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THE  INTERNATIONAL COMMISSION  ON  ILLUMINATION  

The  I n ternational  Commiss ion  on  I l l um inati on  (CIE)  i s  an  organ i zati on  devoted  to  i n ternational  co -operation  and  exchange  
of i n formation  among  i ts  member coun tri es  on  a l l  matters  re lati ng  to  the  art  and  science  of l i gh ti ng .   I ts  membersh ip  consi st s  
of the  National  Commi ttees  i n  abou t  40  coun tri es .  

The  obj ectives  of the  CI E  are:  
1 .  To  provide  an  i n ternational  forum  for t he  d i scussion  of a l l  matters  re l ati ng  to  the  science,  technology and  art  i n  the  

fi e l ds  of l i gh t  and  l i gh ti ng  and  for the  i n terchange  of i n formation  i n  these  fi e l ds  between  coun tri es .  
2 .  To  develop  basic  s tandards  and  procedures  of metrology i n  the  fi e l ds  of l i gh t  and  l i gh ti ng .  
3 .  To  provide  gu i dance  i n  the  appl i cati on  of princip l es  and  procedures  i n  the  development of i n ternational  and  national  

s tandards  i n  the  fi e l ds  of l i gh t  and  l i gh ting .  
4 .  To  prepare  and  publ i sh  s tandards,  reports  and  other publ i cations  concerne d  wi th  a l l  matters  re l ati ng  to  the  science,  

technology and  art  i n  the  fi e l ds  of l i gh t  and  l i gh ti ng .  
5 .  To  main tai n  l i a i son  and  techn ical  i n teracti on  wi th  other i n ternational  organ i zati ons  concerned  wi th  matters  re l ated  to  

the  science,  technology,  s tandard i zat i on  and  art  i n  the  fi e l ds  of l i gh t  and  l i gh ting .  

The  work of the  CI E  i s  carried  out  by Techn ical  Commi ttees,  organ i zed  i n  s i x D i v i s i ons.   Th i s  work  covers  subj ects  rang ing  
from  fundamenta l  matters  to  a l l  types  of l i gh ti ng  appl i cati ons.   The  standards  and  t echn ical  reports  developed  by these 
i n ternational  D i v i s i ons  of the  CI E  are  accepted  th roughou t  the  worl d .  
A p l enary session  i s  held  every fou r years  at  wh ich  the  work of the  Div is i ons  and  Techn ical  Commi ttees  i s  reported  and  
reviewed ,  and  p l ans  are  made  for the  fu tu re.   The  CI E  i s  recogn ized  as  the  au thori ty on  a l l  aspects  of l i gh t  and  l i gh ti ng .   As  
such  i t  occupies  an  importan t  pos i ti on  among  i n ternational  organ izations.  
 
LA COMMISSION  INTERNATIONALE  DE  L'ECLAIRAGE  

La  Commiss ion  I n ternationale  de  l 'Ecla i rage  (CI E)  est  une  organ i sati on  qu i  se  donne  pou r bu t  l a  coopération  i n ternational e  
et  l 'échange  d ' i n formations  en tre  l es  Pays  membres  su r tou tes  l es  questions  re latives  à  l 'art  et  à  la  science  de  l 'écl a i rage.   
E l l e  est  composée  de  Com i tés  Nationaux  représentan t  envi ron  40  pays.  

Les  ob j ecti fs  de  l a  CI E  son t :  
1 .  De  consti tuer un  cen tre  d 'étude  i n ternational  pour tou te  matière  re l evant  de  l a  science,  de  l a  technolog ie  et  de  l 'art  

de  l a  l um ière  et  de  l 'écla i rage  et  pour l 'échange  en tre  pays  d ' i n formations  dans  ces  domaines.  
2 .  D 'é l aborer des  normes  et  des  méthodes  de  base  pour l a  métrolog i e  dans  l es  domaines  de  l a  l um ière  et  de  l 'écla i rage.  
3 .  De  donner des  d i rectives  pour l 'appl i cation  des  principes  et  des  méthodes  d 'é l aborati on  de  normes i n ternationales  et  

nati onales  dans  l es  domaines  de  l a  l um ière  et  de  l 'écl a i rage.  
4 .  De  préparer et  publ i er des  normes,  rapports  et  au tres  textes ,  concernant  tou tes  matières  re l atives  à  l a  science,  la  

technolog ie  et  l 'art  dans  l es  domaines  de  l a  l um ière  et  de  l 'écl a i rage.  
5 .  De  main ten i r u ne  l i a i son  et une  col l aboration  techn ique  avec l es  au tres  organ i sations  i n ternationales  concernées  par 

des  su j ets  re lati fs  à  l a  science,  l a  technolog ie,  l a  normal i sation  et  l 'art  dans  l es  domaines  de  l a  l um ière  et  de  
l 'écla i rage.  

Les  travaux de  l a  CI E  son t  effectués  par Com i tés  Techn iques,  organ i sés  en  s i x D i v i s i ons.   Les  su j ets  d 'études  s 'étendent 
des  questi ons  fondamentales ,  à  tous  l es  types  d 'appl i cati ons  de  l 'écl a i rage.   Les  normes  et  l es  rapports  techn iques  é l aborés  
par ces  Divi s i ons  I n ternational es  de  l a  CI E  son t  reconnus  dans  l e  monde  en ti er.  
Tous  l es  quatre  ans ,  une  Sess ion  p l én ière  passe  en  revue  l e  travai l  des  D iv i s ions  et  des  Com i tés  Techn iques,  en  fa i t  rapport  
e t  établ i t  l es  proj ets  de  travaux pour l 'aven i r.   La  CI E  est  reconnue  comme l a  p l u s  hau te  au tori té  en  ce  qu i  concerne  tous  
l es  aspects  de  l a  l um ière  et  de  l 'écla i rage.   E l l e  occupe  comme  te l l e  une  pos i ti on  importan te  parm i  l es  organ i sati ons  
i n ternationales.  
 
DIE  INTERNATIONALE  BELEUCHTUNGSKOMMISSION  

Die  I n ternationale  Be leuch tungskommiss ion  (CI E)  i s t e i ne  Organ i sation ,  d ie  s i ch  der i n ternationalen  Zusammenarbei t u nd  
dem  Austausch  von  I nformationen  zwischen  i h ren  M i tg l i edsländern  bezüg l i ch  der Kunst und  Wissenschaft  der L i chttechn ik 
wi dmet.   D i e  M i tg l i edschaft  besteh t  aus  den  Nationalen  Kom i tees  i n  rund  40  Ländern .  

D ie  Zie l e  der CI E  s i nd :  
1 .  E in  i n ternationales  Forum  fü r D i skuss ionen  a l l er Fragen  au f dem  Gebiet  der Wissenschaft,  Techn ik  und  Kunst  der 

L i ch ttechn ik  und  fü r den  I n formationsaustausch  au f d i esen  Gebieten  zwischen  den  e i nze lnen  Län dern  zu  se in .  
2 .  Grundnormen  und  Verfahren  der Messtechn ik au f dem  Gebiet  der L i ch ttechn ik zu  en twickeln .  
3 .  Ri ch tl i n i en  fü r d i e  Anwendung  von  Prin zip ien  und  Vorgängen  i n  der En twicklung  i n ternationaler und  nati onaler Normen  

au f dem  Gebiet  der L i chttechn ik zu  erstel l en .  
4 .  Normen ,  Berich te  und  andere  Publ i kati onen  zu  erstel l en  und  zu  veröffen tl i chen ,  d ie  a l l e  Fragen  au f dem  Gebiet  der 

Wissenschaft,  Techn ik  und  Kunst  der L ich ttechn ik betreffen .  
5 .  L i a i son  und  techn ische  Zusammenarbei t  m i t  anderen  i n ternationalen  Organ isationen  zu  un terhal ten ,  d i e  m i t Fragen  

der Wissenschaft,  Techn ik,  Normung  und  Kunst  auf dem  Gebiet  der L i ch ttechn ik  zu  tun  haben .  

D ie  Arbei t  der CI E  wi rd  du rch  Techn ische  Komi tees  gele i stet,  d ie  i n  sechs  D iv i s i onen  organ i s iert  s ind .   D i ese  Arbei t  betri fft  
Gebiete  m i t g rund legendem  I nhal t  b i s  zu  a l l en  Arten  der L i ch tanwendung .   D i e  Normen  und  Techn i schen  Beri ch te,  d i e  von  
d iesen  i n ternational  zusammengesetzten  Div is i onen  ausgearbei tet  werden ,  s i nd  au f der ganzen  Wel t  anerkannt.  
Al l e  v ier J ahre  fi nde t  e i ne  Session  s tatt,  i n  der d i e  Arbei ten  der D iv i s ionen  beri ch tet  und  überprü ft  werden ,  sowie  neue 
P läne  fü r d i e  Zukunft  ausgearbei tet  werden .   D i e  CI E  wi rd  a l s  höchste  Au tori tät fü r a l l e  Aspekte  des  L i ch tes  und  der 
Beleuch tung  angesehen .   Au f d i ese  Weise  un terhäl t  s i e  e i ne  bedeu tende  Stel l ung  un ter den  i n ternationalen  Organ i sati onen .  
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Th is  Techn ical  Report has  been  prepared  by CIE  Techn ica l  Committee  2 -72  of D ivis ion  2  
"Physica l  Measurement of L igh t and  Rad iation ”  and  has  been  approved  by the  Board  of 
Adm in istration  as  wel l  as  by D ivis ion  2  of the  Commission  I n ternationale  de  l 'Ecla i rage .  The  
document reports  on  curren t  knowledge  and  experience  wi th in  the  speci fic fie ld  of l i gh t and  
l igh ting  described ,  and  i s  i n tend ed  to  be  used  by the  CIE  membersh ip  and  other i n terested  
parties .  I t  shou ld  be  noted ,  however,  that the  status  of th is  document i s  advisory and  not 
mandatory.   

Ce  rapport  techn ique  a  été  é laboré  par l e  Com i té  Techn ique  CIE  2 -72  de  la  D ivis ion  2  "Mesures  
Physiques  de  la  Lum ière  et  des  Rad iations "  et a  été  approuvé  par l e  Bureau  et D ivis ion  2  de  la  
Commission  I n ternationale  de  l 'Ecla i rage .  Le  document expose l es  connaissances  et 
l 'expérience  actuel l es  dans  l e  domaine  particu l ier de  l a  l um ière  et  de  l 'écla i rag e  décri t i ci .  I l  est 
destiné  à  être  u ti l i sé  par l es  membres  de  la  CIE  et  par tous  l es  i n téressés.  I l  fau t cependant 
noter que  ce  document est i nd icati f et  non  obl i gatoi re.   

D ieser Techn ische  Berich t i st  vom  Techn ischen  Kom itee  CIE  2 -72  der D ivis ion  2  "Phys ikal ische  
Messungen  von  Licht und  Strah lung "  ausgearbei tet und  vom  Vorstand  sowie  D ivision  2  der 
Commission  I n ternationale  de  l 'Ecla i rage  gebi l l i g t  worden .  Das  Dokument berichtet über den  
derzei tigen  Stand  des  Wissens  und  Erfahrung  i n  dem  behandel ten  Gebiet von  L icht und  
Beleuchtung ;  es  ist  zu r Verwendung  durch  CIE -M i tg l ieder und  durch  andere  I n teressierte  
bestimmt.  Es  sol l te  j edoch  beach tet werden ,  dass  da s  Dokument ei ne  Empfeh lung  und  keine  
Vorschri ft  i st.   

Any mention  of organ izations  or products  does  not impl y endorsement by the  CIE.  Whi lst  every 
care  has  been  taken  in  the  compi lation  of any l i sts ,  up  to  the  time of going  to  press,  these  may 
not be  comprehensive.   

Toute  mention  d 'organ isme ou  de  produ i t  n ' impl i que  pas  une  préférence de  la  CIE.  Malgré  l e  
soin  apporté  à  la  compi lation  de  tous  les  documents  j usqu 'à  l a  m ise  sous  presse,  ce  travai l  ne  
saurai t  être  exhausti f.   

D ie  Erwähnung  von  Organ isationen  o der Erzeugn issen  bedeu tet keine  B i l l i gung  durch  d ie  CIE.  
Obg leich  große  Sorgfal t bei  der Erstel lung  von  Verzeichn issen  b is  zum  Zei tpunkt der 
Drucklegung  angewendet wurde,  besteh t d ie  Mög l ichkei t,  dass  d iese  n ich t vol ls tänd ig  s ind .   
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DETERMINATION  OF MEASUREMENT UNCERTAINTIES IN  PHOTOMETRY 
SUPPLEMENT 2:  SPECTRAL MEASUREMENTS AND DERIVATIVE QUANTITIES  

Summary 

This  report i s  a  second  supplement to  CIE  1 98:201 1  Determination of Measurement 
Uncertainties in  Photometry for the  determ ination  of measurement uncertain ties  associated  wi th  
the  values  of selected  quanti ti es  i n  photometry.  I t  deals  wi th  spectral  measurements  and  
combinations  of measured  spectral  d istribu tions,  i n  particu lar wi th  the  effect of correlations  
between  the  measured  spectral  va lues  that ari se  from  the  measurement  and  cal ibration  
processes.   

Gu idel ines  are  g i ven  for i den ti fying  sources  of correlation  i n  spectral  measurements .  Cal ibration  
i s  treated  as  a  transfer from  a  reference to  the  object of i n terest.  Various  processes  of 
i n terpolation  and  correction  may be  appl ied  to  measured  spectral  va l ues  before  they are  
combined .  Examples  of treati ng  correlations  i n troduced  by such  processes  are  i ncluded .  
Uncertain ties  i n  a  number of importan t  rad iometric  and  photometric  quanti ti es  determ ined  from  
spectral  measurements  are  provided ,  i nclud ing  the  use  o f Monte-Carlo  methods.  

Photometer examples  covered  are  photometric response,  photometer V(?)  m ismatch  index and  
spectral  m ismatch  factor.  Dom inan t wavelength ,  correlated  colour temperature  and  b lue- l i ght  
hazard  measurements  are  covered ,  wi th  particu lar emphasis  on  LED  sources.  

 

DÉTERMINATION  DES INCERTITUDES DE MESURE  EN  PHOTOMÉTRIE  
SUPPLÉMENT 2:  MESURES SPECTRALES ET QUANTITÉS DÉRIVÉES  

Résumé 

Ce rapport est un  deuxième supplément à  l a  publ ication  CIE  1 98:  201 1  Déterm ination  des  
i ncerti tudes  de  mesure  en  ph otométrie  pour l a  déterm ination  des  i ncerti tudes  de  mesure  
associées  aux valeurs  des  g randeurs  sélectionnées  en  photométrie.  I l  tra i te  des  mesures  
spectrales  et  des  combinaisons  de  d istribu tions  spectrales  mesurées,  en  particu l i er de  l 'effet 
des  corrélations  en tre  les  valeurs  spectrales  mesurées  issues  des  processus  de  mesure  et  
d ’étalonnage.   

Des  d i rectives  son t données  pour i den ti fi er l es  sources  de  corrélation  dans  l es  mesures  
spectrales .  L ’éta lonnage  est tra i té  comme un  transfert  d 'une  référence à  l 'obj et d ' in térêt.  
D i fféren ts  procédures  d ' i n terpolation  et de  correction  peuvent être  appl i quées  aux valeurs  
spectrales  mesurées  avan t leur combinaison .  Des  exemples  de  trai tement des  corrélations  
i n trodu i tes  par de  te ls  processus  sont  i nclus .  Des  incerti tudes  su r un  certain  nombre  de  
grandeurs  rad iométriques  et photométriques  importantes  déterm inées  à  parti r de  mesures  
spectrales  son t fourn ies ,  y compris  l 'u ti l i sation  des  méthodes  de  Monte -Carlo.   

Les  exemples  l i és  aux photomètres  son t l a  réponse  photométrique ,  l ' i nd ice  générale  
d ’adaptation  à  V(?)  et  l e  facteur de  correction  d ’adaptation  spectrale.  Les  mesures  de  l ongueur 
d 'onde  dom inan te ,  de  température  de  cou leur proximale  et  de  danger de  l um ière  b leue  sont 
couvertes,  avec un  accent particu l i er sur l es  sources  LED.  

 

 

Full document details: CIE 198-SP2-2018

http://www.avadocuments.com/doc/cie-198-sp2-2018
http://www.avadocuments.com/doc/cie-198-sp2-2018


CIE  1 98-SP2:201 8  

vi i

BESTIMMUNG VON  MESSUNSICHERHEITEN  IN  DER PHOTOMETRIE  
SUPPLEMENT 2:  SPEKTRORADIOMETRIE UND ABGELEITETE GRÖßEN  

Zusammenfassung  

Dieser Berich t i st e i n  zwei tes  Supplement  zur Publ ikation  CIE  1 98: 201 1  Bestimmung von 
Messunsicherheiten in  der Photometrie  zu r Bestimmung  von  Messuns icherhei ten  im  Zusam -
menhang  m i t d en  Werten  ausgewäh l ter Messgrößen  i n  der Photometrie.  Es  behandel t  Spekt-
ralmessungen  und  Kombinationen  von  gemessenen  spektraler Vertei l ungen ,  i nsbesondere  den  
Korrelationseffekt zwischen  gemessenen  spektralen  Werten ,  d ie  durch  d ie  Mess-  und  Kal ibrier-
prozesse  entstehen .   

Es  werden  Rich tl i n ien  zur I denti fi zierung  von  Korrelationsquel len  bei  spektralen  Messungen  
gegeben .  Kal ibrierung  wi rd  als  e i ne  Übertragung  von  e iner Referenz zum  Objekt betrach tet .  
Versch iedene I n terpolations -  und  Korrekturprozesse  können  auf gemessene  spektrale  Werte  
angewendet werden ,  bevor s ie  zusammengesetzt  werden .  Beispie le  für d ie  Behand lung  von  
Korrelationen ,  d ie  durch  solche  Prozesse  en tstehen ,  s ind  i nbegri ffen .  Uns icherhei ten  i n  e iner 
Vie lzah l  wichtiger rad iometrischer und  photometrischer Größen ,  d ie  aus  spektralen  Messungen  
bestimmt werden ,  werden  erläu tert,  i ncl us ive  der Nu tzung  von  Monte -Carlo-Methoden .   

Beispie le  zu  Photometern  beinhal ten  d ie  photometrische  An twort,  den  V(?)-Feh lanpassungs-
index und  den  spektralen  Feh lanpassungsfaktor.  Bunttong le iche  Wel len länge ,  ähn l ichste  
Farbtemperatur sowie  B lau l ichtgefährdungs-Messungen  werden  betrachtet ,  m i t spezie l l em  
Schwerpunkt auf LED-Quel l en .  
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1  Introduction  

This  second  supplement to  CIE  1 98: 201 1  Determination of Measurement Uncertainties in  
Photometry  (CI E  201 1 a)  i s  i n tended  as  a  practical  he lp  and  gu idance and  col l ects  modu les  and  
examples.  I t  i s  p lanned  that CIE  D ivis ion  2  wi l l  develop  more  modu les  and  examples  for curren t 
and  newly created  quan ti ties  i n  existing  and  fu ture  techn ical  reports,  respectivel y,  wh ich  wi l l  be  
added  as  add i ti onal  supplements.  

Supplement 1 ,  Parts  1  to  4 ,  were  previous l y publ ished .  These  included :  

Part  1 :  Modu les  for the  Construction  of Measurement Equations  (CIE  201 1 b) ;  

Part  2 :  Examples  for Models  wi th  I nd ividual  I nputs  (CIE  201 1 c) ;  

Part  3 :  Examples  for the  Solving  of Systems of Equations  (CIE  201 1 d ) ;  

Part  4 :  Examples  for Models  wi th  Distribu tions .  (CIE  201 1 e)  

Supplement 2  deals  wi th  spectral  measurements  and  quanti ti es  that are  ca lcu lated  from  them .   

Many quan ti ti es  of i n terest i n  rad iometry,  photometry and  colorimetry are  obta ined  by 
measuring  values  at a  series  of wavelengths,  then  combin ing  those  i n  a  particu lar way to  form  
the  des ired  outcome.  Most commonl y these  are  weighted  sums of the  measured  va lues.  The  
uncerta in ty of each  measured  value  i s  determ ined  by the  variabi l i ty of the  i n fl uence components  
of the  measurement.  Because  the  measured  va lues  are  of the  same  quan ti ty at  d i fferent  
wavelength  setti ngs,  some of the  i n fluence componen ts  wi l l  affect a l l  the  values  in  a  common  
manner.  Hence the  measured  values  con ta in  corre lations  that  affect  the  uncerta in ty of any 
resu l t  formed  by combin ing  them .  

Measured  values  are  often  used  to  calcu late  values  at d i fferent waveleng ths  than  those  of the  
measurement,  by i n terpolation  or fi tti ng .  These  new values  are  found  by combin ing  the  orig inal  
measured  values  and  thus  i n troduce  or mod i fy correlations  among  the  set of va lues  that are  
used  for subsequent combinations .  Corre lations  i n troduced  by mathematica l  operations  –  
l og ical  correlations  i n  contrast to  measurement correlations  –  can  be  re lativel y complex.  

Reference spectral  standards  are  often  reported  as  a  table  of spectral  va lues  and  their total  
uncerta in ties.  Cal ibration  of the  spectral  va lues  of test artefacts  i n troduces  more  correlations  i n  
the  measurement as  wel l  as  propagating  those  present i n  the  reference  data  through  to  the  
spectral  va lues  of the  test i tem .  Properl y accounting  for uncertain ties  of quan ti ties  calcu lated  
by combin ing  the  ca l ibrated  spectral  values  requ i res  that correlations  wi th in  the  reference  
values  shou ld  be  provided ,  as  wel l  as  the  tota l  uncertain ties .  

2  Scope  

The primary concern  of th is  document i s  the  orig in  and  treatment of correlations  i n  measured  
spectral  va lues  and  thei r propagation  through  the  various  operations  commonl y appl ied  to  
obtain  various  quanti ties  of i n terest.  Examples  for a  number of such  quan ti ties  and  their 
uncerta in ties  are  g i ven ,  i nclud ing  the  propagation  of correlations  through  cal i bration  against a  
reference artefact.  Examples  are  a lso  g i ven  for uncertain ty propagation  th rough  Monte -Carlo  
s imu lation ,  i nclud ing  the  treatment of correlations  i n  the  i npu t values.  

Whi le  speci fic examples  are  g iven  to  i l l ustrate  the  importance  of corre lations,  a  fu l l  uncertain ty 
treatment of a l l  the  i n fl uence  components  for each  example  is  not g iven .  Representati ve  va lues  
for uncertain ties  of a  med ium  qual i ty measurement are  appl i ed  to  a l l  examples,  where  the  
i n fl uence components  are  treated  by generic  type,  bu t resu l ts  are  presented  i n  such  a  way that  
they can  be  scaled  by i n fl uence components  for a  particu lar system  and  appl ication .  
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3  Symbols  used  in  th is  document 

( )u x   s tandard  uncertain ty of quan ti ty x  

2 ( )u x  variance  of quanti ty x .  2( ) ( )u x u x? ?  

( , )u x y  covariance  of quan ti ti es  x  and  y   

r x y( , )  correlation  coefficient between  x  and  y :  
( , )

( , )
( ) ( )

u x y
r x y

u x u y
?  

iS   spectral  value  at the  ith  wavelength  

rel ( )u x   re lative  standard  uncertain ty of quan ti ty  x :  ? ?rel
( )u x

u x
x

?  

2
rel ( )u x  re lative  variance  of quan ti ty  x :  

2
2
rel 2

( )
( )

u x
u x

x
?   

rel ( , )u x y  re lati ve  covariance  of quan ti ti es  x  and  y :  rel
( , )

( , )
u x y

u x y
xy

?  

( )k iu S  uncertain ty of iS  con tribu ted  by the  kth  i ndependent measurement 

component  

NOTE  For cl ari ty,  the  symbols  k iu Su, ( )  and  k iu Sc, ( )  may be  used  to  denote  

measurement components  that are  uncorrelated  (subscript  u )  or 
correlated  (subscript  c)  at  d i fferent  wavelengths,  respectivel y.  

k iu S* ( )  s i gned  uncertain ty of iS  contribu ted  by the  kth  i ndependen t measurement 

component;  used  where  the  s ign  of the  sens i ti vi ty coefficien t for the  effect  
of that componen t may vary  

SU   uncertain ty matrix (variance-covariance  matrix)  for a  spectrum  of va lues  

iS  

, kc c   sens i ti vi ty coefficients  –  l i near dependence of the  uncertain ty of a  qua n ti ty 
on  a  particu lar componen t  

,a bC   matrix (or vector)  of sens i ti vi ty coefficien ts  for the  dependence  of  ou tput 
variable(s)  a  on  i npu t variable(s)  b  

4 Uncertainties  associated  wi th  spectroradiometric values  

The methods  to  establ ish  uncertain ty of a  s ing le  quanti ty to  be  measured  (JCGM  2008a)  are  
now wel l  known .  The  measurement depends  on  various  i n fl uence quanti ties  that m ight  i ncl ude  
ampl i fier gain ,  background  l evels ,  temperature,  etc.  The  measurement equation  or equations  
showing  the  dependence  of the  measurand  on  these  fac tors  then  a l l ows  the  determ ination  of 
sensi ti vi ty coefficients ,  or mu l ti p l i ers  of the  contribu tion  of the  uncerta in ty of the  i n fl uence  
factors  to  the  uncertain ty of the  desired  measurand .  For example,  the  measured  value  of 
i rrad iance  from  a  poin t source  of  known  l um inous  i n tensi ty depends  on  the  square  of the  
d istance  from  the  source,  so  the  con tribu tion  of re lati ve  uncertain ty i n  that d istance  i s  doubled  
i n  i ts  con tribu tion  to  re lati ve  i rrad iance.  Many,  i f not most,  quanti ties  i n fl uencing  a  measurement 
are  i ndependent and  can  be  treated  separatel y and  summed  i n  quadrature  to  determ ine  the  
tota l  uncertain ty of the  measurand .  

Sometimes  the  factors  contribu ting  to  a  s ing le  measurand  may not be  independent,  bu t re lated .  
Th is  correlation  between  the  in fl uence qu anti ties  must be  considered  when  estimating  the  
uncerta in ty of the  measurand .  The  typical  example  quoted  i s  that of a  quanti ty wh ich  depends  
on  temperature  and  pressure,  bu t  pressure  also  depends  on  temperature.  Variation  of the  
temperature  wi th in  i ts  uncertain ty range  produces  a  correlated  variation  in  the  pressure.  
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Another example  is  a  mass  cal ibration ,  where  various  weights  are  added  to  balance  the  mass  
of the  requ ired  object.  Each  of the  added  masses  wi l l  trace  back to  a  common  reference;  the  
uncertain ty of that reference  then  contribu tes  a  number of t imes  to  the  requ ired  measurement;  
these  correlations  must be  i ncluded  i n  the  uncertain ty of the  measurement.  Treating  the  
uncertain ties  of the  con tributi ng  masses  as  uncorrelated  (random)  wi l l  under -estimate  the  
uncertain ty of the  combination .   

When  a  series  of s im i lar measurements  is  made,  common  factors  i n  the  measurement process  
may be  present  for each  member.  Rad iometric measurements  of spectral  power d istributions  
(SPD)  or “spectra”  (s i ngu lar  ”spectrum ”)  are  examples  where  correlations  are  common,  aris ing  
from  a  common  in fluence  component affecting  the  measured  values  at  each  wavelength .  Note  
that correlations  are  on l y importan t when  measurements  are  combined ,  as  i n  the  examples  of 
the  mass  cal ibration .  However,  combin ing  spectra l  va lues  i s  common  i n  rad iometry,  photometry 
and  colorimetry,  and  an  understand ing  of correlations  and  the  propagation  of uncertain ty of 
combinations  of correlated  quanti ties  i s  important to  properl y estimate  uncertain ties.  

NOTE  Measured  spectral  data  are  a  convolu tion  of the  true  spectrum  wi th  the  l i ne -spread  function  of 
the  measurement system.  Th is  convolu tion  means  that values  at  ad jacent waveleng ths  are  a l so  
re lated  th rough  the  bandwid th  of the  measurement,  wh ich  i s  parti cu larl y eviden t  around  non -
l i near g rad ien ts  such  as  spectral  l i nes  and  cu t -on /cu t-off fi l ters .  Th is  i s  not a  process  i n  wh ich  
the  measured  value  departs  from  the  true  value  due  to  the  precis ion  of the  measurement  
system,  bu t one  wh ich  i s  determined  by the  resol u tion  and  wavelength  spacing  of the  
measurement.  On l y uncerta in ty of the  measurement process  i s  covered  i n  th i s  document.   

4.1  Correlation  of measured  spectral  values  

At an  ind ividual  wavelength  of a  spectral  rad iometric  measurement,  the  various  factors  that 
con tribu te  to  measurement uncertain ty are  general l y i ndependent.  Examples  m igh t be  
wavelength  error,  ampl i fi er noise,  ampl i fier gain ,  s tray l i gh t or ampl i fier offset to  be  subtracted .  
Uncertain ties  for each  can  be  measured  from  repeat measurements ,  estimation  from  previous  
experience,  etc.  Because  the  effects  are  i ndependent,  the  tota l  uncertain ty at  a  g i ven  
wavelength  can  be  found  by summing  the  component uncertain ties  in  quadrature.  

However,  each  component effect  in fluencing  the  measured  va lue  at  a  g i ven  wavelength  can  
now be  separated  in to  those  that are  uncorrelated  and  those  that  are  correlated  at d i fferent 
wavelengths.  When  spectral  measurements  are  combined ,  the  uncertain ty contribu tion  of 
effects  that are  uncorrelated  at  the  d i fferent  wavelengths  is  reduced ,  effecti vel y averaged  to  an  
extent depend ing  on  the  re lati ve  weighting  of the  values,  bu t  that of correlated  components  i s  
not.  

Correlated  components  of a  spectrum  of measurements  ( 1, , )iS i n? ,  where  i  d enotes  

measurement at the  ith  of n  wavelengths,  are  fu l l y correlated  at  d i fferen t wavelengths.  For 
example,  ampl i fier offsets,  or ampl i fi er gain  are  the  same  across  the  spectrum  ( in  the  absence  
of d ri ft  wi th  time or gain  changes  during  the  measurement sequence);  i f the  value  assigned  to  
the  gain  has  a  particu lar offset wi th in  i ts  uncertain ty range,  that same offset i s  appl ied  to  the  
measurement  at a l l  wavelengths .  Stray l i ght  l evels  are  closel y re lated  at ad j acent wavelengths,  
general l y described  by some functional  re lation  wi th  wavele ng th  and  re lated  to  the  tota l  l ight  
l evels ;  chang ing  the  parameters  of the  function  wi th in  their uncertain ty ranges  wi l l  affect the  
values  ass igned  to  the  stray l i gh t at  a l l  wavelengths.   

For each  i ndependent measurement variable  kx  having  a  component uncerta in ty ku x( )  wh ich  

is  correlated  at the  d i fferen t wavelengths ,  the  correspond ing  variance  i n  the  spectral  quan ti ty 
i s  propagated  through  the  measurement equation  (examples  are  g i ven  below):  

,( , )i i k i kS f x f?? ?  (1 )  

where  ? i  denotes  the  ith  wavelength .  

The  variance  of the  spectral  quanti ty for th is  corre lated  component i s  

k i i k ku S c u x?2 2 2
,( ) ( )  (2)  
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where  ,
,

i k
i k

k

f
c

x

?
?

?
 i s  the  sens i ti vi ty coefficien t 1  for the  dependence of the  spectral  va lue  on  the  

correspond ing  measurement variable.  The  correspond ing  uncerta in ty  for the  spectral  va lue  is  
then  

k i k i i k ku S u S c u x? ? ?2
,( ) ( ) ( )  .  (3) 

The  covariance  between  spectral  values  iS  and  jS  for th is  uncertain ty component i s  

k i j i k k j k ku S S c u x c u x? , ,( , ) ( ) ( )  .  (4) 

Th is  can  be  rewri tten  to  separate  the  s ign  of the  sens i ti vi ty coefficient  from  i ts  ampl i tude  as  

? ? ? ? ? ? ? ?k i j i k i k k j k j k k i k j k k i k ju S S c c u x c c u x c c u S u S? ?, , , , , ,( , ) sgn ( ) sgn ( ) sgn sgn ( ) ( )  .  (5) 

The  correlation  coefficien t correspond ing  to  th is  covariance  is  g i ven  by  

k i j
k i j

k i k j

u S S
r S S

u S u S

? ? ?
2 2

( , )
( , ) 1

( ) ( )
 ,  (6) 

showing  that for correlated  uncertain ty componen ts,  the  correspond ing  spectral  values  
themselves  are  a lso  fu l l y correlated ,  bu t that the  s ign  of the  correlation  can  be  posi ti ve  or 
negative.  For most  component effects  spectra l  va lues  are  posi ti vel y correlated ;  one  important 
exception  is  correlati ons  due  to  wavelength  uncerta in ty,  as  shown  below.   

Where  the  s i gn  of the  sensi ti vi ty coefficient for a  g i ven  correlated  effect may change  across  the  
spectrum ,  we  can  treat  the  uncertain ty of the  spectral  va lue  due  to  that effect as  “s i gned”:  

k i i k ku S c u x?*
,( ) ( )  .  (7) 

NOTE  The  use  of sensi ti vi ty  coeffi cien ts  to  propagate  uncerta in ty and  correlations  assumes  that the  
ou tpu t quanti ti es  have  a  l i near dependence  on  the  i npu t  quan ti ti es  over the  uncertain ty range  
abou t the i r measured  values.  

4.2  Uncertainty components  of spectral  measurements  

Many effects  can  i n fl uence the  uncertain ty of each  measured  spectral  value.  The  uncertain ty of 
each  i n fl uence component i s  determ ined  e i ther by statistical  anal ys is  of repeated  
measurements  (Type  A)  or by estimation  (Type  B).  Some i n fl uence components  con tribu te  to  
uncerta in ty i n  a  random  (uncorrelated)  manner at  d i fferent wavelengths,  characteri zed  by what 
i s  clearl y “noise”  superimposed  upon  an  otherwise  smooth  spectrum .  Others  affect the  
measured  spectral  values  i n  a  re lated  manner at  a l l  wavelengths,  that i s ,  the  effect i s  corre lated  
across  the  spectrum .   

Wh i le  in fluence  components  must be  assessed  for each  measurement system ,  they can  
general l y be  d i vided  in to  three  classes;  scal i ng ,  offset  a nd  wavelength  re lated .  Each  class  
con tains  components  for wh ich  the  spectral  va lues  are  uncorrelated  and  correlated  at  the  
d i fferent  waveleng ths.   

Component effects  at  a  g iven  wavelength  i n  a  spectral  measurement are  general l y i ndependent 
and  each  can  be  treated  wi th  a  s imple  measurement equation  re lating  the  requ i red  spectra l  
va lue  iS  to  the  measured  s i gnals .   

—————————  

1  Sensi ti vi ty coeffi cien ts  may be  calcu l ated  by d i rect  d i fferen tiati on  or numerical l y by the  effect  on  the  ou tpu t  
quanti ty of a  smal l  pertu rbation  about the  mean  value  of the  i npu t  quanti ty.  
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At the  ith  wavelength ,  the  measurement equation  i s  

? ?S, 0,i i i i iS g V V b? ? ?  (8) 

where  

ig  i s  the  ampl i fi er gain ;  

S, 0,,i iV V  are  s i gnals  (vol tage  or current)  recorded  wi th  source  rad iation  present and  absent,  

respectivel y;  

ib  refers  to  offsets  that remain  after gain  correction .   

4.2.1  Scal ing  components  

Scal i ng  components  can  include  geometric  quan ti ti es  such  as  l amp posi ti on  and  un i form i ty,  
ampl i fier gains  or wavelength - i ndependent source  noise  or d ri ft.  Ampl i fi er gains  are  typical l y 
i ndependent of wavelength ,  i . e .  fig g?  where  gf  i s  a  constan t,  bu t  can  vary th rough  the  

measurement.  Source  variations  wi l l  general l y be  wavelength  dependent.  

Assum ing  that  a  fixed  gain  i s  used  to  measure  the  source  and  background  vol tages,  uncertain ty 
and  covariance  contribu tions  to  the  spectral  va lue  are  

? ? ? ?

? ?
? ? ? ? ? ?

S, 0, f

c c

( )

For :
 , 0             uncorrelated  components

 ,       correlated  components

i i i

i j

i j i j

u S V V u g

i j

u S S

u S S u S u S

? ?

?
?

?

 (9) 

where  the  spectral  values  are  to  be  combined  l i nearl y,  such  as  i n  weigh ted  sums,  and  the  
scal ing  factor i s  constant across  the  measurement,  corre lations  i n troduced  by scal ing  can  be  
avoided  by appl ying  the  scal i ng  after form ing  the  sum .  

I f the  scal ing  factor i s  varying  i n  time (e . g .  ampl i fi er gain  i s  chang ing  s lowly –  “dri fti ng”  –  d uri ng  
the  measurement sequence)  or changed  for particu lar wavelength  ranges  (gain  changes  i n  
reg ions  of weak s i gnal )  then  correlations  between  the  gain  terms  need  to  be  i ncluded :  

? ? ? ?

? ?
? ? ? ? ? ?

S, 0, ( )

For :
 , 0        uncorrelated  components

 ,       correlated  components

i i i i

i j

i j c i c j

u S V V u g

i j

u S S

u S S u S u S

? ?

?
?

?

 (1 0) 

Fortunatel y,  ampl i fi er gains  are  typ ica l l y stable  and  accuratel y known  and  the  con tribu tion  to  
uncertain ty of the  spectral  va lues  is  often  neg l i g ible  (see  5. 9  for a  coun ter example).  

Source  noise  or d ri ft i s  treated  as  a  change  in  s ignal  vol tage:  

? ?

? ?
? ? ? ? ? ?c c

( )

For :
 , 0        uncorrelated  components

 ,       correlatedcomponents

i i i

i j

i j i j

u S g u V

i j

u S S

u S S u S u S

?

?
?

?

 (1 1 ) 

NOTE  Sensi ti vi ty coefficien ts  for th ese  effects  are  a lways  posi ti ve,  as  are  correlations,  and  s i gned  
uncertain ties  are  not requ i red .  
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4.2.2 Offset components  

Offsets  such  as  ampl i fi er offsets  or s tray l i gh t  reach ing  the  detector wi thout wavelength  
selection ,  such  as  l i gh t scattered  d i rectl y to  the  detector from  physical  components  of the  
spectrometer are  subj ect to  the  gain  of the  ampl i fier and  form  part  of the  s ignal  0,iV ;  for these,  

? ?

? ?
? ? ? ? ? ?c c

0,( )

For :
 , 0                      uncorrelated  components

 ,  correlated  components

i i i

i j

i j i j

u S g u V

i j

u S S

u S S u S u S

?

?
?

?

 (1 2) 

Stray l i ght  that  arises  from  d ispersed  l i gh t s cattered  to  the  detector and  appearing  at  a  d i fferent 
wavelength  setting  to  the  primary response  is  subj ect  to  the  same process  as  the  requ i red  true  
spectrum .  Accuratel y determ in ing  the  l evel  of such  stray l i gh t (the  s ignal  ib )  i n  reg ions  where  

the  source  is  weak is  one  of the  most d i fficu l t  aspects  of spectra l  measurement.  For th is  
component,  

? ?

? ?
? ?

i i

i j

i j i j

u S u b

i j

u S S

u S S u b u b

?

?
?

? c c

( )

For :
 , 0                uncorrelated  components

 , ( ) ( )  correlated  components

 (1 3) 

NOTE  Sensi ti vi ty coeffi cien ts  for these  effects  are  negative,  hence  correlations  are  a lways  posi ti ve  
and  s i gned  uncertain ties  are  not requ i red .  

4.2.3 Wavelength  components  

The sensi ti vi ty coefficien t for the  dependence  of the  spectra l  value  iS  u pon  wavelength  is  

s impl y i ts  derivati ve  wi th  respect to  wavelength .  Th is  i s  evaluated  numerical l y from  va lues  at  
nearby wavelengths,  and  i t  can  be  e i ther posi ti ve  or negative.  Hence  i t  i s  important to  use  
s i gned  uncertain ties:  

? ?

? ?
? ? ? ? ? ?

i
i

i j

i j i j

S
u S u

i j

u S S

u S S u S u S

?
?

?
?

?

?
?

?

*

* *
c c

( )

For :
 , 0                       uncorrelated  components

 ,  correlated  components

 (1 4) 

For componen ts  correlated  at  d i fferen t wavelengths ,  the  correlation  coefficien t i s  e i ther +1  or 
−1  as  demonstrated  in  F igure  1 .  The  two  curves  demonstrate  the  correlation  between  values  
for correlated  wavelength  sh i ft wi th in  the  uncertain ty band .  I f the  ass igned  wavelength  is  h igher 
than  the  true  value,  measured  values  A and  B  are  l ower and  measured  values  C  and  D  are  
h igher,  respectivel y,  than  the  true  spectral  va lues  at  the  assigned  wavelength .  Pa irs  A,B  and  
C,D  are  pos i ti vel y correlated .  Al l  other combinations  ( e . g .  A,C)  have  one  member h i gher and  
one  member lower –  these  combinations  are  negativel y correlated .  
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Figure 1  —Systematic shift in  wavelength  can generate positive and negative correlations  

4.2.4 Estimating  systematic uncertainties  in  spectral  measurements  

Consider a  background  spectrum  recorded  wi th  the  source  b locked  such  as  that shown  in  F igure  
2 ,  recorded  at 5  nm  in tervals.  The  fine  structure  is  clearl y random  noise.  The  mean  value  of the  
spectrum  is  0 , 1 5.  I f we  assume that th is  represents  a  constan t value  b  to  be  subtracted  from  a  

spectrum  recorded  wi th  the  source  enabled ,  the  s tandard  deviation  of 0 , 06  for the  n  =  41  values  
represents  the  uncertain ty ( )u b  of the  random  (uncorrelated)  background  at  each  wavelength .  

The  mean  value  a lso  has  uncertain ty;  the  standard  deviation  of the  mean ,  ( )u b n  =  0 , 001 5,  i s  

then  the  correlated  uncertain ty component of the  background ,  fu l l y correlated  between  
wavelength  pai rs .  The  red  l i nes  on  the  figure  i nd icate  a  range  of ±1  s tandard  deviation  of the  
mean  about the  mean .  Repeated  measurements  of the  background  spectrum  shou ld  confi rm  
the  s tandard  deviation  of the  mean .  These  uncertain ties  appl y for a  s ing le  source  spectrum  
under the  same cond i tions;  i f the  background  noise  and  the  uncertain ty of the  mean  for a  s ing le  
source  spectrum  are  s i gn i fican t,  they can  be  reduced  by bracketing  repeat measurements  of 
both  background  and  source  spectra.  

 

Figure 2 —  Example of a random background spectrum 

Stray l i ght i s  l i ght that reaches  the  detector through  a  path  other than  that  wh ich  is  i n tended .  
Stray l i gh t adds  to  the  true  spectrum  and  so  consti tu tes  an  offset wh ich  cannot be  removed  by 
averag ing  repeated  measurements.  I t  can  be  i n ternal  or external  and  homochrom ic or 
heterochrom ic as  fol l ows:  
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?  I n ternal  s tray l i ght  i s  s tray l i gh t that arises  from  wi th in  the  spectrometer i tsel f,  such  as  
scattering  from  imperfections  i n  the  grati ng  or reflections  of the  zeroth  order  off the  wal ls  of 
the  chamber or other components  i n  the  spectrometer.  

?  External  stray l i ght  has  i ts  orig in  ou ts ide  the  spectrometer,  such  as  reflections  of the  source  
from  other surfaces  i n  the  room  or from  other l i gh t  sources  such  as  i nstrument i nd icator 
l igh ts.  

?  Homochrom ic stray l i ght  i s  stray l igh t of the  same wavelength  as  that being  measured ,  such  
as  from  mu l tip le  reflections  wi th in  optical  components  or from  external  stray l i gh t.  

?  Heterochrom ic s tray l i gh t i s  s tray l i gh t  from  wavelengths  other than  tha t being  measured  
such  as  most i n ternal  stray l i gh t.  

Offsets  due  to  stray l ight  can  be  estimated  us ing  fi l ters  (Shaw and  Goodman  2008)  .  I n  array 
spectrometers ,  particu larly i n  physical l y smal ler or poorl y-designed  models ,  i n tern al  s tray l i gh t  
can  be  a  dom inan t source  of uncertain ty.  Methods  of characterizing  and  correcting  for i n ternal  
stray l i ght  wi th in  the  measurement range  of the  spectrometer are  avai lab le  (Zong  et a l .  2006 ,  
Nevas  et a l .  201 2) .  For scann ing  spectrometers  the  in ternal  s tray l i ght i s  usual l y neg l i g ib le  and  
external  stray l i ght  needs  to  be  evaluated  and  m in im ized ,  particu larl y i f absolu te  spectra l  
measurements  are  being  performed.  

Wavelength  uncertain ty components  are  derived  from  cal i bration  using  narrow-band  spectra l  
sources  such  as  isolated  atom ic l ine  em issions  (CIE  201 4a)  or absorption  features  i n  rare  earth  
g lasses.  The  l i ne  posi tions  are  typical l y obta ined  from  an  encoder,  s tep  coun ts  from  a  stepper 
motor or p ixel  pos i ti on  a long  a  detector array.  For the  l i ne  pos i tions  ix ,  res iduals ,  ie ,  are  

calcu lated  as  the  d i fference  between  the  pred icted  wavelength  ( )if x  and  the  ca l ibration  

wavelength  i? :  

( )i i ie f x ?? ?  .  (1 5) 

The  pred iction  function  i s  commonl y l i near for a  scann ing  spectrometer wi th  a  s i ne-bar scann ing  
mechan ism ,  or a  l ow-order pol ynom ial ,  or may be  a  more  compl icated  function  such  as  an  
offset-cosine  for a  d i rectly-rotated  grati ng  spectrometer.  F igure  3  shows  a  p lot of res iduals  for 
an  array spectrometer where  the  pred iction  function  is  a  cubic pol ynom ia l .  The  variance  of the  

res iduals ,  2? ,  i s  g iven  by 

2 2

1

1 N

i

i

e
N n

?
?

?
? ?  (1 6) 

where  

N  i s  the  number of ca l i bration  wavelengths ;  

n  i s  the  number of fi tted  parameters.   

Provided  the  cal ibration  l i nes  are  isolated  and  properl y identi fied ,  the ir uncertain ty is  neg l i g ib le.  
The  uncertain ty i n  posi tion  is  determ ined  main l y from  the  precis ion  wi th  wh ich  the  l i ne  centre  is  
able  to  be  determ ined .  Th is  i n  turn  depends  on  the  resolu tion  of the  spectrometer,  the  scann ing  
i n terval  wi th in  the  resolu tion  (fixed  as  the  p ixel  spacing  for an  array)  and  any i n terpolation  or 
fi tti ng  methods  employed .  Deconvolu tion  can  be  a  usefu l  techn ique  to  determ ine  l i ne  centres  
(Gardner 201 4) .  The  precis ion  of fi tting  the  l i ne  cen tres  is  used  to  determ ine  the  uncorrelated  
(random)  uncertain ty i n  posi tion ,  propagated  in  turn  through  the  pred iction  function  to  determ ine  
the  uncertain ty i n  the  pred icted  wavelength .  Least -squares  fi tting  means  that a l l  the  parameters  
a  of the  pred iction  function  depend  on  a l l  the  combined  i npu t posi tions  and  hence,  even  for the  
random  uncerta in ty of the  posi tion ,  the  fi t  parameters  are  correlated ,  usual l y at a  h igh  l evel .  
F i tti ng  processes  (regression)  typical l y provide  the  matrix  of corre l ation  coefficien ts  for the  
parameters  aU ,  assum ing  an  uncorre lated  uncertain ty of the  i npu t poin ts .  Wi th  th is  matrix,  the  

wavelength  uncertain ty (variances  and  covariances)  propagated  from  the  pos i tion  uncertain ty 
can  be  determ ined  at any waveleng th  using  
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T
, ,a a a? ? ??U C U C  (1 7) 

where  ,a?C  i s  the  sens i ti vi ty matrix for the  dependence of the  wavelength  at g iven  posi tion  on  

the  parameters,  i . e .  the  derivati ves  of the  fi tti ng  function  wi th  respect to  the  parameters,  at each  
of the  requ ired  wavelengths.  The  superscript  T  i n d icates  the  transpose  (used  wi th  the  same 
mean ing  throughou t th is  document) .  Th is  i s  the  uncertain ty pred iction  band .  At  any wavelength  
there  i s  a lso  an  uncorrelated  component,  whose  variance  i s  that of the  residuals ,  ie .  Add ing  

the  variance  of the  res iduals  to  the  pred icted  variances  (the  d iagonal  e l ements  of ?U )  l eads  to  

the  confidence  band  of uncertain ties.  F i gure  4  shows  the  pred iction  and  confidence  bands  
(68  %  confidence  i n terval )  for the  cubic fi t  of F i gure  3 ,  assum ing  that the  l i ne  centres  can  be  
determ ined  to  0 , 1  p ixel .  Correspond ing  correlation  coefficients  between  pairs  of wavelengths  
are  shown  in  F igure  5.  The  variance  of the  residuals  dom inates  that pred icted  variance  and  
thus  forms  the  major contribu tion  to  the  corre lations.  F i tting  is  covered  in  more  detai l  i n  C lause  
8.  

 

Figure 3 —  Cubic fit and residuals for the wavelength scale of an  array spectrometer 

 

Figure 4 —  Uncertainty prediction bands (pb) and confidence bands (cb) for the wavelength 
calibration of an  array spectrometer compared to the residuals  
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Figure 5 —  Correlation coefficients vs.  Pixel  number for the wavelength uncertainty of the array 
spectrometer 

Scann ing  spectrometers  general l y have  a  wavelength  scale  that i s  approximatel y l i near.  
Cal i bration  is  performed  by measuring  the  scale  read ings  for l i ne  sources  of known  wavelength  
then  m in im i zing  res iduals  between  pred icted  and  measured  pos i tions.  For scann ing  
spectrometers  where  the  resolu tion  can  be  varied ,  the  wavelength  cal i bration  function  can  be  
determ ined  at h igh  resolu tion .  H yper-scann ing  at  the  broader resolu tion  ( record ing  at many 
steps  wi th in  the  resolu tion)  i s  a  usefu l  means  of accuratel y determ in ing  l i ne  centres  at the  
broader resolu tion ,  enhanced  i f Richardson -Lucy deconvolu tion  is  a lso  appl ied  (Gardner 201 4) .  
F i gure  6  shows the  pred iction  and  confidence  bands  for a  spectrometer wi th  a  l i near scale  i f 
the  residuals  of F igure  3  appl ied  and  the  l ine  cen tres  were  determ ined  wi th  0 , 1  nm  uncertain ty.  
Note  that th is  i s  l ower accuracy than  0 , 1  p ixel  (approx.  0 , 04  nm)  for the  array spectrometer,  
hence  the  confidence  uncertain ties  are  l ess  dom inated  by the  variance  of the  res idu als  and  the  
correlations  are  h igher than  for the  array cal i bration .  

I n  both  cases,  the  pred iction  band  uncerta in ties  rise  sharpl y i n  the  reg ions  where  the  
wavelength  scale  is  extrapolated  beyond  the  range  of the  cal ibration .  

 

Figure 6 —  Uncertainty prediction bands (pb) and confidence bands (cb) for the wavelength 
calibration of a scanning spectrometer compared to the residuals  
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Figure 7 —  Correlation coefficients vs.  wavelength (nm) for the wavelength uncertainty of a 
scanning spectrometer 

For a  scann ing  spectrometer,  the  waveleng th  scale  shou ld  be  ca l ibrated  wi th  a  narrow 
bandwid th  (smal l  s l i ts)  to  determ ine  the  relative  offsets  from  the  scale  read ing.  A supplementary 
cal i bration  at a  s ing le  l i ne  ( e. g .  zero  order)  or poss ib l y a  number of l i nes,  bu t not a  fu l l  
determ ination  of the  scann ing  function ,  i s  then  used  to  determ ine  the  wavelength  offset at  a  
resolu tion  used  for a  spectral  measurement,  general l y l ower than  that used  to  determ ine  the  
scann ing  function .  Determ in ing  the  l i ne  centre  for the  wider bandwid th  may be  sh i fted  re lative  
to  that determ ined  wi th  narrow s l i ts ,  and  in  general  wi l l  be  l ess  precise  thus  add ing  to  the  
correlated  wavelength  error.  H yper-scann ing  fo l l owed  by Richardson -Lucy deconvol u tion  is  
a lso  effective  to  reduce th is  added  correlated  component and  re lati ve  scale  offsets  themselves,  
p lus  determ ine  posi ti ons  for otherwise  unresolved  l i nes.   

The  procedures  above  are  re lativel y compl icated  and  are  on l y necessary where  wavelength  
accuracy is  important to  a  resu l t  that combines  the  spectral  va lues.  A s imple  method  that may 
be  effective  i n  many cases  is  analogous  to  that of the  background  componen ts:  take  the  
variance  of the  res iduals  as  that representing  uncorrelated  wavelength  uncerta in ty and  the  
uncertain ty of mean  residual  as  that representing  correlated  wavelength  uncertain ty.  I f 
wavelength  uncertain ty i s  then  a  m inor contributor to  the  desired  ou tcome,  i t  i s  not necessary 
to  use  the  fu l l  treatmen t of the  fi tti ng .  For both  examples  ab ove th is  wou ld  yie l d  a  tota l  
wavelength  uncertain ty of 0 , 07  nm  and  a  constant  correlation  coefficien t of 0 , 06.  Whi le  the  
estimate  of the  uncertain ty agrees  reasonably wi th  F igure  4  and  F igure  6,  the  estimate  of the  
correlations  is  l ow compared  to  those  shown  in  F igure  5  and  F igure  7 .   

I f the  deviation  from  l ineari ty i s  smal l ,  the  uncerta in ty of the  fi t  may be  described  as  a  
rectangu lar d is tribu tion  appl ied  to  the  maximum  deviation  from  l i neari ty (Kessel  et a l .  201 6) ,  
fu l l y correlated  at a l l  wavelengths.  

4.2.5 Dri ft vs  noise  

Random  variation  of an  i n fl uence factor on  a  time scale  short  compared  to  the  time to  record  a  
spectrum  appears  as  noise.  I f the  variation  i s  s low compared  to  the  measurement time,  i t  
appears  as  “dri ft”  and  affects  a l l  va lues  i n  a  coord inated  manner.  I f repeat spectra  are  recorded ,  
the  va lues  at d i fferen t wavelengths  appear as  correlated .  A practical  example  i s  shown  i n  5 . 9 .  
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5 Uncertainty of combinations of spectral  values  

Consider now the  propagation  of uncertain ties  from  ind ividual  spectral  va lues  to  some 
combination  of those  values,  typical l y a  weighted  sum ,  bu t a lso  appl icable  to  i n terpolation ,  
fi tti ng ,  bandwid th  correction  and  other man ipu lations  of the  d i rectl y measured  spectral  va lues  
for wh ich  we  have  been  able  to  determ ine  uncerta in tie s ,  i ncl ud ing  covariances,  from  an  
understand ing  of the  measurement process  i tsel f.  Denoting  the  spectral  va lue  at the  ith  
wavelength  as  iS  and  the  combination  as  some function  of those:  

( ) ;  1, . . . ,iF f S i n? ?  ,  (1 8)  

the  con tribution  to  the  variance  of  F  from  the  kth  i ndependent uncerta in ty component i s  g i ven  
by 

? ?k k k

n n n

k i i i j k i j i j

i i j i

u F c u S c c r S S u S u S

? ? ? ?

? ?? ? ?
2

2

1 1 1

( ) ( ) 2 ( , ) ( ) ( )  (1 9) 

where  i
i

F
c

S

?
?
?

 i s  the  sens i ti vi ty coefficien t for the  dependence  of  F  on  iS .   

For uncorrelated  components,  the  second  term  is  zero :  

? ?k

n

k i i

i

u F c u S

?

??R

2
2
,

1

( ) ( )  .  (20) 

For correlated  components,  kr ? ?1  for each  pai r,  and  Equation  (1 9)  reduces  to  

? ? k kk

n n n n

k i i i j i j i k i

i i j i i

u F c u S c c u S u S c u S

? ? ? ? ?

? ?
? ?? ? ?
? ?

? ?
? ? ? ?c cc, cc , ,,

2
2

2 * * *
,

1 1 1 1

( ) ( ) 2 ( ) ( ) ( )  .  (21 ) 

Th is  shows that spectrum  uncertain ty components  that are  correlated  across  wavelengths  
con tribu te  l inearl y when  the  spectral  va lues  are  combined .  S igned  uncertainties  must  be  used  
when  correlations  for a  g iven  effect can  be  posi ti ve  or negative  through  the  spectra l  range.  

I f u ncertain ties  for combinations  of spectral  values  are  propagated  us ing  the  partia l l y correlated  
uncertain ties  aris i ng  from  summ ing  over the  correlated  and  uncorrelated  components ,  the  fu l l  
express ion  of Equation  (1 9)  must be  used .  I n  some cases  i t  can  be  usefu l  to  propagate  the  
uncertain ties  through  the  spectral  combination  separatel y for each  component,  as  described  i n  
the  next clause.  

5.1  Propagation  through  spectral  combinations  by uncertainty component  

Weighted  sums  of spectral  va lues  are  common  i n  photometry (photometric response)  and  
colorimetry (tris timu lus  va lues)  i n  particu lar.  They have  the  form  

1

n

i i

i

F w S

?

??  (22) 

where  the  iS  va l ues  are  partl y correlated  due  to  a  m ix  of uncorre lated  and  correlated  

uncertain ty components.  The  weights ,  iw ,  a  product of tabu lated  va lues  carrying  no  uncertain ty  

and  a  wavelength  in terval  carrying  neg l i g ible  uncertain ty,  are  the  sensi ti vi ty coefficients  
requ ired  to  propagate  uncertain ty from  the  spectral  values  to  F .  The  variance  of F  d ue  to  the  
kth  u ncertain ty component of the  measurement can  be  calcu lated  separatel y depend ing  on  
whether that component i s  correlated  or not  at d i fferen t wavelengths:  
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n
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, ,

1

Uncorrelated:     ( ) ( )

Correlated:  ( ) ( )

 (23) 

The  k components  are  i ndependent.  The  tota l  variance  of F  i s  found  by summ ing  the  variances  
due  to  the  i nd ividual  component effects  and  the  uncerta in ty of F  g i ven  as  the  (posi ti ve)  square-
root of the  variance.   

For such  s imple  combinations,  propagating  uncertain t ies  by i nd ividual  components  of the  
spectral  measurement avoids  the  need  to  calcu late  correlation  coefficien ts  for each  pai r of 
spectral  va lues.  Th is  i s  i l l ustrated  i n  F igure  8.  Wh i l e  ind ividual  effects  may be  correlated  or 
uncorrelated  across  the  spectrum ,  they are  i ndependent.  The  contribution  of a  g iven  effect to  
the  uncertain ty of the  combined  spectral  values  is  ca lcu lated  us ing  the  appl icable  part  of 
Equation  (23)  bu t  these  l atter values  can  be  combined  in  quadrature.  The  uncertain ties  of 
i nd ividual  spectral  va lues  i nclude  a  m ix of uncorrelated  and  correlated  component effects  and  
can ’ t  be  s impl y combined  i n  quadrature  to  form  the  tota l  uncertain ty of the  combined  spectral  
values.  

NOTE  Summing  variances  by effect assumes  that each  effect i s  l i near over a  smal l  range  abou t the  
mean  value.  Wh i le  th i s  i s  general l y true  for measured  spectral  va lues,  i t  may not be  true  for 
values  calcu lated  from  the  spectral  va lues;  the  general  V(?)  m ismatch  i ndex 1 'f  (see  1 3. 1 )  i s  

an  example.  

Spectrum  Effect 1  Effect 2   Effect k  Combined  ?  

1S  1 1( )u S  2 1( )u S   1( )ku S  1( )u S  

2S  1 2( )u S  2 2( )u S   2( )ku S  2( )u S  

      

nS  1 ( )nu S  2 ( )nu S   ( )k nu S  ( )nu S  

Combined  ?  1 ( )u F  2 ( )u F   ( )ku F  2 2( ) ( )k

k

u F u F??  

NOTE  Greyed  values  are  partl y correlated .  

Figure 8 —  Propagating mixed correlated and uncorrelated  measurement uncertainties when 
spectral  values are combined  

5.2  Partial  correlations  

Just as  the  tota l  variance  of spectra l  va lues  is  found  by add ing  the  variances  due  to  the  
component effects  at each  wavelength ,  the  tota l  covariance  between  two values  at d i fferen t 
wavelengths  is  found  by add ing  th e  covariances  for the  component effects.  For random  effects,  
the  covariance  between  va lues  at d i fferent wavelengths  i s  zero.  I t  fo l l ows  that when  variances  
and  covariances  are  summed  over a  m ix of corre lated  and  uncorrelated  componen t effects ,  the  
magn i tude  of the  correspond ing  correlation  coefficien t i s  l ess  than  1 ,  that i s ,  the  spectral  va lues  
are  partly correlated.  The  uncertain ty values  in  the  ri gh tmost column  of F igure  8  are  partl y 
correlated  and  can ’ t  be  summed  as  squares  wi th  the  appropriate  sensi ti vi ty coefficien ts  to  form  
the  variance  of the  spectral  combination .  
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5.3  Forming  the covariance matrix from  the measurement uncertainty 
components  

I f the  uncertain ty contributions  for the  ind ividual  i n fl uence components  are  avai lable  for each  
spectral  va lue,  the  variance-covariance  matri x of the  spectrum  can  be  bu i l t  by summ ing  the  
variance-covariance  matrices  kU  for each  effect k  of F igu re  8 .   

For uncorrelated  i n fl uence component,  the  covariance  terms  are  zero  and  the  variance -
covariance  terms  for e lement ,i j  of kU  for effect k  are   

k i j k i

k i j

u S S u S i j

u S S i j

? ?

? ?

u u

u

2
, ,

,

( , ) ( )  for 

( , ) 0          for 
 

.

 (24) 

For a  correlated  componen t,  e l emen t ,i j  of kU  i s  g iven  by 

k i j k i k ju S S u S u S?c c c
* *

, , ,( , ) ( ) ( )  (25) 

where  al l  the  s igned  uncertain ties  are  posi ti ve  or a l l  negative  ( i n  practice  th is  means  i f the  
spectrum  is  monoton ic i n  wavelength) ,  the  s ign  superscript  can  be  d ropped  as  a l l  correlation  
terms  wi l l  be  pos i ti ve.  I f the  spectrum  contains  peaks  or val leys,  a  correlated  wavelength  
uncerta in ty componen t may reduce uncerta in ty i n  a  combination  of the  spectral  va lues  i n  that 
reg ion  (see  4. 2. 3) .  

Some reports  now include  separate  values  for the  qua drature  sum  of the  i ndependent correlated  
and  uncorrelated  componen ts  at  each  wavelength  (Goodman  et  a l .  201 5) ] .  These  values  can  
be  used  to  generate  a  variance-covariance  matrix  for the  spectra l  values  as  i n  Equations  (24)  
and  (25),  bu t wi l l  not i nclude  any reductions  i n  covariance  for correlated  wavelength  effects.  
Such  separation  wi l l  a lso  not properl y account  for the  re lativel y complex correlations  i n troduced  
by fi tti ng  functions  such  as  those described  i n  8. 4 .  

5.4 Partial  correlation  where the correlation  coefficient is  constant  

Consider a  spectrum  where  the  measured 2  va l ues  at d i fferent wavelengths  are  partl y correlated  
through  a  combination  of uncorrelated  and  correlated  components ,  bu t  the  ratio  between  
correlated  and  tota l  u ncertain ty at each  wavelength  is  constant.  For a  pair of spectral  va lues  
,i jS S ,  variances  are  g iven  as  the  sum  of the  variances  of the  systematic and  random  parts:  

i i i

j j j

u S u S u S

u S u S u S

? ?

? ?

c u

c u

2 2 2

2 2 2

( ) ( ) ( )

( ) ( ) ( )
 

.

 (26) 

The  systematic  component correlates  the  two  spectra l  values,  wi th  the  correlation  coefficien t  
g iven  by 

i j
i j

i j

u S u S
r S S r

u S u S
? ?

c c 2( ) ( )
( , )

( ) ( )
 (27) 

where  r  i s  the  ratio  of correlated  to  tota l  uncertain ty.  From  Equations  (26)  and  (27) ,  the  ratio  
of correlated  to  uncorrelated  uncertain ties  can  be  found ;  th is  i s  shown  in  F igure  9 .  I t  can  be  
seen  that  h i gh l y correlated  data,  typical l y the  case  for primary standards,  remains  h igh l y 
correlated  th rough  stages  of transfer that add  random  uncertain ty.  For example,  the  correlation  
coefficien t for a  spectrum  where  the  ratio  of correlated  to  uncorrelated  uncerta in ty is  constant 

—————————  

2 Th is  subclause  appl i es  to  measured  val ues  on l y.  Spectrum  values  g i ven  by i n terpol ation  or fi tti ng  have  complex 
correlati ons  that  cannot  be  separated  as  systematic  and  ra ndom  parts  at  each  wavelength .  
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at 4 : 1  i s  0 , 970.  Doubl ing  the  uncorrelated  uncertain ty component reduces  the  correlation  
coefficien t to  on l y 0 , 885.  

NOTE  The  correlated  and  uncorrel ated  components  at each  measured  spectral  va lue  may be  speci fi ed  
i n  d i fferen t ways,  such  as  separate  values ,  total  uncertain ty value  p l us  tota l  uncorrelated  or 
correlated  uncertain ty,  or thei r variance  equ i valen ts .  These  are  a l l  i n ter-related  through  
Equation  (26),  from  wh ich  the  ratio  of correlated  to  uncorrelated  effects  can  be  calcu lated  at  
each  wavelength .   

  

Figure 9 —  Correlation coefficient for fixed correlated to uncorrelated  uncertainty ratio 

5.5 Correlation  of mul tiple  combinations  of the  same spectral  values  

Consider a  second  function  that i s  a lso  a  combination  of the  same spectral  va lues  as  F :  

( ) ;  1, . . . ,iG g S i n? ?  .  (28) 

The  variance  and  hence uncerta in ty of G  i s  found  in  the  same  manner as  described  above for 
F .  Bu t now each  value  of iS  i s  common  to  both  F  and  G ,  and  con tribu tes  a  term  to  the 

covariance  of F  and  G .  For each  i nd ividual  effect  k,  i ndependent of whether the  effect i s  
correlated  or uncorrelated  at  d i fferen t wavelengths,  the  covariance  is  g i ven  by  

2
, ,

1

( , ) (S )
n

k F i G i k i

i

u F G c c u

?

??  .  (29) 

Note  that for systematic  effects,  th is  reduces  to  

n n

k F i k i G i k i k k

i i

u F G c u c u u F u G

? ?

? ?? ?* * * *
, c, , c, c, c,

1 1

( , ) (S ) (S ) ( ) ( )  ,  (30) 

showing  that  for fu l l y correlated  effects,  d i fferent combinations  of the  same spectral  va lues  are  
a lso  fu l l y correlated .  

As  an  example,  consider the  variances  and  covariances  of tris timu lus  values  calcu lated  from  
spectral  measurements :  

Tristimu lus  values  are  weigh ted  sums across  the  vi s ible  spectrum  representing  the  response  of 
the  eye  to  i ncident  l i ght.  The  weigh ting  functions  are  the  tabu lated  colo ur-match ing  functions  
( ), ( ), ( )x y z? ? ? ,  and  the  i n tegrated  response  to  each  of these  are  the  , ,X Y Z  tris timu lus  values,  

wh ich  are  the  basic  quanti ti es  used  to  describe  three-d imensional  colour coord inates.  The  
tris timu lus  va lues  are  g iven  by  

1 1 1

;    ;    
n n n

i i i i i i i i i

i i i

X x w S Y y w S Z z w S

? ? ?

? ? ?? ? ?  (31 ) 
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