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ESDU DATA ITEMS

Data Items provide validated information in engineering design and analysis for use by, or under the supervision
of, professionally qualified engineers. The data are founded on an evaluation of all the relevant information, both
published and unpublished, and are invariably supported by original work of ESDU staff engineers or consultants.
The whole process is subject to independent review for which crucial support is provided by industrial companies,
government research laboratories, universities and others from around the world through the participation of some
of their leading experts on ESDU Technical Committees. This process ensures that the results of much valuable
work (theoretical, experimental and operational), which may not be widely available or in a readily usable form, can
be communicated concisely and accurately to the engineering community.

We are constantly striving to develop new work and review data already issued. Any comments arising out of your
use of our data, or any suggestions for new topics or information that might lead to improvements, will help us to
provide a better service.

THE PREPARATION OF THIS DATA ITEM

The work on this particular Data Item was monitored and guided by the Dynamics Committee which has the following
constitution:

Chairman

Dr H.H.B.M Thomas — Royal Aircraft Establishment

Members

Mr D. Booker — British Aerospace Aircraft Group, Warton Division

Prof. T.R. Crossley — University of Salford

Prof. G.J. Hancock — Queen Mary College

Mr M.R. Heath — British Aerospace Dynamics Group, Stevenage-Bristol Division.

The work on this Item was carried out in the Mechanical Motion and System Dynamics Group of ESDU International.
The Group Head, and member of staff, who undertook the technical work involved in the construction and
development of the Item was Mr C.J. Loughton.

The Dynamics Committee, which first met in January 1962, has the co-operation of many engineers and scientists

in industry, research establishments and universities from whom much assistance and unpublished information is
being received.
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THE RESPONSE OF TWO-DEGREE-OF-FREEDOM SYSTEMS
(COMPUTER PROGRAM)

1 INTRODUCTION

The computer program presented in this Item may be used to determine the response of any
two-degree-of-freedom system with constant coefficients to any known applied forcing functions.

Theprogramiscapable of dealing with any two-degree-of-freedom system the description of whichrequires
two independent coordinates and which can be described by two second-order constant coefficient
differential equations. The independent coordinates are the dependent variables of the system.

An applied input forcing function is allowed for each second-order equation and to ease program input one
of six possible types of input function can be specified: zero, impulsive, step, cosine, sine and an arbitrary
input.

The program evaluates the characteristic polynomial of the system together with the roots of this equation
from which the modes of response are found. For systems involving two second-order equations the
eigenvalues and corresponding eigenvectors are also found. For second-order (oscillatory) modes the
natural frequency, damping ratio, period and time to half-amplitude are found and for first-order modes
only the time to half-amplitude is found. The dependent variables of the system are then found for the
specified input forcing function(s) using a step-by-step integration routine.

2. NOTATION

Any coherent system of units can be used.

Program I nput

and Output Symbols

C11+ Coq coefficients of dy,/dx C(1,1),C2,1)

Cip1 Cop coefficients of dy,/dx C(1, 2),C(2,2)

Fi. Fy external forcing functions F1, F2

Kips Koq coefficients of y; K(1,1),K(2,1)

Kios Koy coefficients of y, K(1, 2),K(2, 2

my,, My coefficients of d?y,/dx? M(1, 1), M(2, 1)

my,, My,  coefficientsof d?y,/dx? M(1, 2), M(2, 2)

X independent variable of equations X
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Yi: Yo

dependent variables of equations
(independent coordinates)

damping ratio®
flag for order of equations
case numbersfor F; and F,, respectively

magnitude of step or harmonic input of F; and F,,
respectively

frequency of harmonic inputsof F, and F,,
respectively

phase angle of harmonic inputs of F; and F,,
respectively

values of x for impulse, step or harmonic input
X output step

value of ‘decimal accuracy’ for integration
starting value of x for integration

end value of x for integration

dy,/dx and dy,/dx, respectively

d?y,/dx? and d?y,/dx?, respectively

values of x and arbitrary function valuesof F,,
J=1toN1

values of x and arbitrary function values of F,,
J=1to N2

total number of values of x for an arbitrary function input
for F, and F,, respectively

time to half (or double) amplitude’
period of oscillation”

natural frequency of oscillation®

output symbol for number of subdivisions of output step
used for convergence

Y1,Y2

ZETA
ORDER
IF1, IF2

P1, P2

01, 02

Q1, Q2

X1, X2
OUTSTP
DACC
XSTART
XEND
D(Y 1)/DX, D(Y 2)/DX
D2(Y1)/DX2, D2(Y2)/DX2

X3(1, J), P(1, J)

X3(2,J), P(2, J)

N1, N2

T(1/2)
PERIOD
WN

ITER

T Value associated with WN and obtained from the roots of the characteristic equation (see Section 4.2).

* Whenthe damping of asystemiszero, WN isthe natural frequency of oscillation. When the system damping isnon-zero, WN is
the equivalent natural frequency that with the equivalent viscous damping ratio, ZETA, produces the damped natural frequency.

This page Amendment E
2

Full document details: ESDU 82037 F 2015

Documents

Document Sharing Hub


http://www.avadocuments.com/doc/esdu-82037-f-2015
http://www.avadocuments.com/doc/esdu-82037-f-2015

ESDU Copyright material. For current status contact ESDU.

ESDU 82037

3. SYNTHESISOF TWO-DEGREE-OF-FREEDOM SYSTEMS

31 General Description of Second-order Equations
A system has two-degrees-of-freedom if its configuration can be represented by two independent
coordinates. The second-order differential equations which describe such a system are in general coupled

in that both coordinates appear in each equation.

In the most general case for systems with constant coefficients, where the coordinates and their first and
second derivatives are coupled, the two equations have the form

d2y1 d2y2 dy, dy,
M= + M= + Cy— + Cp— + Kyqyg + Koy, = Fi(X) (3.19)
dx dx dx dx
2 2
dy, dy, dy, dy,
and My = + M= + Cy— + Cpp— + Kyyg + Kppyp = Fp(x), (3.1b)
dx dx dx dx
or in matrix form,
2 2
My Mypl|d7y,/dx Ciq Cigl|dy,/dx| [Ki1 Kiolly, _|F1®) (32)
2 2 - ' '
my; My, d7y,/dx Cy1 Cop dy,/dx k21 k22 Yo Fo(X)

Thetwo independent coordinatesare y; and y, which are the dependent variables of the system equations
with the independent variable of the system chosen as x. The coefficients m, ¢ and k are constants.

The notation that has been chosen for the coefficients of y; and y, and their first and second derivatives
ismost descriptive of a mechanical tranglation system, with m denoting the mass, ¢ the damping, and k
the spring stiffness. However, such equations can equally represent an electrical, a rotational mechanical,
athermal or an acoustical system. Table 3.1 shows the relationship between some of the parameters of

equivalent systems.
TABLE 3.1 Equivalent system parameters
MECHANICAL MECHANICAL
ELECTRICAL TRANSLATIONAL ROTATIONAL ACOUSTICAL THERMAL
inductance mass moment acoustical —
of inertia inertance
resistance damping rotational acoustical thermal
constant damping resistance resistance
1 spring rotational 1 1
capacitance stiffness dtiffness acoustical thermal
compliance capacitance
current displacement rotational volume velacity rate of
angle heat flow
em.f. force torque pressure temperature
change
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The matrix form of Equation (3.2) immediately indicates the type of coupling that exists between the
coordinates of the system. Massor dynamical coupling existsif the massmatrix isnondiagonal and stiffness
or static coupling existsif the stiffness matrix isnondiagonal . The damping matrix issaid to be proportional
if it isdiagonal. The two equations become decoupled when all the coefficient matrices are diagonal. The
equations may then be solved independently.

The systems described by Equation (3.2) include al cases in which the coefficient matrices are not
symmetric, although for physical systemsit is common for the mass and stiffness terms to be symmetric.
Such systems include those with negative damping whose responses do not decay with time.

32 Example on the Formulation of the Equations of M otion

Consider the mechanical system of Sketch 3.1 with massesof m; and m,, connected by springs, of stiffness
k , and dashpots of damping constant c.

Using the coordinates y; and y, as the distances moved by the masses m; and m, measured from their
rest positions, the differential equations that describe the system are

MYy = —K(Yp=Yp) — ky; — C(y—Y,) — ¢y + Fy (3.39)

and m, ).’.2 = k(y;=Y,) — ky, + C(yll_);z) - Cy‘z +F,, (3.3b)
where F; and F, represent the external forces applied to the masses m; and m,, respectively.

Rearranging these equations into the matrix form of Equation (3.2)

0 my|Yo| |C2¢||Vy [k 2k|ly,| " |F,

This system is seen to contain coupling in the damping and stiffness matrices only.

. F .
—Y1 — Y2
k k k
AWMV AV
e "t B
C C c
OO QO

Sketch 3.1 Schematic of multiple-element two-degr ee-of-freedom system
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33 Two-degr ee-of-freedom Systems | nvolving First- and Second-order Equations

Although al two-degree-of-freedom systems require two independent coordinates to describe their
behaviour, not all involve two second-order equations. The variables of interest can for certain systems be
expressed in terms of one second-order and one first-order equation, or in some cases two first-order
equations, respectively described by the following:

my, O| |y c Ciol |y k;, K F
11 yl + |C11 C12 3.’1 o1 f2p Y1 M (3.5)
My 0] 1Y, Co1 Coo| [ Y2 Koy Kao| | V2 F2
and C11 Crp| [ V1| |, |Ku Kiz| [Ya|  |Fa| (36)
G2 Cxo) | Y2 Ko1 Kao| | Y2 F>

It should be noted that the y,, coordinate in Equation (3.5) and both coordinates in Equation (3.6) cannot
be directly associated with displacement when the systems these equations represent are viewed as
‘spring/mass/damper’ systems, nor will the terms m, ¢ and k necessarily correspond to mass, damping
and stiffness when associated with the coordinates used. (The symbols m, ¢ and k have been retained,
however, for continuity reasons associated with the input and output for the computer program.)

As an example consider the ‘mass/damper’ system illustrated in Sketch 3.2. In terms of the displacement
coordinates y, and y,, the system of Sketch 3.2 is represented by two second-order equations, with
coupling in the *damping’ matrix, as detailed in the following matrix equation:

m; O 3./.1 N 2c —C )./1 _ F, . (37)
0 my| Y, —Cc 2c||Y> F,
— Y1 — Y2

HE—— m E m, _E

c c c

Sketch 3.2 Two-degree-of-freedom mass/damper system
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The system of Equation (3.7) can be transposed by one, or both, of the simple substitutions,

Y = 371 and Ya = )72,

which respectively give
m O [Vi|, |2c 0| [Vi| {o _] AL 9
0 0|V, —< Myl |y, 0 2¢] |y, F,
m, Of |y F

or 1 >.’3 + |2c —| |Y3 _ |, 3.9)
0 m,| | Yy —C 2¢C Ya F2

Equation (3.8) involvesthe coordinates y, andy, and Equation (3.9) involvesthe coordinates y; and y,, .

These systems are ‘special cases' of the general system of Equation (3.2) and only deserve particular
mention because the computer program associated with this Item has been written to accept these cases.

A practical example, taken from Example B of ESDU 810401 in which the variation of velocity U has
been ignored, expressed in the notation of that Item, is the system

Z. Z Z U,Z
(1__W)S__W _(_q+1)uo S
u T u W T ~
NN VIO (3.10)
My My Mgl 1
i .2 i i
|y T U0 'y - Uo |yr |y T

which isfirst-order in w and q, or if g isreplaced by d6/dt then it is second-order in 0.
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4, DESCRIPTION OF COMPUTER PROGRAM

The input data required by the program is described in Section 4.1.

Theinput files for the examples featured in Section 6 are included on the website.

4.1 Program Input Data

The computer program associated with this Data ltem is available on the ESDU website at www.esdu.com,
together with instructions on how the program is run.

The program output data, including the error conditions of program failure are given in Section 4.2.

Dataare entered as detailed in the following table. The table specifies where appropriate the input symbols
used by the program which are described in the Notation of Section 2.

Any coherent system of units may be used. All data are entered in free format.

Full document details: ESDU 82037 F 2015

Entry . .
Number Entry Description Variable Type
1 Enter program identifier: ESDU82037 CHARACTER
(This identifier must be the only string other than spaces in the first
256 characters of the first line of the file)
2,34 Enter descriptive run title - 1st line CHARACTER
Enter descriptive runtitle - 2nd line
Enter descriptive run title - 3rd line
(Thefirst 75 characters of each line, including spaces, are read)
5 Enter file name for output data CHARACTER
(The name of the file, including the path, are read from the first 256
characters of theline)
6 Enter flag for order of equations. 'ORDER' INTEGER
=4 two second-order equations
= 3 one second-order equation and one first-order equation
=2 two first-order equations
7= If 'ORDER' = 4, then enter coefficients: REAL
'M(1,1), M(1,2), M(2,1), M(2,2)'
7= If 'ORDER' = 3, then enter coefficients: REAL
'M(L,1), M(2,2)
8 Enter coefficients:  'C(1,1), C(1,2), C(2,1), C(2,2)' REAL
9 Enter coefficients:  'K(1,1), K(1,2), K(2,1), K(2,2)' REAL
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Entry _ .
Number Entry Description Variable Type
10 Enter case numbersfor forcing function inputs:  'IF1, IF2' INTEGER
=0 ZERO
=1 IMPULSE
=2 STEP
=3 COSINE
=4 SINE
=5 ARBITRARY
11 IFL=0 | Noinputrequired (do not insert ablank line) -
IF1=1| Enter value of independent variable at which input starts: REAL
lxll
IF1=2 | Enter value of independent variable at which input starts REAL
and value of magnitude of input: X1, P1'
IF1=3 | Enter value of independent variable at which input starts, REAL
and value of magnitude of input, value of frequency of input
IF1=4 | andvaueof phaseof input: 'X1, P1, O1, Q'
IF1=5 | Enter number of function values: 'N1' INTEGER
11 IF1=5 | Enter N1 pairs of values of independent variable (at which REAL
(cont.) input starts) and magnitude of input:
'X3(1,1), P(1,1) =
X3(1,2), P(1,2) =
X3(1,N1), P(1,N1) ="
12 IF2=0 | Noinput required (do not insert a blank line) —
IF2=1 | Enter value of independent variable at which input starts: REAL
IX2|
IF2=2 | Enter value of independent variable at which input starts REAL
and value of magnitude of input: X2, P2'
IF2=3 | Enter value of independent variable at which input starts, REAL
and value of magnitude of input, value of frequency of input
IF2=4 | andvalueof phaseof input: 'X2, P2, 02, Q2'
IF2=5 | Enter number of function values: 'N2' INTEGER
Enter N2 pairs of values of independent variable (at which REAL
input starts) and magnitude of input:
'X3(2,1), P(2,1) =
X3(2,2), P(2,2) =
X3(2,N2), P(2,N2) ="'

This page Amendment F Documents
8 Document Sharing Hub

Full document details: ESDU 82037 F 2015


http://www.avadocuments.com/doc/esdu-82037-f-2015
http://www.avadocuments.com/doc/esdu-82037-f-2015

ESDU Copyright material. For current status contact ESDU.

ESDU 82037

Entry
Number

Entry Description

Variable Type

13

Enter start and end values of independent variable for integration:
'XSTART, XEND'

REAL

14

Enter value of output step for integration and value of "Decimal
accuracy": 'OUTSTER DACC'

(Note: program uses +10"(-DACC) as the convergence criterion for
the dependent variables and the 1st and 2nd derivatives of the
dependent variables)

REAL

15

If 'ORDER' = 4, then enter initial values (at X = XSTART) of the
following:
'Y1,Y2,D(Y1)/DX, D(Y2)/DX, D2(Y1)/DX2, D2(Y 2)/DX2
(i.e 1st dependent variable
2nd dependent variable
1st derivative of 1st dependent variable
1st derivative of 2nd dependent variable
2nd derivative of 1st dependent variable
2nd derivative of 2nd dependent variable)

16

If 'ORDER' = 3, then enter initial values (at X = XSTART) of the
following:
'Y1,Y2,D(Y1)/DX, D(Y2)/DX, D2(Y1)/DX2
(i.e 1st dependent variable
2nd dependent variable
1st derivative of 1st dependent variable
1st derivative of 2nd dependent variable
2nd derivative of 1st dependent variable)

17

If 'ORDER' = 2, then enter initial values (at X = XSTART) of the
following:
'Y1, Y2, D(Y1)/DX, D(Y2)/DX'
(i.e 1st dependent variable
2nd dependent variable
1st derivative of 1st dependent variable
1st derivative of 2nd dependent variable)

REAL
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