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ESDU DATA ITEMS

Data Items provide validated information in engineering design and analysis for use by, or under the supervision
of, professionally qualified engineers. The data are founded on an evaluation of all the relevant information, both
published and unpublished, and are invariably supported by original work of ESDU staff engineers or consultants.
The whole process is subject to independent review for which crucial support is provided by industrial companies,
government research laboratories, universities and others from around the world through the participation of some
of their leading experts on ESDU Technical Committees. This process ensures that the results of much valuable
work (theoretical, experimental and operational), which may not be widely available or in a readily usable form, can
be communicated concisely and accurately to the engineering community.

We are constantly striving to develop new work and review data already issued. Any comments arising out of your
use of our data, or any suggestions for new topics or information that might lead to improvements, will help us to
provide a better service.

THE PREPARATION OF THIS DATA ITEM

The work on this particular Data Item was monitored and guided by the Performance Committee. This Committee
first met in 1946 and now has the following membership:
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GUIDE TO LINEAR LEAST SQUARES CURVE FITTING TECHNIQUES

NOTATION AND GLOSSARY

Some symbols are used in more than one context, with different meanings. Each definitionisgiven within
the section in which it occurs, but the majority of the symbols are defined here.

A B
[A]

Fp. Fy ooos F

r p
f(x), 9(x), h(x)

pd

Copyright Engineering Sciences Data Unit
Provided by IHS Markit under license with ESDU
No reproduction or networking permitted without license from IHS

Full document details: ESDU 06025 2006

coefficients in exponential function (see Equation (3.9))

square symmetric matrix (see Appendix A)

variable to control sharpness of peak or trough (see Equation (3.8))
drag coefficient

compressibility drag rise coefficient

profile drag coefficient

lift coefficient

base pressure coefficient on afterbody

coefficientsin functions (see Equation (3.1))

function producing unity peak at specified position on abscissa
scaling factors for transformed values of x and y

known functions of x (see Equation (3.1))

general functions x
fuel flow of shaft gas turbine

non-zero value of integrals of Legendre polynomials

generaised function of x and y

value of abscissa at which peak or trough has its maximum
or minimum (see Equation (3.8))

lift factor
Mach number

value of M above which compressibility effects are significant

number of data points
axial load on struct

induced power required by helicopter

shaft power of gasturbine
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Legendre polynomials

number of termsin polynomial function and in numerator of
rational function

number of terms in denominator of rational function
radius of circle

general variable

sum of weighted squares of residuals

forward airspeed of helicopter

groundspeed of tyre running in water

reference speed

VIVp

(V-1)/0.6

weightings applied to square of residuals (see Appendix A)

independent and dependent variable

x and y values of centre of circles

offset value of x (see Equation (3.13))

side spray elevation angle

increment in x

ratio of ambient pressure to sealevel standard value

deflection

ratio of ambient absolute temperature to sealevel standard value
phase angle

orthogonal function

denotes minimum
denotes critical value
denotes lower and upper

denotesinitial value

used with symbol to denote a transformed range
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Glossary

Asymptote A straight or curved line that is closely approached by a plane curve so that the
perpendicular distance between them decreases steadily to zero as the independent
variable governing the curve approaches a critical value or tendsto infinity.

Degree The highest power in a polynomial is known asits degree.

Dependent The variable in a mathematical function whose value is entirely dependent on the

Variable chosen values of the independent variable(s) and on the function itself. (It is
customary, whenever practical, for the dependent variable to appear on the
left-hand-side of an equation and as the vertical axis (ordinate) on a simple graph.)

Discontinuity A point on a curve where the function is not continuous, i.e. its value takes ajump.

Extrapolation The process of estimating the value of a function beyond the range of values already
known, by the extension of its curve.

Even Function A function, f(Xx), isevenif f(x) = f(—x).

Independent The variable(s) in a mathematical function whose values are considered to be selected
Variable independently, i.e. without reference to the function or any other variable(s). (It is
customary, whenever practicable, for independent variables to appear on the
right-hand-side of an equation and as the horizontal axis (abscissa) of a simple graph.)

Interpolation The process of estimating the value of afunction at a point within the range of values
already known.

Least Squares A criterion used to fit afunction to a set of data (see Appendix A).

Number of terms In this Item when referring to a polynomial, the number of terms minus one is

(inapolynomia) synonymous with the degree of the polynomial, e.g. a four-term polynomia is
third-degre% represented by terms up to and including a third-order term, i.e. aterm
involving X" .

ESDU Copyright material. For current status contact ESDU.

Odd function A function, f(x), isodd if f(x) = —f(—x).

Order The order of aterm within apolynomial describes the power to which the independent
variable israised, e.g. an equation of third-degree contains terms of first-, second- and
third-order.

Overfitting Thisisthe term used when amultiple-term mathematical function fitted to a set of data

tends to follow the irregularities resulting from possibly inaccurate individual points
rather than the overall trends of the data.

Singularity A point on an algebraic function where it is not differentiable although it is
differentiable in the immediate neighbourhood of that point, e.g. the function
f(x) = 1/x onthereal axisisinfinity at the singularity, x = 0.

Underfitting Thisis the term used when a multiple-term mathematical function fitted to a set of data
has too few termsto enable it to follow satisfactorily the overall trends of the data.

- Documents
3 Document Sharing Hub

Copyright Engineering Sciences Data Unit
Provided by IHS Markit under license with ESDU Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: ESDU 06025 2006


http://www.avadocuments.com/doc/esdu-06025-2006
http://www.avadocuments.com/doc/esdu-06025-2006

ESDU 06025

2. INTRODUCTION

The purpose of this Item is to promote ‘good practice’ when choosing and fitting a function with a linear
Least Squares error profile to represent a set of data. There are a host of spreadsheets, mathematical
calculation software and dedicated plotting packages that enable the automatic fitting of a chosen function
toaset of data. Care and judgement however must always be exerci sed when choosing theform of equation
that is best suited to follow the overall trends of the data. The chosen equation can then be subsequently
used to provide intermediate values between given data points and possibly also values outside the range
of the datawhen required. Throughout this Item sketches are used to illustrate the relation between the set
of data points to be fitted and the fitted equations.

The Least Squares criterion minimises the sum of the wei ghtedT squares of the differences, or residuals,
between the values of y, calculated at each of the values of x; from the approximating function f(x) , and
the corresponding data values y; .

Curvefitting is a procedure for the fitting of algebraic functionsto a set of known data pointsin order that
the approximating function can be used in place of the data points for estimation of the dependent variable
for al desired values of the independent variable. It isessentially a smoothing process in which the fitted
curve follows the general trends of the data rather than passing through each individual point. Itisnotto
be confused with the various types of interpolation procedure, such as splines, that produce curves
constrained to pass through all the data points.

A companion Item, No. 0101114, presents a ‘Compendium of curves and approximating algebraic
functions’ that may be used initially to choose the form of function required to represent a set of data. Once
the function has been chosen then the Least Squares procedure is used to enable that choice of function to
be ratified.

There are several situations in which it may be required to fit an equation to a set of data, some of which
areasfollows.

. An equation fitted to experimentally obtained data enables intermediate values to be calculated
without the need for numerical interpolation of tabulated data. The function may also be required
for obtaining values outside of the range of the data, within alimited and clearly defined range.
Such an equation could be incorporated into a routine within a computer program.

. If physical considerations suggest that the data obey a particular form of equation the process of
fitting that equation gives the values of its constants that provide the Least Squaresfit to the data.
Thisis often required for calibrating measuring instruments such as flow meters.

ESDU Copyright material. For current status contact ESDU.

. With the use of a curvefitting procedure an approximating equation can befitted to data cal cul ated
from alengthy and complex numerical process. This equation could then be used elsewhere to
shorten the calculation of further results.

Section 3 of this Item introduces the Least Squares method of curve fitting, the equations for which are
derived in Appendix A. Four types of function, from the many available, are chosen to illustrate the curve
fitting process; the power series polynomial function of a single independent variable, the logarithmic
function, the rational function and the peak function. Section 3 also details five criteriafor the quality of

T A weighting is the known, or in some way estimated, uncertainty of the value of a data point y, or y and x, compared with all other
pointsinadataset, (x;, y;), i = 1 to N. Thusacomparative uncertainty could beassignedto all valuesin adataset. Anextreme example
of aweighting, when a data point has been clearly identified asa‘rogue’, and the wish is that this point does not form part of the fitting
process, would beto assign it aweighting of zero. However extreme care should be exercised before datapoints are effectively eliminated
from the fitting process.
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fit of afunction, introduces scaling of variables and presents notes relating to the preparation of data for
curvefitting.

Section 4 presents examplesto illustrate what is meant by underfitting and overfitting of functionsto data
sets and the fitting of functions to sparse data sets.

The curve fitting procedure is developed in further sections of this Item by illustration using a series of
examples using data from aeronautical and other engineering applications. The examplesinclude:

. the fitting of arbitrary equations to experimental data (Section 5),
. fitted equations that have physically significant terms (Section 6),
. specific functionsto fit localised features of curves (Section 7).

Appendices A and B provide, respectively, a derivation of the Least Squares method of curve fitting and
the application of orthogonal functions, in particular Legendre polynomials, to curve fitting.

ESDU Copyright material. For current status contact ESDU.
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3. LINEAR LEAST SQUARESMETHOD OF CURVE FITTING
31 Basisof Method and its Application

The object of curve fitting is to find a function which defines a smooth approximating curve to a set of
known data points, e.g. (x;,¥;),i = 1 to N. Herethe dependent variable, y, istaken to be afunction of a
single independent variable, x. The values y; may be measurements or observations made of a physical
quantity at the value x; , or previously calculated by a numerical procedure.

In linear curve fitting the approximating function, f(x), is expressed as a linear combination of separate
independent functions, each being multiplied by an arbitrary unknown numerical coefficient, thus

y = f(x) = CF(X) + CoFp(X) + CgFg(x) + ... + C F (%), (3.2)

inwhich F,;, F,, ..., F, are known functions of x and C;,C,, ...,C_ are numerical coefficients whose
values are to be found and which make f(x) the best fit, in some defined way, to the data. The number of
termsin Equation (3.1) is p and in this Item thisis used to identify the polynomial. It isimportant to note
that the approximating function can only be unique when the number of unknowns, p, is not larger than
the number of known data points, N. The Least Squares algorithm of Appendix A identifies a unique fit
to the datawhen p<N.

The overall requirement for the approximating function to be a good fit isthat it should follow the general
trends of the data, having a roughly similar shape to the set of data points when plotted. Thus the curve
defined by the approximating function should pass as closely as possible to the majority of the data points.
The closeness of fit, however, may be judged against more than one criterion.

Themost commonly used criterion for the best fit and the one used in thisItem isthe L east Squarescriterion
inwhich the sum of theweighted squares of the differences, or residua’s, between thevaluesof y, calculated
at each of the values of x; from the approximating function f(x), and the corresponding data values y; ,
should be a minimum.

The Least Squares algorithm for calculating the values of the coefficients C,, C,, ..., C for agiven set of
dataand achosen function f(x) isderivedin Appendix A. Inthat analysisit is assumed that the dependent
variable, y, isafunction of asingle independent variable, x. However the analysis may also be applied
to a function of severa variables x;, X, ..., X, and nothing in the analysis precludes the functions
FiFoins FIO containing y itself. Further, the left-hand-side of Equation (3.1) can be a function of both
y and x, and not just afunction of y or y itself. Thus, Equation (3.1) may be written in the more general
form given by

ESDU Copyright material. For current status contact ESDU.

H(Xp Xyoees X5 ) = CiF1(Xgs Xouoss X Y) + ool Cpr(xl, Xgeoos X5 Y) - (3.2)

When Equation (3.2), the generalised form of Equation (3.1), is used, it isthe sum of the weighted squares
of the residuals calculated from the function H that is minimised, rather than the sum calculated from y
itself. Equation (3.2) forms the basis for many different types of function which can be reduced to this
general form and which are therefore amenable to the L east Squares method of curvefitting. Examples of
types of function applicable to this method are given in Section 3.2.

3.2 Examples of Types of Function Used to I llustrate Curve Fitting

The examples of the functionsincluded in this section are selected from those described in a compendium
of curvesgiven in Dataltem No. 010111 and are used in this Item to illustrate the curvefitti ng procedure.
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The most common function used for curve fitting is the polynomia function which, together with the
rational function, formsthe basis of the fitting process described. With polynomial and rational functions
in powers of X it is not necessary to include all the powers of x up to the highest used. If the curveis
required to fit datathat are known to be representable by an even function, i.e. f(x) = f(—x), thenitisonly
necessary to use even powers of x in the approximating function. In fact it may be detrimental to the
accuracy of the fit if odd powers areincluded. Similarly, if data are known to be representable by an odd
function, i.e. f(x) = —f(—x), then only odd powers of x should be included. All of the examples featured
in this Item, however, are fitted with polynomials containing all the powers of x up to the highest used,
i.e. the degree of apolynomial is p—1 when the number of termsin the polynomia is p.

Other functions can be employed at the discretion of the user to suit a particular set of data. For example
the powers of x in the polynomial and rational forms may be replaced by more complicated expressions
such as those used in the orthogonal Legendre Polynomials. A series of exponential, trigonometric or
hyperbolic functions may also be used. However, in general the use of over-complicated functions should
be avoided asthey can introduce extraneous features such as waves and discontinuitiesthat are not inherent
in the data.

3.21 Polynomial function of single independent variable

Polynomial functionsin positive integer powers of asingle independent variable, x, may be expressed in

theform
_ 2 p-1
y(X) = C;+Cox+Cox™ + ... + Cpx : (3.3
which, when compared with Equation (3.2) gives
. . . 2, ) p-1
Hx y)=y; Fi=1; Fy=x; Fg=x"; .. Fy=x" . (3.4)

The Least Squares fit by polynomials with a small number of terms to ‘well-behaved’ data, i.e. datain
which the range of dlopes from data point to data point are not too large, are usualy extremely good.
However the behaviour of all polynomial functions of the type of Equations (3.1) or (3.3) are ultimately
dominated at sufficiently high values of theindependent variable, x, by the term having the highest power,
and so al polynomials will approach infinity as x approaches infinity, positive or negative. Polynomials
with terms of high-order tend to rapidly diverge from data to which they are fitted outside the range of the
data and so extreme care should be exercised in alowing the prediction of extrapolated values, i.e. values
outside of the range of the data. Polynomials with alarge number of terms should only be used for fitting
datain those rare cases when there is an overriding reason for the function used, say a knowledge of the
physical behaviour of a property of the data, and when tight control is exercised over the range of the
independent variable, x, used for estimation purposes.

ESDU Copyright material. For current status contact ESDU.

3.2.2 Rational function

Inits simplest form arationa function can be the ratio of two polynomials in powers of the independent
variable, x, of number of terms p and g, given by

Cp+ Cx+ CxX’ + ... + C X
- p
y(x) = > a1 (3.5)
1+ Ch X+ CpppXt + ..+ Cpy g 4X
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This last equation may be expressed in a linear form similar to Equation (3.2) by cross-multiplying and
rearranging to the form

- 2 p-1
y(x) = C; +Cox+CoxX™ + ... + Cpx

2 -1
—(Cpﬂx Y(X) + Co XY () + o + Cp o X y(x)) . (3.6)

Comparison of Equations (3.2) and (3.6) gives

Hoxy)=y; Fi=1; Fy=x; Fa=x"; ...; F,=x""and
' ©, 7 " } 37
Fp+1z—x y(Xx) ; Fp+25—x y(x); ... Fp+q_1z—x y(Xx) .
Inthislinear form the functions F,, , 4, ..., F,, ,_; areseento befunctionsof y aswell as x.

For very large values of x, positive or negative, the behaviour of the numerator and denominator of the
rational function is dominated by the terms having the highest power of x. Thus for arational function
when p = q, its asymptotic behaviour, i.e. the constant value of the function that is approached at very
large x (see Data Item No. 0101111), is given by

C

(YOO, = ¢)x _ +.. approaches
p+to-1

However arational function with p = g can aso, in many cases, approach an asymptotic value at low to
moderate values of x and thisisauseful feature of such functions.

The rational function may also be used for cases when the data show singularities, such aswhen y tends
to infinity at some point in the data range. Such behaviour can be reproduced by zero values in the

denominator of arational function but cannot be obtained from a polynomial in positive powers of X.

3.2.3 Peak function

ESDU Copyright material. For current status contact ESDU.

The peak function may be expressed in the form

(3.8)

inwhich C isthe magnitude of the peak valuewhichisunknown and found by the L east Squares procedure,
K isthe value of the independent variable, x, at which the peak occurs and B controls the sharpness of
the peak in terms of theinterval, Ax, the higher the value of B the quicker the function decreasesin value
fromitspeak value. Thevauesof B, K and Ax are known values, i.e. chosen, independently of the L east
Squares procedure, to fit the data. A negative valuefor C invertsthe peak into atrough, i.e. the minimum
value of the functionis C. The function asymptotically approaches zero at both positive and negative x.

Peak functions may be used inisolation but are best used in conjunction with other functionsthat can follow
the background trends of the data.
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3.24 Exponential function

An exponential function may be expressed in the form

y(x) = AXC (3.9

Thisisan example of afunction that is nonlinear with regard to its unknown coefficients but can be easily
transformedto alinear relationship. Taking natural logarithms(thelogarithmto any basecould alternatively
be used) of both sides of Equation (3.9) resultsin alinear form of the equation given by

Iny(x) = InA+ Blnx. (3.10)

Comparison of Equations (3.2) and (3.10) gives

Hx y)=Iny(x); F;=1; F,=Inxand
} (3.11)

ClzlnA; CZEB.

Inthisexample H(x,y) isafunction of y rather than y itself.

Thevaluesof the coefficients C; and C, which givethe L east Squaresfit to the data points are found from
the procedure of Appendix A. The required values of the constants A and B are then found from
Equation (3.6). Itisnoted, though, as described in Section 3.1, that it isthe sum of theresiduals of Iny(x)
that is minimised and not the sum of the original function y.

33 Criteriafor Quality of Fit of Function
Criteriafor the quality of fit of afunction to a set of data are as follows.
. Once an approximating function to a set of data is chosen, the Least Squares fit to the data is
obtained when the sum of the weighted squares of the differences between the fitted function and

the datato befitted, i.e. the sum of theresiduals, S, isaminimum. This Least Squares procedure
for agiven function, derived in Appendix A, isinterpreted in this Item as the "best" fit.
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. The curve generated by achosen function should follow the general trends of the plotted data points
smoothly, without introducing features such as kinks or waves between data points.

. Even if a curve passes through all the data points with S = 0, this does not automatically mean
that the quality of fit is acceptable. For example, a polynomial with a high number of terms, p,
fitted to adata set of size N, inwhich N = p, would pass exactly through all the data points and
so give the sum of the residuals, S, of zero, but would undoubtedly not be a satisfactory fit at
intermediate values between the given data points. This is because the curve would resemble a
seriesof waves passing through the pointsand oscillating between them. Thisphenomenaisknown
as overfitting (see the example in Section 4.1).

. The degree of overfitting could be limited by introducing afurther criterion whereby the length of
each arc of the curve between adjacent points is minimised, provided that no kinks or other
discontinuities are introduced. No quantitative formulation of such acriterion has yet been found
however, and recourse must therefore be made to a qualitative judgement of any curve derived
from the L east Squares method.

Documents
o] Document Sharing Hub

Copyright Engineering Sciences Data Unit
Provided by IHS Markit under license with ESDU Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: ESDU 06025 2006


http://www.avadocuments.com/doc/esdu-06025-2006
http://www.avadocuments.com/doc/esdu-06025-2006

ESDU 06025

. It is desirable, though by no means essential, that the function should permit a limited degree of
extrapolation beyond the range of the data without diverging too abruptly from the general trend.
Thistendsto occur with polynomialsin powersof theindependent variablewhich have many terms,
but isless likely with rational functions.

34 Scaling of Data

In some instances the original data may have large numerical values or, once the fitting process has been
applied to a set of data, there may be relatively large differences in magnitude between the values of the
coefficients, C;,C,, ..., Cp, of the fitting polynomial. In either case, when all the data are applied to the
functions, F;,F,,...,F,, in the curve fitting process some of the elements in the matrix [A] in
Equation (A1.7) may become extremely large. Thiscanlead to numerical overflowsand loss of significant
figures in the computation of the required coefficients, C;, C,, ..., C,. Insuch casesit may be beneficial
to scale theindependent variable, x, in order to prevent these rounding errors. Conversely, the data values
may be numerically small, in which case similar errors result.

In order to keep the range of magnitudes of the coefficients of the fitting polynomial as small as possible
the data values actually used in the computations should be of the order of unity. Thismay be achieved by
dividing, or scaling, the data by a suitable reference value, such as by the greatest value in the data set itself
or else by an arbitrary number.

The procedure for scaling isasfollows. Suppose that the values of the independent variable, x, lie within
therange X, to x;, i.e. X <X<X, and x isto be transformed to another variable x" whose values lie
withintherange X to xj , i.e. X/ <X'<Xx] , then alinear transformation is given by

o X% 3.12
X' = —F , (312

SX

inwhich x isan offset value of x and F, isascaling factor. Therequired valuesof x, and F, togive
the transformation are

’ ’
(XL Xy T XU XL
Xy = | ———L| and
Xu =X

Xy =X
U L

Asan example consider that aset of valueshasan independent variable, X, intherange 55< x< 125, which
isto betransformed into X" intherange 0<x’ <1, then Equations (3.13) give

(3.13)
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Xo = (55x1-125x0)/(1-0) = 55 and
F, = (125-55)/(1-0) = 70.

Substitution of these values into Equation (3.12) givesthe required transformation x” = (x—55)/70.

It is sometimes advantageous to transform a given set of data into another set lying within the range —1
to +1, such as when using Legendre Polynomials (see Appendix B). To transform the data set defined by
therange, 55< x< 125, intotherange, —1 <X’ < 1, then use of the procedure of Equations(3.12) and (3.13)
leads to the transformation x” = (x—90)/35.
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Notethat it isnot necessary for the upper and lower ends of a range of data to correspond exactly with the
highest and lowest numerical values of the data. It is often more convenient to choose round numbers for
the ends of a range which encloses the highest and lowest of the data values.

In some cases it may be necessary to transform also the dependent variable y, say into the variable y’,
having amore convenient range. Thismay be carried out using thelinear transformation y” = (y-y,)/ Fsy,
in which the values of y, and FSy are given by equations similar to Equations (3.13). The transforméd
data pairs, X’ and y’, are used in the curve fitting procedure to obtain the values of the coefficients,
C.Co ..oy CIO . Then to evaluate the values of y the reverse transformation is used, i.e.

y = YFg +Yq -
35 Preparation of Data for Curve Fitting

Thefirst step should always be to plot the raw data using suitable axes, and observe the trends. A smooth
freehand curve drawn by eye through the points may be of help in establishing any trends. However this
may not be possibleif the data show considerable scatter and appear as acloud of points, rather than falling
reasonably well onto a single line. Assuming that the data are reliable and that the scatter is not due to
gross observation or instrument errors, a possible cause of scatter isthat the readings were obtained under
different ambient conditions such as pressure or temperature.

Attempts should be madeto collapse the data pointsonto asingle curve by re-plotting them against asuitable
dimensionless parameter. Alternatively the raw datamight be brought onto asingle line by adjusting their
valueswith non-dimensional parameters suggested by physical considerations, combined with dimensional
analysis. It may also be advantageous to scale the data numerically in order to reduce the possibility of
overflows or underflows in the computations and subsequent loss of significant figures.

Thefinal step in preparing the data, if alevel of comparative uncertainty isknown, isto assign aweighting
to each of the data pairsin a set of data, (x;,y;),i =1 to N, asoutlined in Appendix A. However, the
choice of weighting dependsentirely on known levels of comparative uncertainty in the dataand no general
guidanceisgivenin this Item. Accordingly, in the numerical examplesin this Item all the weightings are
taken as unity.
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4, UNDERFITTING, OVERFITTING AND SPARSE DATA SETS

In this Item the terms ‘underfitting’ and ‘ overfitting’ refer to cases when the function chosen to represent
aset of datais judged to be inadequate in terms of the Least Squares fit that results. The former term is
used when amulti-term function has too few termsto enable it to follow adequately the trends of the data.
The latter is used when the chosen multi-term function, even though it is considered to have a sufficiency
in the number of terms included in the function, still does not adequately represent a fit to the data. An
overfitted function tends to follow the individual points in a data set rather than the overall trends. Itis
stressed that an inadequate fit of a function to a set of datais entirely subjective, both in terms of what is
required as arepresentation of the data set and the level of differences between the points and function that
is deemed to be acceptable.

Overfitting should not be confused with the problems associated with the fitting of sparse data sets. An
overriding requirement of any Least Squaresfit isthat the number of data points, as aminimum, must equal
the number of unknown coefficients in a chosen function.

Sections 4.1 and 4.2 describe the phenomena of underfitting, overfitting and the problems associated with
gparse data sets through examples in which a set of data points have a degree of scatter about a envisaged
smooth curve fit to the data.

4.1 Underfitting and Overfitting

Consider the data set shown in Sketch 4.1. Thetrend of the datais seen to lie on a curved line increasing
invalue, y, asthe independent variable, X, increases.
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o Datapoints

Sketch 4.1 Data with assumed measur ment error

Thefitting processis assessed by fitting a series of polynomials in powers of the independent variable of
the form of Equation (3.3).
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Fitting aline of zero slope, y = C; (p=1), and one of constant slope, y = C, + C,x (p = 2),tothe
data results in the lines shown in Sketch 4.2. Either of these line fits could be judged as adequate by the
intended user, but in terms of following the apparent trend of the datathe fits are inadequate. If thefitsare
deemed unacceptable then thisillustrates underfitting, which occurs whenever thefitted equation isjudged
to have too few termsto enable it to follow adequately the underlying curvature of the data.
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Sketch 4.2 Data with zero slope and constant slope polynomial fits

Improved fits are seen to be obtained with polynomials having three (p = 3) and four terms (p = 4) , shown
in Sketch 4.3, both of which have the capability of following the curvature of the data. The four-term
polynomial is seen to be superior since it has the ability to, and attempts to, follow a possible point of
inflexion a x=6. The sum of the squared residuals, S, for the four-term polynomia compared with the
three-term polynomial has reduced to 0.112 from 0.383.

ESDU Copyright material. For current status contact ESDU.

5
rd
P -~
— 0 __—5— =<
4 ~_
prdie)
0~ -~ \
y p
/
3 g
/
o
/
/
i 4
o
1 / O  Datapoints
6 —— p=3,C;=-0695,C, =181, C3=-0.158, S=0.383
// ——— p=4,C;=-1.90, C, =313, C3=-0.545, C, = 0.0325, S= 0.112
ol_4/ N (N N N T A A Y
0 1 2 3 4 5 6 7 8
X
Sketch 4.3 Datawith three-term and four-term polynomial fits
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A further increase in the number of terms of the polynomial does improve fit from that of the four-term,
but only marginally. Sketch 4.4 shows the fits obtained with the five-term and six-term polynomials, for
which the values of S have decreased to 0.110 and 0.104, respectively.
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Sketch 4.4 Data with five- and six-term polynomial fits

In Sketch 4.5 plots of seven-, eight- and nine-term polynomial fits are shown. The plotsare superior to the
earlier curvesinthe sensethat they lie on average closer to the pointsasverified by thevaluesof S obtained,
0.0304, 0.0293 and 4.6 x 1078, respectively. However, the curves are obviously not satisfactory and are
seen to oscillate between the points, more and more violently as the number of termsisincreased. Infact
the nine-term polynomial between the last two pointsis seen to descend to avaluebelow y = 0.
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Sketch 4.5 Data with seven-, eight- and nine-term polynomial fits
illustrating overfitting
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