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ESDU 81034
ESDU DATA ITEMS

Data Items provide validated information in engineering design and analysis for use by, or under the supervision
of, professionally qualified engineers. The data are founded on an evaluation of all the relevant information, both
published and unpublished, and are invariably supported by original work of ESDU staff engineers or consultants.
The whole process is subject to independent review for which crucial support is provided by industrial companies,
government research laboratories, universities and others from around the world through the participation of some
of their leading experts on ESDU Technical Committees. This process ensures that the results of much valuable
work (theoretical, experimental and operational), which may not be widely available or in a readily usable form, can
be communicated concisely and accurately to the engineering community.

We are constantly striving to develop new work and review data already issued. Any comments arising out of your
use of our data, or any suggestions for new topics or information that might lead to improvements, will help us to
provide a better service.

THE PREPARATION OF THIS DATA ITEM

The work on this particular Data Item was monitored and guided by the Aerodynamics Committee. This Committee
first met in 1942 and now has the following membership:

The member of staff who undertook the technical work involved in the initial assessment of the available information
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Vice-Chairman
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ESDU 81034
LINEARISED TWO-DIMENSIONAL OSCILLATORY AIRFORCE COEFFICIENTS 
AND LOAD DISTRIBUTION ON THIN AEROFOILS IN SUBSONIC FLOW

1. NOTATION AND UNITS

SI British

speed of sound m/s ft/s

aerofoil chord  m ft

free-stream Mach number, V/a

aerodynamic stiffness matrix

aerodynamic damping matrix

complex generalised airforce coefficient

in-phase part of , see Equation (3.2)

in-quadrature (90° out of phase) part of , 
see Equation (3.2)

 free-stream velocity m/s ft/s

rectangular Cartesian coordinates relative to mean position of 
aerofoil chord with origin at leading edge; x positive rearwards, 
z positive upwards

m ft

upward displacement mode m ft

dimensionless chordwise loading, lift per unit area /

 in-phase part of 

in-quadrature part of 

z/c

frequency parameter, 

x/c

free-stream density kg/m3 slug/ft3

a

c

i 1–

M

Q ′–

Q″–

Qij

Qij' Qij

Qij'' Qij /ν

V

x z,

zi

γ
j
ξ( ) ρV2( )

γ
j
′ ξ( ) γ

j
ξ( )

γ j″ ξ( ) γ
j
ξ( )

ζ

ζi ξ( ) zi/c

ν ωc /V

ξ

ρ
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ESDU 81034

2. INTRODUCTION

This Item presents results, for use in flutter calculations, obtained from a recently developed FORTRAN
computer program (Derivation 1). The program embodies a method for evaluating the forces, moments and
pressure distributions on a thin aerofoil oscillating harmonically with small amplitude in subsonic flow.
The calculations were made for two modes of oscillation of the aerofoil, in heave and in pitch, and for a
third mode in which a trailing-edge control oscillated about its hinge-line at 0.8 of the aerofoil chord. The
results are presented in the form of tabulated airforce coefficients (Section 3) and graphs of the chordwise
load distribution (Section 4) over a frequency parameter range from 0.05 to 2.0 and a Mach number range
from 0 to 0.90. 

Currently there are alternative forms in which data for flutter calculations are presented, i.e. airforce
coefficients and flutter derivatives. Appendix A provides a set of conversion equations to obtain flutter
derivatives from airforce coefficients. These equations have been used to derive tables of flutter derivatives
from the airforce coefficient data given herein. These data for flutter derivatives, calculated using a precise
computer program, supersede the corresponding data obtained over thirty years ago in Reference A2. Also
given in Appendix A is an example of the use of the conversion equations to illustrate the effect of a variation
in the location of the pitching axis. 

The data would typically be used in flutter calculations using strip theory. In flutter calculations the use of
two-dimensional strip theory (see Appendix B and References 2 and 3) has advantages over
three-dimensional lifting-surface theory due to the ease with which wind-tunnel data may be incorporated
and the effects of parametric variations may be studied. Moreover, for initial calculations, the use of an
approximate strip theory offers a saving in time and cost of computation with acceptable loss of accuracy. 

The data given in this Item are strictly applicable to infinitesimal displacements of flat plate aerofoils in
inviscid subsonic flow. Nevertheless, the data may be applied to aerofoils of moderate thickness and camber,
at incidence, provided that the flow remains attached and subsonic over the whole aerofoil. 

circular frequency rad/s rad/s

Subscripts

denotes general pitching axis

denotes hinge line

integer (1 for lift, 2 for pitching moment, 3 for trailing-edge 
control hinge moment)

integer (1 for heave, 2 for pitch, 3 for trailing-edge control 
motion)

Dressings

prime  as in  denotes real part

double prime  as in  denotes imaginary part

ω

a

h

i

j

′( ) Q′
″( ) Q″
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ESDU 81034
3. GENERALISED AIRFORCE COEFFICIENTS

Derivation 1 provides a method for calculating the aerodynamic forces on a two-dimensional thin aerofoil
oscillating harmonically, with small amplitude, in an inviscid subsonic flow. The unknown chordwise load
distribution is related, via an integral equation, to the known upwash on the aerofoil which is dependent on
the mode of oscillation. Derivation 1 solves the integral equation for the loading, which is represented
approximately as a finite series of terms. The resulting load distribution is used to define the generalised
airforce coefficients on a thin aerofoil, 

, (3.1)

in which  and  are the dimensionless displacement and loading at the chordwise position .
The subscripts i and j define respectively the force and oscillatory motion considered. In this Item, i takes
the values 1, 2 or 3 according to whether lift, pitching moment or control hinge-moment is considered,
and j takes the values 1, 2 or 3 according to whether the motion considered is heaving, pitching or control
oscillation. Thus , for example, is the airforce coefficient for pitching moment due to control oscillation.
For lift , for pitching moment , where  is the pitching axis location, while for
trailing-edge control hinge-moment , for  and , for , where  is
the hinge-line location. 

In flutter calculations  is split into its real and imaginary parts, i.e., 

, (3.2)

where the real part provides the aerodynamic stiffness matrix –  and the imaginary part (without the
factor ) provides the aerodynamic damping matrix – . The airforce coefficients  and  presented
in this Item relate to aerofoil oscillations in heave and in pitch with the pitching axis taken at the
quarter-chord point  and oscillations of a trailing-edge control with its hinge-line at 0.8 of the
aerofoil chord. The calculations were for all combinations of Mach number and frequency parameter
covering the values M = 0, 0.50, 0.65, 0.75, 0.80, 0.85, 0.88 and 0.90 and , 0.10, 0.20, and then
in steps of 0.2 to 2.0. The results for ascending Mach number are tabulated in Tables 6.1 to 6.8.

4. CHORDWISE LOADING

As noted in Section 3 the program of Derivation 1 also calculates the two-dimensional chordwise load
distribution corresponding to any mode of oscillation. 

The results for the real and imaginary parts of the loading , given by

(4.1)

have been calculated for oscillations in heave, pitch and control rotation for the following combinations of
M and : 

M 0.5 0.8 0.8 0.8 0.9

1.0 0.4 1.0 2.0 1.0

Qij ζi ξ( ) γ
j
 ξ( ) ξd

0

1
∫=

ζi ξ( ) γj ξ( ) x ξc=

Q23
ζ1 1= ζ2 ξ ξa–= ξa

ζ3 0= 0 ξ ξh≤ ≤ ζ3 ξ ξh–= ξh ξ 1≤ ≤ ξh

Qij

Qij Q'ij iνQ''ij+=

Q′
ν Q″ Qij′ Qij″

ξa 0.25=( )

ν 0.05=

γj ξ( )

γj ξ( ) γ
j
′ ξ ) iγ j″ ξ(+( )=

ν

ν
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ESDU 81034
All calculations were carried out with 80 chordwise terms. 

These examples, spanning the practical ranges of M and , are given to illustrate the effects of Mach number
and oscillation frequency on the chordwise loading and to highlight particular features. 

The results of the calculations are presented graphically to show the effect of Mach number and frequency
parameter on the real and imaginary parts of the loading. Figures 1 and 2 show the effect of Mach number
in heaving and pitching respectively, while Figures 3 and 4 show the effect of frequency parameter in the
pitching and control rotation modes, respectively. Fluctuations are seen to develop as M or  increases. In
particular, for the oscillating trailing-edge control in Figure 4, the fluctuations relate to the rate of
propagation of disturbances upstream of the hinge. As discussed in Section 4.3 of Reference 4, over the
stationary part of the aerofoil there is a strong tendency for the peaks and troughs in  to coincide with
zeros in  and vice-versa. 

5. DERIVATION AND REFERENCES

5.1 Derivation

The Derivation lists selected sources that have assisted in the preparation of this Item.

5.2 References

The References list selected sources of information supplementary to that given in this Item.

1. SALMOND, D.J. Evaluation of two-dimensional subsonic oscillatory airforce coefficients
and loading distributions. RAE tech. Rep. 79096, 1979.

2. THEODORSEN, T. General theory of aerodynamic instability and the mechanism of flutter.
NACA Rep. 496, 1934.

3. THEODORSEN, T. Mechanism of flutter, a theoretical and experimental investigation of
the flutter problem. NACA Rep. 685, 1940.

4. GARNER, H.C. A phenomenon of subsonic aerodynamic loading from rapid aileron
oscillations. RAE tech. Rep. 80025, 1980.

ν

ν

γ 3′
γ

3
″
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6. TABLES OF AIRFORCE COEFFICIENTS

TABLE 6.1 Generalised Airforce Coefficients of an Oscillating Aerofoil with Trailing-edge Control 

TABLE 6.2 Generalised Airforce Coefficients of an Oscillating Aerofoil with Trailing-edge Control 

ξa 0.25 ξh, 0.80 M, 0= = =( )

ξa 0.25 ξh, 0.80 M, 0.5= = =( )
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TABLE 6.3 Generalised Airforce Coefficients of an Oscillating Aerofoil with Trailing-edge Control 

TABLE 6.4 Generalised Airforce Coefficients of an Oscillating Aerofoil with Trailing-edge Control 

ξa 0.25 ξh, 0.80 M, 0.65= = =( )

ξa 0.25 ξh, 0.80 M, 0.75= = =( )
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TABLE 6.5 Generalised Airforce Coefficients of an Oscillating Aerofoil with Trailing-edge Control 

TABLE 6.6 Generalised Airforce Coefficients of an Oscillating Aerofoil with Trailing-edge Control 

ξa 0.25 ξh, 0.80 M, 0.80= = =( )

ξa 0.25 ξh, 0.80 M, 0.85= = =( )
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