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PREFACE

Examples for the Design of Reinforced and
Prestressed Concrete Members Under Torsion

The design and analysis of structural concrete elements is a topic of practical interest.
While sometimes the effect of torsion is only addressed based on simple examples,
practicing engineers are faced with the need to include the effects of torsion in their
designs of a variety of structures and load arrangements.

This Special Publication (SP) contains papers about the design of reinforced and
prestressed concrete elements for torsion. The focus of the SP is on practical design
examples according to different concrete bridge and building codes. In addition to the
design examples, papers dealing with the current state of the art on torsion in structural
concrete, as well as recent advances in the analysis and design of concrete elements
failing in torsion, are added.

The objectives of this SP are to provide practicing engineers with the tools necessary
to better understand and design concrete elements for torsion. The need for this SP
arose after the development of the State-of-the-Art Report on Torsion of Joint ACI-ASCE
Committee 445 “Shear and Torsion” and Subcommittee 445-E “Torsion”. Usually, the
attention that is paid to torsion in engineering education is limited to simplified textbook
examples. The examples in this SP show applications in bridges and buildings, where
the torsion design is combined with the design for flexure and shear. Additionally, the
examples in this SP give insight on the different outcomes when using different bridge and
building codes. Finally, the papers that include theoretical considerations give practicing
engineers a deeper understanding and background on torsion in structural concrete.

The views from an international group of authors are included in this SP, subsequently
representing a variety of building and bridge codes the engineer may encounter in
practice. In particular, authors from the United States, Canada, Ecuador, the Netherlands,
Italy, Greece, and the Czech Republic contributed to the papers in this SP. Views from
academia and the industry are included.

To exchange experience in the design of torsion-critical structures as well as new research
insights on torsion, Joint ACI-ASCE Committee 445 and Subcommittee 445-E organized
two sessions titled “Examples for the Design of Reinforced and Prestressed Concrete
Members under Torsion” at the ACI Fall Convention 2020. This SP contains several
technical papers from experts who presented their work at these sessions, in addition
to papers submitted for publication only.

In summary, this SP addresses numerous practical examples of structural elements
under torsion in bridges and buildings, as well as insights from recent research applied
to practical cases of elements under torsion. The co-editors of this SP are grateful for
the contributions of the authors and sincerely value the time and effort they invested
in preparing the papers in this volume, as well as the contributions of the reviewers of
the manuscripts.

Eva Lantsoght, Gary Greene, and Abdeldjelil Belarbi
Co-editors
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SP-344: Examples for the Design of Reinforced and Prestressed Concrete Members Under Torsion

OVERVIEW OF TORSION DESIGN METHODS

Camilo Granda Valencia and Eva Lantsoght

Synopsis: Large torsional moments, which need to be considered in a design, can result among others, in structures
with an asymmetric layout or loading. To find the required longitudinal and transverse reinforcement to resist these
torsional moments, the link between the three-dimensional action of the torsional moment and sectional analysis
methods is necessary. This paper reviews the existing methods and code provisions for torsion. First, an overview of
the principles of torsion from the mechanics perspective is given. Then, a survey of the available mechanical models
for torsion is presented. Finally, the code provisions for torsion of ACI 318-19, CSA-A23.3-04, AASHTO-LRFD-
17, EN 1992-1-1:2004, and the fib Model Code 2010 are summarized. Additionally, current research topics on
torsion in structural concrete are summarized. It is expected that with this paper, engineers will have a useful
overview and background knowledge for the design and assessment of torsion-critical elements.

Keywords: codes, concrete, reinforcement, shear, torsion
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ACI member Eva O. L. Lantsoght is a Full Professor at Universidad San Francisco de Quito, an Assistant
Professor at Delft University of Technology, and a structural engineer at Adstren. She is the vice chair of ACI 445-
E, Torsion, a member of ACI 445-0D Shear Databases, ACI-ASCE 421, Design of Reinforced Concrete Slabs, and
ACI 342, Evaluation of Concrete Bridges and Bridge Elements, and an associate member of ACI 437 and ACI-
ASCE 445.

INTRODUCTION

In general, concrete structures are subjected to four principal actions: axial force, shear, bending moment, and
torsion. Engineers and researchers focused on the understanding of the first three phenomena in concrete structures
because these usually control the design of a member, i.e. they control the resulting reinforcement layout. For
example, beams are typically designed for sectional moment and shear. Columns work as flexion-compression
elements, around both axes of the cross-section. Nevertheless, torsion is a special topic. It was left apart because
generally its influence on the resulting design is limited. For this reason, building codes accounted for torsion’s
small influence in the safety factors'. Throughout the 1960s, extensive research on torsion was made. As a result, the
first design recommendations for torsion made by the American Concrete Institute (ACI) were formulated in 19692,
These recommendations led to the inclusion of provisions for torsion in the 1971 edition of the ACI Building Code,
ACI 318-713. The research carried out over the past decades led to a better understanding of the behavior of concrete
members subjected to a torsional moment. The Space Truss Analogy, the Skew-Bending Theory, and other theories
provided mechanical models to predict the behavior of concrete structures under torsion after cracking.

Torsion can be defined as the moment that twists an element around its axis. This torsional moment causes shearing
stresses at each point of the cross-section of an element. These stresses change according to the proximity to the
member’s axis®. In circular cross-sections, the stress caused by a torsional moment is zero at the neutral axis and
reaches the maximum value on the outermost fiber, see Figure 1(a). For rectangular cross-sections, the shear stress is
also zero at the neutral axis and at the corners. It increases towards its maximum value at the surface of the longest
side, see Figure 1(b).

T T E -
Piite oA

(a) (®)

Figure 1—Shear stresses (z) due an applied torsional moment (7) on a circular (a) and rectangular solid (b) element

Torsion can be a result of primary or secondary actions. The primary action occurs when the member can only
support the action of an external load by generating a torsional moment. This is also called equilibrium torsion and
is common in statically determinate structures. Equilibrium torsion is important for the stability of the structure. This
occurs, for example, when a load acts on a fixed-end beam, but it is applied eccentric with respect to the z-axis, like
in Figure 2. As aresult, a torsional moment is generated around this axis.

Torsion can also be found as a result of secondary actions in statically indeterminate structures. This happens
because the structure needs to satisfy compatibility requirements. In this case a twist is required to maintain the
compatibility, not a torsional moment®. Spandrel continuous beams supporting other secondary beams or slabs are
often subjected to this phenomenon, as shown in Figure 3.
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Figure 2—Equilibrium torsion at the ends of the beam, generated by the action of a point load
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Figure 3—3D Frame system where spandrel beams AB and CD are subjected to compatibility torsion due to the
load on the secondary beams joints

More complex and asymmetric concrete structures are designed every year around the world thanks to the reduction
times in analysis and design when using structural software. As a result, the effect of torsion on concrete structures
has become more important. For example, horizontally curved bridges and cantilever members should be designed
for torsion. Standardization institutions like American Concrete Institute (ACI)®, Canada Standards Association
(CSA)’, American Association of State Highway and Transportation Officials (AASTHO)®, the European
Normalization Committee (CEN)°, and the International Federation for Structural Concrete (fib)'? have developed
provisions for situations when torsion needs to be considered. The design philosophy that each code uses is:

e ACI318-19° uses a thin-tube and space truss analogy.

e CSA (CSA-A23.3-04)" uses a General Design Method for torsion derived from the Modified Compression
Field Theory (MCFT); it includes the tensile contribution of concrete.
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e AASHTO-LRFD-17% code provisions for torsion are obtained from the MCFT. The torsion equations on
this code are similar to the CSA-A23.3-04 ones. A Strut and Tie Model can also be used as an alternative
for design.

e  Eurocode (EN 1992-1-1:2004)° uses a spatial truss model with an equivalent thin-walled tube and wall
thickness for the torsion design.

e The fib Model Code 2010'" uses a variable angle truss model, generalized stress field approach, or a
simplified modified compression field theory, depending on the Level of Approximation.

The assumptions that lie at the basis of each of these models, and the resulting mechanics, will be discussed in the
section about the mechanical models. The resulting code provisions will be given in the section with the code
provisions.

BRIEF HISTORY OF TORSION RESEARCH

Mechanics of torsion

In this section, an overview of the history of torsion mechanics is given. Kurrer in “The History of the Theory of
Structures” shows various important investigations on this topic'!. The first known person to study the effect of
torsion on materials, as a consequence of his research on electric charges, was Coulomb. Using his torsion balance,
he deduced that the torsional moment is proportional to the torsional angle'?. About 40 years later, Navier was the
first to postulate a theoretical equation to compute the torsional moment on shafts with a circular cross-section. The
two assumptions that he made were: 1) the shape of the cross-section cannot change after twist, and 2) plane
sections must remain plane. The latter assumption implies that warping does not occur'?,

Later, it was found that there are two possible ways in which a structural member can resist torsion: by circulatory
torsion or by warping torsion. Saint-Venant developed in 1847 the first theory, in which he stated that the cross-
section of an element counters the effect of torsion by producing a circulatory shear flow (torsional shear multiplied
by the wall thickness) on its plane. This means that the shear stress resisting the external torsional moment is
constant within the flow area, see Figure 4(a). This effect usually occurs in solid and hollow members, which are
free to bend around their axis*. The second way in which structural members can withstand torsion is by warping
torsion. It was first investigated by Timoshenko in 1905'* and further researched by Vlasov in 1940'>!¢. Warping
torsion produces different shear stresses along the same circumference, see Figure 4(b). Consequently, the planar
sections do not remain plane due to the changing strain at points over a determined circumference. Longitudinal
bending results from these strains. Warping torsion arises when the entire section or part of it is restrained, for
example, by end conditions*!”. This is usually expected in members formed by at least three connected walls, or
with a fixed-end support.

Both resisting torsional moments need to be in equilibrium with the applied torsional moment (7)) on the member.
This means that T=T; +T,, where Ty is the Saint-Venant torsion and 7, is the warping torsion. Both happen at the
same time, consequently; there is not a clear way to classify sections according to how they resist torsion. Some
practical examples have demonstrated that the action of one of the resisting methods can be neglected compared to
the effect of the other. Nevertheless, there are other cases where neither of them is predominant over the other; this
case is called mixed torsion'®. One example of mixed torsion is an I-shaped simply supported beam. If the torsional
moment is applied at midspan, the cross-sections at the left and right of it experience warping torsion. Close to the
ends, the beam can twist freely, therefore Saint-Venant torsion occurs.

In 1890 Bach, in his book, “Elasticitdt und Festigkeit” presented all the torsion cases proposed by Saint-Venant and
interpreted them theoretically. Bach tested numerous cast-iron and hard lead bars under torsion. Using the results
between the proposed theory and the experiment, Bach developed a simple proof equation to check the shear stress
for the Saint-Venant torsion in bars, equilateral triangles, and regular hexagons'!. In 1896, Bredt offered a promising
solution to the Saint-Venant torsion problem. His solution equation states that the sum of the tangential shear forces
(7) per unit area (ds) on a closed curve within the cross-section under the effect of an external torsional moment is
equal to two times the area enclosed by the forces (4,,), shear modulus (G) and the product of rotation (6,)!!, i.e.:

[rds=24,6,G (1)
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Figure 4—Circulatory torsion (a) and warping torsion (b) shear stresses on C-shaped members

Torsion in reinforced concrete

Graf and Morsch were the first researchers to study torsion in plain and reinforced concrete. They tested different
circular, square, and rectangular beams to study the effect of the reinforcement on the ultimate strength for elements
under torsion!’. In 1929, Rausch published his dissertation, in which he presented the 3D-truss analogy for torsion.
Rausch provided an equation to predict the torsional resistance of reinforced concrete members based on the space
truss model'®2°. This method lies at the basis for the current torsion design provisions.

More researchers started to study torsion in structural concrete at the beginning of the second half of the twentieth
century. In 1959, Lessig used equilibrium equations to propose a skew-bending theory for the failure mechanism of
torsion?!. This theory assumes that a beam under torsion will have a skewed failure surface. Lessig proposed two
failure modes. The first one has a compression zone near the top face of the beam, while the second failure mode
uses a compression zone along the side face. In 1962, Yudin?? realized that the skew-bending theory proposed by
Lessig was not able to determine three unknows: the longitudinal reinforcement area, the web steel area, and the
depth of the compression zone. To solve this, Yudin proposed three equilibrium equations, while Lessig’s analysis
only used two: the equilibrium of moments about the neutral axis of the member, and the equilibrium of forces along
the normal to the compression zone. Yudin’s equations were: equilibrium of moments about an axis through the
centroid of the compression zone and parallel to the longitudinal axis of the beam, equilibrium of moments about an
axis through the centroid of the compression zone and perpendicular to the longitudinal axis, and equilibrium of
forces along the normal to the compression zone. Nevertheless, this analysis is limited to only symmetrically
reinforced elements.

Elfgren developed a method to determine the capacity of elements under combined shear, moment and torsion'¢. He
used a truss analogy to predict the ultimate load carried by multiple sets of reinforced beams and tested these at
Chalmers University of Technology. Elfgren established an interaction equation which can be used to plot an
interaction surface. This model predicts accurately the strength of reinforced concrete beams subjected to torsional
moment, shear force and bending moment.

Collins and Mitchell introduced another approach to study torsion in structural concrete in 19732, They presented

the diagonal compression field theory for beams under pure torsion. They considered equilibrium equations,
geometry of deformations, and stress-strain relationships of the concrete and steel to propose their theoretical model.
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The basis of their approach is a truss analogy model, and their main assumption is that after cracking the concrete
will not carry tension, therefore, the torsion will be resisted by a field of diagonal compression in the concrete.
Afterwards, in 1985, Hsu and Mo developed a variation of the compression field theory. In this case, they softened
the concrete stress-strain curve and called the new model the softened truss model (STM)'. In the STM equilibrium,
compatibility and softened stress-strain relationships are combined to develop a theory that has shown good results
in predicting the test results of reinforced concrete structures subjected to shear and torsion?*. Rahal and Collins
have developed analytical computational models to calculate the response of concrete members subjected to
combined torsion and bending? and to combined torsion and shear®®.

MECHANICAL MODELS FOR TORSION

Reinforced concrete before and after cracking under torsion

Prior to cracking, reinforced concrete members subjected to torsion can be analyzed as homogenous plain concrete
sections. Therefore, their behavior can be predicted using Saint-Venant’s theory?’. After the element cracks, the
study of its behavior becomes more complicated. From now on, the structural member acts as a composite section,
and Saint-Venant’s theory can no longer be used because cracking violates the material homogeneity premise of the
elastic theory. When the web of the beam cracks, its capacity to transmit diagonal tension forces is reduced. The
load is then carried by diagonal compression members between the cracks and by the steel reinforcement resisting
tension. Together, they form a truss-like mechanism?®.

Shear truss analogy
The shear truss analogy was first proposed by Ritter at the end of the twentieth century?. It is a strut-and-tie model

and considers that a cracked reinforced concrete beam under shear will have diagonal cracks which separate the
concrete into multiple struts. They modeled the beam as a plane truss consisting of longitudinal and transverse
reinforcement to carry the load. In this assumption, the top and bottom longitudinal bars act as the top and bottom
chords of the truss, while the transverse reinforcement and concrete struts work as the web members. To simplify
this model, the strut’s inclination is assumed to be 45°%.

3D space truss analogy

To apply the concept of a truss model to members to subjected torsion, the truss model needs to be extended to a
three-dimensional model, i.e. a space truss analogy. A member subjected to torsion is treated as a space truss formed
by a series of joined planar trusses?®. The concrete member reinforced with longitudinal and transverse
reinforcement resists torsion by producing a circulatory shear flow at the outermost part of the cross-section. Each
straight segment of the tube walls behaves like a planar truss in which the shear stresses are resisted as in the shear
truss analogy. Struts only carry axial compression; longitudinal and transverse reinforcement carries the tension
forces, see Figure 5.

T

o

Figure 5—Space truss analogy for an asymmetrical beam under torsion. The tension forces are supported by the
longitudinal and transverse reinforcement (black and blue) and the concrete struts resist compression (red)
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Skew-bending theories
This theory is characterized by the assumption of a skewed failure surface. This surface is generated by a helically-

shaped crack on three faces of a rectangular beam. On the fourth face, the helical crack is connected by a
compression zone. The failure surface intersects the longitudinal and transverse reinforcement. The forces in the
steel reinforcement generate the required internal forces and moments to carry external loads. Failure occurs when
the steel starts to yield*°. At failure, the two parts of the member separated by the failure surface rotate against each
other about a neutral axis on the inside edge of the compression zone. Then, the associated equilibrium equations at
the ultimate limit state can be derived?’.

Thin-walled tube analogy
The most efficient cross-section to resist torsion is a thin tube. The thin-walled tube analogy states that the shear

stresses and shear flow are constant around the cross-section of a member. This shear flow is enclosed by an area of
pre-determined thickness. Therefore, solid and hollow sections can be calculated in the same way as tubes®!, see
Figure 6. Concrete members can be modelled as tubes because the concrete core does not contribute to the element’s
torsional strength?’. Within the walls of the tube, the external torsion is resisted by a shear flow, defined as the
torsional shear multiplied by the thickness of the tube.

shear flow

(a) (b)
Figure 6—Original section (a) and the same member after the thin-walled tube analogy is applied (b)

Compression Field Theory (CFT)

The CFT is a model developed by Mitchell and Collins that considers equilibrium conditions, geometry of
deformation and the strain-stress characteristics of the steel and concrete. This model predicts the shear strength of a
reinforced concrete member after it cracks. This theory, based on the truss analogy, assumes that after cracking, the
torsion shear stresses are carried by a field of diagonal compression in the concrete and balanced by the tension
developed in the longitudinal and transverse reinforcement?. In 1986, Vecchio and Collins expanded the CFT to the
Modified Compression Field Theory (MCFT). The CFT assumed that the cracks of the diagonal field compression
in the concrete were only able to withstand shear and compression. Nevertheless, between the concrete’s cracks
tension stresses exist. To have a more accurate answer of the reinforced concrete element’s capacity under shear and
torsion, the MCFT uses experimentally verified average stress-strain relationships instead of assuming them. Also, it
considers the tension in the cracked concrete®2. Although the MCFT can predict the shear and torsional strength with
great precision, the process of solving the equations of this theory by hand is complex. For this reason, Bentz,
Vecchio and Collins developed a simplified MCFT using the Membrane-2000 computer program to get more
practical expressions. This method showed excellent predictions of the shear strength. The accuracy between the
simplified MCFT and the full theory is almost the same*>.

CODE PROVISIONS FOR TORSION
All the equations in this section are expressed in SI units. The conversion factors are: 1 kN = 0.225 kip, 1 kN-m =
8.849 kip-in, 1 mm = 0.0394 in and 1 MPa = 145 psi.

ACI 318-19

ACI 318-19 first checks if torsion can be neglected. If the following expression from §9.5.4.1 is satisfied, torsional
effects do not need to be considered:
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T, <, @)

T. is the factored torsional moment. ¢, the reduction factor for the nominal capacity of torsion, is equal to 0.75. Ty is
the threshold torsional moment given by §22.7.4. For solid sections it is:

A2
0.0834,[f/| ==
pcp

A f,
T, =490.0834f/| 2| 1+—&F— Prestressed member 3)
' Poy \/ 0334/

A2
0.0834,[f/| =2 al

Non-prestressed member

u

e
Por 0334, 41!

Non-prestressed member under axial load

In statically indeterminate structures where 7, > @7, it is permitted to reduce 7, to ¢7.- due to redistribution of
internal forces after cracking. This applies to typical and regular framing conditions. ¢7¢. is the cracking torsional
moment and is defined in §22.7.5.1. Equation (3) is valid for solid cross-sections. For hollow cross-sections, all the
Agp terms in Equation (3) are substituted with A4g, the gross area of the concrete cross-section. f. [MPa] is the
specified compressive strength of the concrete, 4., is the area enclosed by the outside perimeter of the concrete
cross-section, pe, is the outside perimeter of concrete’s cross-section, f,. [MPa] is the compressive stress in the
concrete, after allowance for all prestress losses, at the centroid of the cross-section resisting the externally applied
loads or at the junction of the web and flange where the centroid lies within the flange. In a composite member, it is
the resultant compressive stress at the centroid of the composite section, or at the junction of the web and flange,
when the centroid lies within the flange, due to both prestress and moments resisted by the precast member acting
alone, N, is the factored axial force, taken as negative for tension and positive for compression, 4 is a coefficient
which accounts for the properties of lightweight concrete (see §19.2.4).

The shear strength provided by the concrete V. according to §22.5.5.1 is determined as:
V. =0.174/f/b,d withf in[MPa] (4)

b, is the web width or diameter of a circular section and d is the effective depth. The last expression applies to
reinforced concrete members without axial force and with 4, > A, min. 4, in Equation (4) is the required transverse
reinforcement for shear and A, min is the minimum transverse reinforcement for shear force. For other cases in
reinforced concrete members, §22.5.5.1 through §22.5.5.1.3 are governing. For prestressed members, the shear
strength provided in concrete is listed in §22.5.6 and §22.5.7.

The next expression from §22.7.7.1 checks if the dimensions of the member are large enough to avoid crushing of
the concrete:

2 2
vV T p, V S . .
| | | <9l —+0.66,/] for solid sections
\/(bde (1'71402/7 ] ¢[bwd f; ]

v, ).( Tp, 4 , .
L4 < < +0.66 for hollow sections
[bwdj [l.m;] "{bd Vfcj

w

(&)

If Equation (5) is fulfilled, the reinforcement for torsion can be designed. For hollow sections with a variable wall
thickness, the maximum value of the left side of Equation (5) should be evaluated, which is often at the point of the
cross-section where shear and torsional stresses can be added. V, is the factored shear force, p; is the perimeter of
the centerline of the outermost closed transverse torsional reinforcement, 4, is the area enclosed by ps. §22.7.7.1.1
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mentions that for prestressed members the value of d in Equation (5) should be greater than 0.84, where /4 is the
overall height of the element.

According to §22.7.6.1, 0, the angle between the struts and the tension chord, can be taken as any value between 30
and 60 degrees. §22.7.6.1.2 states that 0 is usually 45° for reinforced concrete members with Apgfse < 0.4(Apgfpu +
Ayf,) and 37.5° for prestressed elements with Agfse > 0.4(Apgfpu + Agfy). Aps 1s the area of the prestressed longitudinal
tension reinforcement, A4, is the area of the non-prestressed longitudinal tension reinforcement, f;. is the effective
stress in prestressing reinforcement after allowance for all prestress losses, f,. is the specified tensile strength of
prestressing reinforcement, and f; is the yield strength for non-prestressed longitudinal reinforcement. The required
area of transverse reinforcement of one leg of a closed stirrup 4, for torsion is:

i > Ltan 6 (6)
s L7904, f,

s is the spacing between the stirrups, f;, is the specified yield strength of the transverse reinforcement.

The next step is to calculate the required area of longitudinal steel for torsion A;:

4 > Atn p,cot’ 8 @)
s f,

y

§9.5.4.3 mentions that the longitudinal and transverse reinforcement required for torsion need to be added to the
reinforcement demanded by shear force, bending moment and axial force actions.

For the transverse reinforcement limit, §9.6.4.2 states that for members under torsion and shear, the stirrups for
torsion and shear effects cannot be less than:

0.062,/77 2o

(4424),, _ Lo @®)

0.35 b,

vt

N

In Equation (8), 4, is the required area of two legs of a closed stirrup for shear. If the analyzed element is only
experiencing torsion, the value of the 4, term in Equation (8), is equal to zero. The minimum area of longitudinal
steel reinforcement 4;min for torsion can be calculated with §9.6.4.3 as:

042,14, _( 4 J S

p, 2L
) . 1, s) L ©
1,min = min 7
042,74, (0.175b, L I
t, Lo )L
According to §9.7.6.3.3 the limits to the stirrup spacing are:
Py
s <miny 8 (10)
300 mm

§9.5.4.3 states that the final amount of longitudinal and transverse reinforcement needs to be added to the required
reinforcement for shear force, bending moment and axial effects.
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When the cross-section and the reinforcement of the member are designed, the ACI 318-19 §22.7.6.1 gives two
equations to analyze the torsional strength 7,. Once the member cracks under the effect of a torsional moment, the
strength is provided primarily by the transverse and longitudinal reinforcement. The concrete contribution to the
torsional strength is neglected:

1.74,,4,f, ot 8
T =min s (11)
" 1.74,4
oy 2f tan 6
Py
Finally, the torsional strength should be greater than or equal to the factored applied torsional moment.
o7, 21, (12)

CSA-A23.3-04
According to §11.2.9.1, reinforcement for torsion should be provided when the factored torsional moment Ty
exceeds Y4 of the pure torsional cracking resistance 7., given in CSA-A23.3-04 Eq. 11-2 as:

A 2
p.

7;,:0.38/1@( j\/? 1ol (13)

A\ 03840,/

In statically indeterminate structures, where redistribution of torsional moments can occur, §11.2.9.2 specifies that 7
can be reduced to 0.677.- at the face of the support. For hollow sections, 4. is the area enclosed by the outside
perimeter of the concrete cross-section, including the area of holes. In Equation (13), for hollow cross-sections, A.
can be replaced with 1.54, (gross concrete area) if the wall thickness is less than 0.754. / p.. p. is the outside
perimeter of the cross-section, f., [MPa] is the average compressive stress in the concrete due to the effective
prestress force only (after allowance for all prestress losses), /. [MPa] is the specified compressive strength of
concrete, ¢. = 0.65 is the material factor for concrete, ¢, = 0.9 is the material factor for prestressing tendons, and /1 is
the factor that accounts for lightweight concrete, see §8.6.5.

Equations 11-18 and 11-19 in the CSA-A23.3-04 code give minimum dimensions to avoid concrete crushing:

v.-v, T
ST, S p,; <0.25¢, f! for hollow sections
bd, 174,

v.-v.\¥ (T.p, \
S p | 4| L p,; <0.25¢. 1’  for other sections
bd, 174

oh

(14)

Vyis the factored shear, V), is the component in the direction of the applied shear of the effective prestressing force
factored by ¢,, d, is the effective shear depth, taken as the greater of 0.9d or 0.72h, where 4 is the overall height of
the member, and d is the effective depth (d cannot be less than 0.8/ for prestressed members and circular sections),
b, 1s the minimum web width within d or the diameter of a circular cross-section, 4, is the area enclosed by the
centerline of the exterior closed transverse torsion reinforcement, including the area of holes, pj is the perimeter of
the centerline of the closed transverse torsion reinforcement. If the wall thickness of the box section is less than A, /
Ph, the second term on the left side of Equation (14) should be replaced by Ty / (1.7404f). Where ¢ is the wall
thickness at the location where the stresses are being checked.

Next, it is needed to compute the longitudinal strain &, at mid-depth of the member due to the factored loads. With
this variable, the angle of the diagonal compression field can be obtained to calculate the required transverse
reinforcement. The longitudinal strain is computed substituting Equation 11-20 on Equation 11-13 of §11.3.6.4,
which leads to:
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M, > (09p,T, Y
/ hf
(22 vos . N
E =
) 2(EA+E,A,)

If the value of Equation (15) is negative, & can be taken as zero. My is the factored moment and cannot be less than
(Vr-Vp)d,, Ao is the area enclosed by the shear flow path including the area of holes, which can be taken as 0.854,
according to §11.3.10.3, N is the factored axial load, positive for tension and negative for compression. 4, is the
area of prestressing tendons, f,, is the stress in the prestressing tendons when the strain in the surrounding concrete
is zero (may be taken as 0.7f,,cs4 for bonded tendons outside the transfer length and f,. for unbonded tendons),
Jfoucsa [MPa] is the specified tensile strength of the prestressing tendons, f,. is the effective stress in the prestressing
tendons after allowance for all prestress losses, E; is the modulus of elasticity of non-prestressed reinforcement, £, is
the modulus of elasticity of prestressing tendons, 4; is the area of non-prestressed tension reinforcement, and A4, is
the area of tendons on the flexural tension side of the member. The bending moment and shear force on Equation
(15) are absolute values. The axial load is positive for tension and negative for compression. Once the longitudinal
strain is computed, the angle of inclination of the diagonal compressive stresses, Ocsy, is defined in §11.3.6.4, Eq.
11-12 as:

0,5, =29 +7000¢, (16)

For special members like slabs or footings with an overall thickness less than 0.35 m, footings in which the distance
from the point of zero shear to the face of the column, pedestal, or wall is less than three times the effective shear
depth of the footing, beams with an overall thickness less than 0.25 m, beams cast integrally with slabs where the
depth of the beam below the slab is not greater than one-half the width of web or 0.35 m, and concrete joist
construction defined in §10.4, the angle of the struts can be taken as 42°. §11.3.6.3 also mentions that if the yield
strength of the longitudinal reinforcement does not exceed 400 MPa and f’. is smaller than 60 MPa, Ocs4 can be
taken as 35°.

The next step is to get the required area of transverse reinforcement for torsion, 4, using Equation (17) :

A T,
> L tan@,, (17)
s 1794, ’

s is the spacing between stirrups for torsion, f; is the specified yield strength of transverse reinforcement, and ¢, =
0.85 is the resistance factor for non-prestressed reinforcement. Combining Equations 11-14 and 11-21, the
longitudinal reinforcement area A, needed to withstand a torsional moment is given by:

M, » (045p,T, Y
S h™ f
—HOSN, ¢ \/(V/—O.SVS—VP) —[IMJ cot O,
v . oh

4, = 7 -4 (18)

/; 1s the specified yield strength of non-prestressed longitudinal reinforcement for torsion.

The maximum spacing s between stirrups follows the expression described in §11.3.8.1:

, {o.mv
s < min (19)

600 mm

The CSA-A23.3-04 code provisions for torsion do not specify any minimum longitudinal or transverse
reinforcement for torsion. §11.2.7 indicates that a longitudinal reinforcing bar or bonded prestressing tendon shall be
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placed in each corner of closed transverse reinforcement required for torsion. The nominal diameter of the bar or
tendon shall be not less than s/16.
The torsional moment resistance 7’ is only provided by the transverse reinforcement and is defined in §11.3.10.3 as:

(20)

CSA

A
T.=1.7¢.A4,,f,—coté,
s

The torsional strength 7, should be greater than or equal to the applied torsional moment:
T.>T, 21

AASHTO-LRFD-2017
Torsion must be considered, according to §5.7.2.1 Eq. 5.7.2.1-3, if:

T, >0.25¢T, (22)

T, is the applied factored torsional moment over the analyzed member. ¢, the resistance factor is given in §5.5.4.2
and is equal to 0.90 for normal and lightweight concrete. To determine the torsional cracking moment, 7, first K,
the effective length factor for compression members, must be computed according to Eq. 5.7.2.1-6:

f;c AAS
K= [1+—522—<20 23
| 033547 *)

Jreaas [MPa] is the unfactored compressive stress in concrete after prestress losses have occurred, taken either at the
centroid of the cross-section resisting transient loads or at the junction of the web and flange where the centroid lies
in the flange. /. [MPa] is the design compressive strength of concrete, 1445 is the concrete density modification
factor given in §5.4.2.8. T, is provided in Eq. 5.7.2.1-4 and 5.7.2.1-5 as:

AZ
0.329K A,/ fI & for solid shapes
s P (24)

cr

0.329K /1\/70’ 240, for hollow shapes

A, is the area enclosed by the shear flow path, including inner holes, 4, is the area enclosed by the outside perimeter
of the concrete cross-section, p. is the outside perimeter of the concrete cross-section, b, is the effective width of the
shear flow path taken as the minimum thickness of the exterior webs or flanges comprising the closed box section.
b. should account for the presence of ducts, the diameters of ungrouted ducts or one-half the diameters of grouted
ducts need to be subtracted from the web or flange thickness at the location of these ducts. b. cannot exceed A, / pc
unless a more refined analysis is used.

To compute the required transverse reinforcement, & needs to be determined, which is the net longitudinal tensile
strain in the section at the centroid of the tension reinforcement. It can be obtained from §5.7.3.4.2, Eqgs. 5.7.3.4.2-4,
5.7.3.4.2-5 and 5.7.3.4.2-6

24

0

2
Iy 0.9p, 1.5,
D e I R

for solid sections

& = E:As +EpApS (25)
Mu ths'
(' 7 j+0.5Nu +, +TA_VP’AAS = Ay s S o, ass

for hollow sections

EA+EA,
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§5.7.2.1 mentions that in statically indeterminate structures where redistribution of torsional moment can occur over
a determined element, 7, can be taken as ¢7c.. M, is the factored applied moment and cannot be less than |V,-V,|d,,
N, is the factored applied axial load, taken as positive for tension and negative for compression, V, is the factored
sectional shear, V), 445 is the component of prestressing force in the direction of the shear force, A, .45 is the area of
prestressing steel on the flexural tension side of the member, 4, is the area of non-prestressed tension reinforcement,
ds is the distance from the extreme compression fiber to the centroid of the non-prestressed tensile reinforcement
measured along the centerline of the web, d, is the effective shear depth taken as the distance between the resultants
of the tensile and compressive forces due to flexure, p; 445 is the perimeter of the centerline of the closed transverse
torsion reinforcement for solid members, or the perimeter of the centroid of the transverse torsion reinforcement in
the exterior webs and flanges for hollow members, and f},, 445 is a parameter taken as the modulus of elasticity of
prestressing steel multiplied by the locked-in difference in strain between the prestressing steel and the surrounding
concrete. For usual levels of prestressing, f,, can be taken as 0.7f,, for both pretensioned and post-tensioned
members. fy, is the specified tensile stress of prestressing steel. £, is the modulus of elasticity for steel reinforcement
and E, is the modulus of elasticity of prestressing steel. Now, with the longitudinal tensile strain &, the angle of

inclination of diagonal compressive stresses, G445 is defined by §5.7.3.4.2, Eq. 5.7.3.4.2-2:

6,5 =29 +3500¢,

According to §5.7.3.4.1 0445 can be taken as 45° for the following cases: concrete footings with a distance less than
3d, from the point of zero shear to the face of the column, piers or walls with or without transverse reinforcement,
and other non-prestressed concrete sections not subjected to axial tension, containing at least the minimum

transverse reinforcement specified in §5.7.2.5 or having an overall depth of less than 0.40 m.
To design the transverse reinforcement for torsion 4; Eq. 5.7.3.6.2-1 is used:

A

t u

>—*" tané
s 204,f, "

The required stirrups for torsion should be added to those needed for shear. The total transverse provided transverse
reinforcement should not be less than the sum of the required transverse reinforcement for shear and torsion. s is the

spacing between stirrups and f, is the yield strength of transverse reinforcement.

The required area of longitudinal reinforcement for torsion 4; is given by Eq. 5.7.3.6.3-1 and 5.7.3.6.3-2. The

longitudinal reinforcement for torsion should be added to the required reinforcement for bending moment:

2 2

M

7| “ +70'5N” +cotd, E—V -0.5V | + 70'45]?};“ Ay 115 s

¢d, ¢ g 7 ' 24,0 e . .

i 7 — A, for solid sections
1 y

A f, .
_t& p,coté, for hollow sections

y

Vs is the shear resistance provided by the transverse reinforcement, f, is the yield strength for the longitudinal
reinforcement, f,, is the average stress in the prestressing steel at the time for which the nominal resistance of the
member is required. The longitudinal steel reinforcement for solid sections should be distributed uniformly around
the perimeter. For box sections, interior webs should not be considered in the calculation of the longitudinal
torsional reinforcement. The values of p; 445 and 4; should be for the box shape defined by the outermost webs and
the top and bottom slabs of the box girder. Also, 4;needs to be distributed around the outermost webs and top and

bottom slabs of the box girder.

To compute the maximum stirrup spacing, the shear stress v, stated in §5.7.2.8, Eq. 5.7.2.8-1 is required:
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V, -V,
v, =—2 (30)
obd,

b, is the web width adjusted for the presence of ducts as specified in §5.7.2.8. For circular cross-sections, b, is the
diameter of the cross-section, modified for the presence of ducts where applicable. The maximum spacing of the
stirrups is provided in §5.7.2.6, Eq. 5.7.2.6-1 and 5.7.2.6-2:

0.84, <600 mm ifv, <0.125/"
< (31)

0.4d, <300 mm ifv, 0.125f

The AASHTO-LRFD-2017 code does not give any equation to compute the minimum longitudinal or transverse
reinforcement for torsion.

T, is the nominal torsional resistance, specified in Eq. 5.7.3.6.2-1 as:

24,41, cot8,,

s
The factored capacity of the element, ¢7,, should be greater or equal than the factored demand 7;:

(32)

n

o1, 2T, (33)
EN 1992-1-1:2004

If the static equilibrium of the structure depends on the torsional resistance of some members of the structure, a full
torsion design that fulfills both ultimate and serviceability provisions is necessary. However, if torsion is acting in
statically indeterminate structures and it is present as a secondary effect, i.e. due to compatibility requirements, it
may be neglected if the structure does not depend on the torsional resistance for its stability. In the last case, a

minimum amount of longitudinal and transverse torsion reinforcement is needed to control excessive cracking. The
minimum amounts are given in EN 1992-1-1:2004, §7.3.2,9.2.1 and §9.2.2

The first step of a torsion design is to check if the cross-sectional dimensions are adequate. For this, the effective
wall thickness s expressed in §6.3.2 is required:

, =—=>2c (34)

4
u
If the analyzed member has a hollow cross-section, the effective wall thickness should be less than the actual wall
thickness. 4 is the total area of the cross-section, including inner hollow areas, u is the perimeter of the cross-
section, and c is the distance between the edge of the member and the centroid of the longitudinal reinforcement.

The next step is to determine the torsional shear stress within the equivalent thin-walled tube, 7, according to Eq.
6.3.2 (6.26):

T
T (35)
241,

Tka is the design torsional moment and Ay is the area enclosed by the centerlines of the connecting walls, including
inner hollow areas. The applied shear force, Vzq, caused by the design torsional moment 7z, obtained from Eq. 6.3.2

(6.27) is:
Vi =Ty z (36)
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z is the distance along the centerline between the intersection points of the adjacent walls of the equivalent thin-
walled tube, usually taken as the height of the element. The strength reduction factor for cracked concrete in shear,
v, is provided in EN 1992-1-1:2004, §6.2.2 (6), Eq. (6.6N):

_o06l1 S
v—0.6[1 250} 37

fex [MPa] is the characteristic compressive cylinder strength of concrete at 28 days. Subsequently, a.., which is a
coefficient that takes account the state of the stress in the compression chord, is computed using EN 1992-1-1:2004,
§6.2.3 (3), Eq. (6.11.aN), (6.11.bN), and (6.11.cN):

1 for non-prestressed structures
o,
1+—=2 for0<o, <0.25f,
cd
For =125 for 0.25/,, <o, <0.5,, (38)
O.C
2.5(1——”] for 0.5, <o, <1.01,
cd

o 1s the mean compressive stress in the concrete due to the design axial force or prestressing. The value of o, does
not need to be calculated at a distance less than 0.5cotfgy from the edge of the support. fi4 is the design value of the
concrete compressive strength. fgy is the angle of the strut inclination given in EN 1992-1-1:2004, §6.2.3 (4), Eq.
(6.7N). The effects of torsion and shear may be added if the angle of the strut inclination is the same. The limits of
the angle are 21.8° < Oy < 45°. The upper limit of the torsional strength, 7rqmax is given in Eq. (6.30) as:

T,

Rd,max — 2V1a<»wf<»dAkt¢f sin 8, cos 6, (39)
The recommended value of v; is v, see Equation (37). If the design yield strength of the transverse reinforcement,
Jfowa, 1s below 80% of the characteristic yield strength of reinforcement f«, v; can be taken according to Eq. 6.2.3
(6.10.aN) and 6.2.3 (6.10.bN) as:

0.6 for £, < 60MPa

40
0.9—£>0.5 for £, > 60MPa (40)
200

Vl:

Vramax, the upper limit of the shear strength, is calculated using Eq. (6.9) of EN 1992-1-1:2004, §6.2.3 (2):

a,b, v f.
— cw~w,EN 1Jcd (41)
cotd,, +tand,,

Rd ,max

by, en 1s the width of the cross-section and for T, I or L beams it is the width of the web. If the web width contains
ducts, the web width should be calculated according to §6.2.3 (6). Once Tramax and Vezimax are obtained, the
maximum combined shear and torsion capacity should be checked according to Eq. (6.29) to check if crushing of the
concrete occurs:

T, v,
TEa' B <10 @

Rd ,max Rd ,max

If the inequality is not satisfied, f-s or 4 need to be modified.

The first step for the torsion design is to compute the required amount of transverse reinforcement A4,,. The stirrups
for torsion must be added to the calculated reinforcement for shear. The code does not specify an equation to
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calculate the required number of stirrups for torsion. EN 1992-1-1:2004 mentions that the required area of transverse
torsion reinforcement Ay, should be obtained using the same method as for shear stirrups, therefore:

A T,
—w >t tan@,, (43)
s 2Ak f‘ywd

s is the spacing of the stirrups. The longitudinal reinforcement, 4, for torsion needs to be added to the computed
reinforcement required for flexure. The longitudinal reinforcement should generally be distributed over the length of
the side, z. EN 1992-1-1:2004, §9.2.3 (3) states that the longitudinal reinforcement bars required for torsion 4y need
to be organized to have at least one bar at each corner of the stirrups. The remaining steel bars can be distributed
uniformly around the stirrups’ perimeter inner face. Using Eq. 6.3.2 (6.28) the required longitudinal reinforcement
for torsion A4, is:

T,
A >t oo (44)

uy is the perimeter of the 4 area and fyq is the design yield strength of the longitudinal reinforcement.

The transverse reinforcement ratio to compute the minimum transverse reinforcement for torsion is given in Eq.
9.2.2 (9.5N) as:

P> 0.08@

vk

= pw,min (45)

If torsion arises from compatibility in statically indeterminate structures, then it is unnecessary to consider torsion as
an ultimate limit state. In this case, minimum longitudinal and transverse reinforcement should be provided to
prevent excessive cracking. According to Eq. 9.2.2 (9.4) and the value found in Equation (45), The minimum area of
transverse reinforcement A, min 1S calculated as:

Sw,min

s = pw,minbw,EN Sin o (46)

o is the angle between the transverse reinforcement and the longitudinal axis. The maximum spacing of the stirrups
is defined by EN 1992-1-1:2004, §9.2.3 (3) as:

u

8
s <min{0.75d (1+cot) 47

min (all dimensions )

d is the effective depth of the cross-section. To find the minimum amount of longitudinal reinforcement, which is
based on a requirement to control excessive cracking, first 4, which is the overall height of the cross-section within
the tensile zone, needs to be determined according to §7.3.2 as:

. h for 4 <1000 mm
= { (48)

1000 mm for 2 >1000 mm

h is the overall depth of the cross-section. The next step is to calculate k;, which is a coefficient given in §7.3.2 that
considers the effects of axial forces on the stress distribution:
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1.5 if N, is a compressive force

k =921 (49)
1 23111 if N, is a tensile force

Nea 1s the axial force at the serviceability limit state acting on the part of the cross-section under consideration
(compressive force positive), resulting from the characteristic values of prestress and axial forces under the relevant
load combination.

k. is a coefficient which takes into account the stress distribution within the section immediately prior to cracking
and of the change of the lever arm. It is defined by Eq. 7.3.2 (7.2) and (7.3) as:

1.0 for pure tension, any cross section
Nig
k. =40.4]1- hb—h <1.0 only for rectangular sections, webs of box sections and T-sections (50)
[
0.914,:,f—i:eff >0.5 only for flanges of box and T-sections

A 1s the area of concrete within the tension zone before the formation of the first crack, b is the overall width of the
cross-section, or the actual flange width in a T- or L-shaped beam. F., is the absolute value of the tensile force
within the flange immediately prior to cracking due to the cracking moment calculated with f;csr. forefr is the mean
value of the tensile strength of the concrete, effective at the time when the cracks are first expected to occur.

k, given in §7.3.2 is a coefficient which accounts for the effect of non-uniform self-equilibrating stresses, which
lead to a reduction of restraint forces.

_ {1.0 for webs with # < 0.3 m or flanges with b <0.3 m 51)

0.65  for webs with 4> 0.8 m or flanges with 5 > 0.8 m

For other intermediate values of height and width, interpolation is allowed. With these parameters, the minimum
area of longitudinal steel for torsion A min is given by Eq. 7.3.2 (7.1) and 9.2.1.1 (9.1N):

kc kfct,eff Act

O,
A4, i = max ’ <0.044, (52)

0.26&1)@ >0.0013b,d
Yk

os 1s the absolute value of the maximum stress permitted in the reinforcement immediately after formation of the
crack. o, is often taken as the yield strength of the reinforcement, f». A lower value may however, be needed to
satisfy the crack width limits according to the maximum bar size or spacing, see §7.3.3 (2). b, denotes the mean
width of the tension zone, for a T-beam with the flange in compression, only the width of the web is considered for
calculating the value of b;, fom is the mean value of the axial tensile strength of the concrete, and A4 gy is the gross
area of the concrete.

Next, the torsional capacity Trs of the element is computed:
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2441,
k swf..ywd cot HEN

T,, = min 24,4

1J ya
—— " tan@,,
U

Finally, the torsional capacity needs to be larger than or equal to Tz4

TRd 2 TEd

(53)

(54)

When the cross-section of the shape is irregular, like a T-section, it can be divided into rectangular subsections. Each
of these needs to be modeled using the space truss, thin-walled tube analogy to obtain the torsional resistance. The
overall resistance of the irregular section will be the sum of the subdivisions. The external torsional moment applied
on each individual subsection is proportional to each uncracked torsional stiffness. The maximum resistance of an

element under torsion is limited by the capacity of the concrete struts [9].

If torsion is not as important as other actions, a minimum longitudinal and transverse reinforcement for torsion must
be provided. Warping torsion can be neglected in hollow thin-walled and solid sections. In open thin-walled shapes
(like T-, I- or L-shapes) the calculation of the effect of warping torsion should be made for every slender cross-

section using a beam-grid model. For other cases, the analysis can be carried out by a truss model.

MC2010

This code establishes that if static equilibrium depends on the torsional resistance of the elements of the structure, a
full torsional design must be provided. On the other hand, if torsion arises due to compatibility, generally a torsion
design is not needed. In cases where compatibility torsion occurs, minimum longitudinal and transverse

reinforcement for torsion should be provided.

The first step is to check if the dimensions of the cross-section are adequate. For this, the longitudinal strain &, yc at
mid-depth of the effective shear depth, needs to be computed. It is defined in §7.3.3.1, Eq. 7.3-14 and 7.3-16 as:

M A
L = +VEd +NEd,MC li_ﬁ
2EsAv ZMC 2 ZMC

M, +F,cosd,e, + M

for non-prestressed members

. z —e
£ ve = P 4V~ F, sin§P+(NEd0—Fp c0s5p)u (55)

Zuc ZMc_ for prestressed members

z
2( “EA+ " EA MCJ
Zuc Zue !
Strain Profile
| | Mgy
% ca B Neq
®
d Zs Zp Ae &
°r ) »T Fd
/ O \\ h 4
LA AN N VEd
Figure 7—Definition of the variables used in Equation (55)
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MeEq is the design bending moment, Vg, is the design shear force (Mes and Vg are positive), Nequc is the applied
axial force (positive for tension and negative for compression), zuc is the effective shear depth which cannot be less
than 0.94 for non-prestressed members, and d is the effective depth. In case of a support that penetrates the beam or
slab, zyc is replaced with d,,ac, which is the distance from the centroid of the reinforcement layers to the supported
area. A. is the difference between the position of the applied axial load and the centroid of the cross-section, E; is
the modulus of elasticity of the reinforcing steel, E, is the modulus of elasticity of the prestressing steel, A is the
area of longitudinal reinforcement, and A, uc is the area of prestressing reinforcement. Mg, Veao, and Ngqo are the
bending moment, shear and normal force without the effect of prestressing. M, inq is the secondary moment caused
by prestressing, F), is the prestressing force, e, is the eccentricity of prestressing, J, is the tendon angle, z, is the
distance between the centerline of the compressive chord and the reinforcement, and z, is the distance between the
tendon axis and the compressive chord.

The design approach of the MC2010 code is by Levels of Approximation. Level I represents the simplest and
quickest approach, valid for standard design cases. The use of higher Levels of Approximation means more
computational effort and time but will result in a more accurate solution. For the value of the minimum compressive
stress field inclination Omin, four levels of approximation can be used. The angle Oyc selected to make the
calculations can be chosen according to §7.3.3.3, Eq. 7.3-35 between:

o

min

<é

MmcC

<45 (56)

The Level of Approximation I for 6,

nin >

using a variable angle truss model approach, states:

25" for members with significant axial compression or prestress
6 . =430" for reinforced concrete members 67N

40" for members with significant axial tension

§7.3.3.3, Eq. 7.3-39 in the MC2010 gives a definition for the minimum angle for a Level of Approximation II (based
on a generalized stress field approach) and III (represents a general form of sectional shear equations and is based on
the simplified modified compression field theory), defined as:

6, =20 +10,000¢, (58)

The Level of Approximation IV states that the angle can be determined using a finite element method. Appropriate
stress-strain models for the steel and for diagonally cracked concrete should be used.

Now, the parameter ¢; is required to calculate the strength reduction factor, which will be used later to check if the
cross-sectional dimensions are adequate. It is defined in §7.3.3.3, Eq. 7.3-41 as:

£ =€ ot (eX’MC + o.ooz)cot2 6, (59)

Consequently, k., a factor that considers the influence of the state of strain in the web, is computed according to Eq.
7.3-37 or 7.3-40:

0.55 for Level I or when £, < 0.0001

k =
€ ; <0.65 for Level IT and IIT (60)
1.2+55¢,

Eq. (7.3-28) defines 7. as:
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30 é
= —1 <£1.0 61
T (f] ©

fex [MPa] is the characteristic value of the compressive strength of concrete. The strength reduction factor, k. umc is
calculated according to Eq. 7.3-27:

Kee =k (62)

The next step is to compute the maximum shear resistance Vzgmax, using Gmin found in Equation (57) or (58). Vramax
is defined by Eq. 7.3-26 as:

_ kcf;kbw* z

Rd,max — sin 9
Ve

min

cos@ .. (63)

§7.2.3.1.4 specifies that y. is the partial safety factor for concrete. y. =1.5 for standard loading and 1.2 for incidental
loading. b,, is the width of the web. The effective panel thickness z.r is according to §7.3.4.1, Eq. 7.3-54:

(64)

IA
) |§~

dr is the diameter of the circle that can be inscribed at the narrowest part of the cross-section. The effective panel
thickness should have at least a value of twice the distance between the concrete surface and the center of the closest
layer of longitudinal reinforcement. In the case of box-girders, the effective panel thickness corresponds to the wall
thickness, if the wall is reinforced on all sides. The upper bound of the torsional resistance 7Tzsmax can be obtained
from §7.3.4.1, Eq. 7.3-56:

TRd,max = 2kc ka te/'Ak sin HMC cos HMC (65)
y

c

Ay is the area enclosed by the centerlines of the connecting walls, including inner hollow areas. With Vzgmax and
Tramax known, the dimensions of the cross-sections can be checked according to §7.3.4.1, Eq. (7.3-55)

2 2
T, Vv,
[ b J{ i J <1.0 (66)
TRd ,max VRd,max

Where Tkq is the applied torsional moment.

The required amount of transverse reinforcement for torsion Ay, is obtained by assuming that the torsional moment
will be resisted only by the stirrups. For this, Eq. 7.3-53 was substituted into Eq. 7.3-29:

WS TEd

Sw - 2Akfvwd

tan 6, (67)

Jfywa 1s the yield strength of the transverse reinforcement and s,, is the spacing of the stirrups.

The required longitudinal reinforcement for torsion, A results from substituting Eq 7.3-53 into 7.3-34:

(ng N TEdZJ cotd,,.
Y|

_ 24, ) 2 .
st f;]k
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[ 1s the characteristic value of the yield strength of reinforcing steel in tension.

The minimum area of transverse reinforcement A, min required for torsion should also fulfill §7.13.5.2, Eq. 7.13-9.

A b
sw,min _ 008 f;k _w Wlth_fck in [MPa] (69)
S

w ywd

The maximum spacing between stirrups s,, is defined in §7.13.5.2 as:

. 10.75d
s, <min (70)
500 mm
d is the effective depth. The minimum longitudinal reinforcement for torsion 4, min according to §7.13.5.2, Eq. 7.13-
8 is:
A =0.26 S b od
st,min t,MC (71)

vk
bimc is the width of the tension zone and f. is the mean value of the axial tensile strength of concrete.

The torsional capacity T is computed as:

24,4, 1,
k sw_f)wd Cote

s
T, =min " (72)
444 .
— ks Sy tan @

z
Finally, the torsional capacity Tzs needs to be larger than the applied torsional moment 7z,.
Trg 2Ty (73)

DISCUSSION

The previous sections showed that there are two major philosophies for determining the torsional capacity of
structural concrete members: 1) skewed-bending analysis, and 2) truss analogy (with or without the consideration of
the concrete’s contribution). However, all the building codes presented in this document use a 3D-truss model and
the thin-walled tube analogy to predict the failure of the members. According to Hsu?’, the advantages of this theory
are: the interaction of shear and torsion with bending and axial load is well-described, the effect of prestress can be
included in a logical way, it provides a reasonable accuracy between the model and the experimental tests, and the
distinct advantage over the skewed-bending theory is that the truss analogy can predict the deformation of a member
throughout the loading history. Within the space truss model, the codes presented here use either a variable angle
truss or a MCFT method to predict the behavior of concrete members under torsion. One of the differences between
them is how each one obtains the angle of inclination of the concrete struts or compressive field. The variable angle
truss method fixes an assumed angle for the inclination of the struts, while the MCFT considers compatibility and
equilibrium conditions to determine the angle of the compression field. The other difference is that the first method
does not contemplate the tensile contribution of the concrete to the torsional strength, whereas the MCFT does.
Nevertheless, other models have shown to predict the behavior of structural members with good accuracy. One of
the them is the Softened Membrane Model for Torsion** which is an extension of the Softened Membrane Model for
Shear®. Another new model*® that follows the skew-bending theory has shown better prediction results on the shear
strength of hollow circular structural concrete cross-sections compared to the methods used in EN 1992-1-1:2004
and fib Model Code 2010. This statement is based on the experimental testing of 45 specimens®’. However, this
model still needs to be extended to other types of cross-sections and to the torsion design problem.
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Several subjects of discussion remain concerning torsion in structural concrete. The first topic is the capacity of the
members resisting loads by warping torsion. All five codes listed here assume that the external torsional moment
will be resisted by circulatory torsion. Nevertheless, box-, T-, or I-shaped concrete beams tend to produce
differential shear stresses on their cross-sectional planes to resist torsion, due to the characteristic restriction of their
connected flanges and webs. None of the codes give clear provisions on how to deal with members resisting
torsional moments by warping torsion. A second important subject is the torsion effect on slabs. Point loads on slabs
close to the edges produce large torsional moments*®. None of the codes presented in this document give clear
provisions on how to address the effect of torsion on the shear capacity of concrete slabs at the edges.

One topic of recent research is the torsional behavior of structural concrete members under different physical and
geometric conditions. Examples include the analysis of limitations of torsional reinforcement to prevent a brittle
failure’®. Based on the experiments of 15 beams with the maximum torsional reinforcement ratio as the main
parameter and 99 existing tests obtained from the literature, it was observed that the ACI 318-19 and JSCE-074
codes predicted the torsion failure with good accuracy when having the maximum ratio of torsional reinforcement.
On the other hand, EC2-04 and CSA-14 building codes overestimated the limit between a brittle and ductile failure.
Another research topic is the torsional performance of beams subjected to pure torsion with low levels of torsional
reinforcement*'. In this research it was found that high strength concrete beams (HSC) with a total torsional
reinforcement ratio of less than 0.95% presented a brittle failure. On the other hand, HSC and normal strength
concrete (NSC) specimens with a total torsional reinforcement larger than 0.95% and 0.87%, respectively, showed a
ductile torsional failure. Moreover, an experimental study*? on the comparison of HSC an NSC beams under torsion
with the same amount of reinforcement concluded that HSC elements provided a higher torsional strength than NSC.
The uncracked torsional stiffness and the cracked stiffness of HSC beams was approximately 2 times and 1.4 times,
respectively, compared to the NSC elements. Another example is the torsional behavior of concrete elements using
CTR (continuous transverse reinforcement)*”. In summary, it was demonstrated that the pure torsional resistance
using CTR sometimes exceeds the strength obtained with conventional stirrups. Nevertheless, if the cracks due to
torsion have the same direction as the CTR, the strength is decreased. Experimental tests of the torsional behavior of
high-strength reinforced concrete under-reinforced beams showed that torsional strength of these elements is
independent of the concrete strength as long as the beam is under-reinforced**.

A second topic of research is the use of innovative materials. An example includes beams with glass fiber-reinforced
polymer (GFRP) bars and stirrups. The advantage of such bars is the superior performance from a durability point of
view. These bars cost less than carbon fiber-reinforced polymer bars and offer a different solution to the corrosion
problem. Investigation on this topic concluded that the GFRP-reinforced concrete beams under torsion exhibited a
similar strength and cracking behavior compared to the counterpart steel reinforced concrete (RC) beams*’. Waste
materials like oil palm shell have been tested as a substitute to granite aggregate to produce a lightweight concrete.
Experimental analysis* on the torsional behavior of oil palm shell concrete (OPSC) compared to normal weight
concretes (NWC) demonstrated that the OPSC had a 280% larger twist at failure than the NWC and a better
torsional ductility. Another application is the use of steel fiber reinforced concrete (SFRC). Abundant research has
been carried out on rectangular SFRC beams*’-*2. However, most beams in real structures have T- or L-shaped
cross-sections. Therefore, it is important to understand how steel fibers influence the torsional behavior of non-
rectangular beams. Experimental investigation® on this topic showed that steel fibers can increase the torsional
strength after cracking and are very effective in preventing a sudden brittle failure in flanged beams that presented a
steel fiber volume of 3%.

A third topic of current research on torsion is the strengthening of structures that are subjected to torsional moments.
The various types of wrapping using carbon fiber-reinforced polymer (CFRP) fabrics> showed that the full-
wrapping technique enhances the torsional behavior.However its practical application is limited because the access
to the sides of the beam is restricted. On the other side, the U-jacket technique is the most achievable and practical
wrapping.Nevertheless, it showed less effectiveness in strengthening for torsion compared to the extended U-jacket
and the full wrapping technique. An analytical model® which uses a smeared crack analysis for plain concrete in
torsion for the pre-cracking behavior and a softened truss theory for the post-cracking performance has shown good
prediction of the torsional capacity of beams retrofitted with CFRP. CFRP sheets are also used to repair damaged
RC elements under torsion. After tests were made>®, it was shown that the torsional capacity of columns was larger
than the original torsional strength, after they were repaired with CFRP
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SUMMARY OF CONCLUSIONS

This study summarizes the provisions for torsion design in structural concrete. All the required provisions given in
ACI 318-19, CSA-A23.3-04, AASHTO-LRFD-17, EN 1992-1-1:2004, and the fib Model Code 2010 are listed. A
short literature review on the early stages of torsion research plus brief descriptions of the mechanical models used
to describe the torsional behavior are given. The two major philosophies, 1) space truss analogy and 2) skew-
bending theory are summarized. All the codes listed here use a 3D truss analogy. The ACI 318-19, EN 1992-1-
1:2004 and Level I of Approximation of the fib Model Code 2010 do not consider the contribution of the concrete to
the torsional strength. On the contrary, the CSA-A23.3-04, AASHTO-LRFD-17 and Levels II and III of
approximation in the fib Model Code 2010 include the concrete contribution in the determination of the torsional
capacity.

Furthermore, topics outside the scope of current provisions such as how to design structural concrete elements under
warping torsion or the effect of torsion on the shear capacity of concrete slabs at the edges are discussed. Finally, an
overview of recent topics in torsion research was presented.

LIST OF NOTATIONS

b = overall width of the cross-section, or the actual flange width in a T-or L-shaped beam,

be = effective width of the shear flow path taken as the minimum thickness of the exterior webs or flanges
comprising the closed box section or flanges comprising the closed box section,

b; = mean width of the tension zone; for a T-beam with the flange in compression, only the width of the we
is considered for calculating the value of b,,

bimc = width of the tension zone,

b, = web width adjusted for the presence of ducts,

by = web width or diameter of a circular section,

bwey = web width of the cross-section for T, I or L beams,

c = distance between the edge of the member and the centroid of the longitudinal reinforcement,

d = effective depth,

ds = unit area,

ds = distance from extreme compression fiber to the centroid of the non-prestressed tensile reinforcement
measured along the centerline of the web,

dr = diameter of the circle that can be inscribed at the narrowest part of the cross-section,

dy = effective shear depth,

dyuc = in case of a support that penetrates the beam or slab, it is the distance from the centroid of the
reinforcement layers to the supported area,

e = eccentricity of prestressing,

Se = specified compressive strength of concrete,

Sed = the design value of concrete compressive strength,

Ser = characteristic compressive cylinder strength of concrete at 28 days,

Sfep = average compressive stress in concrete due to the effective prestress force only, after allowance for all
prestress losses,

Sereft = mean value of the tensile strength of concrete, effective at the time when the cracks may first be expected
to occur,

Sem = mean value of axial tensile strength of concrete,

Jre = compressive stress in concrete, after allowance for all prestress losses, at centroid of cross-section

resisting externally applied loads or at junction of web and flange where the centroid lies within the
flange. In a composite member, it is the resultant compressive stress at centroid of composite section, or
at junction of web and flange where the centroid lies within the flange, due to both prestress and
moments resisted by precast member acting alone,

Jfreaas = unfactored compressive stress in concrete after prestress losses have occurred either at the centroid of the
cross-section resisting transient loads or at the junction of the web and flange where the centroid lies in
the flange,

Jre = effective stress in prestressing tendons after allowance for al prestress losses,

Jro = stress in prestressing tendons when the strain in the surrounding concrete is zero,

froaas = parameter taken as modulus of elasticity of prestressing steel multiplied by the locked-in difference in
strain between the prestressing steel and the surrounding concrete,

Jos = average stress in prestressing steel at the time for which the nominal resistance of member is required

Jou = specified tensile strength of prestressing reinforcement,
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Jouwcsa = specified tensile strength of prestressing tendons,

Sre = effective stress in prestressing reinforcement, after allowance for all prestress losses,

s = specified yield strength for non-prestressed longitudinal reinforcement,

fra = design yield strength of the longitudinal reinforcement,

fok = characteristic yield strength of reinforcement,

e = specified yield strength of transverse reinforcement,

Fowd = design yield strength of the transverse reinforcement,

h = overall height of the member,

h" = overall height of the cross-section to calculate the minimum longitudinal reinforcement to control
excessive cracking, within the tensile zone,

k = coefficient which accounts for the effect of non-uniform self-equilibrating stresses,

ke = coefficient which accounts the stress distribution within the section immediately prior to cracking
and of the change of the lever arm,

ke = strength reduction factor,

ke = factor which considers the influence of the state of strain in the web,

ki = coefficient that considers the effects of axial forces on the stress distribution,

ne = coefficient needed to compute £,

De = outside perimeter of the cross-section,

Dep = outside perimeter of concrete cross-section,

Ph = perimeter of the centerline of outermost closed transverse torsion reinforcement,

praas = perimeter of the centerline of the closed transverse torsion reinforcement for solid members, or the

perimeter of the centroid of the transverse torsion reinforcement in the exterior webs and flanges for
hollow members,

s = center-to-center spacing of stirrups,

Sy = spacing of the stirrups for torsion,

t = wall thickness at the location where the stresses are being checked,

tor = effective wall thickness,

u = perimeter of the cross-section,

Uk = perimeter of the Ay area,

z = distance along the centerline, between the intersection points of the adjacent walls of the equivalent thin-
walled tube, usually taken as the height of the element,

Zmc = effective shear depth,

Zp = distance between the tendon axes and the compressive chord,

Zg = distance between the centerline of the compressive chord and the reinforcement,

A = total area of the cross-section, including inner hollow areas,

Ae = area enclosed by outside perimeter of concrete cross section, including area holes,

Aep = area enclosed by the outside perimeter of concrete cross-section,

Aet = area of concrete within tensile zone before the formation of the first crack,

Aecrn = cross-sectional area of the concrete,

Ag = gross area of the concrete cross-section,

Ak = area enclosed by the centerlines of the connecting walls, including inner hollow areas,

A = required area of longitudinal reinforcement to resist torsion,

Aimin = minimum area of longitudinal reinforcement to resist torsion,

Am = area enclosed by the shear forces,

A, = area enclosed by the shear flow path including area of holes,

Aoh = area enclosed by centerline of the outermost closed transverse torsional reinforcement, including area
holes,

Ap = area of tendons on the flexural tension side of the member,

Aps = area of prestressed longitudinal tension reinforcement,

Apsaas = area of prestressing steel on the flexural tension side of the member,

Apmc = area of prestressing reinforcement,

As = area of non-prestressed longitudinal tension reinforcement,

Agl = area of longitudinal reinforcement bars required for torsion,

Agmin = minimum area of longitudinal reinforcement bars required for torsion,

Ay = area of longitudinal reinforcement for torsion,

Asw = area of transverse torsion reinforcement,
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Agwmin = minimum area of transverse torsion reinforcement,

A = area of one leg of a closed stirrup resisting torsion,

Aimin = minimum area of transverse reinforcement for torsion,

Ay = required area of shear reinforcement. Required area of two legs of a closed stirrup for shear,

Avmin = minimum transverse reinforcement for shear force,

E, = modulus of elasticity of prestressing tendons,

Es = modulus of elasticity of non-prestressed reinforcement,

F. = absolute value of the tensile force within the flange immediately prior to cracking due to the cracking

moment calculated with f.;esr,

F, = the prestressing force,

G = shear modulus,

K = the effective length factor for compression members,

M; = moment due to factored loads,

M,ina = secondary moment caused by prestressing,

M, = factored applied moment,

MEaq = design bending moment,

Meq = Dbending moment without the effect of prestressing,

Nga = axial force at the serviceability limit state acting on the part of the cross-section under consideration

(compressive force positive), resulting from the characteristic values of prestress and axial forces under
the relevant load combinations,
Neamc = applied axial force, positive for tension and negative for compression,

NEdo = normal force without the effect of prestressing,

Ny = factored axial load normal to the cross-section. Taken as positive for tension, negative for compression

N, = factored axial force, taken as negative for tension and positive for compression,

Ter = cracking torsional moment,

Ty = factored torsional moment,

T = nominal torsional resistance,

T, = factored torsional resistance,

T = threshold torsional moment,

T = applied factored torsional moment,

Tkd = applied torsional moment,

Tra = factored torsional strength,

Tramax = upper limit of the torsion strength,

Ve = shear strength provided by concrete,

Ve = factored shear force,

Vs = component in the direction of the applied shear of the effective prestressing force factored by ¢,

Vy44s = component of prestressing force in the direction of the shear force,

Vs = shear resistance provided by transverse reinforcement,

Va = factored shear force,

VEd = applied shear force,

Vrimax = maximum shear resistance,

o = angle between the transverse reinforcement and the longitudinal axis,

Ocw = coefficient that takes into account the state of the stress in the compression chord,

Ve = partial safety factor for concrete,

Op = tendon angle,

& = net longitudinal tensile strain in the section at the centroid of the tension reinforcement,

&x = longitudinal strain at mid-depth of the member due to factored loads,

exmc = longitudinal strain at mid-depth of the effective shear depth,

& = coefficient required to compute £,

0 = angle between the struts and the tension chord,

Ocheck = actual angle of the strut inclination,

Ocheck, mc = actual angle of the compression field,

Omin = minimum value of the compressive stress field inclination,

O = angular rotation,

Baus = angle of inclination of diagonal compressive stresses,

Ocsa = angle of inclination of diagonal compressive stresses, measured from the longitudinal axis of the member,
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Oen = assumed angle of the strut inclination,

Ouc = assumed angle of the compression field,

A = modification factor which accounts for the properties of lightweight concrete,

Adas = concrete density modification factor,

v = strength reduction factor for cracked concrete in shear,

7 = strength reduction factor for cracked concrete in shear when the design yield strength of
the transverse reinforcement, is below 80% of the characteristic yield strength of reinforcement,

Vu = shear stress,

Pw = transverse reinforcement ratio,

Pwmin = Minimum transverse reinforcement ratio,

Ocp = mean compressive stress in the concrete, due to the design axial force or prestressing,

Os = absolute value of the maximum stress permitted in the reinforcement immediately after formation of the
crack,

T = tangential shear forces,

T = torsional shear stress,

[ = resistance factor,

O = resistance factor for concrete,

op = resistance factor for prestressing tendons,

o = resistance factor for non-prestressed reinforcement,

Ae = difference between the position of the applied axial load and the centroid of the cross-section,
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NEGLECTING COMPATIBILITY TORSIONS IN THE DESIGN OF CONCRETE STRUCTURES
Giorgio T. Proestos, Evan C. Bentz, Michael P. Collins

Synopsis: The traditional approach in the design of reinforced and prestressed concrete building structures has been
to design each of the two orthogonal directions independently. In calculating the distribution of moments in a structure,
this two-dimensional approach neglects the effects of the intersecting members. That is, in the case of compatibility
torsions, the torsional stiffness is neglected. This paper provides a summary of the progression of the ACI code and
commentary pertaining to the zero torsional stiffness assumption and its origins. The paper then introduces a recently
developed nonlinear finite element analysis tool, VAST II, capable of predicting the response of reinforced and
prestressed concrete structures in three-dimensions. The tool, based on the Modified Compression Field Theory, is
capable of modelling entire structures or large portions of structures in order to assess their performance in a manner
that accounts for three-dimensional effects, such as compatibility torsions. VAST II is then used to model a case study
transit center. The transit center is a post-tensioned concrete structure that was designed using the traditional approach
of neglecting the effects of compatibility torsions. The results indicate that the traditional approach recommended by
the ACI code and commentary, to neglect compatibility torsions, is appropriate and gives robust designs. The paper
concludes by providing recommendations for future studies that could be conducted using three-dimensional nonlinear
tools such as VAST II.

Keywords: assessment, compatibility torsion, design, finite element, prestressed concrete, shear
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INTRODUCTION
Prior to the advent of computers, the design of indeterminate reinforced and prestressed concrete structures relied on
hand calculations to determine how moments would be distributed in a frame structure. Traditionally, such structures
would be designed in each of the two orthogonal directions independently. It was very computationally difficult to
calculate torsion in highly statically indeterminate reinforced concrete structures. This was one of the main reasons
that, except for some special structures such as free-standing spiral staircases, torsion was ignored.

As computers became readily available, structural engineers began using computer methods in place of hand
calculations to determine the distribution of moments in a structure. As was the case for hand calculations, engineers
would design structures in each of the two orthogonal directions independently, thereby ignoring three-dimensional
effects that occur as a result of intersecting members in orthogonal directions. This practice is still a commonly used
and acceptable method for the design of many structures. With improved computational power, it has become more
common to develop three-dimensional models to determine the elastic distribution of forces in a structure. In
conducting such three-dimensional analyses, the effects of torsions in three-dimensions are no longer ignored.
Torsions that arise from the compatibility of the connected members, compatibility torsions, will be dependent on the
choice of the relative stiffness of the flexural members and the members subjected to torsion. After cracking, the
flexural stiffness of reinforced concrete members decreases by about half of its elastic value, whereas after cracking
the torsional stiffness of the member will reduce by much more than half (about 80-90%) of its elastic stiffness. Thus,
after cracking, the ratio of torsional stiffness to the flexural stiffness is lower than the ratio of the elastic torsional
stiffness to the elastic flexural stiffness. In the limit when torsional stiffness is neglected, the three-dimensional
analysis will provide the same results as the two-dimensional analyses conducted in each of the two orthogonal
directions. Conversely, using the elastic stiffnesses may significantly overestimate the torsions and underestimate the
flexural demand after cracking. Since, elastic analysis programs are used for the purposes of determining the
distribution of forces in a structure, a single assumption must be made for the relative stiffnesses used. In situations
where torsions arise in order to satisfy equilibrium, equilibrium torsion, non-zero torsional stiffness must be used to
determine the stress resultants.

This paper examines a case study structure to investigate the performance of an indeterminate transit center designed
using the assumption of zero torsional stiffness. While a three-dimensional elastic analysis of such a structure using
the elastic torsional and flexural stiffnesses would give rise to large compatibility torsions, this paper examines the
performance of the structure when these torsions are ignored in design. The paper first describes the progression of
the ACI code and commentary with respect to compatibility torsion and the zero torsional stiffness assumption. The
paper then introduces a recently developed three-dimensional macro element nonlinear finite element program, VAST
I, and uses the program to model a portion of the transit center. The performance of the structure is then discussed in
the context of the design loads and assumptions.
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DESIGNING FOR COMPATIBILITY TORSION, THE ACI CODE AND COMMENTARY
This section provides an overview of the progression of the ACI clauses and commentary pertaining to compatibility
torsion and stiffness assumptions permitted in design.

The first ACI code to mention torsion was the 1963 edition, ACI 318-63, which gave torsional stiffness advice in
Clause 905—Frame analysis—Details, and gave some simple torsional detailing rules in Clause 921-Torsion. These
clauses are reproduced in Fig. 1 (ACI, 1963).

905 — Frame Analysis — Details
(c) Stiffness

1. Any reasonable assumptions may be adopted for computing
the relative flexural stiffness of columns, of walls, and of floor
and roof systems. The assumptions made shall be consistent
throughout the analysis.

2. In computing the value of / for the relative flexural
stifftness of slabs, beams, girders, and columns, the
reinforcement may be neglected. In T-shaped sections allowance
shall be made for the effect of flange.

3. If the total torsional stiffness in the plane of a continuous
system at a joint does not exceed 20 percent of the flexural stiff-
ness at the joint, the torsional stiffness need not be taken into
account in the analysis.

921 — Torsion
(a) In edge or spandrel beams, the stirrups provided shall be
closed and at least one longitudinal bar shall be placed in each corner
of the beam section, the bar to be at least the diameter of the stirrups
or Y4 in., whichever is larger.

Figure 1 — ACI 318-63 Code excerpt (ACI, 1963)

In many practical situations the requirements of Clause 905.(c).3 are met and thus the torsions in the members could
be assumed to be zero. The very simple detailing rules in Clause 921 for edge or spandrel beams were the only torsion
provisions which most designers needed to satisfy. By the time of the 1971 ACI code, ACI 318-71, provisions for
calculating the torsional strength of reinforced concrete members were included, but no provisions were given for
prestressed concrete members. The section describing assumptions about stiffness, Section 8.5.3, then explicitly
included torsional stiffness. The commentary for this section specifically notes that neglecting torsional stiffness “is
allowed by the Code” (ACI, 1971). An excerpt is shown in Fig 2.
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8.5.3 Stiffness
8.5.3.1 Any reasonable assumptions may be
adopted for computing the relative flexural and
torsional stiffnesses of columns, walls, floors, and
roof systems. The assumptions made shall be con-
sistent throughout the analysis.

The provision in the 1963 Code which allows
the torsional stiffness to be neglected in frame
analysis under certain conditions has been re-
moved because of misinterpretations, and the
Code is now silent on this matter. It has been
customary to neglect torsional stiffness in frame
analysis when torsional stiffness is small com-
pared to flexural stiffness and, except for the
provisions of Chapter 13, this practice is allowed
by the Code. Because of the approximations used
in design, the neglect of this small factor will have
no important effect on the flexural moments. In
members subjected to significant torsional
stresses, torsional stiffness should be considered in
determining torsional moments.

Figure 2 — ACI 318-71 Code and commentary excerpt (ACI, 1971)

The concept of distinguishing between equilibrium torsion (where the torsion is required to satisfy equilibrium) and
compatibility torsion (where the torsion arises because the member must twist to satisfy compatibility) was introduced
in a paper by M. P. Collins and P. Lampert and presented at an ACI symposium in Denver in March 1971. The paper
was titled: “Redistribution of Moments at Cracking—the Key to Simpler Torsion Design?” (Collins and Lampert,
1971). Their experiments showed that for the case of compatibility torsion, satisfactory designs resulted when the
torsional stiffness was assumed to be zero resulting in a calculated torsional load of zero in the spandrel members.
The experiments demonstrated that floor beam - spandrel beam specimens designed assuming zero torsional stiffness
in the spandrels had similar crack control and similar ultimate strengths to the companion specimens designed
assuming uncracked torsional stiffness values, see Fig. 3. The specimens designed assuming zero torsional stiffness
had arrangements of flexural reinforcement that more closely matched the actual flexural demands caused by the
loading. The ACI Special Publication, SP-35, which published the paper along with 11 other papers, was devoted to
explaining how structural systems could be analyzed to determine the magnitude of the design torsions. Fig. 12-5 from
the Collins and Lampert paper was the cover photograph for the volume, see Fig. 4.
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WORKING LOAD

ULTIMATE LOAD

S1
DESIGN

CONVENTIONAL
WEIGHT STEEL = 290 LBS.

SPECIMEN

LZERO TORSION DESIGN
WEIGHT STEEL = 240 LBS.

SPECIMEN S2

3 P =30 kips Ppax = 54 kips
Figure 3 — Comparison of full torsion design and zero torsion design, reproduced from Collins and
Lampert, 1971 [Note: 1 kip = 4.45 kN, 1 Ib = 0.454 kg]

The concept that zero torsional stiffness could be used for compatibility torsion was introduced in the commentary to
the stiffness clause in the ACI 1977 code, see Fig. 4. The commentary outlines that any reasonable assumption for the
relative stiffnesses can be made. It also describes the difference between compatibility torsion and equilibrium torsion
and indicates that while it is necessary to consider torsions arising from equilibrium, in most cases compatibility
torsions can be neglected.

Documents

24 Document Sharing Hub

Full document details: ACI SP-344-20


http://www.avadocuments.com/doc/aci-sp-344-20
http://www.avadocuments.com/doc/aci-sp-344-20

SP-344: Examples for the Design of Reinforced and Prestressed Concrete Members Under Torsion

8.6 — Stiffness

8.6.1 — Any reasonable assumption may be adopted
for computing relative flexural and torsional stiff-
nesses of columns, walls, floors, and roof systems.

8.6— Stiffness

8.6.1 — This section allows the use of any reasonable
assumption when computing the stiffnesses for use in
a frame analysis provided the assumptions made are

Assumptions shall be consistent throughout analysis.

consistent throughout the analysis. Ideally, the mem-
ber stiffnesses El and GJ should reflect the degree of
cracking and inelastic action which has occurred along
each member immediately prior to the onset of
yielding. However, the complexities involved in se-
lecting the ideal values of El for all members of a frame
would make frame analyses uneconomical in design
offices. Hence, simpler assumptions are required to
define the flexural and torsional stiffnesses for prac-
tical analyses.

A provision in the 1963 code which allowed the tor-
sional stiffnesses of transverse beams to be ne-
glected if they did not exceed 20 percent of the flex-
ural stiffnesses at the joint was deleted in the 1971
code, and the current code only requires that reason-
able assumptions of the relative flexural and torsional
stiffnresses be made. Two conditions determine
whether it is necessary to include the torsional
stiffness in the analysis of a given structure: the
relative magnitude of the torsional and flexural
stiffnesses and, whether the torsion is required for
equilibrium of the structure (equilibrium torsion) or
simply arises due to members twisting to maintain
compatibility of deformations (compatibility torsion). In
the case of compatibility torsion, the torsional stiffness
can be frequently be neglected, while it generally must
be included in the analysis if equilibrium torsion exists.
Prior to torsional cracking, the torsional stiffness of a
rectangular beam will be in the order of 10 to 20
percent of the flexural stiffness. Torsional cracking will
reduce the torsional stiffness of such a beam by 80 to
90 percent so that the torsional stiffness drops to a
small fraction of the corresponding flexural stiffness.
Because of this high reduction, the torsional stiffness
of beams transverse to the frame being analyzed is
usually not considered in the analysis. It is, however,
necessary to consider the torsional stiffnesses of edge
beams in Chapter 13.

Figure 4 — Cover of ACI Special Publication 35, 1973 (ACI, 1973) and
ACI clause 8.6 code and commentary, 1977 (ACI, 1977)

By the 1989 ACI code, the commentary on stiffness had been further simplified and noted: “In the case of compatibility
torsion, the torsional stiffness may be neglected” and this version of the commentary has remained in all ACI codes
up to the current 2019 standard. In the ACI 2019 Code and Commentary, the commentary continues to recognize that
compatibility torsions can be neglected, the commentary to express this has changed to say, “In the case of
compatibility torsion, torsional stiffness usually is not included in the analysis. This is because the cracked torsional
stiffness of a beam is a small fraction of the flexural stiffness of the members framing into it.” (ACI, 2019). See excerpt
in Fig. 5.

Documents

35 Document Sharing Hub

Full document details: ACI SP-344-20


http://www.avadocuments.com/doc/aci-sp-344-20
http://www.avadocuments.com/doc/aci-sp-344-20

SP-344: Examples for the Design of Reinforced and Prestressed Concrete Members Under Torsion

CODE

6.3 — Modeling Assumptions

6.3.1 — General

6.3.1.1 Relative stiffnesses of members within structural
systems shall be selected based on a reasonable set of
assumptions. The assumptions shall be consistent
throughout each analysis.

COMMENTARY

R6.3 — Modeling Assumptions

R6.3.1 — General

6.3.1.1 Separate analyses with different stiffness
assumptions may be performed for different objectives such
as to check serviceability and strength criteria or to bound
the demands on elements where stiffness assumptions are

critical.

Ideally, the member stiffnesses EJ and GJ should
reflect the degree of cracking and inelastic action that has
occurred along each member before yielding. However, the
complexities involved in selecting different stiffnesses for
all members of a frame would make frame analyses
inefficient in the design process. Simpler assumptions are
required to define flexural and torsional stiffnesses.

For braced frames, relative values of stiffness are
important. A common assumption is to use 0.5I, for beams
and I, for columns.

For sway frames, a realistic estimate of I is desirable
and should be used if second-order analyses are performed.
Guidance for the choice of I for this case is given in 6.6.3.1.

Two conditions determine whether it is necessary to
consider torsional stiffness in the analysis of a given
structure: 1) the relative magnitude of the torsional and
flexural stiffnesses; and 2) whether torsion is required for
equilibrium of the structure (equilibrium torsion) or is due
to members twisting to maintain deformation compatibility
(compatibility torsion). In the case of equilibrium torsion,
torsional stiffness should be included in the analysis. It is,
for example, necessary to consider the torsional stiffnesses
of edge beams. In the case of compatibility torsion, torsional
stiffness usually is not included in the analysis. This is
because the cracked torsional stiffness of a beam is a small
fraction of the flexural stiffness of the members framing
into it. Torsion should be considered in design as required
in Chapter 9.

Figure 5 — ACI 318-19 Code and commentary excerpt (ACI, 2019)

It is also relevant to note that the 92 page 2013 ACI state-of-the-art “Report on Torsion in Structural Concrete”
continues to support the practice of “disregarding structural torsion” in cases of compatibility torsion (ACI-ASCE,
2013). Additionally, provisions for calculating torsional strength of prestressed concrete members were first
introduced into the 1995 ACI code, ACI 318-95 (ACI, 1995). These provisions were influenced by the torsional design
procedures developed by Collins and Mitchell and summarized in their 1991 textbook ‘“Prestressed Concrete
Structures” published by Prentice Hall (Collins and Mitchell, 1991).

The case study transit center that will be discussed in subsequent sections was built in the United States and was
designed using the ACI 318-02 code. The structure was designed using the assumption of zero torsional stiffness.
Much like the 1989 code and the 2019 code, the 2002 ACI code and commentary indicates that, “In the case of
compatibility torsion, the torsional stiffness may be neglected” (ACI, 2002). See excerpt shown in Fig. 6.
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CODE COMMENTARY

8.6 — Stiffness R8.6 — Stiffness

8.6.1 — Use of any set of reasonable assumptions R8.6.1 — Ideally, the member stiffnesses EI and GJ should

shall be permitted for computing relative flexural and reflect the degree of cracking and ine}ast}c action that has

torsional stiffnesses of columns, walls, floors, and roof occurred along each member before yielding. However, the

systems. The assumptions adopted shall be consis- complexities involved in selecting different stiffnesses for

tent throughout analysis. all members of a frame would make frame analyses ineffi-
cient in design offices. Simpler assumptions are required to
define flexural and torsional stiffnesses.

For braced frames, relative values of stiffness are important.
Two usual assumptions are to use gross EI values for all
members or, to use half the gross EI of the beam stem for
beams and the gross EI for the columns.

For frames that are free to sway, a realistic estimate of EI is
desirable and should be used if second-order analyses are
carried out. Guidance for the choice of EI for this case is
givenin R10.11.1.

Two conditions determine whether it is necessary to con-
sider torsional stiffness in the analysis of a given structure:
(1) the relative magnitude of the torsional and flexural
stiffnesses, and (2) whether torsion is required for equilib-
rium of the structure (equilibrium torsion) or is due to
members twisting to maintain deformation compatibility
(compatibility torsion). In the case of compatibility torsion,
the torsional stiffness may be neglected. For cases involving
equilibrium  torsion, torsional stiffness should be
considered.

Figure 6 — ACI 318-02 Code and commentary excerpt (ACI, 2002)

The transit center was comprised of prestressed slabs, beams and girders and was designed to withstand substantial
traffic and pedestrian loads. The structure was designed in each of the two orthogonal directions independently and
the elastic distribution of flexural moments were calculated neglecting the torsional stiffness of intersecting members.
The remainder of this paper introduces a nonlinear finite element modelling tool, VAST II, capable of predicting the
full nonlinear three-dimensional response of members (Proestos, 2018). While the initial structural design was
conducted in two dimensions, the tool is used to model a portion of the transit center in three-dimensions. Additionally,
while in the design of the structure the compatibility torsions were neglected, in a three-dimensional model those
compatibility torsions can be calculated. The structural response of the transit center is then evaluated for three critical
load cases to assess the performance of the beams and girders. Since the VAST II model is capable of predicting the
full three-dimensional nonlinear response of the structure, the effects of compatibility torsions can be evaluated to
assess their influence on the global structural response throughout loading.

A NONLINEAR FINITE ELEMENT PROGRAM FOR MEMBERS IN THREE-DIMENSIONS, VAST 11
In 1974, 1977 and 1978 Rabbat and Collins published works on the design and analysis of members subjected to all
six of the stress resultants including members subjected to combinations of shear, moment and torsions (Collins and
Rabbat, 1974; Rabbat and Collins, 1977; Rabbat and Collins, 1978). In addition to several series of experiments, this
work included the development of a program called Design by the Variable Angle Space Truss (DEVAST) which was
based on a sectional analysis program for variable angle space trusses. The program was eventually used in the design
of a guideway girder system in Toronto, Canada (Collins and Rabbat, 1974). Figure 7 shows a guideway girder and
the six sectional resultants acting on the member.
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WIND
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Figure 7 — Guideway girder (left) and DEVAST section subjected six sectional resultants (vight), reproduced from
Rabbat and Collins, 1977

DEVAST is based on the concept of a ‘space truss’ that is: the axial loads and two-way bending moments are carried
through axial stresses in truss elements along the x-direction while panel elements connecting the truss elements are
capable of carrying two-way shears and torsion. The ‘variable angle’ refers to the idea that the cracks arising from the
shear flow (shear and torsions) are able to rotate and are not fixed. The two vertical webs carry the vertical shear, the
two horizontal webs carry the horizontal shear and the four webs together carry the shear flow that make up the torsion.
The model is a sectional model and therefore the concept that plane sections remain plane was also used. The
Compression Field Theory (CFT) was used to calculate the strength and response of the webs while conventional
techniques accounting for the stress-strain and compatibility were used for the trusses. A visualization of the truss
model is summarized in Fig. 8. The model is based on the behavior of a hollow box, but extensive work was conducted
to demonstrate that the model provides accurate results for hollow or solid sections for both reinforced and prestressed
concrete members (Rabbat and Collins, 1978).

Figure 8 — Actual beam (left) and space truss model (right), reproduced from Rabbat and Collins, 1978

Since the development of DEVAST and the corresponding sectional analysis program, improvements have been made
in the field of shear and torsion research. One of the major improvements was the development of the Modified
Compression Field Theory (MCFT) and its corresponding constitutive relationships (Vecchio and Collins, 1986).
VAST II was developed as the successor to DEVAST and uses refined constitutive models and assumptions that are
consistent with international codes such as AASHTO and CSA A23.3 (AAHSTO LRFD, 2017; CSA A23.3-14,2014).
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VAST II also has the benefit of being implemented as a finite element, thus allowing more complex situations to be
considered.

VAST II CAPABILITIES

VAST 1I is a three-dimensional nonlinear finite element program capable of modeling reinforced and prestressed
concrete beam, girder, slab, column, truss and membrane elements. There are two types of beam elements that can be
used in the program, 2-vertical web elements and 3-vertical web elements. The 2-vertical web elements have 8 nodes
and 24 degrees of freedom while the 3-vertical web elements have 12 nodes and 36 degrees of freedom. Figure 9
shows a visual representation of the 2 and 3-web elements. Both of the elements in Fig. 9 are capable of transmitting
the six stress resultants on beams in three-dimensions: axial load, moment in two directions, shears in two directions
and torsions. The orange and green elements represent the truss elements while the turquoise and blue elements
represent the membrane elements that carry the shear flow. Thus, the 2-vertical web element has a total of 4 membrane
and 4 trusses whereas the 3-vertical web element has 7 membrane elements and 6 truss elements.

Figure 9— VAST Il beam elements: 2-vertical web element (left) and 3-vertical web (right) (Proestos, 2018)

Since the elements inherently capture flexure and can account for the shear stresses in the member, only one 2-vertical
web or 3-vertical web element is needed through the height of the member. This makes the program computationally
efficient for modelling the nonlinear behavior of complex structures. The constitutive models have been formulated
so that additional considerations such as straight or inclined tendons and shrinkage strains can be accounted for in the
analysis. The model is based on first principles and does not require assumptions regarding member stiffnesses
following cracking. Rather, stiffnesses are calculated and used in the analysis at every load level. For example, the
torsional stiffness of the members need not be assumed. Rather, it can be calculated based on the geometry of the
members, material properties and compatibility with the rest of the structure. The program is thus able to automatically
account for situations of compatibility torsion, as the stiffness reduction following cracking will lead to a different
distribution of forces in the structure. Outputs from the program include parameters such as displacements, crack
widths, strains and stresses in the steel and concrete, which are determined for every load level.

Consistent with the truss model, VAST II assumes that all the concrete areca above the centroid is distributed in the
top chord members and all the concrete area below the centroid is distributed in the bottom truss members. The web
areas and reinforcement are also proportioned in this manner. The chord elements are modelled as nonlinear truss
elements that utilize the strain compatibility approach for reinforced and prestressed concrete members. The
constitutive models proposed by Collins and Mitchell are used. That is, the concrete compressive response is modelled
using the Modified Popovics relationship, the passive steel is modelled using elastic-plastic response, the prestressing
steel uses the Modified Ramberg-Osgood relationship, and the tension stiffening relationship proposed by Collins and
Mitchell is used (Collins and Mitchell, 1991). For the web elements, the equations of the MCFT are used (Vecchio
and Collins, 1986). The truss elements are assumed to be spaced a distance dv = 0.9d apart from each other and the
depth of the web elements are assumed to be dv = 0.9d in height. The behavior of these membrane and truss elements
is determined and a three-dimensional stiffness matrix is built by using finite element principles. These component
stiffnesses matrices are then added to the global stiffness matrix and iterations are conducted to determine the structural
response. In order not to double count the axial stiffness from the contribution of the webs and the axial elements, the
axial stiffness of the webs is not added in the element stiffness matrix. This stiffness decoupling approach has been
summarized elsewhere (Proestos, 2018). The 3-vertical web element was developed to better represent the response
of members subjected to combined shear and torsion. That is, whereas the 2-vertical web element must carry the entire

Documents

3 Document Sharing Hub

Full document details: ACl SP-344-20


http://www.avadocuments.com/doc/aci-sp-344-20
http://www.avadocuments.com/doc/aci-sp-344-20

SP-344: Examples for the Design of Reinforced and Prestressed Concrete Members Under Torsion

shear flow in only one web, in the 3-vertical web element, part of the shear can be distributed to the central web. This
internal redistribution is more representative of members that are subjected to large vertical gravity loads and some
torsions, rather than members subjected to pure torsional response, which are rare in real structures.

To demonstrate the capabilities of VAST II in being able to predict the response of members subjected to combined
loads, the tool was used to model several experimental series. Figure 10 shows the Mardukhi series of experiments
that investigated the response of members subjected to combined torsion and flexure. The blue line in Fig. 10 indicates
the experimental interaction diagram and the green line shows the response as predicted by VAST II. As can be seen,
the program predicts well the interaction and the transition in behavior from flexurally governed members to
torsionally governed members that occurs near experiment TB2. For this series of experiments the average test-to-
predicted ratio is 1.02 with a coefficient of variation of 9.3% (Proestos, 2018).
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Figure 10 — Mardukhi series of experiments, inset from Mardukhi, 1973 [Note: 1 kip = 4.45 kN, 1 in. = 25.4 mm, 1
Jt =304.8 mm, 1 ksi = 6.90 MPa]

Additionally, to investigate the performance of VAST II for prestressed members with spalling cover, the program
was used to predict the response of two tests conducted by Mitchell and Collins, PT5 and PT6 (Mitchell and Collins,
1974). The members were tested in pure torsion and were nominally identical except PT6 included a cover around the
stirrups whereas PT5 did not. Figure 11 shows the experimental response of these specimens and also shows the
prediction from VAST II. Since these two specimens are modelled in the same manner, VAST II predicts the same
response for both PTS and PT6. With an average test-to-predicted ratio for the two tests of 1.16, the results are
somewhat conservative but the pre-cracking and post-cracking stiffnesses are predicted well. For this series of
experiments, the VAST II model does not capture the portion of the curve near the ultimate loads when the stiffnesses
rapidly reduce. However, the nonlinear stiffness, that is, the response after first cracking, is predicted well. Capturing
this stiffness is important in being able to determine the influence of compatibility torsions after cracking. Additional
verification and validation of VAST II can be found elsewhere (Proestos, 2018).
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Figure 11 — VAST Il predictions of pure torsion tests, adapted from Proestos, 2018 and inset adapted from Mitchell
and Collins, 1974 [Note: 1 kip = 4.45 kN, 1 in. = 25.4 mm, 1 ksi = 6.90 MPa]

VAST I MODELLING OF TRANSIT CENTER

In the design of the case study transit center, the calculations of the member stress resultants were determined assuming
zero torsional stiffness. That is, each of the two orthogonal directions were designed independently. Another reason
this structure was selected for the case study, is because it is a very stiff, post-tensioned concrete structure. Thus, it is
a good candidate to identify if problems may arise at ultimate loads when the zero torsional stiffness assumption is
made in the initial design. To investigate the three-dimensional performance of the structure, designed in two
dimensions, it is of interest to examine how it performs when subjected to multiples of the design loads. To this end,
VAST II was used to model a representative three-dimensional portion of the structure (see shaded area of Fig. 12)
consisting of three girders and 14 beams. The deck slab was assumed to act as a series of one-way members with slab
strips being placed under chosen truck axle locations for the selected torsionally critical loading scenarios. Because
this analytical model accounts for the reductions in stiffness caused by cracking, both flexural or torsional, it is capable
of capturing the observed torsional redistribution that occurs after cracking.

; <
PB6 3198 - )
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&

Figure 12 — Region of modeled transit center, three girders and 14 beams
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The girders were each modeled with 43 VAST II elements along their length and the beams were modelled with 20
VAST II elements along their length, for each span. The VAST II elements used to model both the beams and girders
were of the type that utilized 3-vertical webs (as shown in the right diagram of Fig. 9, above). The slab was not
modelled. Thus, at the location of wheel loads where trucks would be placed on the structure, one-way slab strips were
used. For these strips, VAST II, 2-vertical web beam elements were used. These 2-vertical web beam elements are
shown on the left diagram of Fig. 9, above. As the analysis is intended to investigate the behavior of the beams and
girders, rather than the slab, the slab strips were only included as a means to introduce point loads between the beams.
The surface loads were applied tributary to the appropriate beams and girders. The girders were ‘simply supported’ at
their ends, which conservatively assumes that no moment is transferred to the adjacent girders and supporting columns.
The beams were modelled integral with the girders. Since only three girders of the structure are being modelled, to
capture the influence of the adjacent beams, the nodes on the end beams were restrained from translating along their
longitudinal axis and thereby also enforcing zero rotation at their ends. That is, the beams are assumed to be continuous
over the girders. As is shown later, Fig. 14, below, the deformed shapes of the beams over the girders are consistent
with the continuous connection imposed.

The three 36 in. (914 mm) wide by 72 in. (1,829 mm) tall girders that were considered in the analysis were 87 ft. (26.5
m) long. The girders nominally contained 0.144% of shear reinforcement near the center of the girders and 0.517%
reinforcement near the girder ends. The longitudinal reinforcement in the girders was provided using 93- 0.6 in. (15.24
mm) strands and 2- 0.5 in. (12.70 mm) strands as prestressing, in addition to small quantities of passive reinforcement.
A prestrain was input to achieve the 3400 kips (15,130 kN) of prestress force. The tendons were singly harped; over
the column supports, the height of the tendon was 31 in. (787 mm) from the top of the section (near the centroid) and
at the midspan of the girders the centroid of the tendon was 4 in. (101.6 mm) from the bottom of the girder. The beams
which spanned the girders were 18 in. (457 mm) wide and 36 in. (914 mm) tall and contained 0.139% shear
reinforcement along their 40 ft. (12.19 m) length. The longitudinal reinforcement consisted of parabolic tendon
profiles consisting of 10- 0.6 in. (15.24 mm) strands in addition to small quantities of passive reinforcement. These
tendons were used to develop the 450 kips (2,003 kN) of prestress force. Over the girder supports, the tendons in the
beams have a centroid 4 in. (101.6 mm) from the top surface and at midspan they have a centroid 4 in. (101.6 mm)
from the bottom surface. For the passive reinforcement, 60 ksi (414 MPa) steel was used. For the prestressing steel 7-
wire low relaxation 270 ksi (1,862 MPa) strand was used. The concrete was modeled using 8,000 psi (55.2 MPa)
concrete. Figure 13 provides a summary of the typical girder and beam details used in the analysis.
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Figure 13 — Typical girder and beams used in analyses (dimensions in inches) [Note: 1 kip = 4.45 kN, 1 in. = 25.4
mm, 1 ksi = 6.90 MPa]

Three loading cases were assessed: Case 1: a situation where all 4 drive lanes are occupied by an HS-25-44 truck and
positioned over the center girder, Case 2: a situation where all 4 drive lanes are occupied between the girders and Case
3: a single drive lane is occupied between the girders and beams. In Cases 1 and 2 since all 4 lanes are occupied, the
truck loads are reduced by 25%. The 33% impact factor was applied to the truck loading in all cases. A truck axle
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