ESDU Copyright material. For current status contact ESDU.

ESDU 79005

Issued May 1979
With Amendment A
August 2010

Undamped natural vibration of shear
buildings

Associated software: ESDUpac A7905
VIEWpac 7905A

Endorsed by
The Institution of Mechanical Engineers Documents

Document Sharing Hub

Full document details: ESDU 79005 A 2010


http://www.avadocuments.com/doc/esdu-79005-a-2010
http://www.avadocuments.com/doc/esdu-79005-a-2010

ESDU Copyright material. For current status contact ESDU.

ESDU 79005

ESDU DATA ITEMS

Data Items provide validated information in engineering design and analysis for use by, or under the supervision
of, professionally qualified engineers. The data are founded on an evaluation of all the relevant information, both
published and unpublished, and are invariably supported by original work of ESDU staff engineers or consultants.
The whole process is subject to independent review for which crucial support is provided by industrial companies,
government research laboratories, universities and others from around the world through the participation of some
of their leading experts on ESDU Technical Committees. This process ensures that the results of much valuable
work (theoretical, experimental and operational), which may not be widely available or in a readily usable form, can
be communicated concisely and accurately to the engineering community.

We are constantly striving to develop new work and review data already issued. Any comments arising out of your
use of our data, or any suggestions for new topics or information that might lead to improvements, will help us to
provide a better service.
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UNDAMPED NATURAL VIBRATION OF SHEAR BUILDINGS

1. NOTATION AND UNITS

Only the SI system of units is quoted but any coherent system of units may be used.

SIUNIT
Lateral Torsional
modes modes
D non-dimensional stepped-change in stiffness, Ak/k,
fj natural frequency for mode j Hz Hz
KJ- normal-mode generalised stiffness for mode j N/m N m/rad
k constant storey stiffness of uniform stiffness type building N/m N m/rad
K, stiffness of rth storey of building N/m N m/rad
k, stiffness of nth storey of building N/m N m/rad
M i normal-mode generalised mass (or inertia) for mode j kg kg m?
m constant storey mass of idealised building kg kg m?
m, lumped mass of rth storey kg kg m?
m, lumped mass of nth storey kg kg m?
n number of storeys in building
Ay j modal displacement of rth storey for mode j m rad
r storey number
Ak constant stepped-change in stiffness per storey of an
idealised building (defined to be positive when storey
stiffness increases from top to bottom) N/m N m/rad
ej generalised mass ratio for mode j, M; /My
uj(E_,r) normalised displacement for mode j at rth floor, gy, j/dy j
\J natural frequency ratio for mode j, f; /f;
&, the ratio r/n
Pj non-dimensional generalised mass for mode j, see Equation (5.7)
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¢J- frequency parameter for mode |, fj \/kin

Vi parameter defined by Equation (6.3)

Subscripts

J relates to normal mode number

r relates to storey number (for ground level r = 0 and for top storey r = n).

Additional notation, required only for Appendix B, is given in the Appendix, Section B1.

2. INTRODUCTION

The construction techniques employed in modern high-rise buildings lead to structures of relatively high
flexibility and low mass so that the effect of dynamic loads on the structure become increasingly important.
A knowledge of the natural frequency parameters is necessary for the investigation of the response of a
building to such loads. The natural frequency parameters, required for the calculation of the response of a
building to fluctuating loads by the modal superposition method, are natural frequencies, mode shapes, and
normal-mode generalised masses (or inertias) and stiffnesses. In considering lateral modes, generalised
masses and lateral stiffnesses are used and for torsional modes, generalised rotational inertias and rotational
stiffnesses are required. The way in which these data are used in the case of the calculation of the response
of a building under the action of a fluctuating wind load is described in the Data Items in Sections 7, 8 and 9.

This Item provides a means of estimating the natural frequencies, mode shapes and normal-mode
generalised masses” for both lateral and torsional undamped modes of vibration of shear buildings. A
relationship is given from which the generalised stiffnesses for lateral and torsional modes might be obtained
using other data provided. This Item is primarily intended for use with uncoupled modes of vibration
although coupling between lateral and torsional modes is considered in Appendix B where expressions for
the estimation of coupled mode parameters are given for a special class of shear building.

The data provided are restricted to use for those buildings that may be modelled as shear type buildings. A
shear building is defined as a building that has inextensible columns and rigid floors which prevent joint
rotations. In this Item it is assumed that the reductions in column stiffness due to the axial loads applied by
the supported structure are negligible. This stiffness effect causes a reduction in frequency and may modify
the mode shapes but is generally small. Further, it is assumed that the buildings have a rigid base. Thus, by
implication, the displacement at ground level is assumed to be zero and it is assumed that no soil/structure
interaction takes place.

The mathematical model of the shear building, illustrated in Sketch 3.1, is further idealised (as described
in Section 4) to provide a graphical solution for the natural mode of vibration parameters. A computer
program is provided in the Wind Engineering Series via the website that allows the solution of the shear
building model without the necessary further idealisation imposed by the graphical solution. A number of
modes of vibration may significantly contribute to the dynamic loads on a building although it is generally
the lowest frequency mode which has the greatest influence on the dynamic response. Graphical data are
provided for the first four natural modes of vibration for both lateral and torsional oscillations.

" The terms mass, stiffness and displacement are used in the generic sense to include rotational inertia, rotational stiffness and rotational
displacement, respectively, for the torsional vibration case.
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3. DATA PROVIDED

The natural frequencies, mode shapes and normal-mode generalised masses (or inertias) of the first four
uncoupled lateral or torsional modes of two types of idealised shear buildings with 4 to 60 storeys are
provided in a graphical form. The terms mass, stiffness and displacement are used in the generic sense to
indicate mass, lateral stiffness and lateral displacement, respectively, in the calculation of lateral mode
parameters, and rotational inertia, rotational stiffness and rotational displacement, respectively, in the
calculation of torsional mode parameters. The method by which a real building is represented by one of
two idealisations is presented in Section 4.3. Buildings that cannot be represented by either of the two
idealised types should be analysed using the computer program described in Appendix A. A method for
computing natural frequencies and mode shapes for coupled lateral and torsional vibrations of a class of
shear buildings is provided in Appendix B.

—

n storey

' floor

r'M storey

o]
=
—

2" storey

1% storey

Sketch 3.1 n-storey shear building model
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4. METHOD OF SOLUTION AND SHEAR BUILDING IDEALISATION

41 Method of Solution

The lumped parameter method (References 4 and 8) has been used to calculate the vibrational properties
of shear buildings. The method assumes that the building may be represented by lumped masses, or in the
case of torsional modes lumped inertias, concentrated at floor levels and connected by massless elastic
columns. The stiffness of a storey is defined as the lateral force, or in the case of torsional mode the torque,
at the floor required to produce a unit displacement of the storey floor relative to the floor below (see
Sketch 3.1). For a shear-frame building the effects of all the individual columns of a storey are summed to
obtain the storey stiffness. It should be noted that the lumped mass at each floor level must include the
whole of the fixed mass and a proportion of the movable mass associated with the floor loading. The fixed
mass includes the mass of the floor and the mass of the columns and walls adjacent to it together with
finishes, partitions and fixed equipment. The proportion of the movable mass (e.g. people) included in the
lumped floor mass should be that defined in the code of practice to which the building is to apply or some
appropriate proportion. Typically the proportion of the movable mass included in the lumped floor mass
lies between 25% and 100% of the total movable mass. Guidance on the contribution of the movable mass
to the lumped mass may be found in References 6, 7, 9 and 10.

The equations of motion of a lumped shear building with non-uniform distribution of either the lumped
mass or the stiffness of the storeys have been solved numerically. However, for the uniform stiffness type
building described in Section 4.2 an analytical solution of the equations has also been obtained and is
presented in Section 6.

4.2 Idealised Building

The idealised shear building for which graphical data are provided has a constant lumped storey mass and
either a constant stiffness for all the storeys (a uniform stiffness type building) or a storey-wise stiffness
variation with a constant stepped-change in stiffness per storey (a uniformly varying stiffness type building).
The procedure for this idealisation is given in Section 4.3.

4.2.1 Mass and stiffness characteristics of the idealised building

The idealised building can be a uniform stiffness type or a uniformly varying stiffness type as defined in
Section 4.2.

For the uniform stiffness type building the lumped storey mass and the storey stiffness characteristics are
described by Equations (4.1) and (4.2) to be
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The uniformly varying stiffness type building has similar lumped mass characteristics but the storey
stiffness is characterised by Equation (4.3) as follows,

k. = k,+(n-r)Ak. (4.3)

The term Ak, the constant stepped-change in stiffness per storey, is defined to be positive when the storey
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stiffness increases from top to bottom and is expressed in the non-dimensional form, D, as

D = Ak/k, . (4.9)
4.3 Building Idealisation
Since a real building rarely falls exactly into either of the ideal categories considered in this Item, to use
the graphical data provided it is necessary to represent the building by one of the idealisations as discussed
in Section 4.3.1 and 4.3.2. It must be emphasised that the accuracy of the data obtained will depend on how
closely the idealisation represents the real shear building. Results obtained for buildings for which the
stiffness or mass variation does not conform closely to the idealised cases should be treated with caution
and it is recommended that in such cases the buildings should be analysed with the aid of the computer
program described in Appendix A.
4.3.1 Uniform stiffness type building idealisation
Where a real building can be approximated by the uniform stiffness idealisation, the constant lumped mass
and storey stiffness for the idealised building are
1 n
m=c3m (4.5)
r=1
1 n
and k = . >k (4.6)
r=1
where the m, are the lumped storey masses and the k, are the storey stiffnesses of the real building.
4.3.2 Uniformly varying stiffness type building idealisation

Where areal building can be approximated by a uniformly varying stiffness idealisation the constant lumped
mass, the constant stepped-change in stiffness per storey, and the non-dimensional stepped-change in
stiffness for the idealised building are

m = L % m 4.7
r]r= 1 :
2 n
= n(n—l)rgl(kr_k”)’ (4.8)
and D= %‘—( (4.9

n

where the m, are the lumped storey masses and the k, are the storey stiffnesses of the real building.
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5. RANGE OF GRAPHICAL DATA PROVIDED
For the two idealised types of shear building graphical data are provided for natural frequencies, mode
shapes (normalised with respect to the top storey displacements) and the normal-mode generalised masses
for buildings from 4 to 60 storeys for D =0to 1; the value of D = 0 applies to uniform stiffness type buildings.

5.1 Natural Frequencies

For the fundamental frequency, the frequency parameter, ¢, , is plotted against the number of storeys for
arange of values of D in Figure 1. The value of the fundamental frequency is obtainable from the expression

kn
=6y, (5.1)

The frequencies of the higher modes are given by
fj = f, . (5.2)
Values of v,, v, and v, are given in Figures 2, 3 and 4 respectively for a range of values of D and n.

5.2 Mode Shapes

The normalised mode shapes, uj(ar) , for the first four natural modes are presented in Figures 5 to 8 where,
for mode j,

“j(ér) =q j/qn,j (5.3)
and g =rin. (5.4)

The terms gy, j and g, j are the modal displacements of the rth and nth storeys respectively.

The idealised building is assumed to have a rigid base. Hence,
uj(gp) = 0 (5:5)

For each mode, the lumped parameter representation gives n discrete values of modal displacement for an
n storey building. To cover the range of storeys considered in this Item, mode shapes are presented as
continuous curves of normalised displacements plotted against r/n. These curves are calculated for a
40-storey building but provide a reasonable approximation to the mode shapes at other values of n. The
errors in mode shape will increase as n is reduced and for the lower values of n (say n = 12) the computer
program should be used if accurate mode shapes are required.

It is sometimes necessary, for response calculations, to normalize the mode shapes with respect to the

maximum floor displacement. If this normalization is required the values of p.(&,) obtained from
Figures 5 to 8 should be divided by the maximum value of uj(ar) for the mode uncfer consideration.
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5.3 Normal-mode Generalised Mass

For a lumped mass building, M; the normal-mode generalised mass for mode j, is defined as

M= 3 M (&) 56
r=

or in terms of the non-dimensional generalised mass, Pj

M =p; 3 m,. (5.7)

For the idealised building the values of p, are presented in Figure 9 for a range of values of D and n.

The value of the first-mode generalised mass of the idealised building is determined from Equation (5.7)
and generalised mass values for the higher modes are obtained from

M; = ;M . (5.8)

Values of ej are plotted against n for modes 2, 3 and 4 in Figures 10, 11 and 12, respectively, for a range
of values of D.

If the mode shapes are reorganized relative to the maximum floor displacement, to obtain the compatible
value of Mj the value obtained using the corresponding 6; (obtained from Figures 10 to 12 for n>12)
must be divided by the square of the maximum value of uj(ér) for the mode under consideration.

54 Determination of Normal-mode Generalised Stiffness

The normal-mode general stiffness K;, for mode j of the idealised building, is determined from the
corresponding normal-mode generalised mass value using Equation (5.9):

Kj = (2nf)°M; . (5.9)

6. ANALYTICAL EXPRESSIONS FOR UNIFORM STIFFNESS TYPE BUILDINGS

For a uniform stiffness type building the equations of motion have been solved using the theory of difference
equations (References 5 and 8). The resultant expressions for the required vibrational parameters are given
by Equations (6.1) to (6.8).

6.1 Natural frequencies

The natural frequency parameter, ¢j , and frequency ratio, v;, for mode j are

SNy
4= — (6.1)
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and v = =1, (6.2)
siny,
- n2j-1)
where iT 220 D) (6.3)

6.2 Mode Shapes

The modal displacement of the rth storey, and the normalised mode shape for mode j are

qj = Csin(2ry;) (6.4)
sin(2ry;)
- |
and (0= nanyy (6.5)

respectively, where C is a constant and Vi is defined by Equation (6.3).
6.3 Normal-mode Generalised Mass

The normal-mode generalised mass, M;, the non-dimensional generalised mass, P and the generalised
mass ratio, ej , are

M. = __rl‘Q_[lil)_ (6.6)
I 4sinZ (2ny))
__(@n+1) 6.7
Pi 4nsin? (2ny;)’ ©.7
.2
sin"2n
and = Z—WI (6.8)
sin (Zn\yj)
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