Engineer Corps, 
US Navy from 1965 to 1967. He is presently a member of Ag­
b11bian-Jacobson Associates, Los Angelos, Calif. 
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Figure 2-1 Apparatus to apply torsion and compression 

found tc> he uniform within ± 4 percent, Circumferential strain e1 was 
measured with EHS gauges. 

Shear stress, T, is computed as if it were uniform in the wall of the 
specimen; this enables shear stress nt the middle radius to he calculated 
within ± 2 percent from torque at nil stngcs of inelastic dl•formation. 
Tlw assumption of n linear slwnr-stress/strnin relation, used hy others," 
givl'S 1111 nccm·ntl' l'l'Sult only for loading progrnms in which the nxial 
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32 CRACKING IN CONCRETE 

stress Is small nt b•·c~nklng. Their appmxlmntlon Is doubtful at high levels 
of axial stress because an inelastic component of twist of the same order 
as the clastic part can devdop. Shc•m· strain at the midclle mdius, y, is 
computl•d fwm unit twist by assuming that shear stmin is pmportional 
to l'lldiu~. Prindpal stresses, p,. and P• and strains, e,. and c•., arc computed 
from T, p, y, l! and c1 hy wdl-known fcmnulns. 1" 

Manufacture of specimens 
A spl'l'inwn Is shown in Figure 2-2. The mold and cxtcl'llnl dimensions 

m·c• dc•sl'l'il)('d l'lsc•whl'l'c•. 1" 'l'lw wull WIIS 0.3:3 ± .005 ln. thick; tlw wull 
thicknl'ss: radius ratio wus 1 : 3.82. The maximum sl:t.e of com·se aggre­
gate• particle was a'lu in. Biaxial stt·c•ss/stmin relations wel'l! consistent 
among many spl'dnwns, which indicatc•s that the wall thickness, 1.78 
times l:u·gc•r than the hu·gc•st stcuws, wns ndpquatc fOJ' the present 
expc·riment. If the c•xtwrinwnt had required ·the third principal stmin, 
in the radial dircetion, to he measured then a thicker wall would have 
been needed in order to make nwasurements representative of structural 
concrete. 

Figure 2·2 A specimen ready for sealing 
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The chief difficulty In casting the specimens wns to prevent cracking 
In the waisted portion due to restraint of shrinkage by the external mold. 
End one wns made of a rich mix. Centml portion two was made of the 
mix to he tt•stcd. Concrete was placed to the top of tho straight portion 
of the mold; n steel cylinder formed the centml cavity Q. The concrete 
wns allowed to set for thrt•e hom·s. Then, 11 thin ring of rich mortar, J, 
wns placed nnd umcstralncd shrinkage was permitted for 12 hours more. 
At that stage, the mortar ring was scmpcd and moistened, and end three 
wns enst with n rich mix. 

The sh•Pil·yli~~tll't' wns t•xtt·nch•d nt ngo 2·l hours. The polystyn•m• form, 
P, wns inserh•d into the open end which was tlwn scaled with conl·n•tt•. 
Bmss sleeves, D, which were cast with the fresh concrete, nccomn10dated 
shear pins projt•cting from the end plates. A fuller description of the 
nwthod Is giVl'n elsewhere." The mix proportions were: \V /C = 0.71; 
A/C = 6.0. The specimens were immersed for 9 weeks at HJ dt•g C; then 
they were stored in nir at 60 percent relative humidity until testing at 
nge 12 weeks. The uvemge strength of companion three-in. cuhes was 
6250 psi; the coefficient of variation among the stn·ngth of cuht•s was 
5.0 percent. 

TEST PROGRAM 

One object of the tl~sts was to find cmvt•s of strength and discontinuity 
in pt·incipnl sh't•ss t~lmw fm· two typl's of loading pwgnuns. Tt•st St•rit•s D 

was made in propmtionnl loading .P~~ = k. Test Series DD was made in 
p, 

compression followed hy torsion; additional compression was applit•d 
In Tests DD 2,3 nftm· renehing discontinuity. The principal stress/strain 
cmves were mensmcd in loading and unloading. 

A second object was to clPtermine the cll'ect of severe microcracking 
on the propt•rtie~ of 11 spl'l'inll'n in a suhsl'qm•nt test. Some spt•cinll'ns of 
Tt•st Series D were loadt•d up to the maximum stress and tht•n quickly 
unloaded before hn•nking in the compn•ssivc cmshing mode. The results 
illustratt! how part of a sh'Ul'tltn• might ))('have if it is loadt•d up to maxi­
mum sh't•ss, nnlondt•d, ullll snhst•qtu•ntly t'l'lmuh•d. Tlw Tt•st St•rh•s are 
summm·i:.wd in Tahlt• 2-1. 

·TEST RESULTS 

In each test, disconthiuity is n•cognizt•d hy n sensible departure from 
lhwarity in the T/y cmvt•s. The method of Ll'ast Squares is ust•d to fit a 
lhw of intm'cl'pt ,.,, and slope G to datu from curly loud stages which an• 
obviously hd'm·t! dist•ontinuity. The value of ,.,. is always less than 1 per­
cent of maximum ,., Student's t-test is used to determine the highest load 

stnge at which the quantity y1' = y - (:':_=t; ,.,. ) can he attributed to 

experimental ermr. This is defined ns the stage of discontinuity. The 
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TABLE 2·1 

TEST Sl.;J\IES D 

First Londlng Second Lomllng 

Mode of llrl'aklng or 
Spcdnwn k Impending lln·aklng k Mode of Brcnklng 

1 . fast dcavage 
2 1 fast denval(e 
3 4.15 fast dPnvage 
4 0 fast dPnvage 
.') 10.15 dl'll\'a!(c 

0 11.15 slow dt•avage 
7 17 tmnsitlon stnhlc clcnvngo 
H 17 transition stnhle dt•nvage 
0 2.'5 crushilll( 

)() 25 crushing 

11 3H 
12 :JH 
13 38 crushl111( 
14 3!) crushing 
1.'5 3!) crushing slow clcnvnge 

10 300 crushing 
17 300 crushing 
1R 520 crushi11g 
I!J 00 crushi11g 1 slow clenvngc 

TEST SERIES DD 

lnltlnl Dln·l·t r Applied to Addltlonnl 
Sped men Stress (psi) (psi) Direct Stress 

1 505 715 no 
2 

' 
HOG 51J5 yes 

3 1.'300 (j(j() yes 
4 2000 040 no 

upper graphs in Figure 2-3 show y1' 11s ordinate 11nd e1 liS 11hscissa. The 
11rrows indicate the stage of discontinuity according to the previous 
ddlnition. The (jcfinition of discontinuity in terms of y1' is easy to apply 
consistently, hut it should not he lnfencd that discontinuity ocelli's at 
a particular load stage. The lower curves in Figure 2-3 show p1/e1 re­
lations; these also reflect discontinuity and indicate that serious cracking 
develops over several load stages. 

Figure 2-4 shows that a rule of constant p, does not predict discon­
tinuity. A rule of constant c1 is also inapplicable; e1 at discontinuity 
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Figure 2-3 A~rows indicate discontinuity which is defined by and confirmed 
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increases approximately lineal'ly with increasing Pc from 90 to 160 X 10-0 

in./in. 
The shape of the outer curve in Figure 2-4, which represents strength, 

is consistent with the results of previous investigators, H. ~0 It appears that 
the different loading pmgmms of Series D and DD have little effect 
on stress at hrc~aking m· discontinuity in virgin specimens. 

ANALYSIS 

The fracture process In virgin specimens 
The fractmc process in virgin specinwns is evaluah•d by the amount 

of irn•covc•mhle wmk done in formin!-( and c•xtemling crack surfaces. 
The amount of work pc•r unit volume of SJWcinwn or specific work W1,11 

up to maximum stress is nn indPx of tlw extPnt of microcrnckin!-( and 
hence of change in spl'cinwn propc•t·ties. The following analysis shows 
that spPdnwn propPt'til's changP concun·pntly with the transition in 
fra<:tm·p mode as k is changPd from 1 to oo, 

Analysis is made of Test SPrh•s D. It is assumed that \V1,, is equal to 
the area enclosed hy the stress/stmin Clll'Vl'S of loading up to maximum 
stress and unloading. Part of tlw ilwlastic c•m•rgy is due to viscous effects; 
this part is assumPd to he small sincP tlw tPsts WPm completed within 
about fom hours. In addition, the rPiativP vahws of \\11,1 arc important. 
It is t·c•nsonnhlc• to nssume that, if t<•sts at k = I 1 nnd k = 25 are carl'ied 
out nt nppmximatPiy Pqunl stmin rates, tlw nmouut of work due to 
viscous pffl'ds is ;thou! l'qual; lwnce tlw difl'<•n•nt·c~ in ilwlastic c•twrgy may 
he attrihutl'd to cmcking. · 

Unloading cm·ws for Stwdnwns DJ-(i, which fractm·c•d hy cleavage, 
wc•re drawn parallPI to tlw initial hmg<•nts to the loading cmvc•s; indepen­
dc•nt cxpel'inwnts show that stifftwss is virtually unchanged hy loading 
at k ,.;; 12. The unloading curves for specinwns D7-10,13-19 wem drawn 
straight hetwc•Pn the stt'<'ss and stmin points which were nwasm·c~d at 
maximum and at zero stn•ss. This ovl'rlooks some curvattn·e in the unload­
ing relation in the s<•nse opposite to the loading relation. If this cmvature 
were considered, the value of \V1,1 would he slightly higher than the 
valuc shown below, and tlw transition would he sharpcr. 

Tlw rPlatipn lwtwc•c•n \\'"' and k is shown in Figme 2-5. Slightly ermtic 
valm•s of \V1,1 an• due• to unloading at c•,. l)('tWN'n 1800-2000 X 10· 11 

in./in., whl'n•as mnximum sh'<•ss would probably have h<•c•n reached at 
nhout c•,. =' 2000 X 10 11 in./in., in l'nch of Tests D9, 10, 13-H); a hc!ttc•r 
c•stimate of \V1,1 for tlwse tPsts is 4 psi. 

The tmnsition in \\'1,1 signifil's repla('enwnt of the cl<•avuge hrPaking 
modt• hy the crushing mode at about k = 17. The transition also imlicntes 
that two initinlly idl'lltkal spccinwns acquire dilfl•rent properties dnc 

t 
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Figure 2-5 Specific ineladic energy at breaking depends on loading program 
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38 CRACKING IN CONCRETE 

to mlcmcracking if one is londml at k = 12 nnd the othet' nt k = 25. For 
l'Xllmple, the mtio of specimen stiffness nt breaking to initial stifFness is 
about 1.0 for the cleavage regime, k ~12; for the crushing regime, 
k ;;:, 25, the avemge ratio is about 0.80 in comprl•ssion and 0.50 in tension. 

The distinction between the two modes of fmcture extends into the 
breaking stage of the fmctme process. The irrecoverable specific work of 
a three-inch cll•avage cmck in tlw pn•st•nt cxpl•riment is about 0.02 psi,l·1• 1 ~ 

In tests under uniaxial comprl•ssion in a stiff machine wlwrc maximum 
c,. == 3800 X 10 11 in./in., the irrecovemblc work done aftl•r maximum 
strl•Ss is approximatl'ly f) psi. In the lattt•r case, this shows that many of 
the cracks which arc formed during the first part of the fracture pmcess 
participatl• in erushing, wht•reas only one of a few existing cracks partici­
pate in cleavage. 

The fracture process in specimens 
containing extensive microcracking 

Sonw spPcinwns which Wl'J'e first t<•st<·d at k ;;:, 17 were re-tested to 
dl'tt•rmine the df'ect of Pxtensive mierocmcking on such properties as the 
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Figure 2-6 Shear stress/strain curves show effect of microcracking on 
stiffness and strength. 
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strength nnd stiffness during n second loading progrnm. None of the 
specimens which were re-tested contained cmcks visible to the unaidt•d 
eye; the extent of microcmcking in each is reflected in the magnitude 
of W1,11 Figure 2-5. The experiment illustrates that different design 
methods arc needed according to whether n stmcturc is to withstand a 
single application of load or scveml applications of load ncar to maximum. 

Figure 2-6 shows that extensive microcracking causes strength and 
stiffness in second loading at k = 1 to be reducl'd. A virgin specimen is 
shown for comparison. In the reloading tests, the condition of stress 
magnification was met at a low value of p1 or T and stable spn•ading of 
a cleavage crack began. The crack spread stably through Specimens 
D7,8; however, in Specimens D15,W, the condition of energy release 
was also met and unstable cleavage occmTed. These tests illustrate that 
strength and stiffness of specimens and in some cases the stability of 
cleavage cra~ks depend not only on the mean stress, hut also on the 
extent of microcmcking prest•nt in the specinwn. 

Previous microcmcking had m•gligihle effect on stn•ngth when reload­
ing was made at k ~ 17. The substantial reduction in stiffness, noted 
above, is consistent with previous tests•a in repeated loading under uni­
axial compressive stress. 

A specimen which contains extensive microcracking is weaker than a 
virgin specimen when tested in the cleavage regime because the size 
and number of cracks capable of initiating cleavage are greater. Strength 
in the cmshing regime is affected less because the fracture mode naturally 
involves extensive microcracking. Microcmcking reduces stiffness partly 
by permitting relaxation of stress in the stiff coarse aggregate particlt•s 
which is transferred to the more flexible mortar. 

CONCLUSIONS 
A criterion of strength for engineering design should recognize that 

some properties of concrete change when microcracking occurs. In simple 
cases, such as uniaxial compression, harmful changes can usually he pre­
dicted and avoided, although experimmts in sustained and fatigue load­
ing indicate that even this is difficult. Some J'l'loading tests in the present 
experiment illustmte that design rules fm more complicatt•d statt•s of 
stress may he unsafe if based on the strength and stiffness of a virgin 
specimen in short-term loading. Since danger or uncertainty is due to 
spreading of microcracks, it appears that confidence would he increased 
in some cases if ~he cmve of discontinuity replaced the curve of short­
term strength ns a criterion of strength. Further research is required, 
however, lwfore weomnwnding 11 pmctical nwthod of predicting the 
curve of discontinuity for different mix pmportions, coarse aggregate 
type and moistul'e content. 
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NOTATION 

principal compressive strain 

pl'incipal tensile stmin 
shear modulus 

mtio of principal sh't•sses 1~•:_ 
P• 

principal compressive stress 
principal tensile stress 

average inelastic energy per unit volume nbsOI'bed up to mnxi-
mum stress 

slwm· stmin at middle mdius of specimen 

dill"en•nce between observed value of y nnd the vnluc predicted 
hy linear theory of dasticity 

slwar stn•ss at middle mdius of specimen 
intercept of T/y relation determined hy Lenst Squ1U'CS procedure 
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PAPER NO. 3 .Crack formation and propaga­
tion were studied experimentally and theoretically 
for concrete submitted to static compressive load, 
to sustained load, and to pulsating load. Prior to 
first loading, shrinkage cracks were not observed 
in the cement-aggregate bond phase or in the 
mortar matrix of the concretes studied. A lew well­
defined bond cracks dovolopod when the specimens 
woro londod to about h11lf tho compressive strength. 
These cr11cks propag11tod through the cement mortar 
matrix to other 11ggregato particles as load was 
increased, and they ultimately c11usod the speci­
mens to fail. Thoro w11s no evidence of gradual 
deterioration due to widespread form11tion of cracks 
in the material structure when the load was in­
creased to failure. Stability of the cracks under 
sustained 11nd pulsating load was studied. Fracture 
mechanism of h11rdened cement paste is discussed. 

I Cracking and Fracture of 
~ 
!.j Concrete and Cement Paste 

~ By TORBEN C. HANSEN 
~ 

• TINY CIIACKS DEVELOP IN CONCIIETE at streSSl'S far heJow ultimate 
failme. Formation and propagation of such cracks have been studied 
indirectly by sonic and acoustic methods and by measuring surface 
strains on concrete specimens. Hobinson 1 has observed formation and 
propagation of cracks hy x-ray nwthods. Due to limitations in the tech­
nique employcd, tlw detcction of cracks was somewhat uncertain. Hsu 
et al.~ also studied internal cracking hy x-ray techniques. In addition, 
they examined cross sections of concrete, sliced twrpendicular to the 
direction of applicd load, aftcr the stwcinu•ns had been submitted to 
loads of difl't•I'l'11t magnitudes, am\ suhst•quPntly unloaded. The cracks 
were detcctt•d by h't•ating the cut surfad•s with a colored dye. The 
dye Sllppost•dly pt'IH'tr.ttt•d and discolm·cd tht• cracks, hut not the 
uncracked matl'rial. Kaplan,a Homualdi and Batson,• and Glucklich• 

43 
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hnve presented theories of crnck gwwth nnd frncture of concwte, hnsl•d 
01\ nrlfnth'.~ hypotlws!s fm• fl'lll'IIII'CI of Jll'ittlc• llllllt't'iliiS,11 

Accmdlng to Hs11 et al .• ~ dlffl'l'l'ntinl shrlnknge between the cement 
mortar matrix and aggregate particles produces bond cracks even when 
a concrete is not submitted to any external load. \Vhen load is applied, 
stress concentrations around aggrl•gate particles augment and result 
in tllOW extensive craeking. Till' increasl' in cmcking is slight for loads 
lwlow 30 to 50 pl•rcl•nt of the ultimate. BPyond this limit, bond cmcks 
incn~ase rapidly in length, width, and mtmlwr, the sonic Vl'iocity of 
concrete dl·crpasps mnrkPdly, tlw stn•ss-stmin diagram deviates from 
linearity, and tlwn• is an im:t'l'aSl' in tlw latt•ral t>xpansion of the concrete. 
At higlwr loads, bridging through tlw mortar matrix lwtween individual 
bond l'racks creates a continuous cmck pattern. As the numlwr of 
cnll'ks htcn•asl's with itlt'n•asing load, tht• cont'rl'h• gmdually ct·umbll's 
due to gt•twral disintegration of tlw matrix. 

In order to apply to concrplt• tlw n·fitwd theories of cmck formation 
and propagation hasl'd on l'tH'rgr t'Oilsidt•mtions, as at!PmptPd by Kaplan, 
Homualdi and Batson, and Clucklieh, it is l'SSPntial that the <'Xact natnt'e 
of tlw internal cracking of conlTl'tl' lw estahlislwd. It was tlwrl'forc 
decidt•d to wrify tlw conclusions pn•st'tltl'd by Hsu ef al., by din~ct 

microscopit· ohst'l'vation of formation and propagation of cracks In 
concrl'le spPdnwns during comprpssivt• loading. The results obtained 
did not agrt•t• with sonH• of the t•onclusions arriwd at hy Hsu cf al. 
In a:ldition, nt•w information was ohtailwd on thP lwhavior of Internal 
cracks in concrl'te suhmittl·d to sustailwd and to pulsating load. Some 
t•xplomtory investigations of tlw fradun• nwchanism of .;eat cement 
past11 Wl'l'l' also cmTil•d out. 

Torben C. Hansen is Professor ol Building Materials at the Technical 
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FRACTURE OF CONCRETE UNDER STATIC 
COMPRESSIVE LOAD 

Procedures and equipment 

45 

The mechanism of crnck initiation and propagation in concrete under 
static compn•ssivc load was studied. Specimens, 7.5 by 7.5 em in cross 
section und 40 em long were prepured from concrete having n water­
cement mtio of 0.52 by weight, and 325 kg Swedish Standard Portland 
cement per cu m. High quality granite gravel aggn•gate, 16 mm max. size, 
was used. The specimens were stored for 28 days in water at 20 deg C, 
and then sliced in sections, 7.5 by 7.5 by 2.5 em. The cut surfaces, 
displaying cross sections through the material structure, were polished 
und the specinwns wt•re dried in the laboratory for several years. Then, 
the polislwd . smfnl't'S were exumincd microscopically nt 1000 power 
magnification In onler to determine the extent of possible bond cracking 
due to shrinkage. 

The specimens Wt~ro placed on edge between the platens of a 20 t 
Amsler compi'Psslon tt•sting device. A mk·roscope was attached to tht• 
device, so that the polished surfaces could he examined while the load 
was being applied (Fig me 3-1). The microscope was interchangeable 
with n cnnwrn hy mt•nns of which the crack pattems could he recorded 
(Figure 3-2). The tmnsducers of a CawkPII Ultrasonic Materials Tester 
were positioned 011 the two opposite exposed edge smfaces of the 
specimens, and the sonic velocity was continuously recorded through­
out the expt•l'inwnts, pnrullel to the plane of the polished smfaces and 
perpendicular to the direction of applied load. The onset of cracking 
is indicated hy u "marked drop" in veloeity cif the sonic pulse. The 
drop In velocity is ddhwd as "n111rkt•d" when it excet'ds tht> reading 
nccmncy of the uppnrntus. By using an improVPd tt>chnique developPd 
independently by the uuthor, and lh•iding,7 it is possible to obtain a 
reproducibility of 0.02 /t sec. in reading tht> sonic wlocity on the Ultra­
sonic Tester. Aftm· n specimen had been positioned in the testing device, 
the compressive load was applied in small increments and the polished 
surfaces were examined continuously for cracks. Crack propagation was 
recorded after each load increment. Optimum results and convenience 
were obtained by using 50 power microscopic magnification and 4 power 
magnification from object to film. Nothing was gained by increasing 
the microscopic magnification, as all cracks were easily detected under 
low magnificatio11: 

Results 

After several years exposme to dry atmosphere, there was no evidence 
of shrinkage cracks, neither in the cement-aggregate bond phase, nor 
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Figure 3-1 compression Equipment for study of internlll era k' c mg 
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Figure 3-2 Equipment lor recording of internal cracking of concrete under 
compression 

in the mm·tar mah·ix of the concretes studied, prior to first loading. 
This is contmi·y to what has been suggested by Hobinson1 and Hsu 
et al.2 

When the specimens were loaded more m· ll•ss instantaneously, the 
first cmck usually developed at 45 to 55 percent of the compressive 
stwngth. This cmck applmred ahruptly and was accompanil•d hy an 
Immediate drop in the sonic velocity. The cmck was always clearly 
visihle at low microscopic magnification, nnd usually devl'loped midway 
between the platens of tlw tl!sting dl•vice and in the ct•ntl'r third of 
the specimen. It always developed in the hond phase l>l'tWl'l'n the 
mortar matrix and one of the larger aggn•gate particles and extended 
in the direction of applied load. Typically, the emck passed through the 
mortar matrix to .join an air void or another aggregate particle located 
immediately in its vertical plane, as illustrated by a-a iu Figure 3-6. At 
this stage, the crack was usually 0.01 to 0.02 mm wide (sec Figure 3-3 
which is a elose-up of the small framed portion of Figure 3-6). The 
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initial length of the crack was one fomth to one third of the height 
of the specimen. It never extended all the way to the platens, even 
in two cases where an 0.5 mm thick mbber membrane was placed 
between the specimen and the platens in order to eliminate lateral 
restraint from the platens. 

The cmck usually extended clear through the specimen and could he 
observed on both opposite smfaces. Observation of the specimens under 
high microscopic magnification at this stage provided clear evidence 
that tlw crack was an _isolated plwnomenon and not an indication of 

'!"~~'·"" ...... - ....... - ... -._ .. , .... ~.· ......... ,_~-~-

.•·· .,. .. , 
: 1.' 

' -~ \ 

Figure 3-3 Crack in concrete at onset, close-up of Figure 3-6 
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Figure 3-4 Creek in concrete moments before ultimate failure, close-up of 
Figure 3-7 

more wide-spread disintegration of the material structure. '\Vhcn the 
specimens were unloaded, the crack almost closed up. After unloading, 
it was seldom more than 0,005 mm wide. Upon repeated loading and 
unloading, the crack opened and closed in what appeared to be an 
almost l'CVel'sihle, clastic manne1·. 

\Vhen the load .wns increased, the cmck widened nnd propagated in 
the dil'l•ction of applied lond. At 70 to 80 JWrcent of tlw compressive 
strength another similar cmck occasionally developed at some distance 
from the fil'st cmck. The second crack also continued to propagate 
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with increasing load, but the material stmctme remained intact up 
to failure. Some specimens were examined at high microscopic magni­
fication after loading to 00 percent of their compressive sti'Cngth. There 
WI\S no indication of any gCiwral disintegration of the matrix. 

No more than two independent cracks were ever observed before 
ultimate fni.lme occtn'J'cd. 

At loads neat· ultimate failure the cracks would typically he 0.1 nun 
wide midway hetwl'cn the platens, and more nat'I'OW ncar the platens 
(sec Figmc 3-4, which is a close-up of the small framed portion of 
Figure 3-7 just lwfore failure Ol'Cill'J't'd). Development of one or two 
0.1 mm wide cracks in a 7 .. 5 em wide specimen provides sufficient 
t•xplanation for the large incn•ase in the transverse expansion, over and 
~wyond the normal elastic dilatation, which is observed in all concrete 
spt•cinwns loadt•d beyond the level of first cracking. 

In spt•cinwns loaded dit·t•ctly against the platt•ns, the cracks never 
cxtendt•d all the way to the platt•ns. As the load was increased, they 
stopped growing in length hut not in width, and the typical "hom-glass" 
shaped slwar failme pattt•J'Il eventll<tlly developt•tl. In specimens loaded 
against a rubbe1' memhnuw, the cracks first split the specimens into two 
or three sepamte columns, and ultimate failure tlwn took place due to 
buckling of the individual columns or to slu•m· failme along inclined 
smfaees of hu·gel' aggn•gatc particlt•s, The extwrinwntal tt'clmique em· 
ployed in this inwstigation did not pPrmit a dPtailtotl study of the 
ultimate failure proeess. Ilighspt•t•d photography should he useful for 
this purpost•. 

Discussion of results 
In ordt•J' to t•xplain why bond cracks are formed in concrete under 

compn•ssive load it is extwtlient to consider the stress distribution 
around a single elastic particle located in a continuous elastic matrix 
of infinite t•xtcnsion and submitted to a uniaxial compressive stress. 

According to Goodier" the stresst•s in the elastic matrix surromuling 
an elastic inclusion can be dctcnnitwd from Eq. 1, 2, 3. 

+ 36 _B·] cos2o} 
r~ 

( 1) 

1100 

+ [-CJ- - 21 B] cos20 1f 1"1 r~ 
(2) 
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ITofof = 2EI { _ ~ _ 2( 1 - VI) ~ _ g __!!_ 
l'a 1 - 2vl l'a I'~ 

+ [ 3 $- - 15 4]cos2o} r·1 1"' 

where E1 = modulus of elasticity of the matrix material 
r = distance from center of particle 

t•1 = Poisson's ratio of matrix material 
lTrl', "00, tro/lo/1 = stresses in matrix material defined by Figure 3-5 

o/1, 0 = angles defined by Figure 3-5 

51 

(3) 

A, B, C nrc constants which can be determined from the following 
equations: 

T E1 - E~ 
8E~- ( 7 - 5•·.) ~~-;--+"( 8 -=-Tilv.} E2 

X ( 1 - 2v~) ( 6 - 5t'l )2EI + ( 3 + H),,~ 2t•1v2 )E~ 
---~( 1 - 2··~ f2E~( 1 + ··~) E~ 

1 + , ... 
T [(1- •·•)-~- ··~JE~- (1- 2v~)E 1 

+ ";fit~ ----cr·=-2,;~)2E;+(C+ v~)E~ (4) 

z 

-----
( 

---

0 

Figure 3-5 Notation used in analysis of stresses around spherical inclusion 
in matrix of infinite extension 
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B 1' = 8E1 (7- 5t·t}E, + (8- lOt•t)E~ 

5( 1 - 2vt)(E, - E~) 
(7 - 5t·t)E, + (8 - Hlt•t)E2 

where T = applied extemal tensile stress, positive for tension 
v2 = Poisson's mtio of pm'ticle mnt<•rial 
E~ = modulus of elasticity of particle 

a = rndius of particle 

(5) 

(6) 

A spherical cavity and 11 splwrical rigid inclusion occur as limiting cases. 
For the cavity ( E~ = 0) we obtain 

A = T 13 - 1(),., 
:l - 81f; 7----g;;-

T 1 = ;;--;;--BE-; 7 - 5v, 

C = T 5( 1 - 2vt) 
7 BE~ 7- 5,., 

For the rigid inclusion ( E~ = co ) we obtain 

T 1 
- 8E, -;;-8------;1"0-,.,-

T 5(1 - 2vt) 
- 8E 1 8 - 10,., 

(7) 

(8) 

(9) 

(10) 

( 11) 

(12) 

The question arises whether it is warranted to draw any conclusions 
concerning the stress distribution around particles in a closely packed 
system like concrete, on the basis of an analysis of tho stress distribution 
arotlllll nn lsolntl!d pnrlld«• In n mntrfx of Infinite «•xh!JHilon. Tlw sin~],, 
particle model l111s been shown to give r«•nsonnhlo results when used 
in the analysis of elasticity and shrinkage of concrete (Hansen"· 10 ). This 
is nn indication that it may also he applicable in the analysis of internal 
strl'SSl'S, NiPisl•n 11 has m«•asut·ed tlw stt·«•sst'S. on l'>•lindl'ical stJ·pss gages 
<•mbcdd<•d in concrete und«•t· tmfaxial compt't'ssfve load. Tlw stilrtwss 
of the gages was equivalent to the stilrness of various types of aggregate 
material used. Hast 1 ~ has shown that the compressive stress on one 
isolated, clastic, cylindrical particle embedded in an clastic matrix of 
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infinite extension, with the axis pnmllel to the direction of applied load, 
can be calculated according to Eq. 13: 

where fT~ 

lit 

E~ 
E, 

I' I 

H 
l 

= 
= 
= 

= 
= 
= 

axial compressive stress on cylindrical particle 
applil'd compressive stress 
m()(lulus of elasticity of particle 
modulus of elasticity of matrix 
Poisson's ratio of matrix 
radius of particle 
)wight of particle 

(13) 

Tnhle .').} s!wws that tht•rp is n•asonnhly good ngn!t'ment between 
pnrticlt• stressl's in concrt'te measm·l'd hy Nil•lscn nnd the stresses cal­
culntcd according to Eq. 1:3 fOI' n single particle model. It may therefore 
he assumed that Eq. 1 through Eq. 12 apply to concrete. The stress in 
the bond phnst• l)('tW('('Il an infinitely rigid particle nnd the matrix phase, 
perpendicular to an appli(•d compressive load of magnitude -T, can 
he dl't(•rmiJJ('d from Eq. 1 wlwn inserting Ec]. 10, 11, 12, r = "• and 
0 = HO deg. Wl' find: 

111'1' = ( I - l't .5 - 51·1 ) • .. ···-··· . -- - --- --- 1 
1 + 1'1 8 - 101'1 

(H) 

For real matPrials, the numerical value of 111'1' depends on the modu­
lus of dastieity and Poisson's ratio of the compont'nt materials. \\'hl'n 
the modulus of elasticity of an inclusion is a fpw timt's higher than 

TABLE 3-1 CALCULATED AND MEASURED STRESSES ON CYLINDRICAL 
STRESS GAGES, EMBEDDED IN CONCRETE, LOADED IN COMPRESSION. 
------------------ --------------------------------------------------

~!odulus of ~ !mlulus of Exll'rnally Caleulatl'd ~ll'asured 
l'lastieity Plasticity applil'd strl'SS on strl'SS on 

Ll'n!\th Diamelt•r of !(a!(e of matrix stn•ss ~age gag<• 
Caf.(o of gage of gaf.(l' E,x w·" E, X 10'' Ut a'J, ('ale at, lll('as 

No. l'lll l'lll kg/Pill' kg/t·1n' kg/l'tll 1 kg/ ('111 1 kg/<-111' 

A, 4.'10 2.00 170 :300 1:3·1 !J5 IH 
A, 4.40 2.00 I !J.'3 :300 I ;).1 !J5 ll2 
n, 4.40 2.Hl 441l .'300 I:H IO.f 220 
c. :3.70 2. ((j •lOll .']()() 1.'3·1 154 !Jil 
C;~ 3.70 2. l(j ;HJ.( .'300 l:l·l 15·1 110 
]), !J.OO 2.11 523 .']00 I:J4 HJ2 200 
]), !J.OO 2.11 5.'30 300 ].'].f l!J2 216 
E, !J.OO l.ll7 201 .'300 1.'34 !Jil !Ill 
E:~ !J,OO I.ll7 252 .']()() 1.'34 !J!J 70 

--------------
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54 CRACKING IN CONCRETE 

the modulus of elnstlclty of the mntl'lx matel'inl, It cnn be shown thnt 
the stresses nround the inclusion nppl'Clximntc the stresses m·mmd nn 
infinitt•ly ri~id particlt>. ( S<•e for instance, Coutinho.1a) 

Providt•d certain assumptions nrc made, the ma~nitude and si~n of 
"rr can be estimatt•d. Assumin~ that the matrix mah•rial is cement 
paste for which the modulus of .dnsticity Is t·onsid<•t·nble low<•t' than 
for the ag~•·c~ate particl<•s, and assumin~ that 1• 1 = 0.:3, we find from 
Eq. 14 a tensile stress ., •.•. = 0.16T, acting on the bond phase, perpt•n­
diculm· to the direction of applied load. The tensile strcn~th of the 
bond phase is dett•t·mined by the chemical composition and textme 
of tla<• partidt> smfae<•, by the wah•t'-ct>nwnt ratio, and by the t•omlitions 
undPr whidt tlw <·onct·l'te Is curt>d and stm·t•<l. If we ussum<' that 
tlw h•nsil<• sh'<'n~th . of <"t>nwnt paste is approximately o1w h•nth of the 
t·onqm·ssiw sh'<'n~th of tlw push•, niH! at•ctll'<lin~ to Ilsn ef a/., that 
tlw bond strt>n~th is approximatl'ly 05 percent of the tmtsile stren~th 
of ct•mt•nt paste, bond cracks would develop along an aggregate particle 
at a stn•ss corn•spondin~ to 40 pcrt•t•nt of the compressive strength. 
Thb value is of tlw right ord<•r of magnitud<•. 

The particle size does not alft•ct the magnitude of tlw stress in the 
hom! phas<•. llowev<•r, according to Hsu et a/., the strength of the bond 
lll'tW<'l'n c<'m<•nt mortm· and large aggn·gate particles is sonwwhat less 
thau the stn•ngth of the bond hl'twec•n l'l'tnl'llt paste ami sand grains. 
Thl'rl'i'ore, it can bt• l'X(Wctcd that cracks first appear along the larger 
agp;n•gate particles. 

Formation of cracks in concn•t<' do<•s not take place at random. Once 
the first crack has formed along an aggregate particle, tensile stresses 
in tlw matl•t·ial stntcture arc reliev<•d ami suhs<'![llent cmcks cannot 
d<•wlop paralll'l to th<• first cmck for a distance of several times the 
dianll'll'l' of tlw particl<•. l'vlon•ov<•t·, it is appat'l'nt from en<•rgy con­
sidt•mtions, that it is t>asit>r to t•xtt•nd an alrt>a<ly t•xisting crack, than 
it is to form a m•w crack. This explains why no mow than two cracks 
wt•n• l'Vl't' ohscrv<·d in tlw ll•st spt•l'inwns, and why the second crack 
ah\ ays dewlo1wd at a somewhat hight•r load than the first. Tlw mtmlwr 
of <:racks fomwd in a spl'l'illl<'n is dt'll'rmint•d by tlw size of the specimen, 
and tlw distance betw<'l'n the individual cmcks is probably dell•rmincd 
by the maximum size of agp;n·p;at<• particl<•s. 

From tht• exp<•rinwntal n•sults, it may he concluded that compressive 
failure of concrl'll', made with d<•nse ap;p;n•gate, takl's place in two 
sta:~<·s. At 11 contpm·atiwly low stn•ss, bond cmcks devl'lop parallel to 
th<• dit·t•ction of applied load. Provid<•d there is no friction between 
tlw specimen and the platens of the tl'sting dl•vice, these cracks continue 
to gmw until the S(>l'cimt•n is split into a tlltmher of structmully inde­
pl'nd<•nt columns which ultimatt>ly fail in buckling or shear, resulting 
in t·omplt•te collapse of the matl'rial structun~. \Vhen thew is con-
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FRACTURE OF CONCRETE AND CEMENT PASTE 55 

siderablo friction between the platens ami the specimen, the cracks 
never extend all the way to tho platens before tho specimen fails in 
shear, producing the well-known "hour-glass" shaped failure pattern. 

Although the mechanisms of initial cracking and ultimate failure arc 
<lifl'en•nt, they nrc not completely independent. If the strength of tht• 
bond lwtw<'<'n aggn•gate and cenwnt mortar is low, the compressive 
sti'Cngth of the concrete is low, and vice versa. This was shown hy 
DantinneH who tcstl'd two series of concrete specimens, one series 
made with regular aggregate, and the other series made with the same 
aggregate, hut all particles coated with a thin layer of bitumen which 
pl'l'Vt'nted any bond fmm dt•vdoping. Dantinnc found that the strength 
of tlw cont·rdt> madt• with coatt•d aggn•gate was considembly lm\'l'r 
thnn the sh'l'ngth of compamblt> concl'<'le madtl with clt•an aggn·gatt•. 
OtiH'I' invt>stigators have found that cont'l'l•te mmlt• with t•t•nwnt clinkt•r 
aggn•gate, with t•xcdlt•nt bonding qualitit•s, has Pxccptionally high com­
prt>ssive strength. Alexander, \Vardlaw, and Gilbcrt 15 have attempted 
to correlate bond strength and compressive stn•ngth of concrl'le. 

Ll't us now considl'r the stress distribution m·mnul 11 void embedded 
in a cenwnt paste matrix. Inserting Eq. 7, 8, and 0, t' = u, and 0 = 0 
in Eq. 2, and assuming that the matl'rial is submitted to an externally 
11pplied compressive load, we find a tensile strt•ss above and below 
the voitl and pt•rpendiculm· to the dh•t•ction of 11pplied load, of 
1i1agnitudt•: 

(15) 

!\·laking the same 11ssumptions as before, conceming the properties of 
the c<'nll'nt paste, we find th11t the tensile strength of the paste is 
l!XCet•ded above 11nd below the void, wlwn the extt•mally applied com­
pressive stress is 15 pm·ct•nt of the compressive strength. Chao and 
Van Vlack111 observed cracks 11bove and lwlow soft particlt•s embedded 
in 11 sintel'!!d sled matrix undt•t· uniuxial compl't•ssive load. At low 
compressive stresst•s, such cracks WI'J'(! lll'VI'r obs<•rvl'd 11round air voids 
in om specimens, However, nt higher compr!'ssive loads, the cracks 
would oftm1 pass from the side of a large aggregate particle to the 
top m· hottom of an nit· void located in its path, 

Experimental evidt•nce that submicroscopical cracks may form in 
concrl'te at n VPry low level of comprt•ssive st1·ess was obtained by 
Kuist'l' 17 who stu.dit•!l chang<'s in nmplittult• of ultmsonic vibrations 
tJ'ansmittt•d through concrl'te spt•cinwns submitted to progn•ssivt•ly 
higher compn•ssive loads. Kaiser found that the amplitude of such 
vihmtions hll'l'l'aS<'ll rntiidly wlwn conl'l'l'tl' was loatll'<l from 0 to 5 
pt•rct•nt of the l'OillPI't•ssivl' sh'l'llgth, but droppt•d m;lrkt•tlly wlwn tlw 
load wns fmtlwr inl·n•as!'d fmm 5 to 10 pt•rc!•nt. If mil'roscopic cral·ks 
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