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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO
technical committees. Each member body interested in a subject for which a technical committee has been
established has the right to be represented on that committee. International organizations, governmental and
non-governmental, in liaison with ISO, also take part in the work. ISO collaborates closely with the
International Electrotechnical Commission (IEC) on all matters of electrotechnical standardization.
International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part 2.

The main task of technical committees is to prepare International Standards. Draft International Standards
adopted by the technical committees are circulated to the member bodies for voting. Publication as an
International Standard requires approval by at least 75 % of the member bodies casting a vote.

Attention is drawn to the possibility that some of the elements of this document may be the subject of patent
rights. ISO shall not be held responsible for identifying any or all such patent rights.

was prepared by Technical Committee ISO/TC 69, Applications of statistical methods.
ISO 16269 consists of the following parts, under the general title Statistical interpretation of data:
— Part 4: Detection and treatment of outliers

— Part 6: Determination of statistical tolerance intervals

— Part 7: Median — Estimation and confidence intervals

— Part 8: Determination of prediction intervals
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Introduction

Identification of outliers is one of the oldest problems in interpreting data. Causes of outliers include
measurement error, sampling error, intentional under- or over-reporting of sampling results, incorrect
recording, incorrect distributional or model assumptions of the data set, and rare observations, etc.

Outliers can distort and reduce the information contained in the data source or generating mechanism. In the
manufacturing industry, the existence of outliers will undermine the effectiveness of any process/product
design and quality control procedures. Possible outliers are not necessarily bad or erroneous. In some
situations, an outlier may carry essential information and thus it should be identified for further study.

The study and detection of outliers from measurement processes leads to better understanding of the
processes and proper data analysis that subsequently results in improved inferences.

In view of the enormous volume of literature on the topic of outliers, it is of great importance for the
international community to identify and standardize a sound subset of methods used in the identification and
treatment of outliers. The implementation of this part of ISO 16269 enables business and industry to recognize
the data analyses conducted across member countries or organizations.

Six annexes are provided. Annex A provides an algorithm for computing the test statistic and critical values of
a procedure in detecting outliers in a data set taken from a normal distribution. Annexes B, D and E provide
the tables needed to implement the recommended procedures. Annex C provides the tables and statistical
theory that underlie the construction of modified box plots in outlier detection. Annex F provides a structured
guide and flow chart to the procedures recommended in this part of ISO 16269.
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Statistical interpretation of data —

Part 4:
Detection and treatment of outliers

1 Scope

This part of ISO 16269 provides detailed descriptions of sound statistical testing procedures and graphical
data analysis methods for detecting outliers in data obtained from measurement processes. It recommends
sound robust estimation and testing procedures to accommodate the presence of outliers.

This part of ISO 16269 is primarily designed for the detection and accommodation of outlier(s) from univariate
data. Some guidance is provided for multivariate and regression data.

2 Terms and definitions
For the purposes of this document, the following terms and definitions apply.

21

sample

data set

subset of a population made up of one or more sampling units

NOTE 1 The sampling units could be items, numerical values or even abstract entities depending on the population of
interest.

NOTE2 A sample from a normal (2.22), a gamma (2.23), an exponential (2.24), a Weibull (2.25), a
lognormal (2.26) or a type | extreme value (2.27) population will often be referred to as a normal, a gamma, an
exponential, a Weibull, a lognormal or a type | extreme value sample, respectively.

2.2

outlier

member of a small subset of observations that appears to be inconsistent with the remainder of a given
sample (2.1)

NOTE 1 The classification of an observation or a subset of observations as outlier(s) is relative to the chosen model for
the population from which the data set originates. This or these observations are not to be considered as genuine
members of the main population.

NOTE 2  An outlier may originate from a different underlying population, or be the result of incorrect recording or gross
measurement error.

NOTE 3  The subset may contain one or more observations.

23
masking
presence of more than one outlier (2.2), making each outlier difficult to detect
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24

some-outside rate

probability that one or more observations in an uncontaminated sample will be wrongly classified as
outliers (2.2)

25
outlier accommodation method
method that is insensitive to the presence of outliers (2.2) when providing inferences about the population

2.6

resistant estimation

estimation method that provides results that change only slightly when a small portion of the data values in a
data set (2.1) is replaced, possibly with very different data values from the original ones

27

robust estimation

estimation method that is insensitive to small departures from assumptions about the underlying probability
model of the data

NOTE An example is an estimation method that works well for, say, a normal distribution (2.22), and remains
reasonably good if the actual distribution is skew or heavy-tailed. Classes of such methods include the L-estimation
[weighted average of order statistics (2.10)] and M-estimation methods (see Reference [9]).

2.8
rank
position of an observed value in an ordered set of observed values

NOTE 1 The observed values are arranged in ascending order (counting from below) or descending order (counting
from above).

NOTE 2  For the purposes of this part of ISO 16269, identical observed values are ranked as if they were slightly
different from one another.

29

depth

(box plot) smaller of the two ranks (2.8) determined by counting up from the smallest value of the
sample (2.1), or counting down from the largest value

NOTE 1 The depth may not be an integer value (see Annex C).

NOTE 2  For all summary values other than the median (2.11), a given depth identifies two (data) values, one below
the median and the other above the median. For example, the two data values with depth 1 are the smallest value
(minimum) and largest value (maximum) in the given sample (2.1).

210
order statistic
statistic determined by its ranking in a non-decreasing arrangement of random variables

[1SO 3534-1:2004, definition 1.9]

NOTE 1 Let the observed values of a random sample be {xq, xo, ..., x,}. Reorder the observed values in non-
decreasing order designated as x(1) < x2) < ... <X < ... < X(,); then x, is the observed value of the kth order statistic in
a sample of size n.

NOTE 2 In practical terms, obtaining the order statistics for a sample (2.1) amounts to sorting the data as formally
described in Note 1.
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2.1

median

sample median

median of a set of numbers

0,
[(m + 1)/2]th order statistic (2.10), if the sample size n is odd; sum of the [#/2]th and the [(»/2) + 1]th order
statistics divided by 2, if the sample size n is even

1SO 3534-1:2006, definition 1.13]

NOTE The sample median is the second quartile (Q,).

212
first quartile
sample lower quartile

04
for an odd number of observations, median (2.11) of the smallest (n — 1)/2 observed values; for an even
number of observations, median of the smallest /2 observed values

NOTE 1 There are many definitions in the literature of a sample quartile, which produce slightly different results. This
definition has been chosen both for its ease of application and because it is widely used.

NOTE 2  Concepts such as hinges or fourths (2.19 and 2.20) are popular variants of quartiles. In some cases
(see Note 3 to 2.19), the first quartile and the lower fourth (2.19) are identical.

213
third quartile
sample upper quartile

03
for an odd number of observations, median of the largest (n — 1)/2 observed values; for an even number of
observations, median of the largest n/2 observed values

NOTE 1 There are many definitions in the literature of a sample quartile, which produce slightly different results. This
definition has been chosen both for its ease of application and because it is widely used.

NOTE 2  Concepts such as hinges or fourths (2.19 and 2.20) are popular variants of quartiles. In some cases
(see Note 3 to 2.20), the third quartile and the upper fourth (2.20) are identical.

214

interquartile range

IQR

difference between the third quartile (2.13) and the first quartile (2.12)

NOTE 1 This is one of the widely used statistics to describe the spread of a data set.

NOTE 2  The difference between the upper fourth (2.20) and the lower fourth (2.19) is called the fourth-spread and is
sometimes used instead of the interquartile range.

215
five-number summary
the minimum, first quartile (2.12), median (2.11), third quartile (2.13), and maximum

NOTE The five-number summary provides numerical information about the location, spread and range.
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2.16
box plot
horizontal or vertical graphical representation of the five-number summary (2.15).

NOTE 1 For the horizontal version, the first quartile (2.12) and the third quartile (2.13) are plotted as the left and
right sides, respectively, of a box, the median (2.11) is plotted as a vertical line across the box, the whiskers stretching
downwards from the first quartile to the smallest value at or above the lower fence (2.17) and upwards from the third
quartile to the largest value at or below the upper fence (2.18), and value(s) beyond the lower and upper fences are
marked separately as outlier(s) (2.2). For the vertical version, the first and third quartiles are plotted as the bottom and the
top, respectively, of a box, the median is plotted as a horizontal line across the box, the whiskers stretching downwards
from the first quartile to the smallest value at or above the lower fence and upwards from the third quartile to the largest
value at or below the upper fence and value(s) beyond the lower and upper fences are marked separately as outlier(s).

NOTE 2 The box width and whisker length of a box plot provide graphical information about the location, spread,
skewness, tail lengths, and outlier(s) of a sample. Comparisons between box plots and the density function of a) uniform,
b) bell-shaped, c) right-skewed, and d) left-skewed distributions are given in the diagrams in Figure 1. In each distribution,
a histogram is shown above the boxplot.

NOTE 3 A box plot constructed with its lower fence (2.17) and upper fence (2.18) evaluated by taking & to be a value
based on the sample size n and the knowledge of the underlying distribution of the sample data is called a modified box
plot (see example, Figure 2). The construction of a modified box plot is given in 4.4.

Y4 Yi
50 B 1] _ 90 | -
| T — 80 1N~
40 - = — _—__-_ e 70 | - -
i u 60
30 B 50 |
20 | 40
30 |
10 20
10 }
0 T T T T T T - O . T T T T T
0,0 02 04 06 08 10 X 3 2 -1 0 1 2 3 X
] L ] - .
0,0 02 04 06 08 10 X 3 2 1 0 1 2 3 X

a) Uniform distribution b) Bell-shaped distribution

Figure 1 (continued)
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c) Right-skewed distribution d) Left-skewed distribution
Key

X data values
Y frequency

In each distribution, a histogram is shown above the box plot.

Figure 1 — Box plots and histograms for a) uniform, b) bell-shaped, c) right-skewed,
and d) left-skewed distributions
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..............................................................................................................................................

* <—— Maximum observation
-------------------- <+—  Upper fence (not drawn)
<«— Maximum observation below
1,5 x1QR upper fence
4‘— <«——— Third quartile
IQR
<+— Median
<+——— First quartile
—_— <— Minimum observation
1,5 x IQR

l .................... <———— Lower fence (not drawn)

..............................................................................................................................................

Figure 2 — Modified box plot with lower and upper fences

217

lower fence

lower outlier cut-off

lower adjacent value

value in a box plot (2.16) situated & times the interquartile range (2.14) below the first quartile (2.12), with
a predetermined value of £

NOTE In proprietary statistical packages, the lower fence is usually taken to be Q4 — k (O3 — O4) with k taken to be
either 1,5 or 3,0. Classically, this fence is called the “inner lower fence” when k is 1,5, and “outer lower fence” when « is
3,0.

218

upper fence

upper outlier cut-off

upper adjacent value

value in a box plot situated £ times the interquartile range (2.14) above the third quartile (2.13), with a
predetermined value of k&

NOTE In proprietary statistical packages, the upper fence is usually taken to be QO3 + k (O3 — O4), with & taken to be
either 1,5 or 3,0. Classically, this fence is called the “inner upper fence” when k is 1,5, and the “outer upper fence” when &
is 3,0.
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219

lower fourth

XLin

for a set x(1) < x(2) < ... < x(,) of observed values, the quantity 0,5 [x;) + x(; ;. 1)l when /=0 or x; , 1) when /> 0,
where i is the integral part of n/4 and f'is the fractional part of n/4

NOTE 1 This definition of a lower fourth is used to determine the recommended values of 4 and &y given in Annex C
and is the default or optional setting in some widely used statistical packages.

NOTE 2  The lower fourth and the upper fourth (2.20) as a pair are sometimes called hinges.
NOTE 3  The lower fourth is sometimes referred to as the first quartile (2.12).
NOTE 4 When =0, 0,5 or 0,75, the lower fourth is identical to the first quartile. For example:
Sample size i = integral f=fractional | First quartile | Lower fourth
n part of n/4 part of n/4

9 2 0,25 [X(z) + X(3)]/2 X(3)

10 2 0,50 x(3) X(3)

1 1 2 0,75 x(3) X(3)

12 3 0 [X(3) + )C(4)]/2 [x(3) + X(4)]/2
2.20
upper fourth
XU:n

for a set x(y) < xz) < ... <x(, of observed values, the quantity 0,5 [x, _;+x(,_,, 1)) when /=0 or x, _;
when /> 0, where i is the integral part of n/4 and f'is the fractional part of n/4

NOTE 1 This definition of an upper fourth is used to determine the recommended values of k_and &y given in Annex C
and is the default or optional setting in some widely used statistical packages.

The upper fourth is sometimes referred to as the third quartile (2.13).

The lower fourth (2.19) and the upper fourth as a pair are sometimes called hinges.

When =0, 0,5 or 0,75, the upper fourth is identical to the third quartile. For example:

Sample size i = integral f=fractional | Third quartile | Upper fourth
n part of n/4 part of n/4
9 2 0,25 [x@zy + x@)2 X7
10 2 0,50 x(8) x(8)
11 2 0,75 x(9) X(9)
12 3 0 [x@) +xp0l/2  |[x@) + x@0)2
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2.21
Type | error
rejection of the null hypothesis when in fact it is true

[1SO 3534-1:2008, definition 1.46]

NOTE 1 A Type | error is an incorrect decision. Hence, it is desired to keep the probability of making such an incorrect
decision as small as possible.

NOTE 2 It is possible in some situations (for example, testing the binomial parameter p) that a pre-specified
significance level such as 0,05 is not attainable due to discreteness in outcomes.

2.22

normal distribution

Gaussian distribution

continuous distribution having the probability density function

2
(x-u)
20'2

expy —

L
f(x)_o_m

where —eo < x < o and with parameters ——~ < yy< o and ¢>0

[1SO 3534-1:2006, definition 2.50]

NOTE 1 The location parameter x is the mean and the scale parameter ¢ is the standard deviation of the normal
distribution.

NOTE 2 A normal sample is a random sample (2.1) taken from a population that follows a normal distribution.

2.23
gamma distribution
continuous distribution having the probability density function

x*Texp(-x/ )
B°T(a)

fx)=

where x > 0 and parameters o> 0, >0

[1SO 3534-1:2008, definition 2.56]

NOTE 1 The gamma distribution is used in reliability applications for modelling time to failure. It includes the
exponential distribution (2.24) as a special case as well as other cases with failure rates that increase with age.

NOTE 2  The mean of the gamma distribution is 8. The variance of the gamma distribution is o/52.
NOTE 3 A gamma sample is a random sample (2.1) taken from a population that follows a gamma distribution.
2.24

exponential distribution
continuous distribution having the probability density function

f(x)= B " exp(~x/B)

where x > 0 and with parameter 5> 0

[1SO 3534-1:2008, definition 2.58]
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NOTE 1 The exponential distribution provides a baseline in reliability applications, corresponding to the case of “lack of
ageing” or memory-less property.

NOTE 2  The mean of the exponential distribution is 5. The variance of the exponential distribution is /2.

NOTE 3  An exponential sample is a random sample (2.1) taken from a population that follows an exponential
distribution.

2,25

Weibull distribution

type lll extreme-value distribution

continuous distribution having the distribution function

F(x)=1-exp _(x;é’j

where x > @ with parameters —~ < <, >0, k>0

[1ISO 3534-1:2008, definition 2.63]

NOTE 1 In addition to serving as one of the three possible limiting distributions of extreme order statistics, the Weibull
distribution occupies a prominent place in diverse applications, particularly reliability and engineering. The Weibull
distribution has been demonstrated to provide usable fits to a variety of data sets.

NOTE 2  The parameter @is a location or threshold parameter in the sense that it is the minimum value that a Weibull
variate can achieve. The parameter f is a scale parameter (related to the standard deviation of a Weibull variate). The
parameter x is a shape parameter.

NOTE 3 A Weibull sample is a random sample (2.1) taken from a population that follows a Weibull distribution.

2.26
lognormal distribution
continuous distribution having the probability density function

1 _(Inx—u)?
f‘(X)— xo_\/ﬁ exp{ 20_2 }

where x > 0 and with parameters -~ < yt<~ and >0

[1ISO 3534-1:2006, definition 2.52]

2.27

type | extreme-value distribution

Gumbel distribution

continuous distribution having the distribution function

F(x)= exp{—e‘(x_“)/a}

where —eo < x < co and with parameters —~ < 1<~ and ¢>0

NOTE Extreme-value distributions provide appropriate reference distributions for the extreme order statistics (2.10)
X(»]) and X(n).

[1SO 3534-1:2008, definition 2.61]
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3 Symbols
The symbols and abbreviated terms used in this part of ISO 16269 are as follows:

GESD generalized extreme studentized deviate

Gg Greenwood's statistic
8En critical value of the Greenwood's test statistic for sample size
I reduced sample of size n — I after removing the most extreme observation x(9) in the original sample

Iy of size n, removing the most extreme observation x() in the reduced sample 1, of size n—1,....,
and removing the most extreme observation x(/ = 1) in the reduced sample 7, _ ; of size n — + 1

F oy, pthpercentile of a F-distribution with v4 and v, degrees of freedom

A critical value of the GESD test in testing whether the value x() is an outlier
Lg lower fence of a modified box plot

Uk upper fence of a modified box plot

M or O, sample median

Moy median absolute deviation about the median

01 first quartile

03 third quartile

R, GESD test statistic for testing whether the value x() is an outlier
s(Ip) standard deviation of the reduced sample J,

Ty total median

T, biweight location estimate from a sample of size n

7" estimate of T, at the ith iteration based on a sample of size n
byy pth percentile of a +-distribution with v degrees of freedom

;(;;V pth percentile of a chi-square distribution with v degrees of freedom
(i) ith observation in the ordered data set

x() most extreme value in the reduced sample /

x(/;)  mean of the reduced sample /;

X1(a)  ortrimmed mean

X lower fourth of a box plot for a sample of size
XYen upper fourth of a box plot for a sample of size n
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4 Outliers in univariate data
4.1 General

4.1.1 What is an outlier?

In the simplest case, an outlier is an observation that appears to be inconsistent with the rest of a given data
set. In general, there may be more than one outlier at one or both ends of the data set. The problem is to
determine whether or not apparently inconsistent observations are in fact outliers. This determination is
performed by means of a pre-specified significance test with respect to a presumed underlying distribution.
Observations that lead to a significant result are deemed to be outliers with respect to that distribution.

The importance of using the correct underlying distribution in an outlier test cannot be over-stressed. Often in
practice, an underlying normal distribution is assumed when the data arise from a different distribution. Such
an erroneous assumption can lead to observations being incorrectly classified as outliers.

4.1.2 What are the causes of outliers?

Outlying observations or outliers typically are attributable to one or more of the following causes (see
Reference [1] for more detail and perspective):

a) Measurement or recording error. The measurements are imprecisely generated, incorrectly observed,
incorrectly recorded, or incorrectly entered into the database.

b) Contamination. The data arise from two or more distributions, i.e. the basic one and one or more
contaminating distributions. If the contaminating distributions have significantly different means, larger
standard deviations and/or heavier tails than the basic distribution, then there is a possibility that extreme
observations coming from the contaminating distributions may appear as outliers in the basic distribution.

NOTE 1 The cause of contamination can be due to sampling error where a small portion of sample data is
inadvertently regarded as having been drawn from a different population than the rest of sample data; or intentional
under- or over-reporting of experiments or sampling surveys.

c) Incorrect distributional assumption. The data set is regarded as drawn from a particular distribution, but it
should have been regarded as drawn from another distribution.

EXAMPLE The data set is regarded as drawn from a normal distribution, but it should have been regarded as
drawn from a highly skewed distribution (e.g. exponential or lognormal) or a symmetric but heavier-tailed distribution
(e.g. a r-distribution). Therefore, observations that deviate far from the central location can be incorrectly labelled as
outliers even though they are valid observations with respect to a highly skewed or heavy-tailed distribution.

d) Rare observations. Highly improbable observations might occur on rare occasions, in samples regarded
as drawn from an assumed probability distribution. These extreme observations are usually incorrectly
labelled as outliers due to their rare occurrence, but they are not truly outliers.

NOTE 2  The occurrence of rare observations when the underlying distribution is symmetric but heavy-tailed may
lead to incorrect distributional assumptions.

41.3 Why should outliers be detected?

Outliers are not necessarily bad or erroneous. They can be taken as an indication of the existence of rare
phenomena that could be a reason for further investigation. For example, if an outlier is caused exclusively by
a particular industrial treatment, important discoveries may be made by investigating the cause.

Many statistical techniques and summary statistics are sensitive to the presence of outliers. For example, the
sample mean and sample standard deviation are easily influenced by the presence of even a single outlier
that could subsequently lead to invalid inferences.
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The study of the nature and frequency of outliers in a particular problem can lead to appropriate modifications
of the distributional or model assumptions regarding the data set, and also lead to appropriate choices of
robust methods that can accommodate the presence of possible outliers in subsequent data analyses and
thus result in improved inferences (see Clause 6).

4.2 Data screening

Data screening can begin with a simple visual inspection of the given data set. Simple data plots, such as dot
plot, scatter diagram, histogram, stem-and-leaf plot, probability plot, box plot, time series plot or arranging
data in non-decreasing order of magnitude, can reveal unanticipated sources of variability and
extreme/outlying data points. For example, a bimodal distribution of a data set revealed by the histogram or
stem-and-leaf plot might be evidence of a contaminated sample or mixture of data regarded as drawn from
two different populations. Probability plots and box plots are recommended for identifying extreme/outlying
data points. These possible outliers can then be further investigated using the methods given in 4.3 or 4.4.

A probability plot not only provides a graphical test of whether the observations, or the majority of the
observations, can be regarded as following an assumed distribution; it also reveals outlying observations in
the data set. Data points that deviate markedly from a straight line fitted by eye to the points on a probability
plot can be considered as possible outliers. Probability plot facilities for a wide range of distributions are
available in proprietary software.

The box plot is one of the most popular graphical tools for exploring data. It is useful for displaying the central
location, spread and shape of the distribution of a data set. The lower and upper fences of the box plot are
defined as

lower fence = Qq—k (03 —04)

upper fence = Q3 +k (O3 —04) (1)

where 04 and Q5 are the first and third quartiles of the data set and # is a constant value.

Tukey!?l labelled data values that lie outside the lower and upper fences with k= 1,5 as suspected (possible)
outliers, and those that lie outside the fences with k£ = 3,0 as extreme outliers.

NOTE 1 Probability plotting paper for the normal, exponential, lognormal and Weibull distributions may be obtained at
the time of publication from http://www.weibull.com/GPaper/index.htm.

NOTE 2  The type of probability plot should depend on the distributional assumption of the population. For example, the
exponential probability plot should be used if it is assumed, or there is a priori knowledge, that the data set can be
regarded as drawn from an exponential population.

NOTE 3 A large number of observations may incorrectly be identified as potential outliers by the box plot with its lower
and upper fences defined in Equation (1) when the data set can be regarded as sampled from skewed distributions. The
recommended modified box plot that is able to handle this problem is given in 4.4.

EXAMPLE The dot plot, histogram, box plot and stem-and-leaf plot of the following data values are plotted in
Figures 3 a), 3 b), 3 c) and 3 d), respectively.

0,745 0,883 0,351 0,806 2908 1,09 1,310 1,261 0,637 1,226
1,418 0,430 1,870 0543 0,718 1,229 1,312 1,544 0,965 1,034
1,818 1,409 2,773 1,293 0,842 1,469 0804 2219 0,892 1,864
1,214 1,093 0,727 1,627 3,463 2,158 1,448 0,725 0,699 2,435
0,724 0,551 0,733 0,793 0,701 1,323 1,067 0,763 1,375 0,763
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