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ESDU DATAITEMS

Data Items provide validated information in engineering design and analysis for use by, or under the supervision of,
professionally qualified engineers. The data are founded on an evaluation of al the relevant information, both published and
unpublished, and are invariably supported by original work of ESDU staff engineers or consultants. The whole process is
subject to independent review for which crucial support is provided by industrial companies, government research
laboratories, universities and others from around the world through the participation of some of their leading expertson ESDU
Technical Committees. This process ensures that the results of much vauable work (theoretical, experimental and
operational), which may not be widely available or in a readily usable form, can be communicated concisely and accurately
to the engineering community.

We are constantly striving to develop new work and review data already issued. Any comments arising out of your use of our
data, or any suggestionsfor new topics or information that might lead to improvements, will help usto provide abetter service.

THE PREPARATION OF THISDATA ITEM

The work on this particular Data Item was monitored and guided by the Dynamics Committee which has the following
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The members of staff of ESDU concerned were:

Mr A.J. Ward Smith — Head of Fluid Mechanics and Thermodynamics Group
Mr D. Herbert — Fluid Mechanics and Thermodynamics Group.

The Dynamics Committee, which first met in January 1962, has the co-operation of many engineers and scientistsin industry,
research establishments and universities from whom much assistance and unpublished information is being received.
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GEOMETRIC AND KINEMATIC RELATIONSHIPS FOR VARIOUS AXISSYSTEMS
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GEOMETRIC AND KINEMATIC RELATIONSHIPS FOR VARIOUS AXISSYSTEMS

1 SUMMARY

In the solution of certain problems of aircraft and missile dynamicsit is helpful and often necessary to use
more than one system of axes and to do so requiresthat a number of geometric and kinematic relationships
be established.

This Item presents geometric relationships between the components of any vector in one orthogonal axis
system and the components of the same vector in any other orthogona system. Firstly the general
relationship is given and then the particular forms this takes for body and earth axes (see Item 67003[1])
and for the special axis systems (path axes) defined here are deduced.

Theangular velocity is sometimesrepresented in terms of the rate of change of attitude angles. Accordingly
additional relationships between these non-orthogonal components and the more usual orthogonal set are
given. Again agenera relationship is given and particular forms are deduced.

2. GENERAL RELATIONSHIPS

2.1 Notation

Qpe for any axes“b” relativeto “c”, matrix relating rates of change of attitude anglesto
components of angular velocity

R;P;Y rotation matrices corresponding to rotations about x-axis; y-axis; z-axis

Spe matrix relating components of vector in axis system “b” to those in system “c”

\7 velocity of origin relativeto air

\7K velocity of origin relative to earth

ESDU Copyright material. For current status contact ESDU.

Dpes Opes Wy anglesdefining attitude of axis system “b” relative to system “c”

Dressings on Velocity Symbols

Subscripts and/or superscripts are attached to vel ocity symbolsto distinguish the axis systemsinvolved or
to indicate the nature of the velocity, asfollows.

Subscripts
b (or c) components of linear or angular velocity are taken along axes of system “b” (or “c”)

- attached tou, v, w, p, q, r
Superscripts
bc angular velocity of system “b” relative to system “c” is considered

- attached top, g, r
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Dressings on Matrix Symbols

Superscripts
-1 inverse of matrix
T transpose of matrix

Some additional notation required for the applications is given in Section 4.1. For other notation see
Item 67002,

22 Relationships Between Vector Componentsin Two Axis Systems

For any vector, the componentsin one axis system can be related to those in another in terms of quantities
defining the relative orientation of the two systems of axes.

Matrix notation’ provides acompact means of expressing these rel ationships. For example the components
of the velacity in axis system “b” in terms of those in axis system “c” are given by

ub = Sbc Uc
Vb Vc
Wb Wc

In this section only right-handed, orthogonal Cartesian axis systems are considered. Each row and column
of any matrix is then a set of direction cosines. The matrix is orthogonal and the inverse, S, isequal to
the transpose Sgc . Accordingly

T
u c = SbC Ub
Ve Vb
Wc Wb

ESDU Copyright material. For current status contact ESDU.

The elements of the transformation matrix S, . are often expressed in terms of attitude angles. In
Item 670031 the orientation of a body axis system relative to a system of normal earth axes has been
defined by three attitude angles @, ® and ¥ . Similarly the orientation of an arbitrary axis system “b”
relative to another system “c” can be defined in an analogous manner by relative attitude angles @, ., O,
and ¥

The transformation matrix for this sequence can be written
€0sO,.cos'¥ . cosOp . sinWy,. —SsinB,
Spe = |sin®y, sin@ cos¥ . — cos®y sin¥,, sind, sinO, sin¥, .+ cos®,.cos¥,. sind,.cosO,.

cos®y .Sin®p cos¥y . +sin®, sn¥y.  cos®, sin®, sin¥, . —sin®,.cos¥,. cosd,.cosO,

The transpose is obtained by interchange of rows and columns.

T A knowledge of the basic rules of matrix algebra is assumed (see for example Aitken [3]).
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