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PREFACE

This S tandard was prepared by the S tandards Australia Committee on Measurement of Water Flow in

Open Channels and Closed Conduits. It is identical with and has been reproduced from

ISO 7066-2:1 988, Assessment of uncertainty in the calibration and use of flow measurement devices ,

Part 2: Non-linear calibration relationships .

Under arrangements made between S tandards Australia and the international S tandards bodies, ISO and

IEC, as well as certain other Standards organizations, users of this Australian Standard are advised of

the following:

(a) Copyright is vested in Standards Australia.

(b) The number of this S tandard is not reproduced on each page; its identity is shown only on the

cover and title pages.

(c) There may be occasional dual language sections, but English is always one of the languages

reproduced.

(d) Where any cross- references to page numbers appear within the text, these relate to page

numbering in the international S tandard and are to be disregarded.

This S tandard is one of a series, to be published progressively, which deals with methods of

measurement of fluid flow in closed conduits . The following Parts were published concurrently with

this Part:

AS

2360 Measurement of fluid flow in closed circuits

2360.0 Part 0: Vocabulary and symbols

2360.1 .1 Part 1 .1 : Pressure differential methods—Measurement using orifice plates , nozzles or

Venturi tubes—Conduits with diameters from 50 mm to 1200 mm

2360.1 .2 Part 1 .2: Pressure differential methods—Measurement using orifice plates or

nozzles—Conduits with diameters less than 50 mm

2360.1 .3 Part 1 .3 : Pressure differential methods—Measurement using orifice plates, nozzles or

Venturi tubes—Guide to the use of methods specified in Parts 1 . 1 and 1 .2

2360.1 .4 Part 1 .4: Pressure differential methods—Measurement using orifice plates , nozzles or

Venturi tubes—Guide to the effect of departure from the conditions specified in

Part 1 .1

2360.1 .5 Part 1 .5 : Pressure differential methods—Measurement using orifice plates , nozzles or

Venturi tubes—Pulsating flow, in particular sinusoidal or square wave intermittent

periodic-type fluctuations

2360.6.1 Part 6.1 : Volumetric methods—By mass

2360.6.2 Part 6.2: Volumetric methods—By volume

2360.7.1 Part 7.1 : Assessment of uncertainty in the calibration and use of flow measurement

devices—Linear calibration relationships

2360.7.2 Part 7.2: Assessment of uncertainty in the calibration and use of flow measurement

devices—Non-linear calibration relationships (this Standard )

At the date of publication of this Part the following Parts, with the numbers of the parent international

Standards in parenthesis , had not been published:

Pressure differential methods—Measurement using orifice plates, nozzles or Venturi tubes—Connections

for pressure signal transmissions between primary and secondary elements (ISO 2186)

Pitot static tube methods—Measurement of velocity at a point of the cross- section of a conduit

(ISO 7145)

Pitot static tube methods—Measurement using Pitot- static tubes (ISO 3966)

Pitot static tube methods—Measurement in swirling or asymmetric flow conditions using ISO 3966 or

ISO 3354 (ISO 7194)
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Current meters method—Measurement of clean water in full conduits and under regular flow conditions

using current meters (ISO 3354)

Non-radioactive tracer methods—Review of alternative methods (ISO 2975.1 )

Non-radioactive tracer methods—Measurement using constant rate injection (ISO 2975. 2)

Non-radioactive tracer methods—Measurement using transit time (ISO 2975. 6)

Weighing methods—Verification of static type (ISO 9368.1 )

Weighing methods—Verification of dynamic type (ISO 9368.2, not published)

When published, the details for the above unpublished Australian Standards will be listed in the

Catalogue of Australian S tandards and Other Products.

For the purposes of this Australian Standard, the ISO text should be modified as follows:

(i) Wherever the words ‘International Standard’ appear, referring to this S tandard, they should be

read as ‘Australian S tandard’ .

(ii) Substitute a full stop (. ) for a comma (,) as a decimal marker.

(iii) The references to other publications should be replaced by references to Australian S tandards as

follows:

Reference to International Standard

ISO

5168 Measurement of fluid flow—

Estimation of uncertainty of a flow-

rate measurement

Australian Standard

AS

3778 Measurement of water flow in open

channels

3778.2.4 Part 2.4: General—Es timation of

uncertainty of a flow- rate measurement

7066 Assessment of uncertainty in the

calibration and use of flow measure-

ment devices

2360 Measurement of fluid flow in closed

conduits

7066-1 Part 1 : Linear calibration relationships 2360.7.1 Part 7.1 : Assessment of uncertainty in

the calibration and use of flow

measurement devices—Linear cali-

bration relationships
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1

Measurement of flu id flow in closed conduits

Part 7.2:
Assessment of uncertain ty in the cal ibration and use
of flow measurement devices—Non - l inear cal ibration
relati onsh ips

0 Introduct ion

The method of fitti ng a straight l i ne to flow
measurement cal ibration data and of assessing the
uncertainty i n the calibration are deal t with in
ISO 7066-1 . ISO 7066-2 deals with the case where a
straight l i ne i s i nadequate for representing the
calibration data.

1 Scope and field of appl icat ion

This part of ISO 7066 describes the procedures for
fi tting a quadratic, cubic or h igher degree polynom ial
expression to a non-l i near 1 ) set of cal ibration data,
using the least-squares cri terion, and of assessing the
uncertainty associated with the resulting calibration
curve. I t considers only the use of polynomi als wi th
powers which are integers.

Because i t is general ly not practicable to carry out th is
type of curve fitti ng and assessment of uncertainty
wi thout using a computer, i t i s assumed in this part of
ISO 7066 that the user has access to one. In many
cases i t wi l l be possible to use standard routines
avai lable on most computers; as an al ternative the
FORTRAN program listed in annex C may be used.

Examples of the use of these methods are g iven in
annex D.

Extrapolation beyond the range of the data is not
perm itted.

Annexes A, B , C , D and E do not form integral parts of
th is part of ISO 7066.

2 References

ISO 51 68, Measurement of flu id flow — Estimation of
uncertainty of a flow- rate measurement. 2)

ISO 7066-1 , Assessment of uncertainty in the
calibration and use of flow measurement devices —
Part 1 : Linear calibration relationships. 3)

3 Defin i ti ons

For the purposes of th is part of ISO 7066, the fol lowing
defini tions apply.

3. 1 method of least squares: Technique used to
compute the coefficients of a particular form of an
equation wh ich i s chosen for fi tting a curve to data. The
principle of least squares i s the m in im ization of the sum
of squares of deviations of the data from the curve.

3. 2 polynom ial (function): For a variable x, a
series of terms wi th increasing integer powers of x.

3. 3 regressi on anal ys is: The process of
quanti fying the dependence of one variable on one or
more other variables.

NOTE —Many of the avai labl e computer programs su itable
for curve fi tt in g have the word regressi on” i n the ti tl e. For
the purposes of thi s part of I SO 7066, the term s regressi on
and least squares may be regarded as i nterchangeable .

3. 4 standard deviation: The positive square root of
the variance.

3. 5 variance: A measure of d ispersion based on the
mean of the squares of deviations of values of a
variable from its expected value.

4 Symbols and abbreviat ions

bj coefficient of xj

Cjb element of the inverse matrix

1 ) These procedures are al so su itable for a li near set of cal ibrati on data.

2) At present at the stage of draf t. (Revis ion of ISO 51 68 : 1 978. )

3) At present at the stage of draft.
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er( ) random uncertainty of variable contained in
parentheses

1 )

es( ) systematic uncertainty of variable contained in
parentheses 1 )

e(ŷc) total uncertainty of cal ibration coefficient 1 )

g j coefficient of jth orthogonal polynom ial

m degree of polynom ial

n number of data values

pj(x) jth orthogonal polynomi al

s( ) experimental standard deviation of variable
contained in parentheses

sr residual standard deviation of data values about
the curve

t Student’s t

x the independent variable

x* arbi trary speci fied value of x

x
–

arithmetic mean of the data values xi

xi value of x at the ith data point

xj jth i ndependent variable (in mul tiple l inear
regression)

xji value of xj at the ith data point

y the dependent variable

y
– arithmetic mean of the data values yi

ŷ value of y predicted by the equation of the fitted
curve

yi value of y at the ith data point

ŷi value of ŷ at x = xi

ν number of degrees of freedom

5 Curve fi tt ing

5. 1 General

Be fore at tem pti ng pol ynom ia l curve fi t t i n g ,

consideration should be given to whether a simple

transformation of the x variable or the y variable or both

may effectively l inearize the data to enable the straight

l i ne methods described in ISO 7066-1 to be used.

Some appropriate transformations are suggested in

ISO 7066-1 .

I f i t is not possible to establ i sh a straight l i ne, then the

objective is to find the degree and coefficients of the
polynomi al function which best represents a set of n

pairs of (xi , yi) data values obtained from calibration. I f,

for example, a quadratic expression i s chosen, the

curve wi l l be of the form

ŷ = b0 + b1x + b 2x
2 . . . (1 )

The general polynom ial expression i s

ŷ = b0 + b1x + .. . + bjx
j + .. . + bmx

m

or

ŷ = . . . (2)

By applying the least-squares cri terion, the coefficients

bj are computed to mi nimi ze the sum of squares of

deviations of the data points from the curve:

where ŷi is the value predicted by equation (2) at x = xi.

In some cases, the degree m of the polynom ial wi l l be

predetermi ned; for example, i t may be known from
experience that the calibration data wil l be satisfactori l y

represented by a cubic (m = 3) expression. Otherwi se,

the degree of fit is chosen by increasing the degree

unti l an optimum is achieved (see 5.3) .

I f in i ncreasing the degree of fit beyond a moderate

degree signi fi cant improvements i n the fi t, as described

in 5.3, continue to occur, then it i s l i kely that the

functional dependence is not suitable for representation

by a polynom ial; further, i f the equation fi tted has too
many terms, the curve may display spurious

osci l lations. A not uncommon example i s data wh ich

are virtual ly constant over most of the x range, but

wh ich vary strongly close to one end of the range.

In such cases, i t i s appropriate to divide the range into

sections (see ISO 7066-1 ) which ei ther are l inear or

can be fi tted by a low-degree polynomi al . Al ternatively,

transformi ng one or both variables may lead to a l inear

or low-degree polynom ial function; transformi ng the
independent variable to i ts reciprocal 1 /x wil l i n some

cases result in adequate l inearity.

The least-squares methods described in this part of

ISO 7066 may not be appropriate i f the effect of the

random uncertainty er(x) of the data values x i is not

negl ig ible in comparison wi th that of the random

uncertainty e r(y) of the y values. As in ISO 7066-1 , i f the

magnitude of the slope 2) of the calibration curve is

always less than one-fi fth of e r(y) /er(x) , the methods

may be regarded as appropriate; where th is does not

1 ) In some I nternati onal Standards, the symbol s U and E have been used i nstead of e.

2) Sl ope” here means the derivat ive dŷ /dx = b1 + 2b2x + . . . .
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apply the mathematical treatment i s outside the scope
of th is part of ISO 7066. I f therefore the normal practice
in cal ibrating any particular meter i s to plot the
variables in such a way that the above condi tion does
not hold, then either the conventional choice of
abscissa and ordinate i s to be reversed or this part of
ISO 7066 cannot be used.

I f ei ther variable i s transformed before fitti ng, then the
uncertainties referred to above, and later (clause 6),
relate to the new transformed variables. I f, as a resul t
of transform ing the dependent variable, the random
uncertainty er(y) cannot be regarded as constant over
the range, then a weighted least-squares method
should be used. The weighted least-squares method is
not described in th is part of ISO 7066 but many
computer l ibrary routines allow the data to be weighted.

5. 2 Computationa l methods

Standard l ibrary routines for least-squares curve fitti ng
are avai lable on most computers. The method for fi tting
a straight l ine described in ISO 7066-1 i s commonly
known as li near or simple l inear regression: the
equivalent method for fitti ng a polynom ial may be
described as polynom ial or curvi l i near regression,
wh ich is a special type of mu ltiple l inear regression.
Annex A g ives further i nformation on regression
methods and how to use them.

As an al ternative to the standard regression routines,
the orthogonal polynomial method described in annex B
may be used: this method is particularly sui table when
the degree of fi t i s not known beforehand. Annex C lists
an appropriate orthogonal polynom ial computer
program.

When a computer is not avai lable and the x values are
uniforml y spaced, a fini te-difference method (see
annex E1 may be used to provide a quick indication of
what degree of fi t may be appropriate to represent the
data. The coefficients of a polynom ial representing the
data may also be calculated, but this wi l l not be the
least-squares polynomial . The calculation of uncertainty
using th is method i s beyond the scope of this part of
ISO 7066.

5. 3 Selecti ng the optimum deg ree of fit

The optimum fi t is determi ned by trying i ncreasing
values of the degree m, e ither up to a speci fied
maximum or unti l no further significant improvement
occurs. The residual standard deviation s r should be
computed for each degree (sr i s the square root of the
residual variance) using the equation

. . . (3)

where ŷ
i is the value predicted by the polynomi al

expression [equation (2) ] at x = xi.

NOTE – sr
2 equ ival ent to the term s

2
(y,x) used i n I SO 7066-1 .

The degree m should always be much less than the
number n of data points.

I f the data are wel l represented by a polynomial of
degree m, then s r wil l decrease significantly unti l the
degree m i s reached; thereafter sr wil l remain
approximately constant. In general , however, the
degree at which the decrease in sr ceases to be
significant is not obvious, and an objective test of
significance should be used as an aid to finding the
optimum degree of fi t.

Increasing the degree from m – 1 to m is regarded as
providing a statistical ly significant improvement i n the
fi t i f the new coefficient bm di ffers significantly from
zero, i .e. i f bm + t95 s(bm) and bm - t95 s(bm) (the 95 %
confidence l im its of (bm) do not include zero.

This condi tion may be expressed as

where t95 i s the Student’s t value for the 95 %
confidence level wi th ν = n − m − 1 .

The value of t95 as a function of the number of degrees
of freedom ν can be computed from the fol lowi ng
empirical equation:

t95 = 1 ,96 + 2,36/ν + 3,2/ν2
+ 5,2/ν3, 84

. . . (4)

For the orthogonal polynomi al coefficient gm (see
annex B) , the condi tion i s

Expressions for the variances of the coefficients s2(bm)

and s2(gm) are g iven in annex A and annex B
respectively.

I t i s important to test the effect of i ncreasing the degree
at least one degree beyond that wh ich fi rst shows no
significant improvement, since i t is often the case that
ei ther only the odd terms or only the even terms
produce a signi fi cant improvement.

From a statistical point of view, the highest degree
wh ich produces an improvement in the fi t which i s
significant at the 95 % confidence level may be
regarded as the optimum degree. However, before th is
degree i s selected as providing the most sui table
expression to represent the data, other factors should
be considered. These factors i nclude any knowledge of
the expected shape of the curve, the desirabi l i ty of
having a functional form which is not too complex, the
range wh ich it is necessary to represent, and the
accuracy wh ich i s sought.

In assessing these factors, i t i s always advisable to plot
graphs showing the data and the possible curves; these
graphs wi l l also h ighl ight other possible problems. For
example, i f the degree is too low, then the curve wil l fai l
to represent a real trend in the data, and the predicted
value ŷ may have a bias over some of the range. I f the
degree is too h igh, the curve may be fi tting the scatter
of the data rather than the underlying trend.

The examples g iven in annex D il lustrate the
appl ication of some of these principles.
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6 Uncertainty

The random component of the uncertainty, at the 95 %
confidence level , of a predicted value ŷ i s given by

er(ŷ ) = t95 s(ŷ )

where s(ŷ ) is the square root of the variance s 2(ŷ) of ŷ.

Expressions for s2(ŷ ) are given in annexes A and B ; in

general, s2(ŷ ) may be expressed as a polynom ial

function of x of degree 2m. I t is important to ensure that

enough signi fi cant figures are used in the computation

of s2(ŷ ) to avoid large rounding errors wh ich resul t from

subtraction.

I t should be noted that the estimate of uncertainty

provided by er(ŷ ) wi l l only be val id to the extent that the

polynomi al expression chosen is a good approximation

to the true functional relationship between y and x.

The 95 % random confidence limi ts for the true value of

y are

y ± er(ŷ )

As in ISO 7066-1 , the uncertainty in the calibration
coefficient i s given by

e(ŷc) = [er
2( ŷ) + es

2( ŷ)] 1 /2

where es( ŷ) is the systematic component of the

uncertainty i n ŷ.

NOTE — In the revised versi on of I SO 51 68, i n preparat ion,

gu idel in es are provi ded fo r usi ng ei ther the l inear addi ti on or

the root-sum-square combinat ion of random and systemati c

erro rs .

I f the dependent variable has been transformed, then

al l the above uncertainties refer to the transformed
variable.
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Annex A

Regression methods

(This annex does not form an integral part of the standard. )

A.1 Introduction

Regression methods for curve fitti ng are widely avai lable under various names as standard routines in computer

l ibraries. The documentation provided wi th these routines tends to assume a certain level of knowledge of regression

analysis. The purpose of this annex i s to provide a general description of the methods and termi nology of regression

curve fi tting as a background to the documentation of the l ibrary routines.

The most widely avai lable regression technique, apart from simple l inear regression, i s mu ltiple l i near regression;

curve fitti ng can be carried out using a special type of mu ltiple l inear regression known as polynomi al or curvi l inear

regression. I f a polynom ial regression routine i s not avai lable, then a mu ltiple l inear regression method can be used,
al though it is less convenient. “Stepwi se” and “backwards elimi nation” or “back solution” are special types of mu ltiple

l i near regression methods which may be used.

A.2 Mult iple l inear reg ression

In the fol lowi ng, the summation sign Σ i s used to represent unless otherwi se noted.

A dependent variable y i s assumed to be related l inearly to m i ndependent variables x1 , x2, . . . , xm, by

y = β0 + β 1x1 + β2x2 + .. . + βmxm + U . . . (5)

where

β0 to βm are the unknown regression coefficients;

U is a measure of the random effects which cause the dependence of y on the m i ndependent variables to

depart from exact l ineari ty.

From the n sets of observations

(yi, x 1 i, x2i, . . . , xmi), i = 1 , 2, . . . , n

the estimates of the regression coefficents are

b0, b1 , . . . , bm

so that the estimate ŷ of the true value corresponding to the ith set of observations of the independent variables i s

ŷi = b0+ b1x1 i + .. . , + bmxmi . . . (6)

The application of the least-squares procedure to mi nimi ze Σ(yi − ŷi)
2 leads to a set of m + 1 simu ltaneous equations,

commonly known as the “normal equations”:

nb0 + Σ(x1 i)b1 + Σ(x2i)b2 + .. . + Σ(xmi)bm = Σyi

Σ(x1 i)b0 + Σ(x1 i)
2b1 + .. . + Σ(x1 ixmi)bm = Σ(x1iyi) . . . (7)

Σ(xmi)b0 + Σ(xmix1 i)b1 + .. . + Σ(xmi)
2bm = Σ(xmiyi)

These can then be solved for the m + 1 unknowns b0, b1 , . . . , bm.
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