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THE DESIGN OF CROSSED FLEXURE-PIVOTS

1. INTRODUCTION

This Item describes the capabilities of crossed flexure-pivots. Detailed guidance is given on the design of
flexure-pivots whose strips cross midway along their lengths and at right angles to each other. This is the
most usual configuration.

Data are given in Appendik for those flexure-pivots whose strips do not cross midway along their lengths
and at right angles to each other.

1.1 Description

Basically, a crossed flexure-pivot consists of two flat spring-strips, arranged in the form of a cross, that
connect two elements of a mechanism as shown in Sketcihese strips allow one element, the moving

end, to move in relation to the other, the fixed end. The stresses in the strips limit the amount of acceptable
movement. This movement takes place approximately aboufA&xigshere the undeflected strips cross.

The fixed end is analogous to the bearing, and the moving end to the journal, of a conventional sleeve
bearing. In practice, for reasons of symmetry, itis more practical to arrange the strips as showninZSketch

Spring — Sfrips Elements
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Sketch 1.1 Sketch 1.2

Note: The clamping of the spring-strips as shown may not always be desirable. For further information
and guidance, see Derivatidn

Throughout this Item the basic configuration of a flexpivot is considered as shown in Sketch i.e.
in the undeflected position.

1.2 Advantages, Disadvantages and Applications

There are numerous applications where crossed flexure-pivots could be used with advantage instead o
other bearing types that require regular lubrication and maintenance. Because of the absence of wear
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backlash and the need for lubrication, flexure-pivots will, once designed and installed, continue to operate
throughout the life of the equipment with predictablarelteristics. However, the manufacturing
economics for a flexure-pivot should be considered since these, in certain applications, can be a serious
disadvantage. Two possible applications for flexure-pivots are shown in Sk&tch

o~ Fixed
End

[~ Moving

End

Sketch 1.3

The general advantages and disadvantages are summarised as follows.

ESDU Copyright material. For current status contact ESDU.

Advantages

® There is no rubbing friction between the two connected elements.

(i) The absence of rubbing or rolling surfaces obviates the need for lubrication.
(i) The efficiency of operation is not generally affected by dirty conditions.

(iv) They are suitable for operation in a wide range of environmental conditions, including vacuum,
high pressure, low and high temperature and radiation.

(V) The maintenance costs are negligible — except in the case of delicate instrument pivots which
require accurate alignment to maintain precise characteristics.

(vi) Often, especially when commercially available flexure-pivots are used, the number of parts
required is smaller than that necessary for a conventional bearing to perform the same function.
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Disadvantages

® It is difficult to design flexure-pivots to provide angular rotations greater than at3@it

(i) In some applications the movement, which is generally small, of ther&eaftthe noving end
may nevertheless be unacceptable. (See Sexfiodfor detailed information.)

(i) The angular spring rate varies with the force applied.

(iv) Very careful assebily is required whre it is necessary tobtain a precise angular spring rate,
particularly for small pivots.

1.3 Characteristics
Load Capacity

Failure of flexure-pivots can occur by tensile or compressive yielding of the strips, by fatigue, or by buckling
under compressive load.

Figure2 gives guidance on the maximum load per unit area that can be carried by a flexure-pivot, for a

given angular rotation using various strip materials and design stresses. The chosen design stress wil
depend upon individual material specifications, taking into account fatigue considerations. The figure is

based upon the values of strip thicknégs that give the maximum load capacity. If particular values of
t are required (for example, to obtain a specified angular spring rate), it may not be possible to obtain the
maximum load capacity shown.

Angular Spring Rate

When the flexure-pivot is rotated the bending moments in the strips apply a restoring moment to the moving
end that is proportional to the angle of rotation. This restoring moment is expressed as an angular spring
rate and, for equilibrium, balances any applied tordle (Under certain conditions of loading the angular
spring rate can be negatives. the bending moments in the strips tend to rotate the moving end away from
the undeflected position. This condition can be stable provided the applied torque acts in the opposite senst
to the rotation and exceeds the (negative) restoring moment.

ESDU Copyright material. For current status contact ESDU.

Figure3 gives the zero load angular spring rate per unit volume for maximum load capacity flexure-pivots
corresponding to those in Figuze

Figure 4 gives the zero load angular spring rate plotted against thickness-lengthtfatio () for various
lengths () of steel strip. For other materials see Note on Figure

Movement of th&Centre

The movement of the ‘centre’ of the miog end, which is analogous to the eccentricity in a conventional
sleeve bearing, is critical in certain applications. For small angles of rotation the movement is negligible
except when buckling conditions are approached. The movement is proportional to the square of the angle
of rotation.
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2.

NOTATION AND UNITS

Two systems of units are given in this Item.

® Familiar British Units — this is a non-coherent system. It was chosen as representing the most

commonly used units at this time in the United Kingdom.

(i) The International System of Units (SI)- this is a coherent system. It should be noted that any

other coherent system of units can be used in place of S| where the data are given in non-dimensional

form.

The configuration and loading of a flexure-pivot, whose strips cross midway along their length and at right

angles to each other, are shown in Sketdhéandl.5.

)
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half total width of strips, see Sket8i2 m
N/m

Young’s modulus of strip material

‘horizontal’ component (in x-direction) of forces applied N
to moving end, always taken as positive, see SKetth

‘vertical’ component (iry-direction) of forces appliedto N
moving end, positive when inducing tension in strips, see
Sketchl.4

absolute value oFy N
stress in a strip, tensile positive NIm
permissible stress of strip material N/m?

second momerdrea of stripbt3/12 for rectangular m
sections

angular spring raten/0 N m/rad
length of strip m
bending moment in strip N m

restoring moment about point where undeflected strips N m
Cross

point fixed in moving end that coincides initially with
point at which undeflected strips cross

end load in a strip, tensile positive in
total applied torque in deflected position about point N m
where undeflected strips cross

thickness of strip m
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X ‘horizontal’ component of movement @ , regarded asm in
moving with moving end (positive when in direction
FX), see Sketch 1.5

y ‘vertical’ component of movement @ ,regardedas m in
moving with moving end (positive when in direction of
+Fy), see Sketch 1.5

a inclination of each strip to vertical (for flexure-pivots  deg deg
crossing at right angles, = 45° )

0 angular (relative) rotation in radians of two elements, rad rad
positive as shown in Sketdh5, 1gp/180

(0} angular (relative) rotation in degrees of two elements, deg deg
positive as shown in Sketdh5

p dimensionless parameter whose value defines point at
which undeflected strips cross, see Apperdifor
flexure-pivots whose strips cross midway along their

lengthp =0)

Subscripts

1 appertaining to strip in which side forég,  is tending to
induce tension

2 appertaining to strip in which side forég,  is tending to
induce compression

max indicates maximum

DESIGN NOTES

A design procedure and data are given to design a flexure-pivot whose strips cross midway along their
length and at right angles to each other. For the purpose of design the flexure-pivot is considered to consis
of two strips each of width . The flexure-pivot can be designed for a given strength at a given maximum
angle of rotation and for a given angular spring rate, provided that there are no size limitations, in which
case it might not be possible to achieve the required characteristics. Data are also given for checking the
resulting stresses and movement of the ie2mif the mowng end. The data are based on small-angles-of-
rotation theory, but can be used for rotations up36° with some loss afagcu

To design a flexure-pivot, values for L, and have to be derived and a suitable material chosen. A design
procedure follows that is illustrated as a flow chart on Fidured followed in Example 1, see Secttomh

It is based upon knowing initially the loading, angular spring rate required and any space limitations. The
initial information can vary from design to design but it is felt that the example given is of a type commonly
encountered. The flow chart can be easily modified for other cases.

Firstly the external forces acting on the flexure-pivot are determined and the ‘ve{ﬁi)gal’ and ‘horizontal’
(F,) components and torq&)  are derived.
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3.1

3.2

3.3

External Forces to be Trasmitted by the Flexure-Pivot andFy )
The moving end can be subjected to external forces acting in any direction. These forces are resolved intc
‘vertical’ (F,) and ‘horizontal’(F,) components acting through the point at which the undeflected strips
cross, see gketchelasadr andl1.5. It is important to note the following.
® A positive ‘vertical’ force(Fy) is one that tends to induce tension in the strips.
(i) A ‘horizontal’ force (F,) tends toriduce tension in one strip (strip No. 1 as shown in Skefgh
and compression in the other strip (strip No. 2). The overall characteristics of the flexure-pivot are
independent of the sign &, . Therefdfg is always taken pobitive.
Strip Materials
An initial idea of the strip size is obtained from Fig@résee Sectiord.3) and a possible strip material
chosen. Figur@ can also be used for determining which loading condition is likely to be most critical in
cases where the forces vary substantially with angle. (A valbé of is assumgi, ané, )/bL plotted
for various values o in Figure Zhe region of this plot that lies nearest below the curve for the proposed

material is likely to give the most critical stress condition.)

A suitable strip material has to be chosen depending upon the following material properties and operating
requirements:

® electrical conductivity if the strips are to carry current,

(i) fatigue strength,

(i) material cost,

(iv) thermal conductivity if the strips are to be used as a heat path,

(V) yield strength,

(vi) Young's modulus of elasticity,

(vii)  operating environment, @. a corrosive atmosphere,

(viii)  operating temperature.

In general, if a high load capacity at large angles of rotation is required together with low angular spring
rate, a material with a high ratio of design stress to Young’s modulus is required. If only small rotation is
required, and spring rate is unimportant but a high load capacity is needed, a material with high yield
strength or fatigue strength is necessary. When load capacity is unimportant but large angles of rotation are
required with low spring rate, a low Young’s modulus material is appropriate.

Angular Spring Rate K)

Thisis definedag/6 , whefe s thegalar(relaive) rotation of the two elements in radians. The angular
spring rate for a given flexure-pivot is dependent uggn I-'egpd , and can be positive, negative or zero.

When a constant torquE  is applied, the flexure-pivot rotates until the internal restoring moment due to
bending equals the applied torque at an equilibrium position wherekd =T  F, . If F}and are such
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that K is negative, the applied torque required to provide stable equilibrium must also be niegdtive,
must be in the opposite sense to the rotation. Otherwise the pivot is unstable.

If a torqueT is applied that varies with , again the flexure-pivot will rotate until the internal restoring
moment equals the applied torque. However, in this case it is possible to obtain a stable condition with a
negativeK , ifT acts in the negative (restoring) seagea pendulum suspended from a flexure-pivot.
Choice ofK

Depending upon the particular application it is required either to

0] specify a spring rate, which is required at a given load or over a range of load, or

(i) specify suitable spring rate characteristics, but without defining precise vagesyhere a °
conventional bearing is to be replaced and it is required to keep the spring rate to a miniml;m.

3.4 Choice of Trial Dimensions

To minimise the number of iterations before the design is finalised, an initial design procedure is given to
assist in the choice of trial dimensions.

Firstly the end loads in the strip8,  aRd , are calculated from the following:
P, = 1 F +F 3.1
1= 2( ySea +F cosear) (3.1)

and P, = %(Fyseoa - F,cosea) . (3.2)

In cases where the flexure-pivot is required to transmit forces that give rise to large moments about axes
at right angles to the axis of rotation, see Ska&téhthe effect of these momts on the end loads in the
strips must be considered. In this case it is desirable, for stability reasons, to use two pairs of strips as showr
in Sketch3.2 and to increase the distance between the strips to reduce the additional forces in the outer
strips due to these moments. It should also be arranged, if possible, the force induces tension in the
outer strips so that the danger of buckling from compressive forces due to the moments is reduced.

ESDU Copyright material. For current status contact ESDU.
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&
Sketch 3.1 Sketch 3.2

Figuress, 7, 8,9 and 10 give guidance on the initial choice of dimensions for VaILf%IEEJf equal to 0.001,
0.0015, 0.002, 0.003 and 0.004, respectively. Figugies guidance on interpreting these figures.

The value off /E is the ratio of permissible stress to Young’s modulus and is the elastic strain at the

permissible stress. Guidance on the choice of material and f};éEce is given above and in.Section
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3.5

351

3.5.2

For each value of /E the paramets8P/EbL , which is a measure of the load per unit area of the
flexure-pivot, is plotted in full curves againgt.  for various valueg of . The numerically larger value of
P, andP, is substituted fd?in 108P/EbL.

The dashed lines for various value$@EbL2 may be used to dbtain , the angular spring rate, as follows.
When F,=0, the dashed curves can be used directly to ot |2 and Kence FWh@n ,
however, two values di(/EbL2 must be obtainedresponding t0108P1/EbL and08P2/EbL , from

the mean of whiclK is calculated.

Two methods of using these curves are illustrated in the Examples. In general, &r&gi0ret ceterain

which it is desired to operate is chosen with the aid of Figuifemaximum valuesob antl have been
specified it is possible to determine a minimum valugG$P/EbL and hence to restrict the area of choice
on the diagram. According to the particular requirements of the application and remembering that there is
rarely one ‘correct’ answer but rather a range objlds solutions, it is now necessary to choose (in some
cases by trial and error) a particular point on the diagram corresponding to specific val0&R/&fbL ,
K/EbL2 andt/L from which corresponding valuestof L, dnd can be deduced as illustrated in the
examples. If impractical dimensions result a new point is chosen.

Final Design
Checking Angular Spring Rate

Figurel1l is used to determiné  more accurately than is possible with the initial design charts. In this
figure, KL/El is plotted againstFyLzlEl)seco( for various values((ﬂ‘XLZIEI)cosemx

Checking Maximum Stresses and fdfailure by Buckling
The maximum stress is calculated for each of the two strips and compared with the yield stress or, more
usually, the fatigue stress of the strip material, taking account of (if data are available) the stress ratio (ratio

of minimum to maximum stress in the fatigue cycle).

Figure12 showsM . L /6EI plotted againsPL2/4E| for various values@f . For flexure-pivots whose

strips cross midway along their length=0 . The maximum stress in eaclfsixip is given by:
6M P
Flay = * — 2y (33)
bt2 bt
6M P
_ 2max 2
and fomax = —bt2 bt (3.4)

With flexure-pivots the actice of applying safety factors to loads should be treated with caution. The
bending moment in the strips depends on, but is not generally directly proportional to, the applied forces.
Hence if a load factor is applied afq only, the stresses due to bending (which in many cases
predominate) will not be factored proportionally. Accordingly, either suitably reduced design stresses
should be used initially or the safety factor should be applied to the stresses given by E¢{Ri8)ians

(3.4).

The steep gradient on the left of each curve for angular spring rate characteristics is associated with the
onset of buckling in compression. As the buckling condition is approached the bending mo(hnt(s)
and the movement of the ‘centre’ of thevitg end increase.

An absolute limit is therefore imposed on the forces to which a flexure-pivot can be subjected without
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3.53

3.54

collapsing.

The condition of buckling is illustrated in Sket8I8.

Sketch 3.3

Failure by buckling will occur if for either strip  is compressive (negative)RIT-I4E| is numerically
greater tham?

Movement of the ‘Centre’ of the Moving End

The ‘centre’ of the moving end is defined by pdint , which is fixed relative to the moving end, and initially
coincides with the point at which the undeflected strips cross, see Sketch 1.4

For infinitesimally small angles of rotation this ‘centre’ coincides exactly with the point at which the
undeflected strips cross. As the angle of rotation increases there is a small movement of the ‘centre’. This
movement is illustrated in Sketch Jahd has horizontal and vertical components yand

Figuresl3andl4 give data on the movement of the ‘centre’ of the moving end away from its initial position.
Figures13 and 14 show, respectivelysina/62L  arnytosa/82L  plotted agai@LzlEl)seax for
various values o'(FXLZIEI)cosemx .

Detailed Design of Strips with Regard to Fatigue

Where repeated angular deflections of the flexure-pivots are required, the fatigue properties of the strips
are importantThis becomes critical where the flexure-pivot is temgbe in a cogsive environment. The
avoidance of fretting at the strip attachments is particularly important. (See Deridatiod Item

No. 90031.)

In manufacturing strips sudden changes of cross section should be avoided in order to minimise the adverse
effects of stress concentration on the fatigue life. Further guidance is given in other Data Iltems (see the
current Engineering Sciences Data Index).
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4. DERIVATION
1. WITTRICK, W.H. The theory of symmetrical crossed flexure pivétast. J. scient.
Res, Series A, Physical Sciences, Vol. 1, No. 2, pp. 121-134, June
1948.
2. HARINGX, J.A. The cross-spring pivot as a constructional elendguul. scient Res,
Section A, Vol. 1, No. 4, pp. 313-332, 1949.
3. WITTRICK, W.H. The properties of crossed flexure pivots and the influence of the point
at which the strips crosseronaut. Q Vol. Il, Part IV, pp. 272-292,
February 1951.
4, NPL Notes on Applied Science No. 15. Application of spring strips to
instrument design. National Physical Laboratory. HMSO, London,
1960.
5. EXAMPLES

5.1 Example 1

A 4 in diameter roller is required to ink a plate as shown in SKefcH he roller is spring loaded to ensure
contact between it and the plate. For control of the roller load the maximum deviation of the roller from a
circular path must not be more than 0.025 in. A single strip flexure-pivot would givedabagspring
deflection so that suitable two strips crossed flexure-pivots are required.

The arm moves through 13° and the flexure-pivots exespt by 2° tomsure contact between the cam and
arm. An angular spring rate of at least 25 Ibf in/rad is required to overcome friction in the system.

The forces on the flexure-pivot in the deflected positionFgre 5 Ibin,nd 40 Ibf, as shown on the
sketch.

N Fy, = 51bf
\i\ X

13° of
m

N\
¢ of arm for undeflected flexure-piv’oﬁ\\’\
¢ of arm when com is at zero lift Y ovement

2° pre-set
Sketch 5.1
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The “Flow Diagram of Design Procedhl, Figurel, is followed. No space limitations have been specified.
It is therefore assumed that the sizeudtidoe as small as possible.

The angular movememg  at the maximum deflection position is 13 + 2 = 15°so that

0 = x15/180 = 0.262rad.

The IoadsFX andF have been specified, and calculations indicate that, although the loads will not be
constant through the stroke of the roller (due to varying cam reaction), the loads at the maximum deflection
position will give the most critical loading condition.

From Figure2 it is now possible to choose a suitable combination of materiaband . For economy, the
use of an ordinary spring steel isfereed. A dsign stress must be chosen to give a long life and the primary
consideration will therefore be failure through fatigue. Assuming at this stage that the fatigue cycle ranges
from zero (at the 2° deflection position) i at the 15° deflection posit@m{ean stress £,/2 ), an
unfactored design stress of 67 000 I#/is chosen corresponding to the fatigue limit of a spring steel
tempered to a tensile strength of 200 000 IBftingreater.

However, a factor of safety will be required to allow for uncertainties in loading, unavoidable stress
concentration and surface iemectons and approximations in calculation. It is judged reasonable to take
arelatively small factor of 1.5, since itis likely that the maximum stress will depend mainly on the maximum
angle of deflection, which is known accurately, rather than on the less certain loading. The chosen design
stresg of 67 000 Ibf/fis therefore reduced by this factor to 45 000 IBf/igiving, takingE = 30x 10

Ibf/in<,

f JE =45 000/(30 x 18 = 0.0015.

Referring now to Figur&, from curve 10 forp = 15° , the maximum permissible valueé‘E{,‘ +F,)/bL
is 9.6 Ibf/ir®. Hence the minimum value &fL s given by

F|+F
- [Pyl * Py = 40+5 _ 47in2

bL
9.6 9.6

This is not too large. Continuing, there are no large moments at right angles to the axis of rotaticin, so the
next stage is to calculat®®,  aRg from Equati@n$) and(3.2). With a = 45°,

P - %(,:ysew + F cose) = %[(40x 1414 + (5 x 1.414] = 31.8 Ibf

1
1 1
and P, = E(Fyseca - F cosea) = 5[(40 x 1.414 — (5 x 1.414] = 24.7 Ibf.
Before continuing to determine suitable valuesdb? blL, @hd it is necessary to consider the angular

spring rate required. A minimum value Kf  of 25 Ibf in/rad has been specified, and it is assumed that
values greatly in excess of this will lead to excessive cam wear. In case of accidental overload it is
undesirable that the pivot should approach the zero or negative stiffness condition, and this must be borne
in mind in making the selection of dimensions.

Referring then to Figureé (for fp/E = 0.0015), the design must lie on or below the curvegor 15° . For
minimum bL it is clear that a point near the peak of this curve must be chosen, but this conflicts with the
requirement to avoid zero or negative stiffness. It is clear therefore that it is necessary to work away from
the peak to the right. Hne is no single ‘correct’ solution, and a point is tentatively selected on the above
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considerations at

108P t K
=—— = 16,- = 0.0086 and = 5x 108 .
EbL L EbL2

Then forP = P, = 31.8 Ibf (only the higher value is of interest for stressing),

8 8
pL = 0P _ 107 x318 _ geo5in2
16E 16 x 30x 1

and forK = 25 Ibfin/rad (ignoring at this stage the effect of non-zero sidefgad ),

bL2 = K = 25 = 16.7in.
Ex5x 108  30x 10F x5 x 1078
Hence these values correspond to
2
L= B o 167 _omoin, b= b2 855 56sin
bL 6.625 L 2.52

—

and = (t/L) xL = 0.0086x 2.52= 0.0217 in,

which appear to be reasonable. However, itis desirable for economic reasons to use a standard strip thicknes
and the nearest higher gauges; 0.022 in (24 S.W.G.)eethre biosen, and and  rounded off to
2.60 in and 2.50 in, respectively.

It remains now to check and finalise this tentative design. The valE# o will be used frequently and
is therefore calculated at this stage.

El Ebt3 30 x 106 x 2.60x 0.023

- = = = 11.1 Ibf.
L2 12L2 12 x 2.5¢
Then
F L2 40 x 1.414
——sec0d = ——— = 510
El 11.1
F, L2
and X—coseco( = bx 1414 = 0.637.
El 11.1
From Figurell,
KL _ 1.15s0 K = 1.15x EI/LZ x L

El
1.15x 11.1x 2.50

31.91bfin/rad.

The discrepancy from the original valuelof= 25 Ibf in/rad, attributable to inaccuracy in reading Figure
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