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Numerical Simulation of Thin Steel Fiber  
Self-Compacting Concrete Structures
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Synopsis:  Steel fiber-reinforced self-compacting concrete (SFRSCC) was developed and applied on 
the manufacture of structural façade panels composed of a grid ribbed system covered by a layer of 
30 mm thickness. Panel prototypes of this structural system were tested using loading configurations 
that promote the flexural and the punching failure modes in order to assess the benefits of fiber 
reinforcement to the flexural and shear resistance of thin SFRSCC structural systems. A smeared 
multi-fixed crack model, implemented into a FEM-based computer program, was used to simulate 
the deformational behavior of the tested panel prototypes up to their failure. The fracture parameters 
characterizing the SFRSCC post-cracking behavior were obtained from inverse analysis, using the 
data derived from three point notched beam tests. The punching failure mode was well captured by 
adopting a softening diagram for both out-of-plane shear components.
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INTRODUCTION

Steel fiber reinforced self-compacting concrete (SFRSCC) is a relatively recent composite material which assembles 

the benefits of the self-compacting concrete technology (Okamura 1997) with the advantages of the fiber addition to 

a brittle cementitious matrix. It is a ductile material that in its fresh state flows in the interior of the formwork, filling 

it in a natural manner and passing through the obstacles, flowing and consolidating under the action of its own 

weight (Lofgren 2005, Schumacher 2006). To avoid the strong perturbation produced by steel fibers on the 

flowability of fresh concrete, a mix design was developed that is sensible to the fiber content, as well as to the 

geometrical and material properties of the fibers (Pereira 2006, Barros et al. 2007). 

The developed SFRSCC was used to manufacture the lightweight panel system schematically represented in Fig 1, 

which can be applied in building façades. The SFRSCC mix design was optimized to assure the mechanical 

properties required by this structural application with a cost that is competitive when compared to the cost of glass 

fiber reinforced shotcrete (Barros et al. 2005). For 30 kg of fibers per concrete m
3

, Table 1 includes the composition 

that has best met self-compacting requirements (the amount of water referred does not include the aggregate’s 

saturation water). No sign of segregation was detected, a total spread of 725 mm was measured and the mixture 

showed good homogeneity and cohesion, even when flowing through the small orifice of the Abrams cone (when 

testing, the Abrams cone was always used in the inverted position). A T
50
 of 4.6 seconds was measured (Barros et al. 

2005). In the present research program RC-80/60-BN hooked ends steel fibers were used, characterized by a length 

(l
f
) of 60 mm, a diameter (d

f
) of 0.75 mm, an aspect ratio (l

f
/d

f
) of 80 and a yield stress of 1100 MPa. Further details 

on this subject can be found elsewhere (Pereira 2006). At seven days the average values corresponding to the 

compressive strength and Young’s Modulus of the developed SFRSCC, measured in cylinders of 150 mm diameter 

and 300 mm height were, respectively, 52 MPa and 31 GPa. 

When installed, the flexural strength of the panel is the main design concern, since the bending moments that result 

from wind loading cause the greatest impact for the most unfavorable load combination. To assess the panel flexural 

behavior, representative modules of the SFRSCC panel system were tested. Another concern of the developed panel 

system is its resistance to punching since, in the lightweight zones the panel is constituted by a layer that is 30 mm 

thick. To evaluate the punching resistance of these zones, representative modules of the panel system were 

submitted to a load configuration that promotes the occurrence of this type of failure mode. Two test panel 

prototypes were tested for each type of failure mode (Barros et al. 2005). Results of only one panel are presented for 

each failure mode as behavior was similar for the panels in each corresponding series. The obtained results showed 

that a volume percentage of 0.38 of hooked ends steel fibers provided a significant increase in terms of the 

maximum load and deformation capability, not only in the specimens failed in bending but also in those failed in 

punching (Barros et al. 2005). 

Since fiber reinforcement promotes the occurrence of diffuse crack patterns, multi-fixed smeared crack models 

(Sena-Cruz et al. 2007) based on the nonlinear fracture mechanics (Hillerborg et al. 1976) and mesh-objectivity 

(Bazant and Oh. 1983) can predict with enough accuracy the behavior of this type of structures for the load 

configurations inducing flexural failure modes. However, simulating the behavior of laminar structures failing in 
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punching is a much more complex task in the computational mechanics domain. 3D crack constitutive models are 

being proposed (Barzegar and Maddipudi 1997) but softening diagrams for modeling the II and III fracture modes 

(van Mier 1997) introduce numerical instabilities that, sometimes, prevent of performing the analysis of a structure 

up to the desired level of deformation. 

In the present work, the behavior of SFRSCC plane shells failing in shear is simulated by exploring Reissner-

Mindlin theory and by introducing a softening diagram for modeling both out-of-plane shear constitutive laws, 

immediately after crack formation. This strategy provided very accurate simulations and the computing time was 

much lower than the one required by full 3D crack constitutive models (implemented with solid finite elements). 

Another important objective of the present work is to verify the possibility of obtaining the values of the parameters 

that define the fracture mode I strain-softening diagram, by performing an inverse analysis with the results obtained 

in three point notched beam bending tests carried out according to the RILEM TC 162-TDF recommendations 

(RILEM 2002). From the numerical research carried out, it was verified that this strategy is valid, which has 

important implications on the material nonlinear analysis of FRC structures, since this indicates that the values of 

the fracture mode I parameters can be obtained from a test that is much more simple and faster to carry than the 

direct tensile test, generally recommended for assessing the fracture parameters of cement based materials. 

RESEARCH SIGNIFICANCE 

The Reissner-Mindlin theory was used to simulate the behavior of thin Steel Fiber Reinforced Self Compacting 

Concrete panels. After crack formation, the crack constitutive laws and the out-of-plane shear stress-strain 

relationships were modeled by softening diagrams. Modeling the softening of both out-of-plane shear components 

was decisive to accurately simulate the failure mode registered in the punching tests. Another important conclusion 

deals with the fact that the values of the fracture mode I parameters can be obtained from inverse analysis using the 

force-deflection relationship obtained from three point notched beam tests carried out according to the 

recommendations of RILEM TC 162-TDF. 

NUMERICAL MODEL 

Formulation

To simulate the material nonlinear behavior of thin fiber reinforced concrete (FRC) structures, where out-of-plane 

shear deformation might be appreciable, the Reissner-Mindlin theory was selected (1945, 1951). The damage due to 

crack formation and propagation was simulated by discretizing the thickness of the shell in several layers. Fibers 

bridging micro-cracks contribute to the formation of diffuse crack patterns, since they offer resistance to the 

degeneration of these micro-cracks into macro-cracks. Therefore, smeared crack constitutive models are, 

conceptually, more appropriate than discrete crack models in the simulation of crack propagation in FRC structures, 

mainly in those with a great number of redundant supports (Barros and Figueiras 2001). The present paper briefly 

describes the multi-fixed smeared crack model that was implemented in the FEMIX 4.0 computer program, which is 

a software whose architecture was conceived to allow for an easy implementation of new types of finite elements 

and new constitutive models (Sena-Cruz et al. 2007). The description of the formulation will be restricted to the 

concrete cracked phase, for a given concrete layer, at the level of an integration point (IP) of a finite element, since 

the equations for the linear elastic phase are well known (Sena-Cruz 2004, Sena-Cruz et al. 2007). 

For the case of cracked concrete the constitutive law is defined by the following Eq. 

0

0

crco

mf mfmf

crco

s ss

D

D

σ ε

σ ε

⎡ ⎤Δ Δ⎡ ⎤ ⎡ ⎤

= ⎢ ⎥⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

(1)

where
mf

σΔ  and 
mf

εΔ  are the vectors corresponding to the in-plane stress and strain increment components 

(membrane and bending): 

{ }
1 2 12

, ,

T

mf
σ σ σ τΔ = Δ Δ Δ (2)

{ }
1 2 12

, ,

T

mf
ε ε ε γΔ = Δ Δ Δ (3)
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and
s

σ  and 
s

ε  are the vectors corresponding to the out-of-plane shear stress and shear strain components, 

respectively:

{ }
23 31

,

T

s

σ τ τ= (4)

{ }
23 31

,

T

s

ε γ γ= (5)

In Eq. (1) the in-plane cracked concrete constitutive matrix, 
crco

mf
D , is obtained by performing the following matrix 

operations (Sena-Cruz 2004): 

( )

1

, , , ,

T T
co co cr cr cr co cr cr cocrco

mf e mf e mf e mf emf
D D D T D T D T T D

−

⎡ ⎤ ⎡ ⎤= − +
⎣ ⎦ ⎣ ⎦

(6)

where
,

co

mf e
D  is the constitutive matrix for linear-elastic concrete (Sena-Cruz 2004), 

cr

T  represents the 

transformation matrix from the crack local coordinate system to the element local coordinate system: 

2 2

2 2

cos sin 2sin cos

sin cos sin cos cos sin

cr

T

θ θ θ θ

θ θ θ θ θ θ

⎡ ⎤

= ⎢ ⎥

− −
⎣ ⎦

(7)

and
cr

D  is the crack constitutive matrix: 

0

0

cr

cr
I

cr

II

D

D

D

⎡ ⎤

= ⎢ ⎥

⎣ ⎦

(8)

In Eq. (7), θ  is the angle between the crack local coordinate system and the local coordinate system of the finite 

element. In Eq. (8), 
cr

I

D  and 
cr

II

D  represent, respectively, the constitutive components corresponding to the crack 

opening mode I (normal) and crack sliding mode II (in-plane shear). The fracture mode I modulus, 
cr

I

D , is defined 

in Fig. 2, where 
i

α  and 
i

ξ  are the parameters that define the shape of the crack normal stress vs. crack normal strain 

diagram. The ultimate crack strain (
,

cr

n u

ε ) is defined as a function of 
i

α  and 
i

ξ  parameters, of fracture energy (
I

f
G ),

tensile strength (
ct

f =
cr

n,1
σ ) and crack bandwidth (

b
l ), as follows (Sena-Cruz et al. 2007) 

I

fcr

n ,u

1 1 2 2 1 2 ct b

G2

f l

ε

ξ α ξ α ξ α

= ⋅

+ − +

(9)

where
cr cr

1 n,2 n,1
/α σ σ= ,

2 ,3 ,1
/

cr cr

n n

α σ σ= ,
1 ,2 ,

/

cr cr

n n u

ξ ε ε=  and 
2 ,3 ,

/

cr cr

n n u

ξ ε ε= .

The fracture mode II modulus, 
cr

II

D , is obtained from 

1

cr

II c

D G

β

β

=

−

(10)

with

1

,

1

p

cr

n

cr

n u

ε

β

ε

⎛ ⎞

= −⎜ ⎟
⎜ ⎟

⎝ ⎠

(11)

where β  is the shear retention factor, defined as a function of the actual crack normal strain (
cr

n

ε ) and the ultimate 
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crack normal strain (
,

cr

n u

ε ), and G
c
 is the concrete elastic shear modulus. When a linear decrease of β  with the 

increase of 
cr

n

ε  is assumed, then 
1

p 1= . Larger values of the exponent 
1

p  correspond to a faster decrease of the 

parameter β  (Sena-Cruz 2004). The use of a softening constitutive law to model the in-plane crack shear stress 

transfer can improve the accuracy of the simulation of structures failing in shear (Rots and Borst 1987). However, 

the simultaneous presence of softening laws to model fracture modes I and II introduces additional difficulties on 

assuring convergence during the loading procedure of a material nonlinear analysis. 

The diagram represented in Fig. 3 was used to simulate the out-of-plane constitutive matrix, 
crco

s

D . When the portion 

of concrete associated with the IP changes from uncracked to cracked state, the out-of-plane shear stresses are stored 

and the relation between each out-of-plane shear stress-strain (
23 23

τ γ−  and 
31 31

τ γ− ) follows the softening depicted 

in Fig. 3. Therefore, the matrix 
crco

s

D  in Eq. (1) is defined by 

23

,sec

31

,sec

0

0

crco III

s

III

D

D

D

⎡ ⎤

= ⎢ ⎥

⎢ ⎥⎣ ⎦

(12)

where

23,max23

,sec

23,max

III

D

τ

γ

= ;
31,max31

,sec

31,max

III

D

τ

γ

= (13)

according to a secant approach (see Fig. 3). For each out-of-plane shear component, the peak shear strain is 

calculated using both the stored peak shear stress at crack initiation and G
c
:

23,

23,

p

p

c

G

τ

γ = ;
31,

31,

p

p

c

G

τ

γ = (14)

Each out-of-plane ultimate shear strain is defined as a function of the out-of-plane peak shear strain (
OP

p
γ ), the 

out-of-plane shear strength (
OP

p
τ ), the mode III (out-of-plane) fracture energy (

III

f
G ) and the crack bandwidth (

b

l ),

as follows: 

23, 23,

23,

2

III

f

u P

p b

G

l

γ γ

τ

= + ;
31, 31,

31,

2

III

f

u P

p b

G

l

γ γ

τ

= + (15)

In the present approach it is assumed that the crack bandwidth used for assuring mesh independence when modeling 

fracture mode I can also be used to define the dissipated energy in the out-of-plane fracture process. 

Assessing the fracture mode I crack constitutive law from inverse analysis

To obtain the values of 
i

α ,
i

ξ ,
I

f
G ,

ct

f  that define the tri-linear stress-strain softening diagram (see Fig. 2), an 

inverse analysis was performed using the force-deflection relationships recorded in the three-point notched SFRSCC 

beam tests, carried out according to RILEM TC 162-TDF recommendations at the age of seven days (RILEM 2002). 

The inverse analysis consists on the evaluation of the values of these parameters, leading to the minimization of the 

ratio between the area limited by the experimental and the numerical curves (in absolute values) and the area 

underneath the experimental curve. The numerical curve corresponds to the results obtained by means of a FEM 

analysis (see Fig. 4a), where the specimen, the loading and the support conditions were simulated in agreement with 

the experimental flexural test setup. In this context, the specimen was discretized using a mesh of 8 noded 

‘serendipity’ plane stress finite elements. The Gauss-Legendre integration scheme with 2×2 points was used in all 

elements, with the exception of those located at the specimen symmetry axis, where 1×2 points were used. Linear 

elastic material behavior was assumed in all the elements, with the exception of those located above the notch (along 

the specimen symmetry axis), where elastic-cracked behavior in tension was considered. The crack bandwidth, 
b

l ,

was assumed to be 5 mm, which corresponds to the width of the elements located above the notch. 
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In Fig. 4b the results experimentally obtained in the flexural tests are compared with those resulting from the 

numerical model. Although not exactly coincident, there exists a good agreement between the experimental and the 

numerical curves. The values assumed for the fracture parameters, 
i

α ,
i

ξ , and 
I

f
G , that resulted in the obtained 

numerical curve represented in Fig. 4b, are listed in Table 2. 

MODEL APPRAISAL 

Panels failing in bending

The flexural behavior of a lightweight SFRSCC panel was simulated with the finite element method based software 

above referred. The panel was discretized in a 20 by 20 mesh of 8-node layered Mindlin plane shell finite elements 

(50 × 50 mm
2

), each element divided in 11 layers 10 mm thick (see Fig. 5b). In the panel lightweight zones, 8 of 

these 11 layers were assigned null rigidity to simulate the void spaces introduced by the lightweight system 

(polystyrene), and the other three assigned with the concrete material parameters. In rib zones, all 11 layers were 

assigned with concrete material parameters, being the panel total thickness 110 mm. In Fig. 5a, the lightweight 

elements are represented with a dark shade. 

In a first examination, the simulation was executed in linear elastic regime. The structural and support scheme was 

defined in accordance with the representation of Fig. 5a, with the displacement orthogonal to the panel plane 

restrained at 8 symmetrically disposed supports. The deformational results revealed the adequacy of the model and 

mesh refinement defined. Assuming a linear elastic behavior for the material, a too rigid behavior was predicted by 

the numerical simulation. Subsequently, the simulation was executed in material nonlinear regime, assigning to 

concrete the constitutive properties associated with the elastic-cracked regime in tension, based on the tri-linear law 

parameters previously defined (see Fig. 2 and Table 2). The obtained results, when compared with the experimental 

ones, reveal an excessively rigid structural behavior. For the same load, the modeled behavior presents much lower 

deflections than those experimentally observed. 

The difference between the experimental and the modeled results could be due to many distinct reasons, such as 

limitations of the model formulation or the inadequacy of the constitutive model. However, it appears that the 

difference is the result of a more relevant cause. The high structural redundancy of the panel (with 5 redundant 

supports) suggests that, due to imperfections in the construction of the panel (perfect flatness is hard to achieve) and 

the rigid character of the supports, the actual initial supports configuration is only composed by three supports 

needed to guarantee structural stability. The other 5 supports are, most likely, not in contact with the panel at the 

early stages of the test. This fact certainly reduces structural rigidity. During testing, with the load increase and the 

development of damaged zones, the redundant supports may gradually be activated, contacting with the panel 

bottom face, and the opposite may also occur, with supports loosing contact with the lower panel face due to corner 

liftings.

To verify this eventuality, several combinations of 3 supports, among the 8 available, were considered active in 

distinct simulations. In one of the simulations, the configuration identified as config. 3 (see Fig. 6) revealed a very 

good agreement in the initial part of the experimental behavior, indicating that this is the most probable active 

support configuration at the test onset. At a further stage, however, this active supports configuration starts to 

diverge from the experimentally observed (for an approximate load of 25 kN), revealing an excessively flexible 

behavior. This suggests the possibility of a new support contacting with the lower panel face, changing from idle to 

active state. Once again, some simulations were performed to confirm this hypothesis, turning into active each of the 

5 idle supports. As shown in Fig. 7, config. 4 exhibited a good agreement with the experimental observation up to a 

load of approximately 35 kN, becoming also too flexible for a higher load. Again, this situation suggested the 

activation of another support, and config. 5 was the new supports configuration that best adjusted to the 

experimentally observed behavior. This configuration revealed a good agreement up to a load of approximately 50 

kN, and started to diverge not by excessive flexibility, as before, but by excessive rigidity, suggesting that, instead of 

having a new support changing from idle to active, a change from active to idle would be probable. In fact, the 

simulation results revealed one of the supports changing its reaction sign from positive to negative. The alteration of 

its status from active to idle resulted in config. 6, and this last configuration revealed good correlation with 

experimental results at the plateau-softening stage of the panel behavior. 

The final crack pattern estimated by the numerical model at the bottom panel face is represented in Fig. 8a. 

Comparing this pattern with the one revealed by the photo taken of the bottom face at the end of the panel test (see 
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Fig. 8b), an overall good agreement between the modeled behavior and the experimental results can be observed. 

The major flexure cracks are predicted by the model, and the accuracy reached by the model is perfectly acceptable 

if one considers the random effect of a not perfectly homogeneous distribution of steel fibers in a bisymmetric 

structure.  Eventually, the sequence of active supports configuration estimated by the model is coincident with the 

experimentally obtained, being this statement supported not only by Fig. 8a and 8b, but also by the agreement 

reached between the experimental and numerical curves represented in Fig. 7.

The panel structural behavior showed an improved ability to redistribute stresses and to retain high bearing ability 

even for high damage levels. Though in a small amount (30 kg/m
3

), steel fibers conferred to the panel an improved 

toughness, thus exhibiting a great deformation ability without loss of structural integrity and a ductile structural 

behavior.

Panels failing in punching

The performance of the proposed constitutive model is also assessed by simulating a punching test with a panel 

prototype that is representative of the developed lightweight panel system (Barros et al. 2004, Barros et al. 2005). 

The test layout and the test setup are represented in Fig. 9. The finite element idealization, load and support 

conditions used in the numerical simulation of the punching test are shown in Fig. 10. Only one quarter of the 

panel was used in the simulation due to double symmetry. Serendipity 8 noded Mindlin shell layered elements with 

2×2 Gauss-Legendre integration scheme were used. The panel thickness of 110 mm was decomposed in 11 layers of 

equal thickness. In the lightweight zone (shaded elements in Fig. 10) the first 9 layers correspond to the polystyrene 

material (null strength and null stiffness) and only the last 3 layers correspond to SFRSCC. The dashed line 

represents the support of the panel, which was simulated with line springs with “infinite” stiffness in compression 

and null strength in tension, in order to simulate the loss of contact between the panel and the support during the 

loading process. 

The concrete properties used in the simulation of the punching test are listed in Table 2. To evaluate the 

performance of the proposed model two numerical simulations were carried out. The first simulation considers a 

linear behavior for both out-of-plane shear components. The second simulation considers a softening behavior in 

both out-of-plane shear components when the SFRSCC cracks. In Fig. 11 the numerically obtained relations 

between the force and the deflection in the center of the tested panel are compared with the one recorded in the 

experimental test. In this figure it can be observed that both numerical simulations have practically the same 

pre-peak response. However, the post-peak response differs significantly. If a linear behavior is assumed for both 

out-of-plane shear components the force increases up to 60 kN. Moreover, a structural softening only occurs for a 

deflection of 9.6 mm, with a very smooth load decay. The behavior predicted by this numerical simulation after a 

deflection of about 3 mm differs significantly from the experimental response. When a softening behavior in both 

out-of-plane shear components is adopted, the numerical model predicts with high accuracy the behavior that was 

experimentally observed. The value of the mode III fracture energy used to define the out-of-plane shear 

stress-strain softening diagram has no experimental support. This value was estimated in order to assure the abrupt 

load decay observed experimentally at a deflection of about 3 mm, resulting a value of 3.0 N mm

III

f
G = . Increasing 

III

f
G  leads to the occurrence of the abrupt load decay at a larger deflection. 

To estimate the contribution of fiber reinforcement to the punching resistance, a numerical simulation was 

performed adopting for the fracture mode I the parameters indicated in Table 2, which correspond to plain concrete 

of compressive strength matching the developed SFRSCC. Comparing the curves in Fig. 11 it can be concluded that 

fibers not only increased significantly the punching resistance, but also, and especially, improved the ductility. 

Fig. 12 represents the vertical displacement field for a deflection of 10 mm in the center of the panel for the 

case of the numerical simulation considering out-of-plane shear softening. The accentuated gradient of vertical 

displacements matches with high precision the experimentally observed location of the interception of the 

punching failure surface with the top panel face (see Fig. 13). This evidences the capability of the developed 

approach in simulating this complex failure mode. 

CONCLUSIONS

A high performance and cost competitive steel fiber reinforced self-compacting concrete (SFRSCC) was developed 

and applied in the construction of lightweight panels that can be used in building façades. To assess the contribution 
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of fiber reinforcement to the flexural and punching resistance of this structural system, series of experimental tests 

with representative modules were carried out using test setups that promote flexural and punching failure modes. In 

this phase of the project, 30 kg of hooked end steel fibers per concrete cubic meter were used. It could be verified 

that this content of fibers increased significantly the flexural and the punching resistance of the structural system. 

To simulate the behavior of the tested panels, a smeared crack constitutive model was implemented in the FEMIX 

4.0 computer code, using the Reissner-Mindling theory and the layer concept for the material nonlinear analysis of 

plane shell structures. Performing an inverse analysis with the force-deflection curves obtained in three-point 

notched beam tests carried out according to RILEM TC 162-TDF recommendations, it was verified that this is a 

valid strategy to obtain the values of the fracture parameters that define the normal stress-strain crack constitutive 

relationship. This is a relevant point since this type of test is much more simple and faster to execute than the direct 

tensile test that is recommended to determine the values of the fracture mode I parameters of cement based 

materials.

To simulate the out-of-plane strain gradient that occurs in punching tests, a softening diagram was proposed to 

model, after crack initiation, both out-of-plane shear stress-strain constitutive laws. 

The model performance was appraised by using the results obtained in the flexural and punching tests with 

lightweight panel prototypes of SFRSCC. A very good agreement between the experimental results and the 

proposed model was observed. 
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NOTATION

D = constitutive matrix 

cr

D
= crack constitutive matrix 

cr

I

D
= crack constitutive matrix component relative to the crack normal opening mode (mode I) 

cr

II

D
= crack constitutive matrix component relative to the crack in-plane sliding mode (mode II) 

,

co

mf e
D

= constitutive matrix of in-plane membrane and bending components for concrete in elastic regime 

crco

mf
D

= constitutive matrix of in-plane membrane and bending components for cracked concrete 

crco

s
D

= constitutive matrix of out-of-plane shear components for cracked concrete 

FRC = fiber reinforced concrete 

G
c

= concrete transverse elasticity modulus 

I

f
G = mode I (in-plane) fracture energy 

III

f
G = mode III (out-of-plane) fracture energy 

SFRSCC = steel fiber reinforced self compacting concrete 

T
50

= time to reach a spread diameter of 500 mm on the spread flow test 

cr

T
= transformation matrix from crack local coordinate system to element local coordinate system 

d
f

= steel fiber diameter 

f
ct

= tensile strength 

l
b

= crack band width 

l
f

= steel fiber length 

p
1

= shear degradation factor 

i

α = fracture parameters used to define the tri-linear stress-strain softening diagram 

β = shear retention factor 

Full document details: ACI SP-248

http://www.avadocuments.com/doc/aci-sp-248
http://www.avadocuments.com/doc/aci-sp-248


	 Deflection and Stiffness Issues in FRC and Thin Structural Elements	 �

mf
εΔ = vector containing the in-plane membrane and bending strain increment components 

cr

n
ε

= crack normal strain 

,

cr

n u
ε

= ultimate crack normal strain 

s

ε = vector containing the out-of-plane shear strain components 

OP

p
γ

= out-of-plane peak shear strain 

OP

u

γ
= out-of-plane ultimate shear strain 

max

OP

γ
= maximum out-of-plane shear strain in softening branch 

θ = angle between the crack local coordinate system and the element local coordinate system 

i

ξ = fracture parameters used to define the tri-linear stress-strain softening diagram 

mf
σΔ = vector containing the in-plane membrane and bending stress increment components 

cr

n

σ
= crack normal stress 

s

σ = vector containing the out-of-plane shear stress components 

OP

p
τ

= out-of-plane shear strength 

max

OP

τ
= maximum out-of-plane shear stress in softening branch 

υ = poisson coefficient 
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Fig. 1—Concept of a lightweight steel fiber-reinforced self-compacting concrete panel (dimensions in mm).

Fig. 2—Trilinear stress-strain diagram for modeling the fracture mode I.

Fig. 3—Generic out-of-plane (OP) shear-stress strain diagram.
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Fig. 4—Three-point notched beam flexural test at 7 days: (a) FEM mesh used in the numerical simulation; (b) 
obtained results.

Fig. 5—(a) Setup of the flexural panel test; and (b) finite element mesh.
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Fig. 6—Relationship between the total force and the average deflection at the loaded points.
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Fig. 7—Relationship between the total force and the average deflection at the loaded points.

Fig. 8—(a) Crack pattern from numerical simulation; and (b) from experimental test.
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Fig. 9—(a) Test panel prototype for the punching resistance; and (b) test setup (dimensions in mm).

Fig. 10—Geometry, mesh, load, and support conditions used in the numerical simulation of the punching test.

Fig. 11—Relationship between the force and the deflection at the center of the test panel.
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Fig. 12—Vertical displacement field (in mm) for the numerical simulation with out-of-plane shear softening  
(for a deflection of 10 mm in the center of the panel).

Fig. 13—Punching critical contour: (a) top faces; and (b) and bottom faces.
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SP-248—2

Deflection Calculation Using an Effective 
Moment Inertia for FRC

by P.H. Bischoff

Synopsis:  Fiber-reinforced concrete (FRC) has a post-cracking (residual) tensile strength which can 
provide extra stiffness to a reinforced concrete structure. This helps to reduce deflections and control 
cracking. Basic concepts of tension stiffening and the tensile capacity of the FRC at a crack are used 
to develop a rational model for both axial and flexural member stiffness. Axial member stiffness is 
defined by an effective concrete area   and validated with experimental results. An effective moment 
of inertia   is used to define the flexural stiffness, and the computed response of a plain reinforced 
concrete beam is compared with an FRC reinforced concrete beam. FRC is shown to increase member 
stiffness by between 10 to 50% depending on the amount and type of conventional reinforcement 
and post-cracking strength of the FRC used. The expressions developed for member stiffness are 
compatible with the ACI 318 approach of using an effective moment of inertia and can be easily 
incorporated into existing design procedures to ensure that deflection requirements are satisfied. 

Keywords: deflection; effective moment of inertia; fiber-reinforced concrete; 
reinforced concrete beams; stiffness; tension stiffening
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ACI member Peter H. Bischoff is a Professor in the Civil Engineering Department at the University of New 

Brunswick, Fredericton, Canada. He is a member of ACI Committee 224: Cracking, ACI Committee 

435: Deflection of Concrete Structures and ACI Committee 544: Fiber Reinforced Concrete, as well as an associate 

member of ACI Committee 360: Design of Slabs on Ground and ACI Committee 408: Bond and Development of 

Reinforcement. Research interests include serviceability behavior of concrete structures, structural applications with 

fiber reinforced concrete and soil-structure interaction related to footings and slabs on ground. 

INTRODUCTION

Plain concrete is a brittle material with a natural tendency for cracking. Adding discrete fibers to the concrete matrix 

improves ductility and toughness as the fibers are able to transfer stress across a crack. Hence, the main advantage 

for using fiber reinforced concrete (FRC) is to provide some post-cracking or residual strength to the concrete. 

Cracking in reinforced concrete introduces nonlinearity and reduces member stiffness. Supplementing conventional 

reinforcement with fibers can give extra stiffness to the structural member and help to decrease deflection and 

improve crack control as a result (Samarrai and Elevery 1974; Tan et al. 1994; Abrishami and Mitchell 1997; 

Bischoff 2003). 

This paper deals with conventional types of FRC using macro sized fibers at dosages sufficient to give the concrete a 

relatively significant and stable amount of post-cracking strength. The post-cracking strength or stress is treated as a 

material property for the analysis presented in this paper, and the FRC is assumed to be a strain-softening material 

with a post-cracking strength less than the tensile cracking strength
cr
f . The tensile cracking strength is assumed to 

remain the same as for plain concrete. Basic concepts of tension stiffening and a post-cracking value of tensile 

strength at a crack are employed to develop an effective moment of inertia 
e

I  that can be used to compute deflection 

of a reinforced concrete beam or slab made with FRC. The idea here is to provide the design engineer with a simple 

and straight forward method to account for the use of fibers when computing deflection of structural members. Short 

term behavior only is considered. 

RESEARCH SIGNIFICANCE 

Fiber reinforced concrete (FRC) improves behavior of concrete structures in the serviceability range by providing 

enhanced stiffness and crack control. This paper presents a rational approach to determine member stiffness based 

on the concept of using an effective moment of inertia
e

I . Account is taken of the post-cracking tensile capacity of 

FRC to allow for easy implementation into existing design procedures. The expressions developed for member 

stiffness are compatible with the approach in ACI 318 (2005) of using an effective moment of inertia. 

TENSION STIFFENING

The concept of tension stiffening is first explained for axial tension members. This is followed by development and 

validation of an effective concrete area 
e

A  that can be used to define axial stiffness (ACI 224 1992, Bischoff and 

Paixao 2004), and then taken one step further to derive an expression for an effective moment of inertia 
e

I  for 

computing deflection of flexure members that use FRC.

Tension stiffening reflects the ability of plain concrete to carry tension between cracks in a reinforced concrete 

member (Fig. 1), and this increases member rigidity before the reinforcement yields. Once fibers are added, the 

concrete is able to carry significant tension at a crack, depending on the post-cracking stress
f
f of the FRC used. 

Hence, axial behavior of an FRC reinforced concrete tension member (Fig. 2a) is influenced by the tensile fiber 

forces
cff

AfP = at a crack in addition to the tension between cracks which is controlled by the transfer of bond 

forces between the reinforcing steel and concrete. 
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AXIAL AND FLEXURE STIFFNESS OF PLAIN REINFORCED CONCRETE 

For a plain reinforced concrete tension member, tension stiffening is characterized by the difference between the 

member response and bare bar response as shown in Fig. 1(a). Referring to Fig. 1(b), the jump in steel strain at first 

cracking represents the maximum tension stiffening strain 
max,s

εΔ and is defined by 

crccr

crc

gcrcr

gc

cr

crc

cr

s

AEP

AE

AAP

AE

P

AE

P

/

)/1(

max,

η=

−

=−=εΔ           (1) 

where
cr

P is the member cracking load and equal to η/
crc
fA ,

c

A is the net concrete area, 
g

A is the uncracked 

(gross) area, 
cr

A is the cracked transformed area equal to 
s

nA , n  is the modular ratio (
cs

EE / ), and η  is a stiffness 

reduction coefficient equal to either 
gcr

AA /1−  or )1/(1 ρ+ n for axial members. The tension stiffening strain 
s

εΔ

for any given axial load P is defined in terms of the maximum tension stiffening strain at first cracking, such that 

max,stss

εΔβ=εΔ                   (2) 

ts

β  is a tension stiffening factor that accounts for the tension carried by the concrete between the cracks, and varies 

between 1 just before cracking and 0 when fully cracked. 

The average strain in the axial member is equal to the average strain 
avgs,

ε  in the steel reinforcement. This average 

value of strain is related to the strain 
sb

ε  in the bare steel bar at a crack by 

max,, sts

ss

ssbavgs

AE

P

εΔβ−=εΔ−ε=ε                (3) 

Substituting Eq. [1] into Eq. [3] then gives an expression for the average strain 

)]/(1[
,

PP
crtssbavgs

ηβ−ε=ε                (4) 

where the bare bar stress at a crack 
sssb

AEP /=ε . This average value of strain can be used to define axial member 

stiffness and provides a basis for calculating crack widths. 

Expressing the member response in terms of a concrete modulus 
c

E  and effective concrete area 
e

A , such that 

ecavgs
AEP /

,

=ε , leads to the following expression for 
e

A .

g

crts

cr

e
A

PP

A

A ≤

ηβ−

=

)/(1

               (5) 

The same approach is used for flexure members to give an effective moment of inertia 
e

I   (Bischoff 2005). This 

gives

g

crts

cr

e
I

MM

I

I ≤

ηβ−

=

)/(1

               (6) 

where
gcr
II /1−=η  for flexure and the curvature 

ec

IEM /=φ .
g
I  is the uncracked (gross) moment of inertia, 

cr

I

is the cracked transformed moment of inertia, 
cr

M  is the cracking moment and M  is the service load moment at the 

critical section. The tension stiffening factor 
ts

β  is defined later in the paper.
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AXIAL STIFFNESS OF FRC REINFORCED CONCRETE 

With FRC, tension stiffening of the member response is related to the load carried by both the steel reinforcing 

bar(s) and fibers at a crack as shown in Fig. 2(a). It is assumed that the load carried by the fibers at a crack remains 

constant up to yielding of the reinforcing steel. Accounting for a decreasing fiber capacity is easily incorporated into 

the model and related to the crack width. The jump in steel strain at first cracking is reduced by the additional 

tension force 
crcrcfcf
PfAfAP η=≤=  carried by the fibers at a crack (Fig. 2b), such that 

fss
εΔ−εΔ=ε′Δ

max,max,

                (7) 

Given that 
ssff

AEP /=εΔ ,
crcss

AEAE = , and 
crccrs

AEP /
max,

η=εΔ , then 

)/(
max, crf

crc

cr

s
PP

AE

P

−η=ε′Δ                (8) 

Knowing that the average strain in the reinforcing steel is given by 

s

ss

f

ss

sfsbavgs

AE

P

AE

P

ε′Δ−−=ε′Δ−εΔ−ε=ε
,

             (9) 

and assuming the tension stiffening strain of the fiber concrete 
max,stss

ε′Δβ=ε′Δ , then 

⎥

⎦

⎤

⎢

⎣

⎡

ηβ−

β−

−ε=ε )/(

)1(

1
,

PP

P

P

crts

tsf

sbavgs
            (10) 

This expression has an extra term related to the tensile capacity of the fibers at a crack when compared to the 

equivalent expression (Eq. 4) for plain concrete. Once again, the average strain in the reinforcement can be used to 

define member stiffness and calculate crack widths. Setting 
ecavgs

AEP /
,

=ε gives an effective area of concrete 

defined by 

g

tscrcrfcrts

cr

e
A

PPPPPP

A

A ≤

β−−ηβ−

=

)1)(/)(/()/(1

          (11a) 

This equation can be expressed in a slightly different form as

g

crts

cr

crts

cr

e
A

PP

A

PP

A

A ≤

ηλ+βη−

=

λ+ηβ−

=

)/)(/(1)/)((1

        (11b) 

with )1)(/(
tscrf

PP β−=λ . Taking this one step further, the term )/( ηλ+β
ts

can be thought of as an equivalent 

tension stiffening factor for FRC and is equal to )1(
tsts

R β−+β , where the residual stress factor 1/ ≤=
crf
ffR  is 

the post-cracking capacity of the fiber concrete expressed as a ratio of the cracking strength. 

TENSION STIFFENING FACTOR 

Tension stiffening decreases with increasing load, and the tension stiffening factor 
ts

β is based on the assumption 

that the stiffening strain varies inversely with the total tensile force carried by the bar(s) and fibers at the location of 

the crack. In other words, PP
crts

/≈β . However, previous research suggests that approximating the axial tension 

stiffening factor with the PP
cr

/  ratio for plain concrete can overestimate member stiffness at the lower reinforcing 
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ratios (Bischoff and Paixao 2004). A better approximation that is used for analysis of axial members in this paper is 

given by 

ρ

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
≈β

/035.

P

P
cr

ts

               (12) 

where the axial reinforcing ratio 
cs

AA /=ρ  and 1/035.0 ≥ρ . This expression gives a better fit to test data for the 

lower range of reinforcing ratio (ρ < 3.5%). For flexure, approximating the tension stiffening factor 
ts

β with the ratio 

of cracking moment to applied moment MM
cr

/  gives reasonable results for plain concrete (Rao 1966, Bischoff 

2005) and is left unchanged. 

The range of behavior expected for an FRC axial tension member is shown in Fig. 3 for the case where the post-

cracking capacity of the fiber concrete 
f
f  ranges between zero (no post-cracking strength) and an upper limit where 

the post-cracking strength is equal to the tensile strength of the concrete (
crf
ff = ). The lower limit corresponds to 

the response of an axial member reinforced with plain concrete and the upper limit corresponds to plain concrete 

with a tension stiffening factor equal to 1.0. Since tension stiffening plays a greater role in controlling member 

stiffness at lower reinforcing ratios, it is expected that adding fibers to concrete will help to improve the stiffness of 

lightly reinforced members as well as axial members reinforced with low modulus fiber reinforced polymer (FRP) 

bars.

The post-cracking capacity of the fibers at a crack 
cff

AfP = is based on the post cracking stress 
f
f at yield of the 

reinforcing steel and is dependent on the crack width opening value at this point. However, in cases where the axial 

member stiffness is being used to compute crack widths with either Eq. (4) or (10), it is usually sufficient to use an 

assumed constant value of 5.0=β
ts

 or less.

VALIDATION OF AXIAL BEHAVIOR 

The measured load-deformation response of axially loaded tension members is used to validate the equations 

developed for axial stiffness based on an effective area 
e

A . Each specimen tested had a square cross-section size of 

100 mm x 100 mm and was reinforced with a single 15M or 20M bar. Deformation was measured over a length of 

900 mm that spanned anywhere from 6 to 12 cracks. The specimens were fabricated with either plain concrete or 

steel fiber reinforced concrete (SFRC) at a dosage of 60 kg/m
3

. Relevant material properties are summarized in 

Table 1, and full details of the testing program can be found elsewhere (Bischoff 2003). Shrinkage is included in 

analysis of the member response using an estimated shrinkage strain of the concrete equal to 470 microstrains. 

The computed member response (based on 
ecavgs

AEP /
,

=ε ) is compared with the measured member response in 

Figs. 4(a) and 4(b) for the 15M and 20M reinforced specimens respectively. Computed results compare reasonably 

well with the measured member response and confirm that the proposed approach is applicable to both plain 

concrete and FRC. 

FLEXURAL STIFFNESS AND DEFLECTION OF FRC CONCRETE 

Tension stiffening in flexure is analogous to axial behavior, but is modeled with a tension stiffening factor related to 

curvature instead of strain (Bischoff 2005). Referring to Fig. 5, the maximum tension stiffening curvature 
max

φΔ at

first cracking is equal to

crccr

crc

gcrcr

gc

cr

crc

cr

IEM

IE

IIM

IE

M

IE

M

/

)/1(

max

η=

−

=−=φΔ           (13) 
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when the beneficial effect of using fibers is neglected. Recall that 
gcr
II /1−=η  for flexure. The additional moment 

f
MΔ  carried by the fiber concrete at a crack reduces the jump in curvature at first cracking, to give 

crc

crfcr

crcf

IE

MMM

IEM

)/(

/
maxmax

Δ−η

=Δ−φΔ=φ′Δ            (14) 

for
crf

MM η≤Δ . A beam with 
f

MΔ greater than 
cr

Mη will exhibit strain hardening and is outside the scope of this 

paper. Setting the average member curvature 
avg

φ  to

φ′Δ−φΔ−=φ
fcrcavg

IEM /              (15) 

with
crcff
IEM /Δ=φΔ  and 

max

φ′Δβ=φ′Δ
ts

then gives

⎥

⎦

⎤

⎢

⎣

⎡
Δ−ηβ−

Δ

−=φ

M

M

MM

M

M

IE

M
cr

crfts

f

crc

avg
)/(1            (16) 

Setting
ecavg
IEM /=φ  leads to the following expression for an effective moment of inertia

e
I

g

crts

cr

tsfcrts

cr

e
I

MM

I

MMMM

I

I ≤

ηλ+βη−

=

β−Δ−ηβ−

=

)/](/[1)1)(/()/(1

            (17) 

where
gcr
II /1−=η , MM

crts
/=β and )1)(/(

tscrf
MM β−Δ=λ . The additional moment 

f
MΔ  carried by the 

fiber concrete at a crack is equal to the difference between the flexure capacity of a cracked section with fibers 

(
f

M ) and a cracked section without fibers (
pc

M ). In other words, 
pcff

MMM −=Δ  for any given value of 

curvature. The two moments 
pc

M  and 
f

M  are based on the section forces shown in Fig. 6, with the latter including 

a tensile component for the FRC. Deflection is then calculated using elastic deflection equations with the effective 

moment of inertia
e
I . Full details of the derivation for 

f
MΔ are given in the Appendix. 

BEAM DEFLECTION EXAMPLE 

Figs. 7(a) and 7(b) plot the moment curvature response computed for beams with a reinforcing ratio of 0.6% and 

1.2% respectively. Each beam has a 250 mm wide by 300 mm deep cross-section and effective depth of 247.5 mm. 

Analysis is based on the concrete having a specified compressive strength of 40 MPa and the reinforcing steel has a 

400 MPa yield strength. The fiber reinforced concrete is assumed to have a post-cracking strength of 1 MPa. 

The two plots show that using FRC with a post-cracking stress of 1 MPa increases member stiffness by about 20% 

for the beam with a 0.6% reinforcing ratio and by 10% for the beam with a 1.2% reinforcing ratio. With full tension 

stiffening (corresponding to a post-cracking stress of 1.7 MPa), the effective member stiffness increases by about 

40% for the lightly reinforced member and by 20% for the member with a higher 1.2% reinforcing ratio. FRC with a 

post-cracking capacity greater than 1.7 MPa will cause strain hardening in the flexure response and give a higher 

cracking moment. Using the same cross-section reinforced with glass FRP (GFRP) bars at a reinforcing ratio of 

1.2%, will increase the member stiffness by an amount close to 30% when using FRC with a post-cracking stress of 

1 MPa. The member stiffness of this GFRP beam increases by 50% for full tension stiffening. All comparisons are 

made at full service load corresponding to two thirds of the nominal capacity for the steel reinforced concrete beams 

and one third of the nominal moment capacity for the GFRP beam. 

Detailed calculations are presented for the lightly reinforced (0.6%) member, where the elastic modulus of concrete 

MPa29915404730 ==

c

E , MPa200000=
s

E  and the modular ratio 7.6/ ==
cs

EEn . The modulus of rupture 
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MPa92.34062.0 ==
r
f  to give a cracking moment m-kN7.14150/5.56292.3 =×=

cr

M  based on a gross 

moment of inertia 
46

mm105.562 ×=
g

I and centroidal axis located at mid height of the rectangular section. 

Member stiffness is evaluated at a service load moment 
a

M equal to 23.8 kN-m (
n

M67.0 ). This 

gives 62.17.14/8.23/ ==

cra

MM . Hence the member has cracked and an effective moment of inertia 
e
I needs to be 

computed.

For the plain concrete section, the neutral axis depth from the top face of the cracked section mm9.60=
pc

c .

The cracked transformed moment of inertia 
46

mm105.105 ×=
pc

I .

Hence, 33.55.105/5.562/ ==

crg

II  and 8124.033.5/11 =−=η .

Under full service load, 62.062.1/1/ ==

acr

MM

The effective moment of inertia 
46

2

6

,
mm104.153

)62.0(8124.01

105.105

×=

×−

×

=
pce

I

Assuming m-kN8.23=

pc

M , the neutral axis factor for the FRC section
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giving a neutral axis depth mm8.73=
f

c and
46

mm106.108 ×=
frc

I

m-kN1.74.67.0

10)825.0(2

)825.0298.01(5.2472500.1

)15.105/6.108(8.23
62

22

=+=

××

×−××

+−=Δ
f

M

Hence, m-kN7.161.78.23 =−=

pc

M . Based on this revised value for 
pc

M

317.0=
f

k , mm4.78=

f
c ,

46

mm102.111 ×=
frc

I   and m-kN0.7=Δ
f

M .

This then gives m-kN8.16=

pc

M and the iteration process has converged.

The effective moment of inertia for the FRC section

46

2

6

,
mm102.183

)62.01)(8.23/0.7()62.0(8124.01

105.105

×=

−−×−

×

=
frce

I

For this example, using FRC with a post-cracking strength of 1.0 MPa increases the member stiffness by 20% as 

noted earlier (
e

I  increasing from 
46

mm104.153 ×  to 
46

mm102.183 × ).

Note that the cracked member stiffness will also increase when the addition of a sufficient amount of fibers results in 

a higher cracking moment as observed by Tan et al. (1994). For example, the addition of 2% by volume of steel 
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fibers decreased member deflection by 30% because of an observed increase in cracking moment when the fibers 

were added. Long-term deflections were also reduced in their study. 

CONCLUSIONS

Rational methods are presented in this paper to determine the axial and flexural stiffness of FRC reinforced 

concrete. Axial stiffness is based on the concept of an effective area of concrete
e

A and flexural stiffness is based on 

the concept of an effective moment of inertia
e

I .  The expressions developed for
e

A  and 
e

I  are similar to the 

approach used for conventional reinforced concrete, and are easily incorporated into existing design procedures. 

Both approaches treat the post-cracking strength of FRC as a characteristic material property to account for the 

tensile capacity provided by the fibers at a crack. FRC is shown to increase flexural stiffness by between 10 to 50% 

depending on the post-cracking strength of the FRC and amount or type of reinforcement.
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APPENDIX: SECTION ANALYSIS OF FRC REINFORCED CONCRETE MEMBER 

For the FRC concrete section assuming a constant post-cracking stress 
f
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Equilibrium (
cfs

CTT =+ ) gives: 
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Solution to the quadratic equilibrium equation gives a neutral axis depth dkc
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For plain concrete with 0=
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= , then 
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For a given curvature 
pccpc

IEM /=φ  defined for the plain reinforced concrete section 
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Substituting the curvature for the plain reinforced section into the expression for 
f

k  gives
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where
pc

M  is the moment corresponding to the plain concrete section.

The moment capacity of an FRC reinforced concrete section is defined by 

2
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Hence, for any given value of curvature (
pccpc

IEM /=φ ) the increase in moment capacity for the FRC reinforced 

concrete section equals 
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It is noted that 
pc
I and

pc
k are independent of the moment and curvature in the elastic range, while 

f
k  and 

frc
I  both 

depend on the moment
pc

M . When evaluating the effective moment of inertia for the FRC section at the service load 

moment
fa

MM = , solution begins by assuming 
apc

MM = . One iteration is usually required to obtain a solution 

for
f

MΔ , since 
fapc

MMM Δ−= . The increase in moment 
f

MΔ resulting from the addition of fibers is however 

relatively constant in the elastic range. 
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Fig. 1—Plain reinforced concrete response for an axial member.
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Fig. 2—FRC reinforced concrete response for an axial member.

Fig. 3—Effect of fibers on axial member response.
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Fig. 4—(a) Member response comparison for 15M axial tension member; and (b) Member response comparison 
for 20M axial tension member.

Fig. 5—FRC reinforced concrete response for flexure members.
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Fig. 6—Elastic section analysis of plain and FRC reinforced concrete beam.

Fig. 7—Computed member response for reinforced beams with: (a) 0.6% and (b) 1.2% steel reinforcing ratios.
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