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Abstract 
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1. Mathematical Model 

The torsional system to be theoretically modeled consists of a parallel shaft gear 

apparatus depicted in Fig. 1.1. The system consists of a pair of plastic gears connected to a 

motor and inertia disk by steel shafts. The objective of this theoretical model is to 

determine the dynamic gear meshing stiffness at the experimental resonant speed. 

Driven Gear 
r 

ß m  

Inertia Disk 

ßd 

Driving 

,o 
'. í + :  

Gear 
and 

Inertia Disk 

Fig. 1.1 Torsional System 

To simpliQ the mathematical model, the motor, gears and inertia disks are assumed 

to be the rotating inertias. The shafts and gear mesh function as the springs of the rotating 

system. This model is concerned with only the rotational motion of the gears. The gear 

teeth are assumed to maintain contact along the theoretical line of action and the dynamic 

gear meshing stiffness is assumed to be constant. The effects of backlash and mean torque 

were not considered in this model. 
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1.1 Nomenclature 

p,, = angular displacement of the driving gear (rad) 

p,, = angular displacement of the driven gear (rad) 

j3, = angular displacement of the inertia disk (rad) 

p ,  = angular displacement of the motor (rad) 

ApgiSLg2= angular displacement between the driving and driven gears (rad) 

ADg2&/ = angular displacement between the driven gear and inertia disk (rad) 

= angular displacement between the motor and driving gear (rad) 

I,, = equivalent motor mass moment of inertia (in - lb / sec2 ) 

I,] = equivalent driving gear mass moment of inertia (in - lb / sec2 ) 

Ig2 = equivalent driven gear mass moment of inertia (in - lb / sec2 ) 

1, = equivalent inertia disk mass moment of inertia (in - Zb / sec? ) 

k,,, = linear dynamic gear meshing stiffness (lb / in) 

k,,,, = torsional dynamic gear meshing stiffness (in - lb / rad) 

k,, = stiffhess of shaft connecting the motor and driving gear (in - Zb / rad) 

ks2 = stiffness of shaft connecting the inertia disk and driven gear (in - lb / rad) 

o = system?s natural frequency (rad/ sec) 

Tgl = inertia torque on the driving gear (in - Zb) 

Tgiscg2 = torque across the gear mesh (in - Zb) 
Tg2 = inertia torque on the driven gear (in - Zb) 

Tg2&, = torque on the shaft between the driven gear and the inertia disk (in - lb) 

= inertia torque on the inertia disk (in- Zb) 

T, = inertia torque on the motor (in - Zb) 
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1.2 The Holzer Method 

The Holzer Method [i]  was developed from the principle that during free torsional 

vibration the sum of the inertia torques acting on a system must equal zero. The Holzer 

Method iterates the equations of motion to solve the eigenvalue problem. The following 

section develops the equations of motion, using the Holzer Method, for the torsional 

system shown in Fig. 1.1. 

The inertia torque acting on the motor, gears and inertia disk is determined from the 

following equation: 

T = IiPia2 where: i = m,gl,g2,1 

The relative angular displacements of the inertias are determined from the following 

equations: 

'Pi& j = Pi - P, 
and 

where: i = m,gl,g2 and j = gl,g2,1 j 

'i, j 

Ap. . =- 
'&I 

As stated above, the principle of the Holzer Method is based on the concept that the sum of 

the inertia torques within the system is zero. 

z q  = O  where: n is the number of masses in the system 
i=l 

To develop the Holzer Method for the four degrees of fieedom free vibration torsional 

system shown in Fig. 1.1 ., the inertia torque acting on the motor is determined to be: 

T,, = I",P,P2 (1.11 
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The relative angular displacement between the motor and driving gear is: 

T 

The anguiar displacement of the driving gear is determined as: 

Pgi  = P n * - A P m & g i  

The inertia torque acting on the driving gear is determined to be: 

Tgl = IglPgl@2 

The total torque acting across the gear mesh is calculated as shown: 

q m g 2  = T, + Tgl 

The relative angular displacement between the driving gear and the driven gear is: 

The angular displacement of the driven gear is determined as: 

P,, = P,, - 

The inertia torque acting on the driven gear is determined to be: 

Tg2 = I g z P g 2 ~ 2  

(1-3) 
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The total torque acting on the shaft between the driven gear and the inertia disk is 

calculated as shown: 

The relative angular displacement between the driven gear and the inertia disk is: 

m 

l g 2 & /  
APg2&i = - 

ks2 

The angular displacement of the inertia disk is determined as: 

P l  = P,, - APg2&l 

Finally, the inertia torque acting on the inertia disk is determined to be: 

= I/P1O2 

(1.10) 

(1.1 1) 

(1.12) 

The total torque acting on the system is calculated as follows: 

T,, + Tg, + Tg2 + = O (1.13) 

To initiate the Holzer Method, the angular displacement of the motor, P,,, was 

assumed to be one radian. The system's natural frequency was initially guessed and the 

total torque of the system calculated. The process of iterating the natural frequency was 

continued until the total torque of the system converged to zero. When the system's total 

torque was zero, the natural frequency was obtained. The respective angular displacement 

of the motor, driving gear, driven gear and inertia disk represented the mode shape or 

eigenvector corresponding to the natural frequency. 
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1.3 Predicted Dynamic Gear Meshing Stiffness 

Four methods for predicting the dynamic gear meshing stiffness were 

investigated. In the first method, the average linear dynamic gear meshing stiffness was 

predicted using the cantilever beam theory [Z]. The second method was an empirical 

formula developed by Hoechst, the German parent company of Hoechst Celanese [3]. 

Experiments were performed on plastic gears to determine the data necessary to develop 

the dynamic gear tooth deflection formula. To predict the linear stiffness of a gear tooth, 

using the third method, a cantilever beam with uniform cross section was assumed [4]. 

Finally, in the fourth method, the linear flexibility of a gear tooth with variable cross 

section was investigated and the dynamic gear tooth stiffness predicted [ 5 ] .  

1.3.1 Cantilever Beam Theory - Spotts 

The average linear dynamic gear meshing stiffness for a pair of gears was 

determined using the cantilever beam theory, as developed in Equation 1.14 [Z]. 

(1.14) 

where: b is the gear face width (in), and Esi,  Egz are moduli of elasticity for the 

driving and driven gears respectively. 
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