
25  Steel Design Guide

Frame Design Using
Web-Tapered Members

 

Full document details: AISC N690 2012

http://www.avadocuments.com/doc/aisc-n690-2012
http://www.avadocuments.com/doc/aisc-n690-2012


25 Steel Design Guide

AMERICAN INSTITUTE OF STEEL CONSTRUCTION

Frame Design Using 
Web-Tapered Members

RICHARD C. KAEHLER
Computerized Structural Design, S.C.

Milwaukee, Wisconsin

DONALD W. WHITE
Georgia Institute of Technology

Atlanta, Georgia

YOON DUK KIM
Georgia Institute of Technology

Atlanta, Georgia

00i-0vi_DG25_TP_acknow_TOC.indd   a 6/21/11   1:46 PM

Full document details: AISC N690 2012

http://www.avadocuments.com/doc/aisc-n690-2012
http://www.avadocuments.com/doc/aisc-n690-2012


AISC © 2011

by

American Institute of Steel Construction

All rights reserved. This book or any part thereof must not be reproduced
in any form without the written permission of the publisher.

The information presented in this publication has been prepared in accordance with recognized 
engineering principles and is for general information only. While it is believed to be accurate, 
this information should not be used or relied upon for any specific application without competent 
professional examination and verification of its accuracy, suitability and applicability by a 
licensed professional engineer, designer or architect. The publication of the material contained 
herein is not intended as a representation or warranty on the part of the American Institute of Steel 
Construction, or of any other person named herein, that this information is suitable for any general 
or particular use or of freedom from infringement of any patent or patents. Anyone making use of 
this information assumes all liability arising from such use.

Caution must be exercised when relying upon other specifications and codes developed by other 
bodies and incorporated by reference herein since such material may be modified or amended 
from time to time subsequent to the printing of this edition. The Institute bears no responsibility 
for such material other than to refer to it and incorporate it by reference at the time of the initial 
publication of this edition.

Printed in the United States of America

00i-0vi_DG25_TP_acknow_TOC.indd   b 6/21/11   1:46 PM

Full document details: AISC N690 2012

http://www.avadocuments.com/doc/aisc-n690-2012
http://www.avadocuments.com/doc/aisc-n690-2012


Authors

Richard C. Kaehler, P.E. is a vice president at Computerized Structural Design, S.C. in Milwaukee, WI. 
He is a member of the AISC Committee on Specifications and its task committees on Stability and Member 
Design, and chairs its Editorial task committee.

Donald W. White, Ph.D is a Professor at the Georgia Institute of Technology School of Civil and Environ-
mental Engineering. He is a member of the AISC Committee on Specifications and its task committees on 
Member Design and Stability.

Yoon Duk Kim, Ph.D is a postdoctoral fellow at the Georgia Institute of Technology School of Civil and 
Environmental Engineering.

Acknowledgments

The authors express their gratitude to the Metal Building Manufacturers Association (MBMA) and the Amer-
ican Iron and Steel Institute (AISI), who provided the funding for both the preparation of this document 
and the research required to complete it. The authors also appreciate the guidance of the MBMA Steering 
Committee:

Al Harrold Butler Manufacturing
Allam Mahmoud United Structures of America
Dean Jorgenson Metal Building Software
Dennis Watson BC Steel Buildings
Duane Becker Chief Buildings
Jeff Walsh American Buildings
Norman Edwards Questware
Scott Russell Nucor Building Systems
Steve Thomas Varco Pruden Buildings

Dr. Efe Guney of Intel Corporation and Mr. Cagri Ozgur of Georgia Tech provided assistance with several 
investigations of design calculation procedures.

The authors also appreciate the efforts of the AISC reviewers and staff members who contributed many excel-
lent suggestions.

Preface

This design guide is based on the 2005 AISC Specification for Structural Steel Buildings. It provides guid-
ance in the application of the provisions of the Specification to the design of web-tapered members and 
frames composed of web-tapered members. The recommendations of this document apply equally to the 
2010 AISC Specification for Structural Steel Buildings, although some section and equation numbers have 
changed in the 2010 Specification.
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This document provides suggested methods for the design of 
web-tapered I-shaped beams and columns, as well as frames 
that incorporate web-tapered I-shaped beams and/or columns. 
Both the requirements for analysis and rules for proportion-
ing of web-tapered framing members are addressed. The 
emphasis is on members and frames with proportions and 
bracing details commonly used in metal building systems. 
However, this information is equally applicable to similar 
tapered members used in conventional steel construction.

The methods contained herein are primarily interpreta-
tions of, and extensions to, the provisions of the 2005 AISC 
Specification for Structural Steel Buildings (AISC, 2005), 
hereafter referred to as the AISC Specification. The recom-
mendations of this document apply equally to the 2010 AISC 
Specification for Structural Steel Buildings, although some 
section and equation numbers have changed in the 2010 
AISC Specification. These recommendations are not intend-
ed to apply to structures designed using earlier editions of 
the AISC Specification.

The 2005 AISC Specification is a significant departure 
from past AISC Specifications, particularly the ASD Speci-
fications, with which almost all metal buildings have been 
designed in the United States. Engineers and other users fa-
miliar with the previous ASD editions will find significant 
changes in the presentation of the AISC Specification, the 
member design provisions, and the requirements for analy-
sis. The AISC Specification contains no provisions specific 
to tapered members.

The methods presented in this document comply with the 
2005 AISC Specification and provide additional information 
needed to apply the Specification to tapered members. In 
some instances, procedures are provided for situations not 
addressed by the AISC Specification. These are noted where 
they occur.

The publication of the recommendations in this document 
is not intended to preclude the use of other methods that 
comply with the AISC Specification.

 1.1 BASIS FOR RECOMMENDATIONS

The following sources were used extensively in the prepa-
ration of this document, are referenced extensively herein, 
and should be used in conjunction with this publication for a 
fuller understanding of its recommendations:

1. ANSI/AISC 360-05, Specification for Structural Steel 
Buildings (AISC, 2005) and its commentary

2. “A Prototype Application of the AISC (2005) Stability 

Analysis and Design Provisions to Metal Building 
Structural Systems” (White and Kim, 2006)

The References and Annotated Bibliography sections of this 
document provide references to other publications relevant 
to the design of tapered members and frames composed 
of tapered members. Additional requirements for seis-
mic design and detailing can be found in the ANSI/AISC 
341-05, Seismic Provisions for Structural Steel Buildings 
(AISC, 2005a).

A significant research program was conducted as part of 
the development of this Design Guide. This research was 
conducted by White, Kim and others at the Georgia Institute 
of Technology. The focus of this work was the verification 
and adaptation of the AISC Specification provisions for ta-
pered members and frames composed of tapered members. 
The researched topics included studies on the following:

1. Beam lateral-torsional buckling (LTB)

2. Column in-plane and out-of-plane fl exural buckling

3. Column torsional and fl exural-torsional buckling

4. Infl uence of local buckling on member resistances

5. Combined infl uence of local buckling and member 
yielding on overall structure stiffness and strength

6. Synthesis of approaches for calculation of second-
order forces and moments in general framing systems

7. Benchmarking of second-order elastic analysis soft-
ware

8. Consideration of rotational restraint at nominally sim-
ply supported column bases

9. Consideration of general end restraint effects on the 
LTB resistance of web-tapered members

The reader is referred to Kim and White (2006a, 2006b, 
2007a, 2007b); Kim (2010); Ozgur et al. (2007); and Guney 
and White (2007) for a detailed presentation of research re-
sults for these topics.

 1.2 LIMITATIONS
Except where otherwise noted in the text, these recom-
mendations apply to members satisfying the following 
limits:

1. Specifi ed minimum yield strength, Fy ≤ 55 ksi.

2. Homogeneous members only (hybrid members are not 

 Chapter 1
Introduction
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2 / FRAME DESIGN USING WEB-TAPERED MEMBERS / AISC DESIGN GUIDE 25

considered); i.e., F Fyf yw= , where Fyf and Fyw are the 
fl ange and web minimum specifi ed yield strengths.

3. Web taper is linear or piecewise linear.

4. Web taper angle is between 0° and 15°.

5. Thickness of each fl ange is greater than or equal to the 
web thickness.

6.  Flange slenderness ratio is such that

   

b

t

f

f2
18≤

 where

  bf  = fl ange width, in.

  tf  = fl ange thickness, in.

7. Flange width is such that

   
b

h
f ≥

7

 throughout each unbraced length, Lb. Exception: if 
L r E Fb t y≤ 1 1.

   
b

h
f ≥

9

 throughout the unbraced length. In the foregoing 
equations,

  h = web height, in.

  rt =  radius of gyration of the fl ange in fl exural 
compression plus one third of the web area in 
compression due to the application of major 
axis bending moment alone, calculated using 
the largest section depth within the length un-
der consideration, in.

8. Web slenderness (without transverse stiffeners or with 
stiffeners at a/h >1.5) is such that

   

h

t

E

Fw y

≤ ≤0 40
260

.

 where

  E = modulus of elasticity, ksi

  tw = web thickness, in.

9. Web slenderness (with transverse stiffeners at a/h ≤1.5)
is such that

   

h

t

E

Fw y

≤ 12

It is expected that these recommendations can be extended 
to homogeneous members with larger yield strengths. How-
ever, the background research for these recommendations 

was focused on Fy = 55 ksi, because the use of larger yield 
strengths is not common in current practice.

In addition, it is expected that the recommendations can 
be extended to hybrid members. The background research 
for the recommendations in this Design Guide was focused 
on homogeneous members and the AISC Specification does 
not address hybrid members. Comprehensive provisions 
for flexural design of hybrid members are provided in the 
American Association of State Highway and Transportation 
Officials (AASHTO) LRFD Bridge Design Specifications 
(AASHTO, 2004, 2007).

Furthermore, it is expected that the recommendations can 
be applied to members with parabolic or other tapered web 
geometries. However, calculation of the elastic buckling re-
sistances of these types of members is beyond the scope of 
this document. The general approach provided in this docu-
ment also accommodates members with steps in the cross-
section geometry at field splices or transitions in cross-
section plate dimensions. However, the primary focus of 
this document is on members with linear or piecewise linear 
web taper.

 1.3 BENEFITS OF WEB-TAPERED MEMBERS

Web-tapered members have been utilized extensively in 
buildings and bridges for more than 50 years.

Design Optimization—Web-tapered members can be 
shaped to provide maximum strength and stiffness with min-
imum weight. Web depths are made larger in areas with high 
moments, and thicker webs are used in areas of high shear. 
Areas with less required moment and shear strength can 
be made shallower and with thinner webs, respectively, sav-
ing significant amounts of material when compared with 
rolled shapes.

Fabrication Flexibility—Fabricators equipped to produce 
web-tapered members can create a wide range of optimized 
members from a minimal stock of different plates and coil. 
This can result in time and cost savings compared with the 
alternative of ordering or stocking an array of rolled shapes. 
In many cases, the savings in material can offset the in-
creased labor involved in fabricating web-tapered members.

 1.4 FABRICATION OF 
WEB-TAPERED MEMBERS

Web-tapered I-shaped members are fabricated by welding 
the inside and outside flange plates to a tapered web plate. 
In the metal building industry, this welding is generally 
performed by automated welding machines. One typical 
process is as follows:

1. Flanges and webs are cut to size or selected from plate, 
coil, or bar stock, and spliced as required to length.

2. Flanges and webs are punched as required for attach-
ments (bracing, purlin and girt bolts, etc.).
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AISC DESIGN GUIDE 25 / FRAME DESIGN USING WEB-TAPERED MEMBERS / 3

well as any localized concentrated loads between the webs 
and flanges, where V is the required shear strength, Q is the 
static moment of area of the flange taken about the neutral 
axis, and I is the moment of inertia of the full cross section. 
In most cases, the calculated strength requirements can be 
met easily with one-sided welds. In special cases, such as 
for IMF and SMF seismic applications, additional strength is 
provided where required by reinforcing the automated weld 
with additional manual welding on one or both sides of the 
web-to-flange junction.

The one-sided automated welds used in tapered member 
production in the metal building industry have a long history 
of satisfactory performance. Two-sided welds are not re-
quired unless the calculated required weld strength exceeds 
the strength of a one-sided weld. Research by Chen et al. 
(2001) shows that one-sided welds are acceptable to transfer 
shear loads.

 1.5 GENERAL NOTES ON DOCUMENT

(1) Unless otherwise noted, references to a section or chap-
ter are references to the sections and chapters of this 
Design Guide.

(2) Extensive references to prior research and development 
efforts are provided in the Annotated Bibliography 
(Chapter 7). The Annotated Bibliography is organized 
chronologically under several topic areas. References 
cited within the other chapters of this Design Guide may 
be found in the Annotated Bibliography but are also in-
cluded in the main reference list for the convenience of 
the reader.

3. Flanges are tack-welded to the web, with the web in a 
horizontal position.

4. With the web in the horizontal position, both fl anges 
are simultaneously welded to the webs from the top 
side only, using an automated process that proceeds 
along the length of the member from one end to the 
other. Exception: welding on both sides of the web at 
member ends may be required for intermediate mo-
ment frames (IMF) and special moment frames (SMF) 
used in seismic applications.

5. End plates and stiffeners, if required, are manually 
welded to complete the member.

Although the thicknesses of the two flanges at any given cross 
section generally need not be the same, the constraints of 
most automated welding equipment require that the flanges 
be of the same width along the full length of a fabricated 
member. Consequently, web-tapered members in metal 
building construction usually have the same flange widths 
on the inside and outside of the members. Other welding 
systems, such as vertical pull-through welders and horizon-
tal welders with blocking, permit the automated welding 
of cross sections with different flange widths but are not as 
common. The production of members with unequal flange 
widths therefore is usually avoided. I-shaped members with 
unequal flange sizes (thickness and/or width) are categorized 
as singly symmetric in the AISC Specification.

The automated equipment used by metal building manu-
facturers to join the flanges with the web is typically capable 
of welding from one side only. These flange-to-web welds 
must be capable of transferring the local shear flow (VQ/I) as 
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 Chapter 2
Web-Tapered Member Behavior and 
Design Approaches
The behavior of web-tapered members is not qualitatively 
different from that of prismatic members. Tapered members 
are subject to the same limit states as prismatic members, 
but adjustments in the calculation of the strengths are re-
quired for some limit states due to the continuously varying 
geometry.

Strength limit states involving “local” member behavior 
do not differ from those of prismatic members. These in-
clude the limit states of:

1. Tension yielding

2. Compression yielding

3. Tension rupture

4. Shear yielding

5. Shear rupture

6. Local buckling

7. Shear buckling of unstiffened web panels

Local member strengths for these limit states can be calcu-
lated by directly applying the provisions of the AISC Speci-
fication using the section properties at the point of interest 
on the member.

The calculation of strengths involving the overall member 
behavior requires adjustments to the procedures given in the 
AISC Specification. These include the limit states of:

1. In-plane buckling (strong-axis flexural column buck-
ling)

2. Out-of-plane buckling (weak-axis flexural, torsional 
or flexural-torsional column buckling, as well as 
lateral-torsional beam buckling)

3. Strength under combined axial load and bending, 
where in-plane or out-of plane buckling is a control-
ling limit state

4. Shear buckling strength or shear tension-fi eld strength 
of stiffened web panels

Strength calculations in the AISC Specification for these 
limit states are based on the assumption of constant section 
properties over the member unsupported lengths. When 
designing web-tapered members, adjustments to the proce-
dures are needed to account for the varying section proper-
ties along the unsupported lengths. These adjustments are 
detailed in Chapters 4 and 5 of this Design Guide.

 2.1 PREVIOUS RESEARCH

Research on stability of members of varying cross sections 
can be traced back to the work of Euler (Ostwald, 1910), 
who derived the differential equation of the deflection curve 
and discussed columns of various shapes, including a trun-
cated cone or pyramid. Lagrange (1770–1773) discussed 
the stability of bars bounded by a surface of revolution of 
the second degree. Timoshenko (1936) summarized vari-
ous analytical and energy method solutions for the elastic 
buckling of nonprismatic columns, and cited related work 
as early as Bairstow and Stedman (1914) and Dinnik (1914, 
1916, 1929, 1932). He also discussed a powerful procedure 
called the method of successive approximations, which 
makes it possible to estimate buckling loads along with up-
per and lower bounds for any variation of the geometry and/
or axial loading along a member length. Timoshenko dem-
onstrated a graphical application of the method of successive 
approximations to a simply supported column with a stepped 
cross section subjected to a constant axial load.

Bleich (1952) provided analytical solutions for the elastic 
buckling of simply supported columns with linear and para-
bolically varying depths between their “chords.” Further-
more, he provided an overview of the method of successive 
approximations in his Sections 27 and 28 (Bleich, 1952, pp. 
81–91), including a proof of its convergence. In addition, 
Bleich provided detailed discussions of numerical solution 
procedures utilized with the method of successive approxi-
mations for column flexural buckling and thin-walled open 
section beam lateral-torsional buckling problems. These de-
velopments were based largely on the research by Newmark 
(1943) as well as by Salvadori (1951).

Timoshenko and Gere (1961) retained the solutions pre-
sented in Timoshenko’s earlier work (Timoshenko, 1936) 
and added a numerical solution for Timoshenko’s original 
stepped column demonstration of the method of successive 
approximations (see Timoshenko, 1936, pp. 116–125). Ti-
moshenko and Gere attributed the specific numerical imple-
mentation details they presented to Newmark (1943), and 
referenced Newmark for more extensive discussions and ad-
ditional applications. More recent discussions of the method 
of successive approximations are provided by Chen and 
Lui (1987) in their Section 6.7, and by Bazant and Cedo-
lin (1991) in their Section 5.8. Timoshenko and Gere (1961) 
also discussed the calculation of inelastic strengths of bars 
with variable cross section using column curves based on the 
tangent modulus, Et, at the cross section with the maximum 
compressive stress.
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In 1966, the Column Research Council (CRC) and the 
Welding Research Council (WRC) initiated the first concert-
ed effort to address the complete strength behavior of metal 
building frames composed of tapered I-shaped members. 
Prior experimental studies by Butler and Anderson (1963) 
and Butler (1966) had addressed the elastic stability behav-
ior of I-shaped beams tapered in both the flanges and webs, 
and tested as cantilevered beam-columns. Starting in 1966, 
researchers at the State University of New York at Buffalo 
worked on numerous aspects of the problem. This research 
concluded with the development of the provisions in AISC 
(1978), as well as a synthesis of these provisions, plus ad-
ditional design procedures and recommendations by Lee et 
al. (1981).

The first set of experimental tests aimed at understand-
ing the inelastic stability behavior of tapered I-shaped beam-
columns was conducted under the technical guidance of the 
CRC-WRC joint task committee, and was documented by 
Prawel et al. (1974). These tests and other analytical stud-
ies provided the basis for an overall design approach sum-
marized by Lee et al. (1972). These developments targeted 
members with linearly tapered web depths. A key charac-
teristic of the resulting design calculations was the use of 
member length modification factors. The modification fac-
tors mapped the physical linearly tapered member to an 
equivalent prismatic member composed of the cross section 
at its shallower end. The modified length for the equivalent 
prismatic member was selected such that this hypothetical 
member would buckle elastically at the same applied load 
as the physical linearly tapered member. Length modifica-
tion factors were developed by curve fitting to representa-
tive results from members with five different cross sections. 
For in-plane flexural buckling under constant axial load, 
the modification factor was denoted by the symbol, g. For 
out-of-plane lateral-torsional buckling (LTB) under approxi-
mately constant compression flange stress, two length modi-
fication factors were developed that paralleled the idealiza-
tions used in the AISC Specification two-equation approach. 
One modification factor, hs, was based on considering only 
the St. Venant torsional stiffness, while the other, hw, was 
based on considering only the warping torsion stiffness.

The equivalent column length, gL, only addressed the in-
plane flexural buckling of columns with simply supported 
end conditions. Therefore, a second length modification fac-
tor was applied to this length to account for the rotational 
restraint provided at the column ends by adjacent members. 
Idealized rectangular frame models similar to those em-
ployed in the development of the AISC alignment charts 
were used to derive design charts for the corresponding ef-
fective length factors, Kγ. Both of the ideal rectangular frame 
alignment chart cases—sidesway inhibited and sidesway 
uninhibited—were addressed. The total equivalent prismatic 
column length was therefore taken as the product of g and 

Kγ with the resulting physical tapered member length, KγgL. 
Actually, the g parameter was absorbed into the charts pro-
vided for determination of Kγ, but the two factors are shown 
separately here to emphasize the concepts.

Once the equivalent prismatic column length, KγgL, was 
determined, the AISC ASD equations were used to determine 
the column elastic or inelastic design strengths (LRFD). It is 
important to note that all the preceding steps were simply 
a means of estimating the maximum axial stress along the 
length of the column at incipient elastic buckling. This was 
followed by the mapping of this elastic buckling stress to the 
elastic or inelastic design stress. This last step used the same 
mapping of the theoretical to the design buckling resistance 
employed for prismatic members.

The preceding calculations only addressed the in-plane 
flexural buckling column resistance of linearly tapered web 
I-shaped members. The out-of-plane flexural buckling resis-
tance was addressed in exactly the same way as for prismatic 
members, because the weak-axis moment of inertia, Iy, is 
nearly constant along the length for members with prismatic 
flanges.

The calculation of the LTB strength involved the combi-
nation of the square root of the sum of the squares of the 
two elastic LTB contributions (one corresponding to the St. 
Venant torsional resistance and one corresponding to the 
warping torsional resistance) to determine an estimate of the 
theoretical total elastic LTB stress under uniform bending 
and simply supported end conditions. This stress was then 
multiplied by an additional parameter, labeled B in AISC 
(1978), which increased the calculated elastic buckling 
stress accounting for an estimate of end restraint from adja-
cent unbraced segments and/or the effects of a flexural stress 
gradient along the tapered member length. The B parameter 
equations were developed by Lee et al. (1972), Morrell and 
Lee (1974), and Lee and Morrell (1975). The base elastic 
LTB stress modified by B was taken as the estimated maxi-
mum flexural stress at incipient elastic LTB of the tapered 
member. Similar to the column strength determination, this 
elastic stress was used with the AISC ASD prismatic mem-
ber mapping from the theoretical elastic buckling resistance 
to the design LTB resistance (LRFD).

Lee et al. (1972) recommended interaction equations for 
checking of linearly tapered web I-shaped members for com-
bined axial and flexural loadings that paralleled the AISC 
ASD beam-column strength interaction equations for pris-
matic I-shaped members. The only change in the interaction 
equations implemented in AISC (1978) was a simplification 
in the Cm parameter, referred to as C′m in the AISC tapered 
member provisions. Lee et al. (1972) developed a relatively 
general Cm equation to approximate the second-order elastic 
amplification of the maximum major-axis bending stress in 
linearly tapered members at load levels corresponding to the 
nominal first-yield condition. The general equation accounts 
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for the influence of linear web taper and a linear variation of 
the bending moment between the member ends. The AISC 
(1978) C′m equations are identical to the general Cm equa-
tion but correspond to the specific cases of single-curvature 
bending with equal maximum flexural stress at both ends of 
the member and single-curvature bending with zero moment 
(or flexural stress) at the smaller end.

The preceding procedures formed the primary basis for 
the AISC design provisions in Appendix D of the ASD Spec-
ification for Design, Fabrication and Erection of Structural 
Steel for Buildings (AISC, 1978), Appendix F, Section F4 
of the Load and Resistance Factor Design Specification for 
Structural Steel Buildings (AISC, 1986), Appendix F, Sec-
tion F7 of the Specification for Structural Steel Buildings—
Allowable Stress and Plastic Design (AISC, 1989), and 
Appendix F, Section F3 of the Load and Resistance Factor 
Design Specification for Structural Steel Buildings (AISC, 
1993, 1999).

These approaches did not account for torsional or flexural-
torsional buckling limit states in tapered columns and beam-
columns. The flexural-torsional buckling limit state can be 
of particular importance for tapered members with unequal 
flange areas. Lee and Hsu (1981) addressed this design re-
quirement by providing an alternative beam-column strength 
interaction equation that estimated the flexural-torsional 
buckling resistance of tapered members subjected to com-
bined bending and axial compression, and charts that pro-
vided a coefficient required in the alternative beam-column 
strength interaction equation. These charts were included in 
Lee et al. (1981) but were never formally adopted within any 
of the AISC Specification provisions.

Furthermore, these approaches did not address the in-
plane stability design of I-shaped members consisting of two 
or more linearly tapered segments. These types of members 
are used commonly for roof girders or rafters in metal build-
ing frames. Lee et al. (1979) developed another extensive 
set of design charts that permitted the calculation of (1) the 
equivalent pinned-end prismatic column length for doubly 
symmetric, doubly tapered I-shaped members (analogous 
to the length gL), and (2) the effective equivalent prismatic 
column length accounting for the influence of end rotational 
end restraints for these members (analogous to the length 
KγgL). The second of these calculations was based again on 
idealized rectangular frame models similar to those associ-
ated with the AISC alignment charts. The authors provided 
charts and procedures for calculation of the equivalent rota-
tional stiffness provided by adjacent tapered members again 
using the concept of the equivalent length of an alternative 
prismatic member composed of the shallowest cross-section 
along the tapered member length. These charts were in-
cluded in Lee et al. (1981) but were never formally adopted 
within any of the AISC Specification provisions.

The provisions within the AISC Specifications from AISC 
(1978) through AISC (1999) were limited only to I-shaped 
members with equal-size flanges and linearly varying web 
depths. This, combined with the unpopularity of design 
charts without underlying equations for calculation of the 
corresponding parameters, led to limited use of these provi-
sions. Instead, metal building manufacturers have tended to 
develop their own specific mappings of the AISC prismatic 
member equations for design of the wide range of general 
nonprismatic member geometries encountered in practice, 
often based upon research to validate their design approaches. 
As a result, the AISC Committee on Specifications decided to 
remove the explicit consideration of nonprismatic I-shaped 
members entirely from the AISC Specification in favor of 
subsequent development of separate updated guidelines for 
these member types. It was anticipated that the subsequent 
developments could take significant advantage of the many 
advances that have been implemented for member and frame 
stability design in the time since the seminal work by Lee et 
al. (1981).

Since the culmination of the work by Lee et al. (1981), 
numerous other studies have been conducted to investigate 
various attributes of the behavior of nonprismatic I-shaped 
members and frames composed of these member types. Salt-
er et al. (1980); Shiomi et al. (1983); and Shiomi and Kurata 
(1984) have reported on additional experimental tests of iso-
lated doubly symmetric beam-columns with linearly tapered 
webs. However, these tests focused only on members with 
compact webs and flanges.

Practical web-tapered members produced by American 
manufacturers often have noncompact or slender webs and 
flanges. Forest and Murray (1982) tested eight full-scale 
clear-span gable frames with proportions representative of 
American design practices under the sponsorship of Star 
Building Systems. They provided an early assessment of the 
Star Building Systems design rules in place at that time, as 
well as the procedures recommended by Lee et al. (1981). 
Forest and Murray concluded, “No consistent set of design 
rules adequately predicted the frame strengths for all the 
loading combinations.” However, the Star Building Systems 
design rules were judged to be safe.

Jenner et al. (1985a, 1985b) tested four clear-span frames. 
These tests demonstrated the importance of providing suf-
ficient panel zone thickness to maintain the stiffness of 
the knee joint area. Davis (1996) conducted comparisons 
of AISC load and resistance factor design (LRFD) (AISC, 
1993) calculation procedures to the results from two other 
full-scale, clear-span gable frame tests conducted at Virginia 
Tech. Local buckling of the rafter flanges governed the de-
sign resistances as well as the experimental failure modes. 
The predictions of the experimental resistances were consis-
tently conservative by a small margin.
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Watwood (1985) discussed the calculation of the appropri-
ate effective length of the rafters in an example gable frame, 
accounting for the rafter axial compression and its effect 
on the sidesway stability of the overall structure. Watwood 
also investigated the sensitivity of his example frame design 
to foundation boundary conditions and unbalanced gravity 
loads. He suggested an approach for design of the rafters 
that in essence equates the buckling load of these members 
to their axial force at incipient sidesway buckling of the full 
structure. This typically results in an effective length factor 
for the rafters significantly larger than one. Numerous other 
researchers have considered the influence of axial compres-
sion in the rafters of gable clear-span frames in the calcula-
tion of the overall sidesway buckling loads and in the design 
of the gable frame columns, [e.g., Lu (1965), Davies (1990), 
Silvestre and Camotim (2002), and White and Kim (2006)]. 

These results highlight an anomaly of the effective length 
method (ELM) for structural stability design. Members that 
have small axial stress at incipient buckling of the frame 
generally have large effective length factors (K). In some 
cases, these K factors are justified, while in other cases they 
are not. If the member is indeed participating in the govern-
ing buckling mode, a large K value is justified. If the mem-
ber is largely undergoing rigid-body motion in the governing 
buckling mode, or if it has a relatively light axial load and 
is predominantly serving to restrain the buckling of other 
members, a large K value is sometimes not justified. The 
distinction between these two situations requires engineer-
ing judgment (White and Kim, 2006). In any case, the ELM 
procedures recommended by Lee et al. (1981) rely on the 
first-order elastic stiffness of the adjacent members in de-
termining the Kγ values. Unfortunately, if the adjacent mem-
bers are also subjected to significant axial compression, their 
effective stiffnesses can be reduced substantially. In these 
cases, the Lee et al. (1981) Kγ procedures in essence rely 
on one member to restrain the buckling of its neighbor, then 
turn around and rely on the neighbor to restrain the buckling 
of the member. Watwood (1985) shows a clear example il-
lustrating the fallacy of this approach.

Cary and Murray (1997) developed a significant im-
provement upon the traditional calculation of alignment 
chart frame effective length factors for sway frames. Their 
approach built upon Lui’s (1992) development of a story-
stiffness-based method for prismatic member frameworks. 
A common useful attribute of story-stiffness-based methods 
is that they use the results of a first-order elastic drift analy-
sis (usually conducted for service design lateral loadings) to 
quantify the overall story buckling resistance. In addition, 
one of the most significant attributes of these methods is the 
fact that they account for the influence of leaning (gravity-
only) columns on the frame sidesway buckling resistance. 
Conversely, the traditional AISC alignment chart and the 
Lee et al. (1981) effective length factor methods do not 

account for such influences. This attribute can be a very im-
portant factor in the proper stability design of wide modular 
frames having multiple bays and a large number of leaning 
columns. Cary and Murray (1997) did not address the poten-
tial significant degradation in the story buckling resistance 
due to axial compression in the beams or rafters of metal 
building structures. This axial compression is often negli-
gible for modular building frames, but it can be quite sig-
nificant in some clear-span gable frames, such as the frame 
considered by Watwood (1985). Also, these investigators 
did not account for the influence of different height col-
umns. This characteristic generally needs to be addressed in 
modular building frames as well as in monoslope roof clear-
span frames. White and Kim (2006) explain how the story-
stiffness equations from the Commentary on the AISC Spec-
ification (AISC, 2005a) can be extended to account both for 
the influence of axial compression in the roof girders as well 
as variable column heights. EuroCode3 (CEN, 2005) pro-
vides guidance on when these approximations are appropri-
ate for gable frames, although the origins and basis for the 
EuroCode3 guidelines are unknown.

White and Kim (2006) explain that all of the preced-
ing sidesway buckling analysis developments focus on the 
wrong parts of the stability design problem, because the be-
havior of metal building frames is almost always a moment 
amplification (load-deflection) problem rather than a side-
sway buckling (bifurcation) problem. The behavior of metal 
building frames is typically dominated by the moment terms. 
Therefore, calculation of the appropriate amplified moment 
from a load-deflection analysis of the structure is key, not 
the determination of a buckling load that is typically many 
times larger than the ultimate strength of the structure. The 
Direct Analysis Method in the AISC Specification allows the 
engineer to focus more appropriately on the most important 
part of the metal building frame design problem, i.e., the 
calculation of the amplified internal moments (or bending 
stresses) under relatively small axial loads (or axial stresses), 
and the corresponding proportioning of the structural system 
to resist these actions.

Metal building frame members are usually proportioned 
such that they encounter some yielding prior to reaching 
their maximum resistance. Subsequent to Lee et al. (1981), 
a number of other research studies have focused on evalu-
ation of inelastic beam and beam-column resistances and 
frame design. Jimenez (1998, 2005, 2006) and Jimenez 
and Galambos (2001) conducted numerous inelastic stabil-
ity studies of linearly tapered I-shaped members account-
ing for a nominal initial out-of-straightness, the nominal 
Lehigh (Galambos and Ketter, 1959) residual stress pattern 
commonly used in the literature for rolled wide-flange mem-
bers, and assuming compact cross-section behavior (i.e., no 
consideration of web or flange plate slenderness effects). 
Jimenez showed that the AISC (1999) provisions predicted 

005-012_DG25_Ch2.indd   8 6/21/11   1:46 PM

Full document details: AISC N690 2012

http://www.avadocuments.com/doc/aisc-n690-2012
http://www.avadocuments.com/doc/aisc-n690-2012


AISC DESIGN GUIDE 25 / FRAME DESIGN USING WEB-TAPERED MEMBERS / 9

the column inelastic buckling resistance with some minor 
conservatism for these types of members. Also, he observed 
that the inelastic LTB curve for these types of members, pre-
dicted from inelastic buckling analyses, exhibited more of a 
pinched or concave up shape [rather than the linear transition 
curve assumed for the inelastic LTB range in AISC (1999)]. 
In addition, he observed that very short unbraced lengths 
were necessary for the compact I-shaped members consid-
ered in his study to reach their plastic moment capacity. Nev-
ertheless, it is important to note that this type of behavior 
has been observed as well in some inelastic buckling studies 
of prismatic I-shaped members. White and Jung (2008) and 
White and Kim (2008) show that the linear transition curve 
for inelastic LTB in AISC (2005) is a reasonable fit to the 
mean resistances from experimental test data for all types 
of prismatic I-shaped members and justify the AISC (2005) 
resistance factor ϕb = 0.90.

Other researchers have suggested simpler and more intui-
tive ways of determining the elastic buckling resistance of I-
shaped members than the equivalent prismatic member (with 
a modified length) approach. Polyzois and Raftoyiannis 
(1998) reexamined the B factor equations from AISC (1978, 
1986, 1989, 1993 and 1999) and suggested changes that 
covered a wider range of geometry and loading cases. They 
questioned the use of the single modification factor, B, to 
account for both the stress gradient effects and the influence 
of LTB end restraint from adjacent segments, and they devel-
oped separate modification factors for each of these contri-
butions to the elastic LTB resistance. In other developments, 
Yura and Helwig (1996) suggested a method of determining 
the elastic LTB resistance of linearly tapered I-shaped mem-
bers based on (1) the use of the AISC (2005) Cb equations 
but written in terms of the compression flange stresses rather 
than the member moments, and (2) the use of the tapered 
member cross section at the middle of the segment unbraced 
length. Kim and White (2007a) have validated the Yura and 
Helwig (1996) approach and have generalized this approach 
to other elastic member buckling calculations.

Numerous researchers have worked on refined calcula-
tions of elastic LTB resistances for tapered I-shaped members 
in recent years. Andrade et al. (2005) and Boissonnade and 
Maquoi (2005) show that the use of prismatic beam elements 
for the analysis of tapered beams (i.e., subdivision of the 
member into a number of small prismatic element lengths) 
can lead to significant errors when the behavior involves tor-
sion. Kim and White (2007a) use a three-dimensional beam 
finite element formulation similar to the formulations by An-
drade et al. (2005) and Boissonnade and Maquoi (2005) for 
their elastic buckling studies. More recently, Andrade et al. 
(2007) provide further validations of their one-dimensional 
beam model for capturing elastic LTB of web-tapered canti-
levers and simply-supported beams.

Kim (2010) demonstrates that the procedures presented in 
this design guide for calculating the LTB resistances may be 
applied equivalently to both tapered and prismatic I-section 
members. That is, given the calculation of an elastic buck-
ling resistance and the moment gradient parameter, Cb, the 
physical flexural strength is effectively the same at the most 
highly stressed section regardless of whether the member 
is tapered or prismatic. Kim (2010) also addresses the fact 
that virtual test simulation studies by refined full-nonlinear 
finite element analysis typically lead to smaller nominal 
strength estimates than obtained by analysis of experimen-
tal test data. These differences appear to be largely due to 
the geometric imperfections and internal residual stresses 
being smaller on average in the physical tests compared to 
common deterministic values assumed in viritual simulation 
studies. The nominal flexural strengths calculated using the 
AISC Specification and this Design Guide essentially give 
the mean of the resistances from experimental tests (White 
and Jung, 2008; White and Kim, 2008; Kim, 2010)

Davies and Brown (1996), King (2001a, 2001b), and Sil-
vestre and Camotim (2002) have presented substantial in-
formation about the overall design of gable frame systems, 
including clear-span frames and multiple-span gable frames 
with moment continuity throughout and lightweight inte-
rior columns. Much of their discussions are oriented toward 
European practices and design standards, including plastic 
analysis and design of single-story gable frames using com-
pact rolled I-shaped members with haunches at the frame 
knees. However, these studies also provide useful insights 
that are of value to American practices, which typically in-
volve welded I-shapes with thinner web and flange plates.

There are numerous other prior efforts that deserve men-
tion, but due to the abbreviated scope of this section are not 
referenced herein. See Chapter 7 for an extensive annotated 
bibliography on the stability design of frames composed of 
tapered and general nonprismatic I-shaped members.

 2.2 RELATIONSHIP TO PRIOR AISC 
PROVISIONS FOR WEB-TAPERED MEMBERS

The member resistance provisions provided in this Design 
Guide differ somewhat from the Appendix F provisions of 
AISC (1989). Nevertheless, the fundamental concepts are 
largely the same. The primary differences between the cur-
rent provisions and those in AISC (1989) are as follows:

1. The prior AISC (1989) provisions required the flanges 
to be of equal and constant area. The recommended 
provisions apply generally to cases such as singly 
symmetric members and unbraced segments having 
cross-section transitions.

2. The prior AISC (1989) provisions required the depth 
to vary linearly between the ends of the unbraced 
lengths. The recommended provisions apply to all 
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cases within the scope of this document, including 
unbraced lengths having cross-section transitions and/or 
multiple tapered segments.

3. The recommended resistance provisions define a map-
ping of the beam and column resistances from a theo-
retical elastic buckling value to an elastic or inelastic 
resistance using the AISC (2005) beam and column 
resistance equations as a base. The Appendix F provi-
sions of AISC (1989) define a similar mapping to the 
design resistances, but use the AISC (1989) beam and 
column equations. The AISC (2005) design resistance 
equations provide improved simplicity and accuracy 
for the base prismatic member cases compared to the 
AISC (1989) equations (White and Chang, 2007).

4. The prior AISC (1989) column resistance equations 
for tapered members were based on the calculation 
of an equivalent elastic effective length factor, Kγg. 
The effective length, KγgL, was the length at which an 
equivalent prismatic member composed of the small-
est cross section would buckle elastically at the same 
constant axial load as in the actual tapered column of 
length L. As noted in Section 2.1, the separate g pa-
rameter, which gives the equivalent length for simply 
supported end conditions, was actually absorbed into 
charts for determination of the rotational end restraint 
effects. Therefore, AISC (1989) shows just one fac-
tor, labeled as Kγ [i.e., Kγ in AISC (1989) is the same 
as Kγg in this discussion]. The length KγgL was used 
in the AISC (1989) equations to accomplish the pre-
ceding mapping from the theoretical elastic buckling 
stress to the column buckling resistance, expressed in 
terms of the allowable axial stress. The AISC (1989) 
column buckling resistance corresponded specifi cally 
to the axial stress state at the smallest cross section.

 The recommended provisions focus directly on the 
calculation of the controlling elastic buckling load (or 
stress) ratio,

 γe
e

r

e

r

P

P

F

f
= =  (2.2-1)

 where 

 Fe =  corresponding axial stress at the most highly 
stressed cross section (the smallest cross section 
if the axial force is constant along the member 
length), ksi

 Pe =  smallest member axial force at flexural buckling 
about the major- or minor-axis of bending, tor-
sional buckling, or flexural-torsional buckling, 
kips

 Pr =  member required axial load resistance, kips

 fr =  Pr /Ag at the most highly stressed cross section, 
ksi 

 Ag =  gross area of member, in.2

 The calculation of γe, which is the same for all cross 
sections along the member length (because it is an 
overall member buckling load ratio), is more easily 
generalized to address all potential column buckling 
limit states for all types of member geometries than 
the equivalent length procedures of AISC (1989). 
Also, it accommodates all three of the overall stabil-
ity analysis-and-design approaches in AISC (2005), 
i.e., the Direct Analysis Method, the Effective Length 
Method and the First-Order Analysis Method. Simpli-
fied procedures are provided in this design guide for 
calculation of γe. Furthermore, the ratio γe = Pe /Pr = 
Fe /fr can be obtained directly from general buckling 
analysis methods. Nevertheless, both the prior calcu-
lation of KγgL and the current calculation of γe focus 
on the same fundamental question: what is the elastic 
buckling load (or stress) for the unsupported length 
under consideration?

5. The prior AISC (1989) flexural resistance equations 
also focused on a modification of the tapered mem-
ber length, L. The basic concept was to replace the 
tapered beam by an “equivalent” prismatic beam with 
a different length, and with a cross section identical 
to the one at the smaller end of the tapered beam. The 
equivalency condition was that both the actual tapered 
member and the equivalent prismatic member buckle 
elastically at the same flexural stress if the compres-
sion flange is subjected to uniform flexural compres-
sion. This led to two different length modifiers, labeled 
hs and hw, which were used with the ASD two-equation 
lateral-torsional buckling (LTB) resistance equations 
depending on whether the LTB resistance was domi-
nated by the St. Venant torsion stiffness or the warp-
ing torsion stiffness. Rather than taking the elastic 
buckling stress as the larger of these two estimates, 
Fsγ and Fwγ, as in the AISC (1989) prismatic member 
provisions, AISC (1989) Appendix F used the more 
refined estimate of (Fsγ

2 + Fwγ
2)0.5 to determine the 

base elastic LTB stress. A separate modifier, labeled 
B, was applied to this elastic buckling estimate to ac-
count for moment gradient effects and lateral restraint 
offered by adjacent unbraced segments. Finally, for 
B(Fsγ

2 + Fwγ
2)0.5 > Fy /3, the AISC (1989) flexural re-

sistance equations mapped the above elastic buckling 
stress estimate, B(Fsγ

2 + Fwγ
2)0.5, to an inelastic LTB 

design resistance using the prismatic member equa-
tions [for B(Fsγ

2 + Fwγ
2)0.5 ≤ Fy /3, the design LTB re-

sistance was taken the same as the theoretical elastic 
LTB resistance]. The maximum flexural stress within 
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the unbraced segment was then compared against this 
design LTB resistance.

 In contrast, the recommended LTB resistance provi-
sions focus on the calculation of (1) the buckling load 
ratio (γe.LTB)Cb =1 = (Me.LTB)Cb =1 /Mr and the moment gradi-
ent modifier, Cb, or more generally the buckling load 
ratio, γe.LTB = Me.LTB /Mr, including the moment gradient 
effects for the unbraced length under consideration, 
where Me.LTB is the elastic lateral-torsional buckling 
strength and Mr is the required flexural strength (ASD 
or LRFD), and (2) the calculated flexural stress state, 
fr /Fy, at key locations along the length. Simplified 
procedures are provided for the calculation of Cb and 
(γe.LTB)Cb =1 for linearly tapered members. The param-
eters Cb, (γe.LTB)Cb =1 and fr /Fy are then used with a form 
of the base AISC (2005) flexural resistance equations 
to accomplish a general mapping from the theoretical 
elastic LTB resistance to the elastic or inelastic design 
LTB resistance.

6. Both the prior AISC (1989) provisions as well as the 
recommended provisions address compression flange 
local buckling (FLB) on a cross section by cross 
section basis using the base prismatic member equa-
tions. The AISC (2005) FLB equations, on which the 
recommended provisions are based, give a simpler and 
more accurate characterization of the FLB resistance 
of I-shaped members (White and Chang, 2007) than 
the prior AISC (1989) provisions.

7. The AISC (1989) provisions restrict both the tension 
and the compression flange to the same allowable 
LTB stress. The recommended provisions specify a 
more rational tension flange yielding (TFY) limit for 
singly symmetric I-shaped members with a smaller 
tension flange and a larger depth of the web in flexural 
tension.

8. The AISC (1989) Appendix F provisions applied the 
base ASD prismatic beam-column strength interaction 
equations to assess the resistance of members sub-
jected to combined flexure and axial force. A modi-
fied factor, labeled C′m, was defined for two specific 
cases: (1) single curvature bending and approximately 
equal computed bending stresses at the ends; and (2) 
computed bending stress at the smaller end equal to 
zero. The recommended provisions utilize the base 
AISC (2005) prismatic beam-column strength interac-
tion equations. These equations are applied to define 
the strength interaction for all types of beam-column 
geometries and all combinations of column and beam 
resistance limit states.

9. The prior AISC (1989) Appendix F provisions re-
quired extensive use of charts for the calculation of 
the in-plane column buckling resistances (i.e., for the 
determination of Kγg). The current provisions do not 
require the use of any charts.

The prior AISC LRFD provisions (AISC, 1999) for web-
tapered members were patterned largely after AISC ASD 
provisions (AISC, 1989). The flexural resistance provisions 
were essentially identical to the latter. The column resistance 
provisions utilized the same Kγg as in the AISC ASD provi-
sions (AISC, 1989) but applied these parameters with the 
AISC LRFD column curve [which is retained as the AISC 
(2005) column curve]. Furthermore, the beam-column resis-
tance was checked using the AISC LRFD (AISC, 1999) bi-
linear interaction curve, but with the C′m from the AISC ASD 
provisions (AISC, 1989). The AISC LRFD (AISC, 1999) 
bilinear equations are retained as the base beam-column 
strength curve in AISC (2005).

The recommended provisions represent a natural pro-
gression in terms of simplification, improvement in accu-
racy, and improvement in breadth of applicability from the 
AISC ASD (AISC, 1989) and the AISC LRFD (AISC, 1999) 
provisions.
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 Chapter 3
Design Basis

The primary basis for the following design recommenda-
tions is the AISC Specification. In cases where supplemental 
recommendations are given to account for the unique nature 
of web-tapered members, these procedures conform to the 
intent of the AISC Specification. Users are cautioned against 
selecting individual provisions and incorporating them 
into their current design methods based on earlier AISC 
Specifications.

Structures may be designed using the AISC Specification 
using either allowable strength design (ASD) or load and re-
sistance factor design (LRFD). The Specification voices no 
preference, so the choice can be made by the designer on the 
basis of personal preference. Designs produced by ASD and 
LRFD may differ slightly, but both are acceptable according 
to the AISC Specification and the building codes that refer-
ence the AISC Specification.

The LRFD procedure is intended to provide a mathemati-
cally predictable level of reliability, i.e., a known probability 
that the strength of the structure will exceed the demands 
imposed upon it over its lifetime. The safety factors used 
in ASD have been derived from LRFD to provide a similar 
level of safety and reliability.

 3.1 KEY TERMINOLOGY

The five following terms are used throughout the AISC 
Specification and this document:

1. Required strength is the member (or component) force 
or moment that must be resisted. This usually comes 
from a structural analysis. The required strength for 
any given load combination is calculated using the 
appropriate ASD or LRFD load combinations. In this 
document, required strength is represented by the fol-
lowing symbols:

 Rr =  Generalized required strength, which applies to 
both ASD and LRFD. Rr is a generic term that 
can refer to forces or moments. The specifi c re-
quired forces and moments are designated by:

  Pr =  required axial strength using LRFD or 
ASD load combinations, kips

  Vr =  required shear strength using LRFD or 
ASD load combinations, kips

  Mr =  required fl exural strength using LRFD or 
ASD load combinations, kip-in.

 Ra =  ASD required strength calculated using ASD 
load combinations. Ra is a generic term that can 
refer to forces or moments. The specifi c required 
ASD forces and moments are designated by:

  Pa =  required axial strength using ASD load 
combinations, kips

  Va =  required shear strength using ASD load 
combinations, kips

  Ma =  required fl exural strength using ASD load 
combinations, kip-in.

 Ru =  LRFD required strength calculated using LRFD 
load combinations. Ru is a generic term that can 
refer to forces or moments. The specifi c required 
LRFD forces and moments are designated by:

  Pu =  required axial strength using LRFD load 
combinations, kips

  Vu  =  required shear strength using LRFD load 
combinations, kips

  Mu =  required fl exural strength using LRFD 
load combinations, kip-in.

2. Nominal strength is the calculated strength without 
reduction by safety factors (ASD) or resistance factors 
(LRFD). Nominal strength is represented by the fol-
lowing symbols:

 Rn =  Generalized nominal strength. Specifi c nominal 
axial forces, shear forces and moments are des-
ignated by:

  Pn =  nominal axial strength, kips

  Vn =  nominal shear strength, kips

  Mn =  nominal fl exural strength, kip-in.

3. Available strength is the generalized term for cal-
culated strength including reductions by safety fac-
tors (ASD) or resistance factors (LRFD). Available 
strength refers inclusively to both allowable strength 
and design strength.

 Pc =  available axial strength (allowable strength in 
ASD or design strength in LRFD), kips
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 Mc =  available fl exural strength (allowable strength in 
ASD or design strength in LRFD), kip-in.

4. Allowable strength is the nominal strength divided by 
the safety factor (ASD), 

  Allowable strength = 
Rn

Ω
5. Design strength is the nominal strength multiplied by 

the resistance factor (LRFD),

  Design strength = φRn

 3.2 LIMIT STATES DESIGN

Although the AISC Specification permits design by either 
the ASD or LRFD methods, all designs produced using the 
provisions of the AISC Specification are limit states based. 
In both ASD and LRFD, required strengths are compared 
against available strengths calculated for each of the limit 
states by which the member can be governed.

The roots of the AISC Specification are primarily the 
provisions from the 1999 LRFD Specification, enhanced 
with numerous changes based on more recent research and 
aspects of ASD that were preferable or better for practice. 
Safety factors have been provided for use in ASD. The safety 
factors are calibrated to give essentially identical results to 
LRFD for each limit state when the ratio of live load to dead 
load is 3.0. 

When the live load to dead load ratio is higher than 3.0, 
ASD will tend to produce a somewhat lighter design. When 
the live load to dead load ratio is less than 3.0, LRFD will 
tend to produce a lighter design. The differences between 
designs produced using the two methods are rather small, 
even when the ratio of live-to-dead load becomes extreme. 
A similar result occurs for other load combinations. For 
structures with large second-order effects, the ASD second-
order analysis requirements (i.e., the second-order effects 
must be considered at an ultimate strength load level taken 
as 1.6 times the load combinations in ASD) tend to reduce 
or eliminate the apparent economic advantage ASD has for 
structures with high live load to dead load ratios. 

Although the 1.6 factor used to increase ASD loads to 
ultimate levels is usually more conservative than the load 
factors used for LRFD, this value is lower than that used in 
previous editions of the ASD Specifications. In the 1989 and 
earlier editions, second-order amplification was handled by 
the term [see AISC (1989) Equation H1-1],

 

C
f

F

m

a

e

1−
′

 where

  Fe′ =  Euler stress for a prismatic member divided 
by a safety factor, ksi

  fa =  computed axial stress, ksi

The safety factor of 23/12 = 1.92 in the term F ′e  effectively 
resulted in second-order amplification occurring at 1.92 
times the ASD load levels.

Other than the load combinations, the safety and resis-
tance factors, and a few details of second-order analysis, 
there are no significant differences between the ASD and 
LRFD design procedures in the AISC Specification.

 3.2.1 LRFD Design Basis

The design basis for LRFD is formally expressed as: 

 R Ru n≤ φ  (3.2-1, Spec. Eq. B3-1)

where

Ru =  required strength computed using LRFD load com-
binations, kips

Rn =  nominal strength of the applicable limit state, kips

ϕ =  LRFD resistance factor corresponding to the limit 
state

Stated simply, the required strength, Ru, must be less than or 
equal to the design strength, ϕRn.

 3.2.2 ASD Design Basis

There is an important difference between ASD as defined 
in the AISC Specification and ASD as has been customarily 
practiced in the United States. In prior ASD Specifications, 
ASD was an acronym for allowable stress design. In past 
editions, the Specification provided maximum allowable 
stresses that were compared with calculated working load 
stresses in the member. In the AISC Specification, ASD is 
an acronym for allowable strength design. The Specifica-
tion now provides maximum allowable forces and moments 
that are compared with required forces and moments in the 
member. This is the same format that has been used in the 
Specification for Cold-Formed Structural Steel Members 
(AISI, 1996, 2001, 2007) since 1996. 

The design basis for ASD is formally expressed as:

 R
R

a
n≤

Ω
 (3.2-2, Spec. Eq. B3-2)
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where

Ra =  required strength computed using ASD load combi-
nations, kips

Rn =  nominal strength of the applicable limit state, kips

Ω =  ASD safety factor corresponding to the limit state

Stated simply, the required strength, Ra, must be less than or 
equal to the allowable strength, Rn /Ω.

 3.2.3 Allowable Stress Design

Although the AISC Specification provides ASD strengths in 
terms of forces and moments, it is possible to convert these 
strengths to a stress-based format for the convenience of 
users accustomed to working with stresses. Stress-based de-
sign holds several advantages over load-based design. These 
include the ability of the engineer to more readily assess the 
reasonableness of the allowable strengths, in most cases, 
and the potential for greater compatibility with the existing 
ASD software base. This technique has been presented in an 
article by Fisher (2005) and in literature distributed by AISC 
on the AISC website at www.aisc.org and at seminars. Al-
though this procedure is not explicitly endorsed in the AISC 
Specification, it produces mathematically identical results to 
load-based ASD designs produced in accordance with the 
Specification when properly used.

Required strengths are converted to required stresses by 
dividing the required strength by the appropriate section 
property [gross area (A), section modulus (S), area of web, 
etc.] in the usual way. Allowable strengths are converted to 
allowable stresses by dividing the allowable strength by the 
same section property used to calculate the corresponding 
required stress. Thus, the design basis becomes:

 Required stress ≤ Allowable stress (3.2-3)

 For axial compression force, 
P

A

P

A
a n

c

≤
Ω

 (3.2-4)

 For fl exure, 
M

S

M

S
a n

b

≤
Ω

 (3.2-5)

Allowable flexural stresses computed in this manner can ex-
ceed 0.66Fy in cases where the nominal flexural strength ap-
proaches the plastic moment. This is particularly the case for 
highly singly symmetric sections, which can have a shape 
factor, Mp /My, significantly larger than 1.1, where Mp is the 
plastic bending moment and My is the yield moment.

The design calculations are mathematically equivalent to 
those produced by the allowable strength design procedure 
if the details of these conversions are handled consistently. 
This stress-based procedure should not be used to produce 
predicted strengths in excess of those calculated using forces 
and moments.
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 Chapter 4
Stability Design Requirements

The most significant and possibly the most challenging 
changes in the AISC Specification are in the area of stabil-
ity design, that is, the analysis of framing systems and the 
application of rules for proportioning of the frame compo-
nents accounting for stability effects. With a few exceptions, 
designers using the 1989 AISC Specification for Structural 
Steel Buildings—Allowable Stress and Plastic Design (AISC, 
1989) have conducted linearly elastic structural analysis 
without any explicit consideration of second-order effects, 
geometric imperfections, residual stresses, or other nonideal 
conditions. Changes in the AISC Specification make explicit 
consideration of some, or all, of these factors mandatory in 
the analysis phase.

 4.1 KEY TERMINOLOGY

The following key terms are used in the AISC Specification 
and this document.

P-Δ effect. Additional force or moment (couple) due to ax-
ial force acting through the relative transverse displacement 
of the member (or member segment) ends (see Figure 4-1).

P-δ effect. Additional bending moment due to axial force 
acting through the transverse displacement of the cross-
section centroid relative to a chord between the member (or 
member segment) ends (see Figure 4-2). In singly symmet-
ric web-tapered I-shaped members, and in members with 
steps in the cross-section geometry along their length, this 
transverse displacement includes both the deflections rela-
tive to the chord between the member or element ends, due 
to applied loads, as well as the offset of the (nonstraight) 

cross-section centroidal axis from the chord. When mem-
bers are subdivided into shorter-length elements in a second-
order matrix analysis, the P-δ effects at the member level are 
captured partly by P-Δ effects at the individual member or 
segment level (see Figure 4-3).

Second-order analysis. Structural analysis in which the 
equilibrium conditions are formulated on the deformed 
structure. Second-order effects (both P-δ and P-Δ, unless 
specified otherwise) are included. First-order elastic analysis 
with appropriate usage of amplification factors is a second-
order analysis. Other methods of second-order elastic analy-
sis include matrix formulations based on the deformed ge-
ometry and P-Δ analysis procedures applied with a sufficient 
number of elements per member. See Chapter 6, Section 6.2, 
for a brief summary and assessment of different methods of 
second-order analysis. See Chapter 6, Section 6.2.1, for a 
discussion of the required number of elements per member 
for various types of second-order matrix analysis.

Second-order effect. Effect of loads acting on the de-
formed configuration of a structure; includes P-δ effect and 
P-Δ effect.

 4.2 ASCE 7 AND IBC SEISMIC 
STABILITY REQUIREMENTS

Requirements for consideration of second-order effects 
under some conditions were introduced into the seismic 
provisions of the American Society of Civil Engineers’ 
standard, ASCE 7, beginning in 1998 (ASCE, 1998) and the 
International Building Code (IBC) beginning in 2000 (IBC, 

Fig. 4-1. Illustration of P-Δ effect.
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Fig. 4-2. Illustration of combined P-δ and P-Δ effects on sidesway moments and displacements.
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Fig. 4-3. Capture of member P-δ effects by subdivision into shorter-length elements.

2000). These provisions established limits on the maximum 
P-Δ effects and imposed second-order analysis requirements 
in some cases. The current provisions, summarized from 
ASCE/SEI 7-05 (ASCE, 2005), are as follows:

Section 12.8.7 requires the calculation of a seismic stability 
coefficient, θ, for each seismic load combination:

 θ =
P

V h C
x

x sx d

Δ
 (4.2-1, ASCE/SEI 7 12.8-16)

where
Px = gravity load in the combination (with a maxi-

mum load factor of 1.0), kipsΔ
V Cx d  

= elastic sidesway fl exibility of the structure 
under a lateral load, Vx, calculated using the 
nominal elastic (unreduced) structural stiffness, 
in./kip

hsx = story height at the level being considered, in.
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Here, θ is an estimate of the ratio of the gravity load to 
the elastic sidesway buckling strength of the frame and is 
an indicator of the magnitude of the expected P-Δ effects. 
Structures with θ less than or equal to 0.10 have small P-Δ 
effects and are exempt from any ASCE 7 second-order 
analysis requirement. Structures with θ between 0.10 and an 
upper limit that can range as high as 0.25 are permitted, but 
must be designed using an analysis that includes P-Δ effects. 
Structures with θ above the upper limit of 0.25, correspond-
ing to a P-Δ amplification of the sidesway deflections and 
moments of 1/(1 − 0.25) = 1.33, are not permitted.

These provisions have been interpreted to apply only to 
seismic load combinations. Bachman et al. (2004) indicate 
that the calculation of θ need never include the roof live load 
or snow load except in the case of flat roof snow loads of 
greater than 30 psf, where 20% of the snow load is to be 
included unless otherwise required by the authority having 
jurisdiction. This usually limits Px to a fairly small percent-
age of the full gravity design load. As a result, for single-
story metal building frames, θ seldom exceeds the upper 
limit. Wide modular frames can have θ exceeding 0.10, but 
θ can usually be brought down to 0.10 or less by increasing 
the frame lateral stiffness slightly.

These provisions require consideration of significant P-Δ 
effects under seismic loading but do not provide any assur-
ance of adequate second-order response under other load 
combinations that have much higher gravity loading. These 
conditions are addressed in Section 4.3.

 4.3 AISC STABILITY REQUIREMENTS

Section C1 of the AISC Specification requires that “Stability 
shall be provided for the structure as a whole and for each 
of its elements.” Stability for the individual members of the 
structure is provided by compliance with the design provi-
sions of Chapters E, F, G, H and I along with the member 
bracing requirements of Appendix 6. Overall stability of the 
structure is provided by selecting an appropriate analysis ap-
proach combined with a corresponding set of member (or 
component) design constraints.

Any method of design that considers the following effects 
is permitted by the AISC Specification.

1. Second-order effects
 P-Δ effects
 P-δ effects

2. Geometric imperfections
 System out-of-plumbness
 Member out-of-straightness

3. Member stiffness reductions due to residual stress

4. Member fl exural, shear and axial deformations

5. Connection fl exibility

The second-order effects required for the design calcula-
tions are those from the geometric nonlinearity of the elas-
tic structure. In essence, this means that equilibrium must 
be considered in the deflected elastic configuration of the 
structure rather than in the initial geometry, as is the case for 
first-order elastic analysis. A wide variety of approaches for 
handling elastic geometric nonlinearity are available in com-
mercial and in-house software, some of which are discussed 
in Chapter 6. Various approximate hand methods are also 
available and are satisfactory in certain cases.

Overall geometric imperfections in a frame can be han-
dled in the preceding elastic analysis in two ways. The most 
intuitively obvious approach is to incorporate the maximum 
expected or permitted out-of-plumbness of the structure in 
the initial modeling of the geometry of the structure. An al-
ternative approach is to include notional loads, which are 
lateral loads calibrated to produce the same sidesway as the 
expected out-of-plumbness. Member out-of-straightness has 
traditionally been handled in the column strength curves 
but can alternatively be handled by explicit modeling of 
out-of-straightness between member ends, if preferred. For 
members and frames subjected predominantly to in-plane 
bending, the geometric imperfections represented by explic-
it modeling or notional loads are those in the plane of the 
member and/or frame. 

The effect of member stiffness reduction due to residu-
al stress has traditionally been incorporated in the column 
strength equations in conjunction with the use of member 
effective lengths, rather than being considered directly in 
the analysis. This approach is still permitted in the Effective 
Length Method. However, it is now possible to consider this 
effect directly in the analysis. This is the approach taken in 
the direct analysis method and the first-order analysis meth-
od procedures outlined later, which do not require calcula-
tion of effective length factors.

The calculation of axial and flexural deformations is a ba-
sic component of the direct stiffness approach used in most 
modern elastic frame analysis software. Shear deformations 
are not often included in the analysis because their influence 
on the results is usually small, and therefore, the extra re-
quired calculations are not justified. For cases in which shear 
deformations are significant, they are an option to include in 
most general analysis programs and can be incorporated into 
in-house software.

Connection flexibility is routinely handled in elastic anal-
ysis software for cases in which the connections are fully 
restrained (FR) moment connections or simple shear con-
nections by specifying ideally rigid or ideally pinned con-
nections, respectively. For prismatic members, the AISC 
Specification Commentary (AISC, 2005) suggests that a 
connection with a rotational secant spring stiffness of at least 
20EI/L at full-service loads can be considered rigid and one 
with a stiffness below 2EI/L can be considered pinned with 
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respect to stiffness. However, connection strength must also 
be considered when evaluating whether connections may be 
considered as ideally rigid or ideally pinned. 

Bjorhovde, Colson and Brozzetti (1990) propose a con-
nection classification system that may be interpreted as fol-
lows: Connections may be considered rigid when they have 
a secant rotational stiffness greater than 0.5EI/d at 0.7Mp of 
the connecting member, where d is the member depth. Con-
nections with a secant rotational stiffness less than 0.1EI/d 
at 0.2Mp of the connecting member should be considered as 
pinned. Although the Bjorhovde et al. (1990) system was 
originally developed with prismatic members in mind, it 
may be applied as an approximate classification approach 
in frames composed of web-tapered members, using d as the 
depth of the member at the connection. Connections with 
stiffnesses between these limits are classified as partially 
restrained (PR). Inclusion of PR connection stiffness and 
strength in the analysis is required by Section B3.6b of the 
AISC Specification. Including PR spring stiffnesses in off-
the-shelf or in-house software is technically straightforward, 
but is complicated by shakedown behavior in PR connec-
tions and the fact that connections cannot be designed until 
after the members are selected. A number of commercial 
software programs currently allow the engineer to also ad-
dress connection strength by defining the connection’s full 
moment-rotation response. Section B3.6 of the Specification 
also requires that the ductility of simple and PR connections 
be checked.

 4.4 STABILITY DESIGN METHODS

The AISC Specification provides three stability design meth-
ods that account for items 1 through 3 in Section 4.3. In the 
following discussions these methods are referred to as:

1. The Effective Length Method (ELM), referred to as 
“design by second-order analysis” in Section C2.2a of 
the AISC Specifi cation.

2. The Direct Analysis Method (DM) in Appendix 7 of 
the AISC Specifi cation.

3. The First-Order Analysis Method (FOM), referred to 
as “design by fi rst-order analysis” in Section C2.2b of 
the AISC Specifi cation.

Each of the methods holds certain advantages. The AISC 
Specification also permits the use of any other design meth-
od that accounts for all of the elements listed in Section 4.3; 
however, selecting from the three methods included in the 
AISC Specification is the most practical approach for most 
engineers.

The primary advantage of the ELM is that experienced 
steel engineers will already be familiar with many of its 

elements. The DM holds the advantages that (1) it may be 
used for all structures and load combinations, (2) it pro-
vides the most accurate assessment of internal forces and 
moments, and (3) columns may be designed without calcu-
lation of K factors. The virtues of the FOM are that (1) it 
permits design without a second-order analysis (an assumed 
second-order amplification is implicit in this method), and 
(2) it permits the design of columns without the calculation 
of K factors.

Theoretical details of the differences between the methods 
are covered in the AISC Specification Commentary and nu-
merous research papers (Maleck and White, 2003; Deierlein, 
2003, 2004; Kuchenbecker et al., 2004; Surovek-Maleck and 
White, 2004a, 2004b; Nair, 2005; Martinez-Garcia and Zi-
emian, 2006; White et al., 2007a; and White et al., 2007b) 
and are not discussed in this document. From an implemen-
tation viewpoint, the differences between the methods are in 
the areas of:

1. Limits on structural characteristics that establish the 
applicability of the methods

2. The type of structural analysis to be employed (fi rst-
order or second-order)

3. The method of accounting for nominal out-of-straight-
ness and out-of-plumbness (use of notional loads or 
explicit modeling of imperfections in the analysis, or 
implicit inclusion in column strength equations via ef-
fective lengths)

4. The method for considering stiffness reduction from 
residual stress effects (directly in the analysis or im-
plicitly in column strength equations via effective 
lengths)

5. Corresponding design constraints

The three methods differ (in analysis details, notional 
loads, and stiffness reductions, for example) and result in 
somewhat different required strengths for use in design. In 
general, for structures with significant second-order effects, 
the DM and the FOM will generate larger and more realistic 
sidesway moments than those determined using the ELM. 
On the other hand, the calculated in-plane column available 
strengths are larger and more easily determined using the 
DM and FOM. This is because these methods increase the 
member required flexural strengths, Mr , rather than reduce 
the member required axial strengths, Pc, to account for side-
sway instability effects. Conversely, the ELM accounts for 
sidesway stability effects by reducing Pc via the use of K > 1 
in moment frames, where K is the effective length factor, or 
by explicit use of buckling analyses to determine the theo-
retical column buckling loads. 

The following sections provide an overview of the major 
implementation differences between the three methods.
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 4.4.1 Limits of Applicability

The DM is permitted for all structures and all load combi-
nations. The usage of the other two methods is restricted 
to load combinations in which Δ2nd / Δ1st ≤ 1.5, where Δ2nd 
is the second-order drift and Δ1st is the first-order drift for 
the strength combination being considered (the ASD load 
combinations multiplied by 1.6 or the LRFD load combina-
tions). The limit of Δ2nd / Δ1st ≤ 1.5 is applicable to an analysis 
conducted using unreduced stiffness, EA and EI. If reduced 
member stiffness is used for the analysis, as discussed in 
Section 4.4.4, this limit is Δ2nd / Δ1st ≤ 1.71. Clear span frames 
often meet this restriction for all load combinations, but wide 
modular frames will often exceed this limit under the maxi-
mum gravity load combinations. As a result, the DM is the 
only method suitable for some load combinations of many 
metal building frames unless the designer is willing to limit 
Δ2nd / Δ1st to no more than 1.5 for every load combination.

 4.4.2 Type of Analysis

Both the ELM and the DM require that a second-order 
analysis be performed. As the name implies, the FOM does 
not require a second-order analysis. It provides a second-
order amplification indirectly through the use of larger no-
tional loads. The detailed requirements for the second-order 
analysis calculations required by the ELM and DM differ 
somewhat and are covered later in the sections that describe 
each method in detail.

 4.4.3 Out-of-Plumbness

Each of the three methods requires the application of no-
tional loads, or explicit modeling of the out-of-plumbness 
on which the notional loads are based, for at least some load 
combinations in the structural analysis. Notional loads are 
artificial lateral loads applied to the structure to account for 
geometric imperfections and other nonideal conditions that 
can induce or increase the sway of a structure.

Notional Loads

In all the methods of the AISC Specification, the equations for 
calculating notional loads are based on an assumed uniform 
out-of-plumbness of L / 500. However, Appendix 7, Section 
7.3(2), of the Specification states that this can be adjusted 
by the ratio of the expected out-of-plumbness to L / 500 to 
account for a lesser assumed out-of-plumbness. Prior to 
the 2007 edition, Section 6.8 of Common Industry Standards 
in the Metal Building Systems (MBMA, 2002) specified an 
out-of-plumbness erection tolerance of L / 300. Structures 
to be built to this standard should have their notional loads 
or nominal out-of-plumbness increased by the factor of 
(L / 300)/(L / 500) = 1.67 relative to the specified AISC value 
to account for this more liberal tolerance. The latest edition 

of the Metal Building Systems Manual (MBMA, 2007) has 
eliminated this exception; therefore, structures to be built 
to the 2007 MBMA standard should be designed using the 
notional loads specified in the AISC Specification.

Notional loads are calculated for each load combination 
as a percentage of the vertical load acting at each level for 
that load combination. Although the text of the AISC Speci-
fication defines notional loads as a percentage of the gravity 
load, the notional loads are more properly defined as a per-
centage of the vertical load, regardless of the source. This 
is apparent based on the direct correspondence between no-
tional loads and the alternative explicit modeling of out-of-
plumbness. 

The physical out-of-plumb imperfections in the structure 
may be in either sidesway direction. However, the direction 
of application of the notional loads for each load combina-
tion is selected to increase the overall destabilizing effect 
for that combination. For gravity-only load combinations 
that cause a net (i.e., weighted average) sidesway either due 
to nonsymmetry of loads or geometry, the notional loads 
should be applied in the direction that increases the net side-
sway. For structures with multiple stories or levels, and in 
which the sidesway deformations are in different directions 
in different stories or levels, it is necessary to include a pair 
of load combinations, separately considering the notional 
loads associated with a uniform out-of-plumbness in each 
direction. For load combinations involving lateral loads, the 
notional loads should be applied only in the direction that 
adds to the effect of the lateral loads. One need not apply 
notional loads in a direction opposite from the total lateral 
loads to minimize the reduction in internal forces in certain 
components due to the lateral load. For gravity load combi-
nations with no sidesway, it is necessary to include a pair of 
load combinations, separately considering notional loads in 
each direction, unless symmetry of the frame is enforced by 
other means.

Separate notional loads should be applied at the top of 
each of the columns in proportion to the vertical load trans-
ferred to each column. In columns with axial forces applied 
at an intermediate location along the length, a proportional 
notional load should be placed at that location on the col-
umn. For any instances in which questions arise about the 
calculation and application of notional loads, the question 
may be answered by determining the lateral forces that are 
equivalent to the effect of the intended uniform nominal out-
of-plumbness.

For ASD designs, notional loads calculated based on 
ASD load combination factors must be increased by a fac-
tor of 1.6 in all three methods. The 1.6 factor overestimates 
the second-order effects somewhat in ASD designs rela-
tive to LRFD, particularly where second-order effects are 
significant.
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Explicit Modeling of Out-of-Plumbness

The AISC Specification permits explicit modeling of out-
of-plumbness in the structural analysis in lieu of the use of 
notional loads for the DM. This avoids the need to determine 
how to apply notional loads in buildings with sloping roofs 
or floors, where the building geometry is nonrectangular or 
nonregular, or in structures where axial loads are applied at 
intermediate positions along the length of a member. This 
approach is easy to automate in computer-based design, and 
it allows the designer to better understand the true nature of 
internal forces set up in the structure from out-of-plumbness 
effects. However, unless automated methods of specify-
ing out-of-plumbness are available in analysis software, it 
is often easier to apply notional loads along with the other 
applied loads on the structure rather than to modify the struc-
ture geometry.

The modeled out-of-plumbness should be consistent with 
the erection tolerances specified for the structure. Therefore, 
if the erection tolerances are smaller than L / 500, a reduced 
uniform out-of-plumbness equal to the specified erection 
tolerance may be employed. Also, where a larger erection 
tolerance is permitted, this larger tolerance should be used 
as the modeled uniform out-of-plumbness in the structural 
analysis. 

The physical out-of-plumb imperfections in the struc-
ture may be in either sidesway direction. However, the di-
rection of the modeled uniform out-of-plumbness for each 
load combination is selected to increase the overall desta-
bilizing effect for that combination. For gravity-only load 
combinations that induce a net sidesway, the modeled out-
of-plumbness should be in the direction of the net sidesway. 
For structures with multiple stories or levels and in which 
the sidesway deformations are in different directions in dif-
ferent stories or levels, two different uniform out-of-plumb 
geometries are required to capture the potential overall de-
stabilizing effects in both directions. For load combinations 
involving lateral loads, the out-of-plumbness should be in 
the direction of the lateral loads. For a gravity load combina-
tion with no sidesway, it is necessary to consider a uniform 
out-of-plumbness in both directions unless any symmetry of 
the design is enforced by other means. 

Only two different out-of-plumb geometries are typically 
required to cover the overall destabilizing effects for all load 
combinations. In contrast, the corresponding notional loads 
discussed in the previous section are, in general, different 
for each load combination (although the notional loads may 
be taken conservatively as the maximum values from all the 
load combinations). 

For the ELM in all cases, and the DM in some cases, 
the notional loads are specified as minimum lateral loads 
in the gravity-only load combinations. That is, they are not 
used in combination with other lateral loads. Consequently, 

out-of-plumbness need not be included in the model for 
these load combinations. Modeling out-of-plumbness for all 
load combinations is permitted but will result in conserva-
tive results for lateral load combinations in which notional 
loads are not required. In cases where the notional loads are 
specified as additive rather than minimum, the model must 
include out-of-plumbness (or out-of-plumbness effects via 
notional loads) regardless of the magnitude of the lateral 
loads.

 4.4.4 Stiffness Reduction

Only the DM requires explicit consideration of member 
stiffness reduction due to the combined effects of residual 
stresses and distributed yielding with member axial forces 
and moments in the structural analysis. This is handled by 
reducing the flexural stiffness in moment frames and the 
axial stiffness in braced frames to 80% of their nominal elas-
tic values in the second-order structural analysis. Where the 
axial compression load in a flexural member contributing to 
lateral stability exceeds 50% of the yield load, the flexural 
stiffness is further reduced. This is discussed in detail later. 
The other two methods consider member stiffness reduc-
tions only implicitly, either via the calculation of the column 
strengths using effective lengths or by the calculation of a 
larger notional lateral load.

 4.4.5 Design Constraints

The DM and the FOM permit the design of columns for 
in-plane buckling using a length equal to the actual unsup-
ported length (K = 1), or a smaller length in some cases. 
For moment frames, the ELM requires the calculation and 
use of elastic buckling load values (or the corresponding K 
factors) determined using a sidesway buckling analysis of 
the structure unless Δ2nd / Δ1st ≤ 1.1. If Δ2nd / Δ1st ≤ 1.1, the 
in-plane flexural buckling load may be calculated based on 
the actual member length and idealized pinned-pinned end 
conditions (i.e., K = 1).

 4.5 COMMON ANALYSIS PARAMETERS

Several parameters are used throughout the text of the stabil-
ity requirements in the AISC Specification to establish limits 
of applicability of various provisions and in other calcula-
tions. These are defined as follows:

 4.5.1 α Pr

αPr is the required axial compressive strength, Pr, multiplied 
by the factor α where α = 1.6 for ASD and α = 1.0 for LRFD.

For LRFD, αPr is simply the required axial compressive 
strength determined using the LRFD load combination fac-
tors for the load combination under consideration. For ASD, 
αPr is the required axial compression strength determined 
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using ASD load combination factors multiplied by 1.6, to 
give an approximation of the required strength under ulti-
mate conditions.

αPr is used in the determination of whether the FOM may 
be used. It is also used in the DM to determine whether P-δ 
effects can be neglected in the calculation of the sidesway 
displacements, and to calculate the required stiffness reduc-
tion. αPr is also used in approximate second-order analysis 
techniques such as the B1-B2 method.

 4.5.2 PeL or γγeLPr

PeL is the nominal in-plane elastic flexural buckling strength 
of a member subjected to axial compression force and hav-
ing assumed ideally pinned-pinned end conditions. This 
parameter is used extensively in the provisions for both the 
ELM and the DM as well as in the member design provi-
sions. Consideration of the actual member rotational and 
sidesway restraint end conditions is handled subsequently 
within the AISC design procedures, via the calculation of 
other buckling loads or the corresponding effective length 
factors in the ELM, and via the modeling of the structure for 
the structural analysis. 

In many cases it is more convenient to work with the 
equivalent parameter γeLPr, which is the required strength, 
Pr, multiplied by the elastic buckling load ratio, γeL = PeL/Pr. 
That is, 

 PeL = γeLPr (4.5-1)

where
PeL = Euler buckling load, evaluated in the plane of 

bending, kips.  This is the internal axial force at 
elastic buckling of the member, assuming simply 
supported end conditions.

Pr =  required axial strength for the column, kips
γeL = a scalar ratio

Regardless of the complexity of the loadings (e.g., stepped 
loading or distributed axial loading) or the member geom-
etry (e.g., tapered and/or stepped geometry), there is only 
one γeL corresponding to the member elastic flexural bucking 
strength. However, for stepped or distributed axial loading, 
Pr and PeL vary along the member length.

The elastic flexural buckling strength can also be ex-
pressed as:

 FeL = γeLFr (4.5-2)

where
FeL =  axial stress at elastic buckling of the member, as-

suming simply supported end conditions, ksi
Fr = required axial stress for the column, ksi

For a straight, geometrically perfect prismatic column with a 
constant axial loading, 

 P
EI

L
eL = π2

2
 (4.5-3)

For a tapered I-shaped member, there is no exact closed-
form solution for PeL. However, several approaches to a solu-
tion are available:

1.  PeL can be determined by an elastic eigenvalue buck-
ling analysis. Many advanced fi nite element and/
or frame analysis programs can be used to calculate 
elastic buckling multipliers, γeL, corresponding to a 
given required axial strength using numerical eigen-
value solution techniques. PeL is then determined as the 
required axial compression strength, used in the anal-
ysis, multiplied by γeL. The quality of such solutions 
depends on the accuracy of tapered member modeling, 
element choice, and meshing. The engineer should run 
the benchmark problems provided in Appendix C to 
establish the appropriateness of the computer program 
and modeling techniques prior to use in design. Al-
though this approach has the advantage of handling es-
sentially any imaginable geometry and loading, it may 
not be practical in a production environment unless the 
fi nite element modeling is automated and integrated 
into analysis-design software.

2.  PeL can be determined by the method of successive 
approximations (Timoshenko and Gere, 1961). This 
technique uses an iterative beam analysis to fi nd the 
axial load, γeLPr, at which the beam defl ections result-
ing from applied P-δ moments are a uniform multiple 
of the defl ections assumed to calculate the P-δ mo-
ments. This is an iterative process in which (1) a load, 
Pr, and a defl ected buckling mode shape are assumed; 
(2) the P-δ moments from the assumed defl ections 
times the assumed axial load are calculated; (3) the 
calculated P-δ moments are applied in a beam analy-
sis of the member to compute a new defl ected shape; 
and (4) the new defl ected shape is substituted as a new 
approximation for the buckled geometry. The process 
is continued iteratively until the calculated defl ections 
everywhere along the beam are a uniform multiple, γeL, 
of the assumed defl ections. PeL is then determined as 
the assumed axial load, Pr, multiplied by γeL.

 The method of successive approximations requires 
relatively few calculations compared with eigenvalue 
solution techniques, is easily programmed, and is 
adaptable to handle various tapers and steps in the 
member loading and geometry. The method is illustrat-
ed in Timoshenko and Gere (1961) with an example in 
a format easily adapted to a spreadsheet or procedural 
computer program. See Appendix C of this Guide for 
benchmark examples of web-tapered members.
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3.  PeL can be approximated with good accuracy for a 
single linearly tapered member with simply supported 
conditions and supporting a constant internal axial 
force, and having no plate or taper changes, as:

 P
EI

L
eL =

′π2

2  (4.5-4)

where

I ′ =  moment of inertia calculated using the depth 
at 0.5L (Ismall /Ilarge)0.0732 from the small end, 
in.4

 This empirically derived expression gives results 
accurate to within several percentage points for the 
range of members addressed in this document. The 
preceding approximation should not be used for any 
buckling solution in which anything other than simply 
supported end conditions are assumed. That is, the 
preceding expression for I ′ is valid solely for idealized 
simply supported end conditions.

4. For linearly tapered members subjected to nonuniform 
axial compression, γeL can be calculated conservatively 
as PeL /(Pr)max, where PeL is calculated using Equation 
4.5-4 and (Pr)max is the largest internal axial compres-
sion along the member length.

 4.5.3 ΔΔ2nd /Δ1st

Δ2nd / Δ1st is the ratio of story drifts calculated from a second-
order and first-order analysis, respectively. This ratio is used 
to establish the applicability of the approved design meth-
ods, to establish the applicability of the K = 1 provisions 
of the ELM [2005 AISC Specification Section C2.2a(4)], to 
determine whether notional loads are additive to lateral loads 
in the DM, and also in the B1-B2 method.

Unless otherwise noted, this ratio is calculated from analy-
ses using unreduced member stiffnesses. For information on 
calculating Δ2nd / Δ1st for gable frames, see Section 6.3.3.

Δ2nd / Δ1st is calculated separately for each load combina-
tion. This parameter gives an indication of the significance 
of the second-order effects in a load combination. No maxi-
mum limit on Δ2nd / Δ1st is established by the AISC Specifica-
tion (AISC, 2005). Values below 1.1 are considered insig-
nificant. Values above 1.5 are considered large second-order 
effects. As such, the design must be conducted using the DM 
when this threshold is exceeded. Values between 1.1 and 1.5 
are considered moderate second-order effects. The design 
may be conducted either by the DM or by the ELM in these 
cases.

The reader is cautioned against using the ratio M2nd / M1st 

as a substitute for Δ2nd / Δ1st. The moments usually include 
significant first-order gravity components that will obscure 
the magnitude of the second-order effects.

 4.6 DETAILED REQUIREMENTS OF THE 
STABILITY DESIGN METHODS

The following sections summarize the detailed requirements 
for each of the three stability design methods discussed ear-
lier. Additional information on first-order and second-order 
frame analysis is given in Chapter 6.

 4.6.1 The Effective Length Method (ELM)

1. The ELM is only permitted for load combinations 
where Δ2nd / Δ1st ≤ 1.5.

2. A second-order analysis, considering both P-Δ and 
P-δ effects as detailed below, is required: 

(a) The P-Δ effects on the nodal displacements must 
be considered. The P-δ effects on the nodal dis-
placements may be neglected in the calculation of 
required strengths because the ELM beam-column 
unity checks are insensitive to these effects.

(b) The P-δ effects on the internal element moments 
(between the nodes) may be neglected in indi-
vidual elements in load combinations when αPr ≤ 
0.02Peℓ for that element,

 where

   Peℓ =   flexural column buckling load based on 
the cross-section geometry and the ele-
ment length between the nodal locations 
with idealized simply supported nodal 
end conditions, kips

 Otherwise, they must be considered.

(c) Internal P-δ moments may be included by per-
forming a second-order analysis to determine 
the nodal displacements, forces and moments, 
and then calculating the second-order internal 
moments in each element as follows (Guney and 
White, 2007):

(i) Calculate δ1st, the fi rst-order displacement 
perpendicular to the element chord caused by 
the second-order nodal forces and any applied 
loads within the element length, at any loca-
tions of interest.

(ii) Calculate the second-order displacement at 
each of the preceding locations as

 
PP

δ
δ
α2

1

1
nd

st

r e�

=
− /

 (4.6-1)

  where Peℓ may be estimated for linearly 
tapered segments using PeL from Equation 
4.5-4, but applied to the element length, ℓ.
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(iii) Calculate the required internal second-order 
moment at each of the above locations as

 M M Pr st r nd= +1 2α δ  (4.6-2)

 where

   M1st =  first-order moment at a given po-
sition along the element length, 
caused by the second-order nodal 
forces and any applied loads within 
the element length, kip-in.

This procedure provides good accuracy for general 
cases involving prismatic or nonprismatic member 
geometry for values of αPr /Peℓ ≤ 0.7. This limit is 
satisfi ed in all cases when (1) a P-Δ only analysis 
or a second-order analysis using an element geo-
metric stiffness based on element cubic transverse 
displacements is used, and (2) the number of 
elements per member is greater than or equal to 
that specifi ed by the guidelines discussed subse-
quently in Section 6.2. Alternatively, the nonsway 
amplifi er

 B
Cm

1 =
PPα1 r e�− /  

≥ 1.0  (4.6-3a)

may be applied to all the moments M1st throughout 
the length of a given element, except those at the 
ends. Equation 4.6-3a is useful for elements in 
linearly tapered members that do not have any ap-
plied transverse loads. In this case, the equivalent 
uniform moment factor, Cm, may be expressed ap-
proximately as

 . .C f( )fm = +0 6 0 4 1 2/  (4.6-3b)

where

f2 = the absolute value of the largest com-
pressive fl exural stress at either element 
end node, ksi

f1 = 2fmid − f2, ksi (4.6-3c)

fmid = fl exural stress due to M1st at the mid-
length of the element in the fl ange con-
taining the stress f2, taken as positive for 
compression and negative for tension, ksi

Equation 4.6-3b accounts for the fact that a linear 
variation in M1st produces a nonlinear variation in 
the corresponding fl exural stress along the length 
of a tapered member. The value f1 is the fl ange 
stress obtained by extending a line through f2 and 
fmid to the opposite element end node.

In many cases, Equation 4.6-3a gives B1 = 1.0, 
indicating that the second-order amplifi cation of 
the internal moments may be neglected. Equations 
4.6-1 and 4.6-2 generally provide better accu-
racy for both prismatic and nonprismatic members 
compared to the amplifi ed moments determined 
using Equation 4.6-3a. This is particularly true for 
elements with transverse applied loads, where the 
AISC Specifi cation gives a conservative value of 
Cm = 1.0 and Table C-C2.1 in the AISC Specifi ca-
tion Commentary gives refi ned equations for Cm 
that are applicable only for prismatic members 
with ideally pinned or ideally fi xed end conditions. 
The use of Cm = 1.0 is recommended for general 
cases with transverse applied loads. 

(d) P-δ effects must be included in the calculation of 
elastic column buckling strengths, PeL, when using 
either an eigenvalue or the successive approxima-
tion approach. See Appendix B1.2 for guidance on 
subdividing the members into a sufficient number 
of smaller-length elements for matrix eigenvalue 
analyses. 

(e)  The accuracy of any second-order analysis pro-
gram used should be tested using appropriate 
benchmark problems such as those provided in 
Appendix C. Particular care should be taken to es-
tablish whether P-δ effects are correctly included 
in the analysis. Sections 6.2.1 and 6.2.2 provide 
guidelines for subdivision of members to ensure 
sufficient accuracy with respect to these effects.

 The amplified first-order elastic analysis ap-
proach (e.g., the B1-B2 approach) is an acceptable 
second-order analysis method. If this approach is 
employed, Equation C2-6b in the AISC Specifica-
tion (or the more refined Commentary Equation 
C-C2-6 not including the limit 1.7HL /ΔH) is rec-
ommended for the definition of ΣPe2 in Equation 
C2-3.

 Implementation of the B1-B2 may involve more 
work compared to other alternative approaches 
[e.g., a general P-Δ analysis as discussed earlier, 
or the alternate amplifier-based method discussed 
by White et al. (2007a, 2007b)]. The amplifier-
based methods are particularly difficult to imple-
ment and lose accuracy for gable frames, where 
the sidesway column displacements are generally 
not the same, and for frames with unequal height 
columns, where the methods must be modified to 
account for the different column heights (White 
and Kim, 2006).
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 The reader should note that the term amplified 
first-order elastic analysis is typically used to re-
fer to the specific B1-B2 method of calculating the 
second-order forces and moments. It is important 
to distinguish this term from the terms used for the 
different design methods, i.e., the ELM, the DM 
and the FOM. The B1-B2 second-order analysis 
method is one of many methods of second-order 
analysis that may be used for the calculation of the 
forces and moments in either of the design meth-
ods that require a second-order analysis (the ELM 
and the DM).

3. Given the satisfaction of the preceding requirements 
for the second-order elastic analysis calculations, the 
ELM structural analysis model must include the fol-
lowing attributes: 

(a) The analysis is conducted with nominal elastic 
stiffnesses, i.e., no member stiffness reductions.

(b) Minimum lateral loads of 0.002 times the verti-
cal load, Yi, applied at each level are required 
for all gravity-only load combinations. For gable 
frames and for frames with stories having unequal 
height columns, it is recommended that individual 
notional lateral loads equal to 0.002yi should be 
applied at the top of each column, where yi is the 
vertical load transferred to the column at its top. 
Also, for columns with intermediate vertical loads 
along their length, a notional lateral load of 0.002yi 
should be applied at the location of the intermedi-
ate vertical loads, where yi is the intermediate ver-
tical load applied to the column. This is necessary 
to capture the geometric imperfection effects on 
different height columns, as well as to capture the 
behavior in cases where the lateral displacements 
are generally different at the different column 
locations.

 In lieu of applying the notional lateral loads, one 
can impose an out-of-plumbness of 0.002H on the 
structure for analysis of the gravity-only load com-
binations, where H is the vertical height above the 
base, or in general, the node(s) having the mini-
mum vertical coordinate. This may be implemented 
by shifting all the nodes of the analysis model 
horizontally by 0.002H relative to the node(s) at 
the base of the structure. For cases in which ques-
tions arise about the appropriate application of the 
notional lateral loads, one should always return to 
the model where the uniform out-of-plumbness is 
represented explicitly in the structural model. The 
appropriate notional loads are the ones that are 
equivalent to the effect of this out-of-plumbness.

 For both notional loads and explicit modeling of 
out-of-plumbness, the factor 0.002 is based on an 
assumed erection tolerance of L/500. For adjust-
ments to this factor to account for structures built 
to different tolerances, see Section 4.4.3.

(c) For ASD, the analysis is conducted using loads of 
1.6 times those from ASD load combinations. The 
resulting member forces and moments are divided 
by 1.6 for the member design calculations. The 1.6 
multiplier also applies to any notional loads added 
to satisfy item 3(b).

4. The in-plane fl exural buckling strength of columns 
and beam-columns, Pni, is determined as follows:

(a) For members in load combinations where Δ2nd / Δ1st 
≤ 1.1, calculate Pni based on the actual unbraced 
length with K = 1.0, i.e., assuming idealized 
pinned-pinned end conditions on the actual un-
braced length.

(b) For other cases, Pni must be calculated using an 
effective length factor, K, or the corresponding 
column buckling stress, Fe, determined from a 
sidesway buckling analysis of the structure. Be-
cause member taper violates one of the inherent 
assumptions of the traditional alignment charts, 
more advanced methods of determining K or Fe 

are normally required. See Appendix B for further 
information on the calculation of elastic buckling 
strengths of tapered columns and frames.

 4.6.2 The Direct Analysis Method (DM)

1. The DM is permitted for all structures and load combi-
nations.

2. A second-order analysis with characteristics similar to 
those discussed in item 2 of Section 4.6.1 is required. 
However, there are a few important differences. The 
following discussion repeats much of the discussion in 
item 2 of Section 4.6.1 with an emphasis on the spe-
cifi c requirements in the context of the DM.

(a) Generally, both the P-Δ and P-δ effects on the 
nodal displacements must be considered in the 
DM. The AISC Specification Appendix 7, Section 
7.3(1), indicates that if αPr < 0.15PeL for all mem-
bers whose flexural stiffnesses are considered to 
contribute to the lateral stability of the structure, 
the P-δ effect on the lateral displacements may be 
neglected in the analysis. Although not defined in 
the AISC Specification, “members whose flexural 
stiffnesses are considered to contribute to the lat-
eral stability” in this context is intended to apply to 
both beams and columns in unbraced frames. For 
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nonrectangular structures such as gable frames, the 
term “lateral displacements” may be interpreted 
as the general nodal displacements in the frame 
analysis model. 

 With the exception of sway columns without sig-
nificant transverse member loads, where both ends 
have substantial rotational restraints, this Guide 
recommends that when αPr > 0.05 PeL, where PeL 
is the elastic buckling load based on the overall 
member length determined as discussed in Sec-
tion 4.5.2 but using the reduced elastic stiffness 
of the DM analysis model discussed later, the 
member should be subdivided with intermediate 
nodes along its length when a P-Δ only analysis 
is employed. This ensures better accuracy of the 
element nodal displacements and moments along 
the member length than will be achieved using 
the previous AISC Specification rule when αPr 
exceeds 0.05 PeL. The sidesway moments in fixed-
base columns, and columns with top and bottom 
rotational restraint from adjacent framing, may be 
analyzed sufficiently with a P-Δ only analysis and 
a single element per member when αPr ≤ 0.12 PeL. 
Second-order analysis procedures that include 
both P-Δ and P-δ effects in the formulation re-
quire fewer elements. Detailed guidelines for the 
necessary number of elements are provided subse-
quently in Sections 6.2.1 and 6.2.2 of this Guide. 
These guidelines and the above recommendations 
are based on Guney and White (2007). In many 
cases a sufficient subdivision will occur naturally 
with tapered members due to the frequency of 
plate and/or geometry changes. However, extra 
nodes may be required for prismatic members and 
long tapered members without changes of plates 
or taper.

(b) The P-δ effects on the internal element moments 
(between the nodes) may be neglected in individual 
elements in load combinations when αPr ≤ 0.02 Pe� 
for that element (Guney and White, 2007), 

where
Pe� =  fl exural buckling load based on the cross-

section geometry and the element length 
between the nodal locations with ideal-
ized simply supported nodal end condi-
tions, determined using the reduced elas-
tic stiffnesses of the DM analysis model 
discussed later, kips

(c) Internal P-δ moments may be included by per-
forming a second-order analysis to determine the 
nodal displacements, forces and moments, then 
calculating the second-order internal moments in 

each element using the forces, moments, and dis-
placements calculated with the reduced stiffness 
from the DM analysis as follows:

(i) Calculate δ1st, the fi rst-order displacement 
perpendicular to the element chord caused by 
the second-order nodal forces and any applied 
loads within the element length, at any loca-
tions of interest.

(ii) Calculate the second-order displacement at 
each of the preceding locations as 

 δ
δ

2
1

nd
st=

PPα1 r e�− /
 (4.6-4)

  where Pe� may be estimated for linearly-
tapered segments using PeL from Equation 
4.5-4, but applied to the element length, ℓ, and 
using the reduced elastic stiffness of the DM 
analysis model.

(iii) Calculate the required internal second-order 
moment at each of the above locations as

 M M Pr st r nd= +1 2α δ  (4.6-5)

  where 

M1st =  the fi rst-order moment at a given 
position along the element length, 
caused by the second-order nodal 
forces and any applied loads with-
in the element length, kip-in. 

This procedure provides good accuracy for general 
cases involving prismatic or nonprismatic member 
geometry for values of αPr / Pe� ≤ 0.7 (Guney and 
White, 2007). This limit is satisfied in all cases 
when a sufficient number of elements is employed 
in a P-Δ-only analysis or a second-order analysis 
using an element geometric stiffness based on 
element cubic transverse displacements using the 
guidelines discussed subsequently in Section 6.2. 
Alternatively, the AISC (2005) nonsway amplifier

 B
Cm

1 =
PPα1 r e�− /

 ≥ 1.0  

  (4.6-6a, from Spec. Eq. C2-2)

 may be applied to all the moments, M1st, through-
out the length of a given element, except those at 
the ends. Equation 4.6-6a is useful for elements 
in linearly tapered members that do not have any 
transverse applied loads. In this case, the equiva-
lent uniform moment factor, Cm, may be expressed 
approximately as
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 C . . ffm = +0 6 0 4 1 2/( ) (4.6-6b)

 where

  f2 =  the absolute value of the largest compres-
sive fl exural stress at either element end 
node, ksi

  f1 = 2fmid − f2 , ksi (4.6-6c)
  fmid =  fl exural stress due to M1st at the mid-

length of the element in the fl ange con-
taining the stress f2, taken as positive for 
compression and negative for tension, ksi 

 Equation 4.6-6b accounts for the fact that a linear 
variation in M1st produces a nonlinear variation in 
the corresponding flexural stress along the length 
of a tapered member. The value f1 is the flange 
stress obtained by extending a line through f2 and 
fmid to the opposite element end node.

 In many cases, Equation 4.6-6a gives B1 = 1.0, 
indicating that the second-order amplification of 
the internal moments may be neglected. Equation 
4.6-4 in conjunction with Equation 4.6-5 generally 
provides better accuracy for both prismatic and 
nonprismatic members compared to the applica-
tion of Equation 4.6-6a. This is particularly true 
for elements with transverse applied loads, where 
the AISC Specification gives a conservative value 
of Cm = 1.0 and Table C-C2.1 in the AISC Com-
mentary gives refined equations for Cm that are ap-
plicable only for prismatic members with ideally 
pinned or ideally fixed end conditions. The use of 
Cm = 1.0 is recommended for general cases with 
transverse applied loads. 

(d)  The accuracy of any second-order analysis pro-
gram used should be tested using appropriate 
benchmark problems such as those provided in 
Appendix C. If the benchmark tests are satisfied, 
the software may be assumed to provide adequate 
results without subdividing the members into mul-
tiple elements as recommended in item 2(a). 

3. Given the satisfaction of the preceding requirements 
for the second-order elastic analysis calculations, the 
DM analysis model must include the following attri-
butes: 

(a) The analysis must be conducted with elastic stiff-
ness reductions for all members whose flexural 
stiffness is considered to contribute to the lateral 
stability of the structure. Although not defined in 
the AISC Specification, “members whose flexural 
stiffness is considered to contribute to the lateral 

stability” in this context is intended to apply only 
to columns in unbraced frames. This is accom-
plished by reducing the value of EI and/or EA in 
the formulation of the member stiffnesses.

 For members whose flexural stiffnesses contribute 
to the lateral stability:

 If αPr /Py ≤ 0.5, use 0.8EI in the flexural stiffness 
terms of the second-order analysis.

 If αPr /Py > 0.5, use 0.8τb EI in the flexural stiffness 
terms of the second-order analysis,

 where

 τ
α α

b
r

y

r

y

P

P

P

P
= −

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟4 1  (4.6-7)

Py =  smallest value of AgFy of the 
member, kips

 This reduction need only be applied to the portion 
of a member where αPr /Py > 0.5. Alternatively, 
notional loads of 0.001Yi, in addition to those 
required by item 3(b) (following), may be used 
along with a stiffness of 0.8EI in lieu of reducing 
the stiffness to 0.8τb EI.

 For members whose axial stiffnesses contribute to 
the lateral stability (primarily members of braced 
frames), use 0.8EA in the axial stiffness terms of 
the second-order analysis.

 In lieu of modifying the cross-section properties, A 
and I, by 0.8, it is acceptable (and recommended) 
to reduce the modulus of elasticity, E, by the fac-
tor 0.8 for all members in the second-order elastic 
analysis. This avoids small problems that can oc-
cur in some cases, such as unintended additional 
drift of a frame due to differential column axial 
shortening between gravity columns and lateral-
load resisting columns when beams or rafters from 
the lateral-load resisting system are framed into the 
gravity columns. This approach also gives results 
that more closely match those from the more ad-
vanced methods to which the DM was calibrated. 
Note that the value of E is not reduced when ap-
plying other Specification provisions, such as 
slenderness limit checks (2005 AISC Specification 
Table B4.1) or column strength equations.

(b)  Minimum lateral loads of 0.002 times the vertical 
load, Yi, applied at each level are required for grav-
ity-only load combinations when Δ2nd / Δ1st ≤ 1.5 
(Δ2nd / Δ1st ≤ 1.71 based on the reduced stiffness). 
Alternatively, explicit out-of-plumbness may be 
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modeled in lieu of notional loads.

 For load combinations where Δ2nd / Δ1st > 1.5 
(Δ2nd / Δ1st > 1.71 based on the reduced stiffness), 
the notional lateral loads must be added to any lat-
eral loads already present in the combination. 

 For gable frames and for frames with stories having 
unequal height columns, it is recommended that 
individual notional lateral loads equal to 0.002yi be 
applied at the top of each column, where yi is the 
vertical load transferred to the column at its top. 
Also, for columns with intermediate vertical loads 
along their length, a notional lateral load of 0.002yi 
should be applied at the location of the interme-
diate vertical loads, where yi is the intermediate 
vertical load applied to the column. 

 These notional load and out-of-plumbness magni-
tudes are based on a specified maximum out-of-
plumbness of L/500. For structures where a dif-
ferent out-of-plumbness is specified, the notional 
loads should be scaled linearly. Further discussions 
of this implementation of the notional lateral loads 
are provided in item 3(b) of Section 4.6.1 and in 
Section 4.4.3.

(c) For ASD, the analysis is conducted using loads of 
1.6 times those from ASD load combinations. The 
resulting member forces and moments are divided 
by 1.6 for member design calculations. The 1.6 
multiplier also applies to any notional loads added 
to satisfy item 3(b).

4. The in-plane fl exural buckling strength of columns 
and beam-columns, Pni, is calculated based on the 
actual unbraced length with K = 1.0 except as noted 
for the three cases discussed here, where simplifying 
extensions to the AISC Specifi cation are provided. The 
reduced member stiffnesses in item 3(a) should not be 
used in the member strength calculations. The member 
resistances are always calculated using nominal (unre-
duced) stiffnesses. 

(a) For members with αPr ≤ 0.10PeL at all locations 
along their length, or stated more simply, for 
α /γeL ≤ 0.10, Pni may be taken as the equivalent 
cross-section axial yield strength accounting for 
local buckling effects, QPy. This simplification is 
permissible because the in-plane stability effects 
are very minor at the member level for columns 
or beam-columns that satisfy the preceding limit. 
Many members in a typical single-story metal 
building frame will satisfy this limit. Note that PeL 
and γeL in these expressions do not contain an over-
bar, i.e., these limits are checked using the nominal 

elastic stiffness.

(b)  If P-δ effects are included in the analysis model 
and an appropriate member out-of-straightness be-
tween nodes is also included in the model, Pni may 
be taken as QPy, even when α /γeL > 0.10. This is 
permissible because the reduced stiffness and out-
of-straightness in the analysis account sufficiently 
for the in-plane stability effects at the member 
level. The appropriate member out-of-straightness 
is an imperfection of 0.001L in the direction that 
the member deforms relative to a chord between 
its support points or points of connection to other 
members. A chorded representation of the out-
of-straightness with a maximum amplitude at the 
middle of the unsupported length is considered 
sufficient.

(c) For gable rafters, when the midspan work point 
(cross-section centroid) is offset above the rafter 
chord by Lchord /50 or more, where Lchord is the span 
length along the rafter chord between the cross-
section centroids at the tops of the columns, Pni 

may be taken as QPy. This is permissible because 
the offset of the midspan work point for these 
types of members nullifies the importance of any 
out-of-straightness relative to the chord between 
the ends of the on-slope length of the rafters. For 
rafters framing between equal height columns, 
this requirement is satisfied in all cases when the 
pitch of the rafter centroidal axis is at least 2 in 12 
throughout the span length.

 4.6.3 The First-Order Method (FOM)

1. The FOM is only permitted for load combinations 
where Δ2nd / Δ1st ≤ 1.5. Because the objective of using 
the FOM is likely to be the avoidance of a second-
order analysis, it is suggested that the ratio Δ2nd / Δ1st 

be determined using the AISC Specifi cation Equation 
C2-3 for B2 with ΣPe2 taken from Equation C2-6b.

 In addition, for all members whose fl exural stiffness 
contributes to the lateral stability, αPr must be less 
than or equal to 0.5Py, where Py is the lowest axial 
yield strength of the member.

2. A fi rst-order analysis is performed as follows:

(a) The analysis is conducted without member stiff-
ness reductions.

(b) Notional loads must be applied in addition to any 
lateral loads in each load combination. These are 
calculated as:

 ( )Ni Yi= 2.1 Δ /L  ≥ 0.0042Yi 
  (4.6-8, Spec. Eq. C2-8)
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where

Δ /L = highest ratio of fi rst-order story drift un-
der the strength load combination, Δ, to 
the story height, L, for all stories of the 
structure calculated using fi rst-order de-
fl ection results

  Contrary to the user note in AISC Speci-
fi cation Section C2.2b, for the FOM it 
is not necessary to multiply the gravity 
loads in the ASD load combinations by 
1.6 prior to the analysis and then sub-
sequently divide the results by 1.6, be-
cause the analysis is linear. Therefore, 
for design by ASD, Δ in Equation 4.6-8 
should be based on 1.0 times the ASD 
load combinations. It is emphasized that 
this is the maximum fi rst-order drift of 
all the stories under the strength load 
combination being considered.

Yi = vertical load introduced at each level for 
each load combination, kips. For ASD, 
multiply the vertical loads by 1.6.

For gable frames or frames with stories with un-
equal height columns, Equation 4.6-8 should be 
used to determine a notional lateral load, Ni, ap-

plied at the top of each column; Yi is defi ned as the 
vertical load transferred to each column at its top; 
and Δ /L is the maximum ratio of the individual 
column Δ values to the individual column heights, 
L, throughout the structure. For columns with 
intermediate vertical loads along their length, the 
equation should be used to determine a notional 
lateral load, Ni, applied at the location of the inter-
mediate vertical loads, where Yi is the intermediate 
vertical load applied to the column.

(c) The first-order analysis is carried out using the 
normal LRFD or ASD combinations. For ASD, do 
not use the 1.6 factor on the loads or results other 
than as required in the calculation of the notional 
loads in item 2(b).

(d) All moments from the first-order analysis must be 
multiplied by B1. For web-tapered members, the 
amplification factor in Equation 4.6-1 is recom-
mended for the calculation of B1.

3. The in-plane fl exural buckling strength of columns 
and beam-columns, Pni, is determined based on the 
actual unbraced length between stories and idealized 
pinned-pinned end conditions (K = 1.0).
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 Chapter 4
Stability Design Requirements

The most significant and possibly the most challenging 
changes in the AISC Specification are in the area of stabil-
ity design, that is, the analysis of framing systems and the 
application of rules for proportioning of the frame compo-
nents accounting for stability effects. With a few exceptions, 
designers using the 1989 AISC Specification for Structural 
Steel Buildings—Allowable Stress and Plastic Design (AISC, 
1989) have conducted linearly elastic structural analysis 
without any explicit consideration of second-order effects, 
geometric imperfections, residual stresses, or other nonideal 
conditions. Changes in the AISC Specification make explicit 
consideration of some, or all, of these factors mandatory in 
the analysis phase.

 4.1 KEY TERMINOLOGY

The following key terms are used in the AISC Specification 
and this document.

P-Δ effect. Additional force or moment (couple) due to ax-
ial force acting through the relative transverse displacement 
of the member (or member segment) ends (see Figure 4-1).

P-δ effect. Additional bending moment due to axial force 
acting through the transverse displacement of the cross-
section centroid relative to a chord between the member (or 
member segment) ends (see Figure 4-2). In singly symmet-
ric web-tapered I-shaped members, and in members with 
steps in the cross-section geometry along their length, this 
transverse displacement includes both the deflections rela-
tive to the chord between the member or element ends, due 
to applied loads, as well as the offset of the (nonstraight) 

cross-section centroidal axis from the chord. When mem-
bers are subdivided into shorter-length elements in a second-
order matrix analysis, the P-δ effects at the member level are 
captured partly by P-Δ effects at the individual member or 
segment level (see Figure 4-3).

Second-order analysis. Structural analysis in which the 
equilibrium conditions are formulated on the deformed 
structure. Second-order effects (both P-δ and P-Δ, unless 
specified otherwise) are included. First-order elastic analysis 
with appropriate usage of amplification factors is a second-
order analysis. Other methods of second-order elastic analy-
sis include matrix formulations based on the deformed ge-
ometry and P-Δ analysis procedures applied with a sufficient 
number of elements per member. See Chapter 6, Section 6.2, 
for a brief summary and assessment of different methods of 
second-order analysis. See Chapter 6, Section 6.2.1, for a 
discussion of the required number of elements per member 
for various types of second-order matrix analysis.

Second-order effect. Effect of loads acting on the de-
formed configuration of a structure; includes P-δ effect and 
P-Δ effect.

 4.2 ASCE 7 AND IBC SEISMIC 
STABILITY REQUIREMENTS

Requirements for consideration of second-order effects 
under some conditions were introduced into the seismic 
provisions of the American Society of Civil Engineers’ 
standard, ASCE 7, beginning in 1998 (ASCE, 1998) and the 
International Building Code (IBC) beginning in 2000 (IBC, 

Fig. 4-1. Illustration of P-Δ effect.
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Fig. 4-2. Illustration of combined P-δ and P-Δ effects on sidesway moments and displacements.
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Fig. 4-3. Capture of member P-δ effects by subdivision into shorter-length elements.

2000). These provisions established limits on the maximum 
P-Δ effects and imposed second-order analysis requirements 
in some cases. The current provisions, summarized from 
ASCE/SEI 7-05 (ASCE, 2005), are as follows:

Section 12.8.7 requires the calculation of a seismic stability 
coefficient, θ, for each seismic load combination:

 θ =
P

V h C
x

x sx d

Δ
 (4.2-1, ASCE/SEI 7 12.8-16)

where
Px = gravity load in the combination (with a maxi-

mum load factor of 1.0), kipsΔ
V Cx d  

= elastic sidesway fl exibility of the structure 
under a lateral load, Vx, calculated using the 
nominal elastic (unreduced) structural stiffness, 
in./kip

hsx = story height at the level being considered, in.
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Here, θ is an estimate of the ratio of the gravity load to 
the elastic sidesway buckling strength of the frame and is 
an indicator of the magnitude of the expected P-Δ effects. 
Structures with θ less than or equal to 0.10 have small P-Δ 
effects and are exempt from any ASCE 7 second-order 
analysis requirement. Structures with θ between 0.10 and an 
upper limit that can range as high as 0.25 are permitted, but 
must be designed using an analysis that includes P-Δ effects. 
Structures with θ above the upper limit of 0.25, correspond-
ing to a P-Δ amplification of the sidesway deflections and 
moments of 1/(1 − 0.25) = 1.33, are not permitted.

These provisions have been interpreted to apply only to 
seismic load combinations. Bachman et al. (2004) indicate 
that the calculation of θ need never include the roof live load 
or snow load except in the case of flat roof snow loads of 
greater than 30 psf, where 20% of the snow load is to be 
included unless otherwise required by the authority having 
jurisdiction. This usually limits Px to a fairly small percent-
age of the full gravity design load. As a result, for single-
story metal building frames, θ seldom exceeds the upper 
limit. Wide modular frames can have θ exceeding 0.10, but 
θ can usually be brought down to 0.10 or less by increasing 
the frame lateral stiffness slightly.

These provisions require consideration of significant P-Δ 
effects under seismic loading but do not provide any assur-
ance of adequate second-order response under other load 
combinations that have much higher gravity loading. These 
conditions are addressed in Section 4.3.

 4.3 AISC STABILITY REQUIREMENTS

Section C1 of the AISC Specification requires that “Stability 
shall be provided for the structure as a whole and for each 
of its elements.” Stability for the individual members of the 
structure is provided by compliance with the design provi-
sions of Chapters E, F, G, H and I along with the member 
bracing requirements of Appendix 6. Overall stability of the 
structure is provided by selecting an appropriate analysis ap-
proach combined with a corresponding set of member (or 
component) design constraints.

Any method of design that considers the following effects 
is permitted by the AISC Specification.

1. Second-order effects
 P-Δ effects
 P-δ effects

2. Geometric imperfections
 System out-of-plumbness
 Member out-of-straightness

3. Member stiffness reductions due to residual stress

4. Member fl exural, shear and axial deformations

5. Connection fl exibility

The second-order effects required for the design calcula-
tions are those from the geometric nonlinearity of the elas-
tic structure. In essence, this means that equilibrium must 
be considered in the deflected elastic configuration of the 
structure rather than in the initial geometry, as is the case for 
first-order elastic analysis. A wide variety of approaches for 
handling elastic geometric nonlinearity are available in com-
mercial and in-house software, some of which are discussed 
in Chapter 6. Various approximate hand methods are also 
available and are satisfactory in certain cases.

Overall geometric imperfections in a frame can be han-
dled in the preceding elastic analysis in two ways. The most 
intuitively obvious approach is to incorporate the maximum 
expected or permitted out-of-plumbness of the structure in 
the initial modeling of the geometry of the structure. An al-
ternative approach is to include notional loads, which are 
lateral loads calibrated to produce the same sidesway as the 
expected out-of-plumbness. Member out-of-straightness has 
traditionally been handled in the column strength curves 
but can alternatively be handled by explicit modeling of 
out-of-straightness between member ends, if preferred. For 
members and frames subjected predominantly to in-plane 
bending, the geometric imperfections represented by explic-
it modeling or notional loads are those in the plane of the 
member and/or frame. 

The effect of member stiffness reduction due to residu-
al stress has traditionally been incorporated in the column 
strength equations in conjunction with the use of member 
effective lengths, rather than being considered directly in 
the analysis. This approach is still permitted in the Effective 
Length Method. However, it is now possible to consider this 
effect directly in the analysis. This is the approach taken in 
the direct analysis method and the first-order analysis meth-
od procedures outlined later, which do not require calcula-
tion of effective length factors.

The calculation of axial and flexural deformations is a ba-
sic component of the direct stiffness approach used in most 
modern elastic frame analysis software. Shear deformations 
are not often included in the analysis because their influence 
on the results is usually small, and therefore, the extra re-
quired calculations are not justified. For cases in which shear 
deformations are significant, they are an option to include in 
most general analysis programs and can be incorporated into 
in-house software.

Connection flexibility is routinely handled in elastic anal-
ysis software for cases in which the connections are fully 
restrained (FR) moment connections or simple shear con-
nections by specifying ideally rigid or ideally pinned con-
nections, respectively. For prismatic members, the AISC 
Specification Commentary (AISC, 2005) suggests that a 
connection with a rotational secant spring stiffness of at least 
20EI/L at full-service loads can be considered rigid and one 
with a stiffness below 2EI/L can be considered pinned with 
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respect to stiffness. However, connection strength must also 
be considered when evaluating whether connections may be 
considered as ideally rigid or ideally pinned. 

Bjorhovde, Colson and Brozzetti (1990) propose a con-
nection classification system that may be interpreted as fol-
lows: Connections may be considered rigid when they have 
a secant rotational stiffness greater than 0.5EI/d at 0.7Mp of 
the connecting member, where d is the member depth. Con-
nections with a secant rotational stiffness less than 0.1EI/d 
at 0.2Mp of the connecting member should be considered as 
pinned. Although the Bjorhovde et al. (1990) system was 
originally developed with prismatic members in mind, it 
may be applied as an approximate classification approach 
in frames composed of web-tapered members, using d as the 
depth of the member at the connection. Connections with 
stiffnesses between these limits are classified as partially 
restrained (PR). Inclusion of PR connection stiffness and 
strength in the analysis is required by Section B3.6b of the 
AISC Specification. Including PR spring stiffnesses in off-
the-shelf or in-house software is technically straightforward, 
but is complicated by shakedown behavior in PR connec-
tions and the fact that connections cannot be designed until 
after the members are selected. A number of commercial 
software programs currently allow the engineer to also ad-
dress connection strength by defining the connection’s full 
moment-rotation response. Section B3.6 of the Specification 
also requires that the ductility of simple and PR connections 
be checked.

 4.4 STABILITY DESIGN METHODS

The AISC Specification provides three stability design meth-
ods that account for items 1 through 3 in Section 4.3. In the 
following discussions these methods are referred to as:

1. The Effective Length Method (ELM), referred to as 
“design by second-order analysis” in Section C2.2a of 
the AISC Specifi cation.

2. The Direct Analysis Method (DM) in Appendix 7 of 
the AISC Specifi cation.

3. The First-Order Analysis Method (FOM), referred to 
as “design by fi rst-order analysis” in Section C2.2b of 
the AISC Specifi cation.

Each of the methods holds certain advantages. The AISC 
Specification also permits the use of any other design meth-
od that accounts for all of the elements listed in Section 4.3; 
however, selecting from the three methods included in the 
AISC Specification is the most practical approach for most 
engineers.

The primary advantage of the ELM is that experienced 
steel engineers will already be familiar with many of its 

elements. The DM holds the advantages that (1) it may be 
used for all structures and load combinations, (2) it pro-
vides the most accurate assessment of internal forces and 
moments, and (3) columns may be designed without calcu-
lation of K factors. The virtues of the FOM are that (1) it 
permits design without a second-order analysis (an assumed 
second-order amplification is implicit in this method), and 
(2) it permits the design of columns without the calculation 
of K factors.

Theoretical details of the differences between the methods 
are covered in the AISC Specification Commentary and nu-
merous research papers (Maleck and White, 2003; Deierlein, 
2003, 2004; Kuchenbecker et al., 2004; Surovek-Maleck and 
White, 2004a, 2004b; Nair, 2005; Martinez-Garcia and Zi-
emian, 2006; White et al., 2007a; and White et al., 2007b) 
and are not discussed in this document. From an implemen-
tation viewpoint, the differences between the methods are in 
the areas of:

1. Limits on structural characteristics that establish the 
applicability of the methods

2. The type of structural analysis to be employed (fi rst-
order or second-order)

3. The method of accounting for nominal out-of-straight-
ness and out-of-plumbness (use of notional loads or 
explicit modeling of imperfections in the analysis, or 
implicit inclusion in column strength equations via ef-
fective lengths)

4. The method for considering stiffness reduction from 
residual stress effects (directly in the analysis or im-
plicitly in column strength equations via effective 
lengths)

5. Corresponding design constraints

The three methods differ (in analysis details, notional 
loads, and stiffness reductions, for example) and result in 
somewhat different required strengths for use in design. In 
general, for structures with significant second-order effects, 
the DM and the FOM will generate larger and more realistic 
sidesway moments than those determined using the ELM. 
On the other hand, the calculated in-plane column available 
strengths are larger and more easily determined using the 
DM and FOM. This is because these methods increase the 
member required flexural strengths, Mr , rather than reduce 
the member required axial strengths, Pc, to account for side-
sway instability effects. Conversely, the ELM accounts for 
sidesway stability effects by reducing Pc via the use of K > 1 
in moment frames, where K is the effective length factor, or 
by explicit use of buckling analyses to determine the theo-
retical column buckling loads. 

The following sections provide an overview of the major 
implementation differences between the three methods.
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 4.4.1 Limits of Applicability

The DM is permitted for all structures and all load combi-
nations. The usage of the other two methods is restricted 
to load combinations in which Δ2nd / Δ1st ≤ 1.5, where Δ2nd 
is the second-order drift and Δ1st is the first-order drift for 
the strength combination being considered (the ASD load 
combinations multiplied by 1.6 or the LRFD load combina-
tions). The limit of Δ2nd / Δ1st ≤ 1.5 is applicable to an analysis 
conducted using unreduced stiffness, EA and EI. If reduced 
member stiffness is used for the analysis, as discussed in 
Section 4.4.4, this limit is Δ2nd / Δ1st ≤ 1.71. Clear span frames 
often meet this restriction for all load combinations, but wide 
modular frames will often exceed this limit under the maxi-
mum gravity load combinations. As a result, the DM is the 
only method suitable for some load combinations of many 
metal building frames unless the designer is willing to limit 
Δ2nd / Δ1st to no more than 1.5 for every load combination.

 4.4.2 Type of Analysis

Both the ELM and the DM require that a second-order 
analysis be performed. As the name implies, the FOM does 
not require a second-order analysis. It provides a second-
order amplification indirectly through the use of larger no-
tional loads. The detailed requirements for the second-order 
analysis calculations required by the ELM and DM differ 
somewhat and are covered later in the sections that describe 
each method in detail.

 4.4.3 Out-of-Plumbness

Each of the three methods requires the application of no-
tional loads, or explicit modeling of the out-of-plumbness 
on which the notional loads are based, for at least some load 
combinations in the structural analysis. Notional loads are 
artificial lateral loads applied to the structure to account for 
geometric imperfections and other nonideal conditions that 
can induce or increase the sway of a structure.

Notional Loads

In all the methods of the AISC Specification, the equations for 
calculating notional loads are based on an assumed uniform 
out-of-plumbness of L / 500. However, Appendix 7, Section 
7.3(2), of the Specification states that this can be adjusted 
by the ratio of the expected out-of-plumbness to L / 500 to 
account for a lesser assumed out-of-plumbness. Prior to 
the 2007 edition, Section 6.8 of Common Industry Standards 
in the Metal Building Systems (MBMA, 2002) specified an 
out-of-plumbness erection tolerance of L / 300. Structures 
to be built to this standard should have their notional loads 
or nominal out-of-plumbness increased by the factor of 
(L / 300)/(L / 500) = 1.67 relative to the specified AISC value 
to account for this more liberal tolerance. The latest edition 

of the Metal Building Systems Manual (MBMA, 2007) has 
eliminated this exception; therefore, structures to be built 
to the 2007 MBMA standard should be designed using the 
notional loads specified in the AISC Specification.

Notional loads are calculated for each load combination 
as a percentage of the vertical load acting at each level for 
that load combination. Although the text of the AISC Speci-
fication defines notional loads as a percentage of the gravity 
load, the notional loads are more properly defined as a per-
centage of the vertical load, regardless of the source. This 
is apparent based on the direct correspondence between no-
tional loads and the alternative explicit modeling of out-of-
plumbness. 

The physical out-of-plumb imperfections in the structure 
may be in either sidesway direction. However, the direction 
of application of the notional loads for each load combina-
tion is selected to increase the overall destabilizing effect 
for that combination. For gravity-only load combinations 
that cause a net (i.e., weighted average) sidesway either due 
to nonsymmetry of loads or geometry, the notional loads 
should be applied in the direction that increases the net side-
sway. For structures with multiple stories or levels, and in 
which the sidesway deformations are in different directions 
in different stories or levels, it is necessary to include a pair 
of load combinations, separately considering the notional 
loads associated with a uniform out-of-plumbness in each 
direction. For load combinations involving lateral loads, the 
notional loads should be applied only in the direction that 
adds to the effect of the lateral loads. One need not apply 
notional loads in a direction opposite from the total lateral 
loads to minimize the reduction in internal forces in certain 
components due to the lateral load. For gravity load combi-
nations with no sidesway, it is necessary to include a pair of 
load combinations, separately considering notional loads in 
each direction, unless symmetry of the frame is enforced by 
other means.

Separate notional loads should be applied at the top of 
each of the columns in proportion to the vertical load trans-
ferred to each column. In columns with axial forces applied 
at an intermediate location along the length, a proportional 
notional load should be placed at that location on the col-
umn. For any instances in which questions arise about the 
calculation and application of notional loads, the question 
may be answered by determining the lateral forces that are 
equivalent to the effect of the intended uniform nominal out-
of-plumbness.

For ASD designs, notional loads calculated based on 
ASD load combination factors must be increased by a fac-
tor of 1.6 in all three methods. The 1.6 factor overestimates 
the second-order effects somewhat in ASD designs rela-
tive to LRFD, particularly where second-order effects are 
significant.
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Explicit Modeling of Out-of-Plumbness

The AISC Specification permits explicit modeling of out-
of-plumbness in the structural analysis in lieu of the use of 
notional loads for the DM. This avoids the need to determine 
how to apply notional loads in buildings with sloping roofs 
or floors, where the building geometry is nonrectangular or 
nonregular, or in structures where axial loads are applied at 
intermediate positions along the length of a member. This 
approach is easy to automate in computer-based design, and 
it allows the designer to better understand the true nature of 
internal forces set up in the structure from out-of-plumbness 
effects. However, unless automated methods of specify-
ing out-of-plumbness are available in analysis software, it 
is often easier to apply notional loads along with the other 
applied loads on the structure rather than to modify the struc-
ture geometry.

The modeled out-of-plumbness should be consistent with 
the erection tolerances specified for the structure. Therefore, 
if the erection tolerances are smaller than L / 500, a reduced 
uniform out-of-plumbness equal to the specified erection 
tolerance may be employed. Also, where a larger erection 
tolerance is permitted, this larger tolerance should be used 
as the modeled uniform out-of-plumbness in the structural 
analysis. 

The physical out-of-plumb imperfections in the struc-
ture may be in either sidesway direction. However, the di-
rection of the modeled uniform out-of-plumbness for each 
load combination is selected to increase the overall desta-
bilizing effect for that combination. For gravity-only load 
combinations that induce a net sidesway, the modeled out-
of-plumbness should be in the direction of the net sidesway. 
For structures with multiple stories or levels and in which 
the sidesway deformations are in different directions in dif-
ferent stories or levels, two different uniform out-of-plumb 
geometries are required to capture the potential overall de-
stabilizing effects in both directions. For load combinations 
involving lateral loads, the out-of-plumbness should be in 
the direction of the lateral loads. For a gravity load combina-
tion with no sidesway, it is necessary to consider a uniform 
out-of-plumbness in both directions unless any symmetry of 
the design is enforced by other means. 

Only two different out-of-plumb geometries are typically 
required to cover the overall destabilizing effects for all load 
combinations. In contrast, the corresponding notional loads 
discussed in the previous section are, in general, different 
for each load combination (although the notional loads may 
be taken conservatively as the maximum values from all the 
load combinations). 

For the ELM in all cases, and the DM in some cases, 
the notional loads are specified as minimum lateral loads 
in the gravity-only load combinations. That is, they are not 
used in combination with other lateral loads. Consequently, 

out-of-plumbness need not be included in the model for 
these load combinations. Modeling out-of-plumbness for all 
load combinations is permitted but will result in conserva-
tive results for lateral load combinations in which notional 
loads are not required. In cases where the notional loads are 
specified as additive rather than minimum, the model must 
include out-of-plumbness (or out-of-plumbness effects via 
notional loads) regardless of the magnitude of the lateral 
loads.

 4.4.4 Stiffness Reduction

Only the DM requires explicit consideration of member 
stiffness reduction due to the combined effects of residual 
stresses and distributed yielding with member axial forces 
and moments in the structural analysis. This is handled by 
reducing the flexural stiffness in moment frames and the 
axial stiffness in braced frames to 80% of their nominal elas-
tic values in the second-order structural analysis. Where the 
axial compression load in a flexural member contributing to 
lateral stability exceeds 50% of the yield load, the flexural 
stiffness is further reduced. This is discussed in detail later. 
The other two methods consider member stiffness reduc-
tions only implicitly, either via the calculation of the column 
strengths using effective lengths or by the calculation of a 
larger notional lateral load.

 4.4.5 Design Constraints

The DM and the FOM permit the design of columns for 
in-plane buckling using a length equal to the actual unsup-
ported length (K = 1), or a smaller length in some cases. 
For moment frames, the ELM requires the calculation and 
use of elastic buckling load values (or the corresponding K 
factors) determined using a sidesway buckling analysis of 
the structure unless Δ2nd / Δ1st ≤ 1.1. If Δ2nd / Δ1st ≤ 1.1, the 
in-plane flexural buckling load may be calculated based on 
the actual member length and idealized pinned-pinned end 
conditions (i.e., K = 1).

 4.5 COMMON ANALYSIS PARAMETERS

Several parameters are used throughout the text of the stabil-
ity requirements in the AISC Specification to establish limits 
of applicability of various provisions and in other calcula-
tions. These are defined as follows:

 4.5.1 α Pr

αPr is the required axial compressive strength, Pr, multiplied 
by the factor α where α = 1.6 for ASD and α = 1.0 for LRFD.

For LRFD, αPr is simply the required axial compressive 
strength determined using the LRFD load combination fac-
tors for the load combination under consideration. For ASD, 
αPr is the required axial compression strength determined 
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using ASD load combination factors multiplied by 1.6, to 
give an approximation of the required strength under ulti-
mate conditions.

αPr is used in the determination of whether the FOM may 
be used. It is also used in the DM to determine whether P-δ 
effects can be neglected in the calculation of the sidesway 
displacements, and to calculate the required stiffness reduc-
tion. αPr is also used in approximate second-order analysis 
techniques such as the B1-B2 method.

 4.5.2 PeL or γγeLPr

PeL is the nominal in-plane elastic flexural buckling strength 
of a member subjected to axial compression force and hav-
ing assumed ideally pinned-pinned end conditions. This 
parameter is used extensively in the provisions for both the 
ELM and the DM as well as in the member design provi-
sions. Consideration of the actual member rotational and 
sidesway restraint end conditions is handled subsequently 
within the AISC design procedures, via the calculation of 
other buckling loads or the corresponding effective length 
factors in the ELM, and via the modeling of the structure for 
the structural analysis. 

In many cases it is more convenient to work with the 
equivalent parameter γeLPr, which is the required strength, 
Pr, multiplied by the elastic buckling load ratio, γeL = PeL/Pr. 
That is, 

 PeL = γeLPr (4.5-1)

where
PeL = Euler buckling load, evaluated in the plane of 

bending, kips.  This is the internal axial force at 
elastic buckling of the member, assuming simply 
supported end conditions.

Pr =  required axial strength for the column, kips
γeL = a scalar ratio

Regardless of the complexity of the loadings (e.g., stepped 
loading or distributed axial loading) or the member geom-
etry (e.g., tapered and/or stepped geometry), there is only 
one γeL corresponding to the member elastic flexural bucking 
strength. However, for stepped or distributed axial loading, 
Pr and PeL vary along the member length.

The elastic flexural buckling strength can also be ex-
pressed as:

 FeL = γeLFr (4.5-2)

where
FeL =  axial stress at elastic buckling of the member, as-

suming simply supported end conditions, ksi
Fr = required axial stress for the column, ksi

For a straight, geometrically perfect prismatic column with a 
constant axial loading, 

 P
EI

L
eL = π2

2
 (4.5-3)

For a tapered I-shaped member, there is no exact closed-
form solution for PeL. However, several approaches to a solu-
tion are available:

1.  PeL can be determined by an elastic eigenvalue buck-
ling analysis. Many advanced fi nite element and/
or frame analysis programs can be used to calculate 
elastic buckling multipliers, γeL, corresponding to a 
given required axial strength using numerical eigen-
value solution techniques. PeL is then determined as the 
required axial compression strength, used in the anal-
ysis, multiplied by γeL. The quality of such solutions 
depends on the accuracy of tapered member modeling, 
element choice, and meshing. The engineer should run 
the benchmark problems provided in Appendix C to 
establish the appropriateness of the computer program 
and modeling techniques prior to use in design. Al-
though this approach has the advantage of handling es-
sentially any imaginable geometry and loading, it may 
not be practical in a production environment unless the 
fi nite element modeling is automated and integrated 
into analysis-design software.

2.  PeL can be determined by the method of successive 
approximations (Timoshenko and Gere, 1961). This 
technique uses an iterative beam analysis to fi nd the 
axial load, γeLPr, at which the beam defl ections result-
ing from applied P-δ moments are a uniform multiple 
of the defl ections assumed to calculate the P-δ mo-
ments. This is an iterative process in which (1) a load, 
Pr, and a defl ected buckling mode shape are assumed; 
(2) the P-δ moments from the assumed defl ections 
times the assumed axial load are calculated; (3) the 
calculated P-δ moments are applied in a beam analy-
sis of the member to compute a new defl ected shape; 
and (4) the new defl ected shape is substituted as a new 
approximation for the buckled geometry. The process 
is continued iteratively until the calculated defl ections 
everywhere along the beam are a uniform multiple, γeL, 
of the assumed defl ections. PeL is then determined as 
the assumed axial load, Pr, multiplied by γeL.

 The method of successive approximations requires 
relatively few calculations compared with eigenvalue 
solution techniques, is easily programmed, and is 
adaptable to handle various tapers and steps in the 
member loading and geometry. The method is illustrat-
ed in Timoshenko and Gere (1961) with an example in 
a format easily adapted to a spreadsheet or procedural 
computer program. See Appendix C of this Guide for 
benchmark examples of web-tapered members.
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3.  PeL can be approximated with good accuracy for a 
single linearly tapered member with simply supported 
conditions and supporting a constant internal axial 
force, and having no plate or taper changes, as:

 P
EI

L
eL =

′π2

2  (4.5-4)

where

I ′ =  moment of inertia calculated using the depth 
at 0.5L (Ismall /Ilarge)0.0732 from the small end, 
in.4

 This empirically derived expression gives results 
accurate to within several percentage points for the 
range of members addressed in this document. The 
preceding approximation should not be used for any 
buckling solution in which anything other than simply 
supported end conditions are assumed. That is, the 
preceding expression for I ′ is valid solely for idealized 
simply supported end conditions.

4. For linearly tapered members subjected to nonuniform 
axial compression, γeL can be calculated conservatively 
as PeL /(Pr)max, where PeL is calculated using Equation 
4.5-4 and (Pr)max is the largest internal axial compres-
sion along the member length.

 4.5.3 ΔΔ2nd /Δ1st

Δ2nd / Δ1st is the ratio of story drifts calculated from a second-
order and first-order analysis, respectively. This ratio is used 
to establish the applicability of the approved design meth-
ods, to establish the applicability of the K = 1 provisions 
of the ELM [2005 AISC Specification Section C2.2a(4)], to 
determine whether notional loads are additive to lateral loads 
in the DM, and also in the B1-B2 method.

Unless otherwise noted, this ratio is calculated from analy-
ses using unreduced member stiffnesses. For information on 
calculating Δ2nd / Δ1st for gable frames, see Section 6.3.3.

Δ2nd / Δ1st is calculated separately for each load combina-
tion. This parameter gives an indication of the significance 
of the second-order effects in a load combination. No maxi-
mum limit on Δ2nd / Δ1st is established by the AISC Specifica-
tion (AISC, 2005). Values below 1.1 are considered insig-
nificant. Values above 1.5 are considered large second-order 
effects. As such, the design must be conducted using the DM 
when this threshold is exceeded. Values between 1.1 and 1.5 
are considered moderate second-order effects. The design 
may be conducted either by the DM or by the ELM in these 
cases.

The reader is cautioned against using the ratio M2nd / M1st 

as a substitute for Δ2nd / Δ1st. The moments usually include 
significant first-order gravity components that will obscure 
the magnitude of the second-order effects.

 4.6 DETAILED REQUIREMENTS OF THE 
STABILITY DESIGN METHODS

The following sections summarize the detailed requirements 
for each of the three stability design methods discussed ear-
lier. Additional information on first-order and second-order 
frame analysis is given in Chapter 6.

 4.6.1 The Effective Length Method (ELM)

1. The ELM is only permitted for load combinations 
where Δ2nd / Δ1st ≤ 1.5.

2. A second-order analysis, considering both P-Δ and 
P-δ effects as detailed below, is required: 

(a) The P-Δ effects on the nodal displacements must 
be considered. The P-δ effects on the nodal dis-
placements may be neglected in the calculation of 
required strengths because the ELM beam-column 
unity checks are insensitive to these effects.

(b) The P-δ effects on the internal element moments 
(between the nodes) may be neglected in indi-
vidual elements in load combinations when αPr ≤ 
0.02Peℓ for that element,

 where

   Peℓ =   flexural column buckling load based on 
the cross-section geometry and the ele-
ment length between the nodal locations 
with idealized simply supported nodal 
end conditions, kips

 Otherwise, they must be considered.

(c) Internal P-δ moments may be included by per-
forming a second-order analysis to determine 
the nodal displacements, forces and moments, 
and then calculating the second-order internal 
moments in each element as follows (Guney and 
White, 2007):

(i) Calculate δ1st, the fi rst-order displacement 
perpendicular to the element chord caused by 
the second-order nodal forces and any applied 
loads within the element length, at any loca-
tions of interest.

(ii) Calculate the second-order displacement at 
each of the preceding locations as

 
PP

δ
δ
α2

1

1
nd

st

r e�

=
− /

 (4.6-1)

  where Peℓ may be estimated for linearly 
tapered segments using PeL from Equation 
4.5-4, but applied to the element length, ℓ.

017-030_DG25_Ch4.indd   24 6/21/11   1:46 PM

Full document details: AISC N690 2012

http://www.avadocuments.com/doc/aisc-n690-2012
http://www.avadocuments.com/doc/aisc-n690-2012


AISC DESIGN GUIDE 25 / FRAME DESIGN USING WEB-TAPERED MEMBERS / 25

(iii) Calculate the required internal second-order 
moment at each of the above locations as

 M M Pr st r nd= +1 2α δ  (4.6-2)

 where

   M1st =  first-order moment at a given po-
sition along the element length, 
caused by the second-order nodal 
forces and any applied loads within 
the element length, kip-in.

This procedure provides good accuracy for general 
cases involving prismatic or nonprismatic member 
geometry for values of αPr /Peℓ ≤ 0.7. This limit is 
satisfi ed in all cases when (1) a P-Δ only analysis 
or a second-order analysis using an element geo-
metric stiffness based on element cubic transverse 
displacements is used, and (2) the number of 
elements per member is greater than or equal to 
that specifi ed by the guidelines discussed subse-
quently in Section 6.2. Alternatively, the nonsway 
amplifi er

 B
Cm

1 =
PPα1 r e�− /  

≥ 1.0  (4.6-3a)

may be applied to all the moments M1st throughout 
the length of a given element, except those at the 
ends. Equation 4.6-3a is useful for elements in 
linearly tapered members that do not have any ap-
plied transverse loads. In this case, the equivalent 
uniform moment factor, Cm, may be expressed ap-
proximately as

 . .C f( )fm = +0 6 0 4 1 2/  (4.6-3b)

where

f2 = the absolute value of the largest com-
pressive fl exural stress at either element 
end node, ksi

f1 = 2fmid − f2, ksi (4.6-3c)

fmid = fl exural stress due to M1st at the mid-
length of the element in the fl ange con-
taining the stress f2, taken as positive for 
compression and negative for tension, ksi

Equation 4.6-3b accounts for the fact that a linear 
variation in M1st produces a nonlinear variation in 
the corresponding fl exural stress along the length 
of a tapered member. The value f1 is the fl ange 
stress obtained by extending a line through f2 and 
fmid to the opposite element end node.

In many cases, Equation 4.6-3a gives B1 = 1.0, 
indicating that the second-order amplifi cation of 
the internal moments may be neglected. Equations 
4.6-1 and 4.6-2 generally provide better accu-
racy for both prismatic and nonprismatic members 
compared to the amplifi ed moments determined 
using Equation 4.6-3a. This is particularly true for 
elements with transverse applied loads, where the 
AISC Specifi cation gives a conservative value of 
Cm = 1.0 and Table C-C2.1 in the AISC Specifi ca-
tion Commentary gives refi ned equations for Cm 
that are applicable only for prismatic members 
with ideally pinned or ideally fi xed end conditions. 
The use of Cm = 1.0 is recommended for general 
cases with transverse applied loads. 

(d) P-δ effects must be included in the calculation of 
elastic column buckling strengths, PeL, when using 
either an eigenvalue or the successive approxima-
tion approach. See Appendix B1.2 for guidance on 
subdividing the members into a sufficient number 
of smaller-length elements for matrix eigenvalue 
analyses. 

(e)  The accuracy of any second-order analysis pro-
gram used should be tested using appropriate 
benchmark problems such as those provided in 
Appendix C. Particular care should be taken to es-
tablish whether P-δ effects are correctly included 
in the analysis. Sections 6.2.1 and 6.2.2 provide 
guidelines for subdivision of members to ensure 
sufficient accuracy with respect to these effects.

 The amplified first-order elastic analysis ap-
proach (e.g., the B1-B2 approach) is an acceptable 
second-order analysis method. If this approach is 
employed, Equation C2-6b in the AISC Specifica-
tion (or the more refined Commentary Equation 
C-C2-6 not including the limit 1.7HL /ΔH) is rec-
ommended for the definition of ΣPe2 in Equation 
C2-3.

 Implementation of the B1-B2 may involve more 
work compared to other alternative approaches 
[e.g., a general P-Δ analysis as discussed earlier, 
or the alternate amplifier-based method discussed 
by White et al. (2007a, 2007b)]. The amplifier-
based methods are particularly difficult to imple-
ment and lose accuracy for gable frames, where 
the sidesway column displacements are generally 
not the same, and for frames with unequal height 
columns, where the methods must be modified to 
account for the different column heights (White 
and Kim, 2006).
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 The reader should note that the term amplified 
first-order elastic analysis is typically used to re-
fer to the specific B1-B2 method of calculating the 
second-order forces and moments. It is important 
to distinguish this term from the terms used for the 
different design methods, i.e., the ELM, the DM 
and the FOM. The B1-B2 second-order analysis 
method is one of many methods of second-order 
analysis that may be used for the calculation of the 
forces and moments in either of the design meth-
ods that require a second-order analysis (the ELM 
and the DM).

3. Given the satisfaction of the preceding requirements 
for the second-order elastic analysis calculations, the 
ELM structural analysis model must include the fol-
lowing attributes: 

(a) The analysis is conducted with nominal elastic 
stiffnesses, i.e., no member stiffness reductions.

(b) Minimum lateral loads of 0.002 times the verti-
cal load, Yi, applied at each level are required 
for all gravity-only load combinations. For gable 
frames and for frames with stories having unequal 
height columns, it is recommended that individual 
notional lateral loads equal to 0.002yi should be 
applied at the top of each column, where yi is the 
vertical load transferred to the column at its top. 
Also, for columns with intermediate vertical loads 
along their length, a notional lateral load of 0.002yi 
should be applied at the location of the intermedi-
ate vertical loads, where yi is the intermediate ver-
tical load applied to the column. This is necessary 
to capture the geometric imperfection effects on 
different height columns, as well as to capture the 
behavior in cases where the lateral displacements 
are generally different at the different column 
locations.

 In lieu of applying the notional lateral loads, one 
can impose an out-of-plumbness of 0.002H on the 
structure for analysis of the gravity-only load com-
binations, where H is the vertical height above the 
base, or in general, the node(s) having the mini-
mum vertical coordinate. This may be implemented 
by shifting all the nodes of the analysis model 
horizontally by 0.002H relative to the node(s) at 
the base of the structure. For cases in which ques-
tions arise about the appropriate application of the 
notional lateral loads, one should always return to 
the model where the uniform out-of-plumbness is 
represented explicitly in the structural model. The 
appropriate notional loads are the ones that are 
equivalent to the effect of this out-of-plumbness.

 For both notional loads and explicit modeling of 
out-of-plumbness, the factor 0.002 is based on an 
assumed erection tolerance of L/500. For adjust-
ments to this factor to account for structures built 
to different tolerances, see Section 4.4.3.

(c) For ASD, the analysis is conducted using loads of 
1.6 times those from ASD load combinations. The 
resulting member forces and moments are divided 
by 1.6 for the member design calculations. The 1.6 
multiplier also applies to any notional loads added 
to satisfy item 3(b).

4. The in-plane fl exural buckling strength of columns 
and beam-columns, Pni, is determined as follows:

(a) For members in load combinations where Δ2nd / Δ1st 
≤ 1.1, calculate Pni based on the actual unbraced 
length with K = 1.0, i.e., assuming idealized 
pinned-pinned end conditions on the actual un-
braced length.

(b) For other cases, Pni must be calculated using an 
effective length factor, K, or the corresponding 
column buckling stress, Fe, determined from a 
sidesway buckling analysis of the structure. Be-
cause member taper violates one of the inherent 
assumptions of the traditional alignment charts, 
more advanced methods of determining K or Fe 

are normally required. See Appendix B for further 
information on the calculation of elastic buckling 
strengths of tapered columns and frames.

 4.6.2 The Direct Analysis Method (DM)

1. The DM is permitted for all structures and load combi-
nations.

2. A second-order analysis with characteristics similar to 
those discussed in item 2 of Section 4.6.1 is required. 
However, there are a few important differences. The 
following discussion repeats much of the discussion in 
item 2 of Section 4.6.1 with an emphasis on the spe-
cifi c requirements in the context of the DM.

(a) Generally, both the P-Δ and P-δ effects on the 
nodal displacements must be considered in the 
DM. The AISC Specification Appendix 7, Section 
7.3(1), indicates that if αPr < 0.15PeL for all mem-
bers whose flexural stiffnesses are considered to 
contribute to the lateral stability of the structure, 
the P-δ effect on the lateral displacements may be 
neglected in the analysis. Although not defined in 
the AISC Specification, “members whose flexural 
stiffnesses are considered to contribute to the lat-
eral stability” in this context is intended to apply to 
both beams and columns in unbraced frames. For 
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nonrectangular structures such as gable frames, the 
term “lateral displacements” may be interpreted 
as the general nodal displacements in the frame 
analysis model. 

 With the exception of sway columns without sig-
nificant transverse member loads, where both ends 
have substantial rotational restraints, this Guide 
recommends that when αPr > 0.05 PeL, where PeL 
is the elastic buckling load based on the overall 
member length determined as discussed in Sec-
tion 4.5.2 but using the reduced elastic stiffness 
of the DM analysis model discussed later, the 
member should be subdivided with intermediate 
nodes along its length when a P-Δ only analysis 
is employed. This ensures better accuracy of the 
element nodal displacements and moments along 
the member length than will be achieved using 
the previous AISC Specification rule when αPr 
exceeds 0.05 PeL. The sidesway moments in fixed-
base columns, and columns with top and bottom 
rotational restraint from adjacent framing, may be 
analyzed sufficiently with a P-Δ only analysis and 
a single element per member when αPr ≤ 0.12 PeL. 
Second-order analysis procedures that include 
both P-Δ and P-δ effects in the formulation re-
quire fewer elements. Detailed guidelines for the 
necessary number of elements are provided subse-
quently in Sections 6.2.1 and 6.2.2 of this Guide. 
These guidelines and the above recommendations 
are based on Guney and White (2007). In many 
cases a sufficient subdivision will occur naturally 
with tapered members due to the frequency of 
plate and/or geometry changes. However, extra 
nodes may be required for prismatic members and 
long tapered members without changes of plates 
or taper.

(b) The P-δ effects on the internal element moments 
(between the nodes) may be neglected in individual 
elements in load combinations when αPr ≤ 0.02 Pe� 
for that element (Guney and White, 2007), 

where
Pe� =  fl exural buckling load based on the cross-

section geometry and the element length 
between the nodal locations with ideal-
ized simply supported nodal end condi-
tions, determined using the reduced elas-
tic stiffnesses of the DM analysis model 
discussed later, kips

(c) Internal P-δ moments may be included by per-
forming a second-order analysis to determine the 
nodal displacements, forces and moments, then 
calculating the second-order internal moments in 

each element using the forces, moments, and dis-
placements calculated with the reduced stiffness 
from the DM analysis as follows:

(i) Calculate δ1st, the fi rst-order displacement 
perpendicular to the element chord caused by 
the second-order nodal forces and any applied 
loads within the element length, at any loca-
tions of interest.

(ii) Calculate the second-order displacement at 
each of the preceding locations as 

 δ
δ

2
1

nd
st=

PPα1 r e�− /
 (4.6-4)

  where Pe� may be estimated for linearly-
tapered segments using PeL from Equation 
4.5-4, but applied to the element length, ℓ, and 
using the reduced elastic stiffness of the DM 
analysis model.

(iii) Calculate the required internal second-order 
moment at each of the above locations as

 M M Pr st r nd= +1 2α δ  (4.6-5)

  where 

M1st =  the fi rst-order moment at a given 
position along the element length, 
caused by the second-order nodal 
forces and any applied loads with-
in the element length, kip-in. 

This procedure provides good accuracy for general 
cases involving prismatic or nonprismatic member 
geometry for values of αPr / Pe� ≤ 0.7 (Guney and 
White, 2007). This limit is satisfied in all cases 
when a sufficient number of elements is employed 
in a P-Δ-only analysis or a second-order analysis 
using an element geometric stiffness based on 
element cubic transverse displacements using the 
guidelines discussed subsequently in Section 6.2. 
Alternatively, the AISC (2005) nonsway amplifier

 B
Cm

1 =
PPα1 r e�− /

 ≥ 1.0  

  (4.6-6a, from Spec. Eq. C2-2)

 may be applied to all the moments, M1st, through-
out the length of a given element, except those at 
the ends. Equation 4.6-6a is useful for elements 
in linearly tapered members that do not have any 
transverse applied loads. In this case, the equiva-
lent uniform moment factor, Cm, may be expressed 
approximately as
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 C . . ffm = +0 6 0 4 1 2/( ) (4.6-6b)

 where

  f2 =  the absolute value of the largest compres-
sive fl exural stress at either element end 
node, ksi

  f1 = 2fmid − f2 , ksi (4.6-6c)
  fmid =  fl exural stress due to M1st at the mid-

length of the element in the fl ange con-
taining the stress f2, taken as positive for 
compression and negative for tension, ksi 

 Equation 4.6-6b accounts for the fact that a linear 
variation in M1st produces a nonlinear variation in 
the corresponding flexural stress along the length 
of a tapered member. The value f1 is the flange 
stress obtained by extending a line through f2 and 
fmid to the opposite element end node.

 In many cases, Equation 4.6-6a gives B1 = 1.0, 
indicating that the second-order amplification of 
the internal moments may be neglected. Equation 
4.6-4 in conjunction with Equation 4.6-5 generally 
provides better accuracy for both prismatic and 
nonprismatic members compared to the applica-
tion of Equation 4.6-6a. This is particularly true 
for elements with transverse applied loads, where 
the AISC Specification gives a conservative value 
of Cm = 1.0 and Table C-C2.1 in the AISC Com-
mentary gives refined equations for Cm that are ap-
plicable only for prismatic members with ideally 
pinned or ideally fixed end conditions. The use of 
Cm = 1.0 is recommended for general cases with 
transverse applied loads. 

(d)  The accuracy of any second-order analysis pro-
gram used should be tested using appropriate 
benchmark problems such as those provided in 
Appendix C. If the benchmark tests are satisfied, 
the software may be assumed to provide adequate 
results without subdividing the members into mul-
tiple elements as recommended in item 2(a). 

3. Given the satisfaction of the preceding requirements 
for the second-order elastic analysis calculations, the 
DM analysis model must include the following attri-
butes: 

(a) The analysis must be conducted with elastic stiff-
ness reductions for all members whose flexural 
stiffness is considered to contribute to the lateral 
stability of the structure. Although not defined in 
the AISC Specification, “members whose flexural 
stiffness is considered to contribute to the lateral 

stability” in this context is intended to apply only 
to columns in unbraced frames. This is accom-
plished by reducing the value of EI and/or EA in 
the formulation of the member stiffnesses.

 For members whose flexural stiffnesses contribute 
to the lateral stability:

 If αPr /Py ≤ 0.5, use 0.8EI in the flexural stiffness 
terms of the second-order analysis.

 If αPr /Py > 0.5, use 0.8τb EI in the flexural stiffness 
terms of the second-order analysis,

 where

 τ
α α

b
r

y

r

y

P

P

P

P
= −

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟4 1  (4.6-7)

Py =  smallest value of AgFy of the 
member, kips

 This reduction need only be applied to the portion 
of a member where αPr /Py > 0.5. Alternatively, 
notional loads of 0.001Yi, in addition to those 
required by item 3(b) (following), may be used 
along with a stiffness of 0.8EI in lieu of reducing 
the stiffness to 0.8τb EI.

 For members whose axial stiffnesses contribute to 
the lateral stability (primarily members of braced 
frames), use 0.8EA in the axial stiffness terms of 
the second-order analysis.

 In lieu of modifying the cross-section properties, A 
and I, by 0.8, it is acceptable (and recommended) 
to reduce the modulus of elasticity, E, by the fac-
tor 0.8 for all members in the second-order elastic 
analysis. This avoids small problems that can oc-
cur in some cases, such as unintended additional 
drift of a frame due to differential column axial 
shortening between gravity columns and lateral-
load resisting columns when beams or rafters from 
the lateral-load resisting system are framed into the 
gravity columns. This approach also gives results 
that more closely match those from the more ad-
vanced methods to which the DM was calibrated. 
Note that the value of E is not reduced when ap-
plying other Specification provisions, such as 
slenderness limit checks (2005 AISC Specification 
Table B4.1) or column strength equations.

(b)  Minimum lateral loads of 0.002 times the vertical 
load, Yi, applied at each level are required for grav-
ity-only load combinations when Δ2nd / Δ1st ≤ 1.5 
(Δ2nd / Δ1st ≤ 1.71 based on the reduced stiffness). 
Alternatively, explicit out-of-plumbness may be 
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modeled in lieu of notional loads.

 For load combinations where Δ2nd / Δ1st > 1.5 
(Δ2nd / Δ1st > 1.71 based on the reduced stiffness), 
the notional lateral loads must be added to any lat-
eral loads already present in the combination. 

 For gable frames and for frames with stories having 
unequal height columns, it is recommended that 
individual notional lateral loads equal to 0.002yi be 
applied at the top of each column, where yi is the 
vertical load transferred to the column at its top. 
Also, for columns with intermediate vertical loads 
along their length, a notional lateral load of 0.002yi 
should be applied at the location of the interme-
diate vertical loads, where yi is the intermediate 
vertical load applied to the column. 

 These notional load and out-of-plumbness magni-
tudes are based on a specified maximum out-of-
plumbness of L/500. For structures where a dif-
ferent out-of-plumbness is specified, the notional 
loads should be scaled linearly. Further discussions 
of this implementation of the notional lateral loads 
are provided in item 3(b) of Section 4.6.1 and in 
Section 4.4.3.

(c) For ASD, the analysis is conducted using loads of 
1.6 times those from ASD load combinations. The 
resulting member forces and moments are divided 
by 1.6 for member design calculations. The 1.6 
multiplier also applies to any notional loads added 
to satisfy item 3(b).

4. The in-plane fl exural buckling strength of columns 
and beam-columns, Pni, is calculated based on the 
actual unbraced length with K = 1.0 except as noted 
for the three cases discussed here, where simplifying 
extensions to the AISC Specifi cation are provided. The 
reduced member stiffnesses in item 3(a) should not be 
used in the member strength calculations. The member 
resistances are always calculated using nominal (unre-
duced) stiffnesses. 

(a) For members with αPr ≤ 0.10PeL at all locations 
along their length, or stated more simply, for 
α /γeL ≤ 0.10, Pni may be taken as the equivalent 
cross-section axial yield strength accounting for 
local buckling effects, QPy. This simplification is 
permissible because the in-plane stability effects 
are very minor at the member level for columns 
or beam-columns that satisfy the preceding limit. 
Many members in a typical single-story metal 
building frame will satisfy this limit. Note that PeL 
and γeL in these expressions do not contain an over-
bar, i.e., these limits are checked using the nominal 

elastic stiffness.

(b)  If P-δ effects are included in the analysis model 
and an appropriate member out-of-straightness be-
tween nodes is also included in the model, Pni may 
be taken as QPy, even when α /γeL > 0.10. This is 
permissible because the reduced stiffness and out-
of-straightness in the analysis account sufficiently 
for the in-plane stability effects at the member 
level. The appropriate member out-of-straightness 
is an imperfection of 0.001L in the direction that 
the member deforms relative to a chord between 
its support points or points of connection to other 
members. A chorded representation of the out-
of-straightness with a maximum amplitude at the 
middle of the unsupported length is considered 
sufficient.

(c) For gable rafters, when the midspan work point 
(cross-section centroid) is offset above the rafter 
chord by Lchord /50 or more, where Lchord is the span 
length along the rafter chord between the cross-
section centroids at the tops of the columns, Pni 

may be taken as QPy. This is permissible because 
the offset of the midspan work point for these 
types of members nullifies the importance of any 
out-of-straightness relative to the chord between 
the ends of the on-slope length of the rafters. For 
rafters framing between equal height columns, 
this requirement is satisfied in all cases when the 
pitch of the rafter centroidal axis is at least 2 in 12 
throughout the span length.

 4.6.3 The First-Order Method (FOM)

1. The FOM is only permitted for load combinations 
where Δ2nd / Δ1st ≤ 1.5. Because the objective of using 
the FOM is likely to be the avoidance of a second-
order analysis, it is suggested that the ratio Δ2nd / Δ1st 

be determined using the AISC Specifi cation Equation 
C2-3 for B2 with ΣPe2 taken from Equation C2-6b.

 In addition, for all members whose fl exural stiffness 
contributes to the lateral stability, αPr must be less 
than or equal to 0.5Py, where Py is the lowest axial 
yield strength of the member.

2. A fi rst-order analysis is performed as follows:

(a) The analysis is conducted without member stiff-
ness reductions.

(b) Notional loads must be applied in addition to any 
lateral loads in each load combination. These are 
calculated as:

 ( )Ni Yi= 2.1 Δ /L  ≥ 0.0042Yi 
  (4.6-8, Spec. Eq. C2-8)
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