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Abstract 
The design of shafts for marine gearboxes, which may include the effects of torsional vibration, is presented. The 
influence of the vibratory torque on the values of shaft diameter and safety factor is discussed. Use of the Finite Element 
Method to evaluate unknown stress concentration factors is illusûated. A program for the design of shafts, which are 
subjected to fatigue, has been developed. 
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NOMENCLATURE 
alternating reversed-bending moment, 
lb in 
mean bending moment, lb in 
alternating shaft torque, lb in 
mean shaft torque, lb in 
alternating axial force, lb 
mean axial force, lb 
alternating shear force, lb 
mean shear force, lb 
alternating normal stress, psi 
mean normal stress, psi 
alternating shear stress, psi 
mean shear stress, psi 
von Mises equivalent s ress, psi 
cross section area, in 
moment of inertia of shaft, in4 
polar moment of inertia of shaft, in4 
radius of the shaft, in 
shaft outside diameter, in 
shaft inside diameter, in 
fatigue stress concentration factor 
in bending 
fatigue stress concentration factor 
in torsion 
fatigue stress concentration factor 
in tension 
modifying factor for stress concen- 
tration 
theoretical stress concentration 
factor in bending 
theoretical stress concentration 
factor in torsion 
theoretical stress concentration 
factor in tension 
notch sensitivity factor for bending 

1 

notch sensitivity factor for torque 
notch sensitivity factor €or tension 
shaft fatigue limit modification 
shaft surface finish factor 
shaft size factor 
shaft reliability factor 
shaft temperature factor 
shaft life factor 
shaft miscellaneous factor 
shaft fatigue (endurance) limit of 
polished, unnotched test specimen in 
reverse bending, psi 
shaft ultimate tensile strength, psi 
shaft fatigue limit, psi 
shaft tensile yield strength, psi 
shaft factor of safety for fatigue 
shaft factor of safety for 
yielding ' 

shaft rotation frequency 
vibration frequency 
phase angle 

INTRODUCTION 
The traditional method for designing 

shafts for pfrine gearboxes is to use the 
ABS formula . Although it is easy to use, 
it has aome drawbacks. First, the vibrato- 
ry torque is not included in the calcula- 
tion even though it is often evaluated by 
torsional analysis and its magnitude is 
the major contributor to the value of the 
AGMA application factors, K, and Ca. 
Second, the stress concentration factors, 
surface finish factor and size factor, 
which may vary significantly from shaft to 
shaft, are not treated as independent 
design variables. 
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This  paper p r e s e n t s  s h a f t  design 
formula which e x p l i c i t l y  inc ludes  v ibra-  
t o r y  to rque  and stress concent ra t ion  
f a c t o r s .  A s e n s i t i v i t y  s tudy of t h e  
in f luence  of t h e  v i b r a t o r y  to rque  on t h e  
s h a f t  diameter  and s a f e t y  f a c t o r  is  pre- 
sented.  A computer program, which i s  
w r i t t e n  i n  C ,  is developed t o  f a c i l i t a t e  
t h e  use  of t h i s  method of s h a f t  f a t i g u e  
ana lys i s .  An example of stress concen- 
t r a t i o n  f a c t o r  eva lua t ion  by t h e  F i n i t e  
Element Method i s  given t o  i l l u s t r a t e  t h e  
modeling procedure. 

SHAFT LOADING 
The s h a f t  load  inc ludes  t h e  bending 

moment (M), s h a f t  t o rque  ( T ) ,  a x i a l  f o r c é  
( P ) ,  and h o r i z o n t a l  shea r  f o r c e  ( V ) .  I f  
t h e  forces due t o  l o n g i t u d i n a l  and t r a n s -  
ve r se  v i b r a t i o n s  are neglected,  t h e  M, P, 
and V are l i n e a r  func t ions  of T. 

~ 

The maximum s h a f t  to rque  may be ex- 
pressed as 

T = T, + Ta (1) 

The amplitude of t h e  s h a f t  to rque ,  T ( t ) ,  
a t  any t i m e  t is: 

T(t) = Tasin((++$) + T m  ( 2 )  

where 
T, = mean to rque ,  
Ta = a l t e r n a t i n g  torque ,  
oy = v i b r a t i o n  frequency, 
$ = phase angle.  

The va lue  Ta may be p r imar i ly  due t o  
t o r s i o n a l  v i b r a t i o n s ,  which are func t ions  
of t h e  prime mover and dr iven  machinery. 
The amplitude of t h e  v i b r a t i n g  to rque  may 
be computed by t o r s i o n a l  v i b r a t i  
sis. The M i l i t a r y  s tandard  167 
l i m i t i n g  va lues  f o r  v i b r a t o r y  torques ,  
which sugges ts  va lues  €OK Ta f o r  t h i s  
class of v e s s e l s .  The a p p l i c a t i o n  f a c t o r s ,  
Ca and K, used i n  c a l c u l a t i o n  of compres- 
s i v e  and bending stresses f o r  gear  t e e t h  
are load modi f ie rs ,  which account f o r  t h e  
inc rease  i n  t o o t h  load due t o  e x t e r n a l  
effects inc luding  t o r s i o n a l  b ra t ions .  

a l l y ,  t h e  t o r s i o n a l  Vibra t ions  s h a l l  no t  
cause t h e  maximum c y c l i c  to rques  t o  exceed 
t h e  approved Ka t i m e s  t h e  approved r a t e d  
torque.  Fur ther ,  t h e  h ighes t  permiss ib le  
a p p l i c a t i o n  f a c t o r  f o r  gea r s  is Ka = 1.5. 
(Note t h e  a p p l i c a t i o n  factor used i n  t h i s  
connection only  r e f e r s  t o  t h e  in f luence  of 
t o r s i o n a l  v i b r a t i o n s .  ) 'l. Hence, when t h e  
gear  des igne r s  select t h e  va lues  of Ca and 

psf a;;::; 

According t o  D e t  Norske V e r i t a s  lh , "Gener- 

s, t h e  va lues  suggest  magnitudes f o r  t h e  
a l t e r n a t i n g  to rque  Ta. 

The to rque  due to t o r s i o n a l  vibra-  
t i o n e  depends on system parameters and i s  
not  uniformly d i s t r i b u t e d  across t h e  
system, bu t  t h e  system is  u s u a l l y  ill 
def ined  when t h e  gearbox is  being de- 
s igned.  

For a s t a t i o n a r y  e h a f t ,  t h e  bending 
moment is  a l i n e a r  func t ion  of t o rque  

-- 

H=C1T (3) 

where C1 is a cons t an t .  

S t r i c t l y  speaking, Equat ion(3)  i s  
t r u e  only f o r  a cons t an t  t o rque  T. I f  t h e  
torque  T inc ludes  v i b r a t o r y  torque ,  t h e  
va lue  of t h e  bending moment M is  no longer  
t h e  simple func t ion  of t o rque  T,  t hen  C1 
w i l l  depend on t h e  system c h a r a c t e r i s t i c s  
and t h e  frequency of t h e  to rque  Ta. 

be expressed as 
For a r o t a t i n g  s h a f t ,  t h e  moment may 

H = C 1 T ( t )  s i n y t  ( 4 )  

where 

os = s h a f t  r o t a t i o n  frequency. 

S u b s t i t u t i n g  ( 2 )  i n t o  ( 4 )  y i e l d s :  

M = Cl(r,+T,sin(yt+$))sin(OSt) (5) 

The v i b r a t i o n  frequency oy i s  u s u a l l y  0 . 5  
t o  12 t i m e s  t h a t  of s h a f t  r o t a t i o n  f r e -  
quency os. t$ is not  always O. M v a r i e s  
wi th  frequency and phase angle. The f o l -  
lowing formula g i v e s  t h e  bending moment 
f o r  t h e  w o r s t  p o s s i b l e  combination. 

H = Ci (T ,+T, )e in(y t )  ( 6 )  

For t h e  r o t a t i n g  s h a f t  t h e  mean component 
of moment, i$,,, is u s u a l l y  zero.  

M, = O ( 7 )  

Hence, t h e  a l t e r n a t i n g  moment, Ma, is: 

H a  CITm+CITu (8) 

Equat ion(8)  implies t h a t  i f  v i b r a t o r y  
to rque  Ta is 25% of mean torque T,, t hen  
M, w i l l  i n c r e a s e  t o  125% of t h e  va lue  
produced by t h e  mean to rque  a c t i n g  alone. 

I f  a x i a l  v i b r a t i o n  is  neglec ted ,  t h e  
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a x i a l  f o r c e  P i s  a l s o  a l i n e a r  func t ion  of 
t o rque  T 

P = C2(T,+Tasin(c+t+r$)) ( 9 )  

where c;! i s  a cons t an t .  

Theref o r e  

I f  v i b r a t o r y  to rque  Ta i n c r e a s e s  2 5 % ,  t hen  
Pa i n c r e a s e s  25%. 

DISTRIBUTION OF STRESSES I N  SHAFTS 
Figure  1 shows t h e  d i s t r i b u t i o n  of 

fou r  t y p e s  of stresses over a c r o s s  sec- 
t i o n  of t h e  s h a f t .  From l e f t  t o  r i g h t  
these stresses are: normal stress due t o  
bending, normal stress due t o  a x i a l  fo rce ,  
shear stress due t o  t o r s i o n ,  shear stress 
due t o  bending. 

P 
A 

l7p - 
B 
T,= 

J 

Neutra I 
A X I S  

VQ a i  - 
. Ib 

Figure  1. Stress D i s t r i b u t i o n  i n  t h e  
Sha f t  

The va lue  of Q and b f o r  a s o l i d  
c i r c u l a r - s e c t i o n  s h a f t  per F igure  2 are: 

b = 2/-~ 

For a hollow s h a f t  per F igure  2 with  y1 I 
r r  

Q = $ [ ( ~ 2 - y : ) ~ ~ ~ -  ( r 2 - y l )  2 312 1 

( 1 2 )  

b = 2/- 

where 

R = s h a f t  o u t s i d e  r a d i u s ,  
r = s h a f t  i n s i d e  r a d i u s ,  
y1 = d i s t a n c e  from t h e  c e n t e r  t o  

t h e  p o i n t  where t h e  shea r  
stress, q,, is  eva lua ted .  (see 
Figure  2 ) .  

. L n  
Figure  2 .  S h a f t  Cross S e c t i o n  

For t h i s  complex stress state,  t h e  
d i s to r t ion -ene rgy  theo ry  w i l l  be  used t o  
o b t a i n  t h e  equ iva len t  von Mises stress. 
Generally,  t h e  maximum equ iva len t  stress 
occurs  a t  t h e  p o i n t  A i n  F igure  2 because 
t h e  bending stress is  dominant. However, 
f o r  a very  s h o r t  a h a f t ,  t h e  maximum equiv- 
a l e n t  stress may occur  between p o i n t  A and 
B. An example is  g iven  i n  Appendix A. 

DERIVATION OF SHAFT DESIGN FORMULA 
Given t h e  s h a f t  a l t e r n a t i n g  bending 

moment Ma, mean bending moment M,.,,, alter-  
n a t i n g  to rque  -Ta and mean to rque  T,, t h e  
stress components f o r  a s o l i d  round s h a f t  
are : 

ua=- M a c = 3 2  -x- Ma 
I 7 1  3 

dos 

i "  Ta 

16 Tm 
7 =-x- 
m n  3 

dOS For a hollow s h a f t  p e r  F igure  2 wi th  y1 > 
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