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AN INTRODUCTION TO RIGID AEROPLANE RESPONSE TO GUSTSAND
ATMOSPHERIC TURBULENCE

1 INTRODUCTION

ThisItem presentsan introduction to rigid aeroplane response to gusts and atmospheric turbul ence, together
with the design criteria required to satisfy airworthiness requirements for both types of disturbance. The
Item includes the vertical response of an aeroplane to a simple discrete sharp-edged gust, extension of this
approach to accommodate the delays due to the build-up of lift and incidence and the further extension to
a two degree-of-freedom model to provide lift and pitch response. Aeroplane response to atmospheric
turbulence is provided through the relation between the frequency response function of an aeroplane and
the methods of the power spectral density of arandom variable.

Thebasic equationsfor thelift and normal acceleration on an aeroplane dueto the simple sharp-edged gust,
that is assumed instantaneously to change the velocity and angle of incidence of the aeroplane, are
developed. The equations are extended to overcome the restrictive nature of an infinite gust gradient by
introducing a gust aleviation factor that also accommodates for the lag effects of the build-up of lift in
response to gust entry and sudden changes of incidence. The analysis is further extended to cover two
degree-of-freedom motion in pitch and plunge. The gust design criteria for the purposes of satisfying
airworthiness requirements are presented.

Continuous atmospheric turbulence is assumed to be a stationary random process and so the results of
power-spectral analysis, dependant upon a scale length and an intensity or standard deviation of the
turbulence, can be applied to the analysis of gust loads on aeroplanes. The genera relationship for linear
systems between the power spectrum of arandom input variable and an output response are used to relate
the spectrum of aeroplane loads to the spectrum of atmospheric gust velocity. For the case of aeroplane
output loads having a normal or Gaussian distribution, as the standard deviation is used to describe the
probability distribution of aeroplane loads. In order to assess the probability of the highest peak within a
time interval or the number of peaks expected in atime interval, frequency of exceedance data methods
provide an alternative to cumulative probability methods. Airworthiness requirements for aeroplanes
subject to continuous turbulence are described using the power spectral method and the frequency of
exceedance method.

The methods presented provide afairly simplistic approximation to realistic atmospheric disturbances, both
for discrete gustsand for turbulence, however they do provide a satisfactory means by which representative
aeroplane loading can be estimated and certification satisfied.

ESDU Copyright material. For current status contact ESDU.

Appendix A presents a brief review of random variable theory introducing a description of the Fourier
seriesand integral, introduction of the power-spectral density function and itsrelationship to the properties
of stationary random processes including the mean, standard deviation and auto-correlation function.

Therelatively new statistical discrete gust method, which is away to describe the more extreme gustsin a
spectrum, is outlined in Appendix B. This method, which does not form part of the airworthiness
requirements, catersfor gustswithin the high frequency range of the spectrum, invol ves aeroplaneresponses
in the time domain and uses sequences or families of discrete vertical guststo formulate the probahility of
occurrence of agiven sequence of gusts.
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NOTATION

Any coherent system of units may be used.

gm® " gz

F(H)

f.g
G(w)

H, Href

Lyt Ly (D)

Lo ()

matrices containing coefficients in equations for short period oscillation

ratio of rms values (see Equation (4.10))
parameter associated with numerator of normal acceleration transfer function

lift curve slope of wing (= dC /a)

coefficients of Fourier seriesof F(t),n=0,1, 2, ...

parameters defining probability distributions of rms gust velocity
(see Sketch 4.5)

mean chord of wing

flight profile alleviation factor
parameters associated with Fg

arandom function of time
acceleration in z-direction
probability density functions
frequency representation of F(t)
acceleration due to gravity

gradient distance of discrete gusts and reference gradient distance, respectively
inertia parameter (see ESDU Item 67002[1))

gust alleviation factor

Kussner function

2

lift and lift coefficient of aeroplane, respectively, where L = Y2 pV,;,, SC|

scale of turbulence
defined asW, L () and K, L (), respectively

steady-state dimensional lift curve slope

My, M,,, My, aero-normalized pitching moment derivatives (see ESDU Item 67002[1)
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N frequency of exceedance (see Equation (4.9)) and probahility of
occurrence of discrete gust
Ny radius of gyration of PSD of arandom quantity
n load factor in units of g
n probability of occurrence of normal acceleration response peaks
PSD denotes power-spectral-density
P cumul ative probability distribution
PPy parameters defining probability distributions of rms gust velocity
é p Laplace variable relating to non-dimensional time, s
wl
g Py, Py, -y P, probability factors
=
S q pitch rate of aeroplane (= d6/dkt)
=
E R(71) auto-correlation function
(%]
g R, R, factors associated with F
3 .
o S wing area
&
e SDG denotes statistical -discrete-gust
©
%’ s distance travelled in aeroplane mean chord lengths (= V,,;,t/c)
S
= T denotes aeroplane transfer function
.90
> T period
Q.
S
= tt,t time
?
L U, ef reference gust velocity in equivalent airspeed (EAS) (see Section (3.3))
U, design gust velocity (see Section (4.5))
u, v, w aeroplane velocitiesin the x-, y- and z-directions, respectively
Ug variable gust velocity
Uy intensity variable (see Equation (B.2))
Vv aeroplane velocity
Vg gust velocity
w weight of aeroplane
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W, Wagner function
XY matrices containing dependent and independent variables in equations
for short period oscillation
XY, Z body axis directions for overall aeroplane with respect to origin O
y(t) a stationary random function of time
zZ, aero-normalized Z-force derivatives (see ESDU Item 67002[H)
o aeroplane incidence
Y flight path angle
Y peak normal acceleration amplitude response/ uy,
€ error function
C viscous damping ratio
0 pitch angle
u relative density parameter
Hg mass parameter
\Y frequency associated with distance s (= ® ¢/Vy,i)
Epii ratio of design peak, or limit, load to rms load
p density of air
o) standard deviation of stationary random process
T unit of aerodynamic time
T increment of time
D(w) power-spectral-density (PSD) function; frequency representation of F(t)
o (®) complex conjugate of ®(w)
Q frequency (=o/Vy i)
o, ®q frequency and fundamental frequency, respectively, associated with timet
Subscripts
B,C,D relate to design speeds for maximum gust intensity, cruising and dive, respectively
G,H relate to design speeds from Defence Standards
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|--.| denote amodulus
abar above a quantity denotes the Laplace transform of that quantity

abar below a quantity denotes a matrix

angled brackets surrounding a quantity, i.e. { ... ), indicates the mean of that quantity

DIl denotes design limit load
g denotes a gust
i,0 denotes input and output, respectively
Im denotes unit impulse
SP denotes short period oscillation
St denotes unit step
trim denotes trimmed flight
8 Operators
okt
B D differential operator (= d/dt) (also one or two dots above a quantity indicate first and
g second differential, respectively, of that quantity with respect to time)
o
§ Det{...} determinant of {...}
2 H..} Fourier transform of {...}
§ Lim{__.} denotes limiting value of {...} ast approaches o
=S t—>o0
(S)
S Num{...} numerator of {...}
< p{..} probability of {..}
o
©
S
<
.90
s
Q.
(@]
O
o)
a
it
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3. SHARP-EDGED GUSTS
3.1 Basic Equations

An elementary treatment of the response of an aeroplane to agust isto assume a simple sharp-edged gust,
which when encountered changes the wind direction on an aeroplane instantaneously and completely over
the whole aeroplane structure, and to assume that there is no angular displacement of the aeroplane from
itsinitial attitude, so that only a change of angle of attack of the aeroplane isinduced.

Consider arigid aeroplanein aninitial trimmed climbing flight condition at flight path angle, y, pitch angle,

0, with an angle of attack, a,;,,, and flight velocity, V,;,, with respect to an undisturbed atmosphere

and an orthogonal axis system, Oxyz, asillustrated in Sketch 3.1. Thelift on the aeroplane, L, ,,, may be
written as
2
Lirim = Y2 Virim S@p Oyjm = W cosy, (1)

inyvhi ch ap (=_(dC|_ / d_oc) D) i_sthelift curveslope of theinfinite aspect ratio or two-dimensional wing,
p istheair density and Sisthe wing area.

Horizontal

Sketch 3.1 Aeroplanein trimmed flight in undistrubed atmosphere

ESDU Copyright material. For current status contact ESDU.

Upon encountering a gust of velocity, V,, , inclined at angle 6 to the aeroplane flight direction, the
increased lift, L, on the aeroplane, illustraied in Sketch 3.2, becomes

L = %pV'Sapa = Y%pV Say (a,+Aa), (3.2)

in which V is the updated velocity of the aeroplane relative to the disturbed atmosphere and Ao is the
change of incidence due to the gust.

From the parallelogram of velocity vectors from Sketch 3.2, redrawn in Sketch 3.3, the velocity V may be

written as
2 2 2
V' = Viim * Vg— tringCOS(Tt—eg)
12 2
= Viim * Vg * Vtrimvgcoseg. (3.3)
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Horizontal

the load factor, n, on the aeroplane may be rewritten as

2

ESDU Copyright material. For current status contact ESDU.

\/g

Vg cos eg
Sketch 3.3 Parallelogram of velocity vectors from Sketch 3.2

Denoting the incremental |oad factor due to the gust as An then, with the use of Equations (3.1) to (3.3),

2

V \Y/ YopV, . a,nAd
n=1+An= = = [14] =% | +2—9 cosp cosy » 22 Trim?202% (3.4)
trim Vtrim g WIS

The incremental change of incidence, Ao, may be written in terms of eg using the following expression,

obtained from Sketch 3.3,
ny = tan_l[ vy sineg J _ an_l( (Vg/Vtrim) sineg J 35
Virim + Vgcoseg 1+(Vg/me) coseg
and so Equation (3.4) becomes
Vo )2 Vv
n=1+Anzl+—9—+2—q—coseg
Vtrim trim
2 .
y [Cosy L ZPVirimPop —1[ (Vg/Virim) SINGg j (36)
W/S 1+(Vg/ Virim) €OSO ' ’
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The term in the first set of large brackets on the right-hand-side of Equation (3.6) represents the effect of
the increased resultant speed and the term in the second set of large brackets represents the effects of the
lift change, i.e. thelift in trimmed flight plus the lift increment due to the change of angle of attack.

Sketch 3.4 shows a plot of load factor, n, versus the angle of the gust to the trimmed flight direction, 9
for two wing loadings, W/S = 15 and 88 Ibf/ft?, and three gust velocities, V. /me =0.1,0.2and 0 3
for an aeroplane flying at level flight at 400 ft/s at sealevel.

20 ‘ [ [ [

Vg/ Verim 0.3 ; —— W/S=15Ibf ft 2
——— W/S=88Ibfft 2

1 :
5 / \

02 _— T Line of maximum |

; / / \ \/ load factor
= / \ N
S / \
0.1 :
/ T
L/ =708 N T~
/ // _ __\: — _ - S~
/S /) =z _———""" 02 \ T L ~~d
ST N SR SR S ——— S — | T+~
- ——— | 0.1 T T —F=S=sl
0 ==
0 15 30 45 60 75 90 105 120 135 150 165 180

Angle of gust to initial flight direction, 0 (degree)
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Sketch 3.4 Variation of load factor, n, versus angle of gust, eg

Sketch 3.4 showsthat the maximum accel eration occurs at values of 6 , between 70° and 85° and isalmost
independent of wing loading and gust strength, which impliesthat the changein angle of attack isof greater
significance than the change in airspeed. Furthermore the magnitude of the load factor is fairly constant
over arange of 6, of about 30° about the maximum and so little error is introduced by assuming a gust
angle of 90° WhIC?] simplifies the load factor of Equation (3.6) to

Y2 p ap Vg Vtrim
WIS , (3.7

n = 1+ An = cosy +

inwhich (V, /me)2 has been assumed negligibly small and tan™%(V /me) has been approximated as
V /me n this expression the gust velocity, V , may be mterpreted asthe vertical component of the
gust
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Most often the aeroplanewill beinlevel flight, or in gliding or climbing flight at small angles, i.e. cosy~1,
and so the incremental load factor for a vertical gust becomes

Y2 p ay, Vy Vi

rim
An WS (3.8
and is seen to be proportional with V., Vg, a,p, and p, and inversely proportional with the wing
loading, W/ S.
For a horizontal gust when eg = 0 and for gliding flight when cosy~ 1, the incremental load factor
simplifiesto
2V
An » —2L (3.9)
Vtrim

3.2 Extended Equations

In order to correct for the restrictive assumptions of the basic analysis, that includes an infinite gust gradient
and instantaneous and complete immersion in the gust disturbed atmosphere, Equation (3.8) isregarded as
areference value and agust aleviation factor, Kg , isintroduced and defined as

_ peak normal acceleration from a discrete gust .
9 reference value of peak acceleration from Equation (3.8)

(3.10)

The gust alleviation factor is used to accommaodate for the type of discrete gust aswell as the aerodynamic
lag during the build-up of the gust lift and the initial aeroplane response due to the sudden change of
aeroplane incidence. With the further assumption that the gust acts uniformly across the wing, a, is
replaced by the three dimensional lift curve slope of the wing, a, and the revised incremental load factor
for avertical gust is then given by

YpaV. V.
An x ——— 9 My (3.11)

- W/S g-

ESDU Copyright material. For current status contact ESDU.

Both the aerodynamic lag and initial aeroplane response is estimated from the work of Kuissnerl? which
forms the basis of a solution of an approximate model which removes the assumptions of infinite gust
gradient, steady lift and no vertical motion.

The build-up of lift dueto entry into a sharp-edged gust will theoretically take an infinite time to reach its
final steady-state value, but it is reasonably close to this value after about 10 wing chord lengths. The
function that approximates this build-up of lift is known as the Kiissner functi onl4, K, Thereisasoa
build-up of lift due to the sudden change of incidence. Thisis experienced by the aeroplane first as an
initial impulse in which the lift jumps to approximately 50% of its final steady-state value and then as an
exponentia change, in which thelift risesto avalue very closetoitsfinal value again after about 10 wing
chord lengths. The function that approximates thislift variation is known as the Wagner function?, W, .
Note that the Wagner function contains adelta function at the initia instant corresponding to the apparent
mass effect(].

Oneway of dealing with the build-up of lift isto treat the variations with time of the gust velocity, V,, and
theaeroplaneangleof incidence, a , asalarge number of incremental step changesandto regard the K lissner
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function, K ,, and Wagner function, W, , asindicial functions®l, defined by

Ly(t) Lo (D)
- - o
Ky = (@) and W, = L (@)

Expressing incremental changes in gust velocity and incidence, respectively, as

AV, = Vg At and Aa:A( Zw): 1 _,at,

V.

tri

V

trim

: 2
then, with L () = %2pViin,

t

t

and LoD = YpVyimSay Wo{t—t'}z{U}Al = ¥pV,
0

rim

assumed to be applicable to the finite wing, are illustrated in Sketch 35",

2 IARY i ’ 2
Ly = %pVypSay K {t-t}Vg{tjAt = ¥spV
0

S a, thetotal liftsat time t are the sum of the incremental lifts, given by
Sa [ K {t=t'}Vg{t'}dt
Sa [ W, {t—t'}2{t'}dt" .

These unsteady lift functions of K lissner and Wagner that were derived for atwo-dimensiona wing but are

ESDU Copyright material. For current status contact ESDU.

10 ‘ ‘
0.9 | Wagner function, W, ///ﬁ
P —
i} T
©
§ 0.7
(¢}
= 7 L
g / \
= 0.6
|8}
S K iissner, K,
T 05
§ ../
@ 0.4 /
g
5 0.3 /
5
= 02
0.1
0
0 1 2 3 4 5 6 7 8 10 11 12
Distance, s (= Viimt/ C)
Sketch 3.5 Kissner and Wagner functions
T Thevalues for the K tissner and Wagner functions were taken from ESDU Item 8402013,
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With the inclusion of the unsteady flow effects and assuming that the gust now increases from zero with
distance in the direction of flight until the maximum gust velocity, V,, is obtained, and that the aeroplane
can rise but does not pitch under the action of the gust, i.e. a single degree-of-freedom, the equation of
vertical motion may be written as

(tD=Z,) Wolthw(t) = Z,K {thuy(t) , (3.12)

whereD isthedifferential operator (= d/dt) , Z,, istheaero-normalised Z-forcederivative (~ a), W, {t}
and K ,{t} arethe Wagner and Kussner functions, respectively, Ug isthe gust velocity and t isthe unit of
aerodynamic time given by

W/

— g
T = : 3.13
1/va’trims ( )

Thisequationisusually transformed fromtime, t, to distancetravelled in chord lengths, s = V,; t/c, and
becomes a function of the mass parameter, Uy defined as

_Wig (3.14)

Hg ¥%pSca’

A solution of Equation (3.12) has been obtained by Pratt and Wal kerld usi ng expressions for the transient
lift functions given by

—0.090s —0.600s

W, {s} = 1.000 — 0.165¢ _ 0.335¢ (3.15)
and K (s} = 1000 - 02366 % - 0513¢ > _ 01716 #34,
with a gust shape of
Vv
= F(1 - o)) <ss
ug(s) > 1 cos H , for 0<s<2H (3.16)
ug(s) = 0, for 0>s>2H,

in which H isthe horizontal distance in chord lengths from zero to the maximum gust velocity, taken as
12.5 wing chord lengths. This gust shapeisillustrated in Sketch 3.6.
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& | \

z / |

g / |

3 | \

7 / |

® | N

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Distance, s (= Viyimt/ c)

Sketch 3.6 Gust shape
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