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ESDU 83010
OSCILLATORY AERODYNAMICS OF SLENDER BODIES

1. NOTATION AND UNITS

SI British

local area of cross-section;  for circular cross-section m2 ft2

non-dimensional area of cross-section 

speed of sound m/s ft/s

pressure coefficient, see Equation (5.7)

in-phase part of , see Equation (5.9)

in-quadrature (90° out of phase) part of , see 
Equation (5.10) 

maximum diameter of body

, , non-dimensional coefficients independent of M and  in 
Equations (6.4) to (6.7) and Tables 10.1 to 10.3

overall body fineness ratio, L/D

forebody fineness ratio, 

body overall length m ft

forebody length m ft

non-dimensional local lift, positive upwards, 
see Equation (5.2) 

in-phase part of , see Equation (5.3)

in-quadrature (90° out of phase) part of  see 
Equation (5.4)

free-stream Mach number, 

complex generalised airforce coefficient, see Equation (6.1)

in-phase part of , see Equation (6.2)

in-quadrature (90° out of phase) part of , 
see Equation (6.3)

A x( ) πr2 x( )

a ξ( ) A ξL( )/L2

a0

Cp ξ , θ( )

Cp′ ξ , θ( ) Cp

Cp″ ξ , θ( ) Cp

D

Fij Gij Hij ν

f

ff lf /D

i 1–

L

lf

l ξ( )

l ′ ξ( ) l

l″ ξ( ) l /ν

M V/a0

Qij

Qij′ Qij

Qij″ Qij /ν

Issued June 1983
With Amendment A, August 1992 – 56 pages
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2

ESDU 83010

Dressings

prime as in Q' denotes in-phase (real) part

prime as in  and  denotes derivative with respect to 

double prime as in Q" denotes in-quadrature (imaginary) part

double prime as in  denotes second derivative with respect to 

local radius of axisymmetric body m ft

free-stream velocity m/s ft/s

two-dimensional Cartesian coordinates relative to mean 
position of body axis with origin 0, at apex of forebody; x 
positive rearwards, z positive upwards, see Sketch 3.2

m ft

amplitude of modal deflection, positive upwards m ft

non-dimensional amplitude, 

angle between Oxz plane and arbitrary plane through body 
longitudinal axis, positive clockwise from z position, see 
Sketch 3.2

degree degree

oscillatory lift per unit length, see Equation (5.1) N/m lbf/ft

frequency parameter, 

non-dimensional longitudinal distance, x/L

density of air kg/m3 slug/ft3

circular frequency rad/s rad/s

Subscripts

integer denoting a particular force, see Section 4

integer denoting a particular motion, see Section 4

r x( )

V

x z,

Z x( )

z ξ( ) Z ξL( )/L

θ

λ x( )

ν ωL/V

ξ

ρ

ω

i

j

′( )

′( ) a′ ξ( ) z′ ξ( ) ξ

″( )

″( ) z″ ξ( ) ξ

 

ES
D

U
 C

op
yr

ig
ht

 m
at

er
ia

l. 
 F

or
 c

ur
re

nt
 s

ta
tu

s 
co

nt
ac

t E
SD

U
. 

Copyright Engineering Sciences Data Unit 
Provided by IHS Markit under license with ESDU Licensee=/, User=, 

Not for Resale, No reproduction or networking permitted without license from IHS

-
-
`
,
,
`
`
`
,
,
,
,
`
`
`
`
-
`
-
`
,
,
`
,
,
`
,
`
,
,
`
-
-
-

Full document details: ESDU 83010 A 1992

http://www.avadocuments.com/doc/esdu-83010-a-1992
http://www.avadocuments.com/doc/esdu-83010-a-1992


3

ESDU 83010
2. INTRODUCTION

This Item presents a method for estimating the longitudinal lift distribution and overall aerodynamic forces
due to the oscillatory motion of slender bodies of revolution in inviscid airflow and is based on the work
of Miles (Derivation 1) and unpublished work at BAe (Warton) (Derivation 3). Such data would typically
be used in loading and flutter calculations on missiles and other bodies.

Items No. 81034 (Reference 13) and 82005 (Reference 14) provide similar data for thin, two-dimensional
aerofoils in subsonic and supersonic flows, respectively, and Item No. 82020 (Reference 15) provides an
introduction to the field of unsteady aerodynamics, including the use of linearized theories in flutter work,
which is the basis of Items No. 81034 and 82005.

Appendix C provides details of a program (ESDUpac A8310) embodying the method of this Item, which
is based on slender-body theory for unsteady flow (Appendix A). The program supersedes two earlier
programs written in Hewlett-Packard BASIC, listings for which were given in the original Appendix C,
now completely revised. The current program considerably increases the scope of the earlier ones in that,
for example, it now covers every aspect dealt with in the Item and caters for a greater range of body shapes,
see Appendix C for details. However, because the new program is now available major changes to the rest
of the Item were considered to be unnecessary. Consequently, the data obtained from the original programs
have been retained since they remain valid. The data provided relate to a range of bodies having conical,
tangent ogive or ellipsoidal forebodies in combination with cylindrical afterbodies, see Section 3. The
modes of oscillation considered are heave, pitch about the body mid-point and bending, see Section 4.

The effects of body geometry and frequency of oscillation on the longitudinal lift distribution (Section 5)
are illustrated in graphical form. Tables of non-dimensional coefficients are given, allowing the simple
estimation of airforce coefficients (Section 6) for the body shapes and modes of oscillation noted above.
The effects of body geometry on airforce coefficients are also presented in graphical form.

The applicability of slender-body theory and the data given in this Item are discussed in Section 7 and a
worked example on the use of the Item is given in Section 9.

Currently there are alternative forms in which data for flutter calculations are presented, i.e. airforce
coefficients and flutter derivatives. Appendix B provides a set of equations to calculate the flutter derivatives
from non-dimensional coefficients such as those given in the tables. An example is also given to illustrate
the effect of a variation in the location of the pitching axis.
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3. GEOMETRY OF BODIES CONSIDERED

This Item presents data for bodies of revolution consisting of conical, tangent ogive and ellipsoidal
forebodies (see Sketch 3.1) in combination with cylindrical afterbodies.

Sketch 3.1   Forebody shapes

The ranges of overall body fineness ratio, f, and forebody fineness ratio, , for which data are given are
indicated in Table 3.1.

The generating equations of the forebody shapes considered in this Item are defined in Item No. 77028
(Derivation 2). In terms of a non-dimensional area distribution required by the method of this Item the
forebody shapes are defined by the following equations. 

TABLE 3.1 
Body Parameters

f
1 2 3 4 6 8 12 16

0.5 X X X X X
1 X X X X X
1.5 X X
2 X X X X X
3 X X X X
4 X X X

(i) Conical (ii) Tangent ogive (iii) Ellipsoidal

ff

ff
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Sketch 3.2   Body geometery

CONICAL FOREBODY

. (3.1)

TANGENT OGIVE FOREBODY

. (3.2)

ELLIPSOIDAL FOREBODY

. (3.3)

Similarly, for the cylindrical afterbody,

CYLINDRICAL AFTERBODY

. (3.4)

L

lf

z

x x
D

z

θ

ξ = 0 ξ = 1ξ = lf /L = ff /f

Note:  f = L/D, ff  = lf /D

0

r (x)

a ξ( ) π

4ff
2

---------ξ2=

a ξ( ) π 2
ff
f
---ξ ξ2 2

ff
2

f
---- 1

4f
----–

 
 
 

2

2
ff

2

f
---- 1

4f
----–

 
 
 

2
ff
f
---ξ ξ2 ff

2

f
---- 1

4f
----–

 
 
 

2

+–
½

–+–
 
 
 

=

a ξ( ) π

4ff
2

---------ξ 2
ff
f
--- ξ– 

 =

a ξ( ) π

4f2
-------=
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4. MODES OF OSCILLATION

The modes of oscillation which were applied to the bodies described in Section 3 are those of heave (j = 1),
pitch about the body mid-point (j = 2) and a typical bending mode (j = 3), i.e.

For this set of modes the forces given by i = 1 and 2 correspond to lift and nose-up pitching moment
respectively. The third mode, i = 3, has been included to show a typical bending mode.

5. LONGITUDINAL LIFT DISTRIBUTION

The local lift along a body according to slender-body theory, as derived in Equation (A2.10) of
Appendix A, is

. (5.1)

The non-dimensional local lift acting normal to the longitudinal body axis due to an oscillatory motion, of
amplitude , in the jth mode is

, (5.2)

where

(5.3)

and , (5.4)

where

 and (5.5)

and . (5.6)

HEAVE = 1.0 (4.1)

PITCH = (4.2)

BENDING = . (4.3)

z1 ξ( )

z2 ξ( ) ξ ½–( )–

z3 ξ( ) 9/2 ξ ½–( )2 1/8–

λ x( ) ρV2 A x( )Z″ x( ) A′ x( )Z′ x( ) ν2

L2
-----A x( )Z x( )–+ iρV2ν

L
--- 2A x( )Z′ x( ) A′ x( )Z x( )+[ ]––=

zj ξ( )

l j ξ( ) lj′ ξ( ) iν lj″ ξ( )+ λ ξL( )

½ρV2L
------------------= =

lj′ ξ( ) 2 a ξ( )zj″ ξ( ) a′ ξ( )zj′ ξ( )zj ξ( ) ν2a ξ( )zj ξ( )–+[ ]–=

lj″ ξ( ) 2 a ξ( )zj′ ξ( ) a′ ξ( )zj ξ( )+[ ]–=

zj′ ξ( ) d
dξ
------ zj ξ( )[ ]= a′ ξ( ) d

dξ
------ a ξ( )[ ]=

zj″ ξ( ) d2

dξ2
-------- zj ξ( )[ ]=
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The relationship between the non-dimensional local lift and the pressure coefficient for a plane at an angle

 to the Oxz plane and passing through the body longitudinal axis (see Sketch 3.2) is

(5.7)

where . (5.8)

From Equations (5.2) and (5.8)

(5.9)

and . (5.10)

The longitudinal lift distributions for the cases detailed in Sections 3 and 4 have been calculated over a
range of frequency parameters. Rather than tabulate the results it was felt better to illustrate some of the
more significant variations for the case of the tangent ogive forebody. The results are shown in Figures 1a
to 1f which depict the effect of varying the forebody and overall body fineness ratio and frequency parameter
on the real and imaginary parts of the loading due to oscillations in heave or pitch. Similar calculations
were also carried out for a body of given overall and forebody fineness ratios at a fixed frequency parameter,
varying only the forebody shape. The results are shown in Figures 1g and 1h for oscillations in heave and
pitch respectively. 

For heaving motion, the centres of pressure of both parts of the loading move aft as the forebody fineness
ratio  increases and f is held constant (Figure 1a). Pitching motion about the body mid-point introduces
loadings of opposite sign fore and aft, the change in sign occurring further aft as  increases (Figure 1b).
The centres of pressure in heaving motion move forward as overall body fineness ratio f increases and 
is held constant (Figure 1c). For pitching motion, the in-phase loading on the forebody and the in-quadrature
loading on the cylindrical afterbody predominate for f = 2 (Figure 1d). For heave, the in-phase loading is
proportional to , while the invariance of  shows that the in-quadrature loading is proportional to 
(Figure 1e). In the case of pitch there is a separate contribution to the in-phase loading at 
(Figure 1f). Figure 1g shows that for heaving motion the in-phase loading is proportional to area distribution
and the in-quadrature loading is proportional to the gradient of cross-sectional area. The effect of forebody
shape in pitching motion in Figure 1h is more complicated. The step-discontinuities in the in-quadrature
part of the loading for heaving motion, at the nose for the ellipsoidal forebody and at the afterbody junction
for the conical forebody, are present in both parts of the loading for pitching motion.

θ

Cp ξ , θ( ) l ξ( )
2π

----------- 4π
a ξ( )
---------- a′ ξ( )

a ξ( )
------------

2
+

 
 
 

½
θcos=

Cp ξ , θ( ) Cp′ ξ ,θ( ) iCp″ ξ , θ( )+=

Cp′ ξ , θ( ) l′ ξ( )
2π

----------- 4π
a ξ( )
---------- a′ ξ( )

a ξ( )
------------

2
+

 
 
 

½
θcos=

Cp″ ξ , θ( ) νl″ ξ( )
2π

------------ 4π
a ξ( )
---------- a′ ξ( )

a ξ( )
------------

2
+

 
 
 

½

θcos=

ff
ff

ff

ν2 l2″ ν
ν 0=
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6. GENERALISED AIRFORCE COEFFICIENTS

The non-dimensionalised lift distribution of Equation (5.2) is used to define the generalised airforce
coefficients:

. (6.1)

Thus (6.2)

and . (6.3)

From Equations (5.3) and (6.2) the real, or in-phase, part of Equation (6.1) can be expressed as

. (6.4)

where

(6.5)

and

(6.6)

are coefficients independent of both Mach number and frequency parameter.

Similarly, from Equations (5.4) and (6.3), the in-quadrature coefficient

(6.7)

is seen to be independent of both Mach number and frequency parameter.

For simple body shapes and simple mode shapes it is possible to evaluate Equations (6.5), (6.6) and (6.7)
analytically. However, in order to simplify the procedure, a computer program has been written, see
Appendix C. That appendix includes some analytical expressions for , , and  as a check on the
computed values for a particular forebody shape. 

The coefficients ,  and  have been evaluated using the computer program for the range of bodies
given in Table 3.1 having the nose shapes defined in Equations (3.1) to (3.3) for the heave, pitch and bending
modes of vibration defined in Equations (4.1) to (4.3). The coefficients  are zero and, for the modes of
vibration considered, there are six other sets of identical coefficients. The results are given in Tables 10.1,
10.2 and 10.3 respectively for bodies with conical, tangent ogive and ellipsoidal forebodies. The generalised
airforce coefficients in Equations (6.4) and (6.7) can then be obtained.

Qij Qij′ iνQij″+ l j ξ( )zi ξ( ) ξd
0

1
∫= =

Qij′ lj′ ξ( )zi ξ( ) ξd
0

1
∫=

Qij″ lj″ ξ( )zi ξ( ) ξd
0

1
∫=

Qij′ Fij Gijν
2+=

Fij 2 a′ ξ( ) zj′ ξ( ) a ξ( ) zj″ ξ( )+[ ]
0

1
∫–= zi ξ( ) ξd

Gij 2 a ξ( )zj ξ( )
0

1
∫= zi ξ( ) ξd

Qij″ Hij 2 2a ξ( )zj′ ξ( ) a′ ξ( )zj ξ( )+[ ]zi ξ( ) ξd
0

1
∫–= =

Fij Gij Hij

Fij Gij Hij

Fi1
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The effects of varying the body geometry on the airforce coefficients in heave and pitch (at a fixed frequency
parameter where necessary) are shown in Figure 2a for the in-phase part and Figure 2b for the in-quadrature
part. These figures are complementary to the lift distributions shown in Figures 1a to 1h. A general feature
of the in-phase coefficients in Figure 2a is that the influence of forebody shape diminishes as the overall
fineness ratio increases and grows as the forebody fineness ratio increases. Note that for  the trend with
varying forebody shape is in opposition to that for the other three coefficients in Figure 2b, but it is observed
that , which represents the damping in heave, is independent of forebody shape and length. The same
is true for , the damping in pitch about the body mid-point, but only for this particular pitching axis.

7. APPLICABILITY

The basis of the data presented in this Item is “slender-body” theory. The term “slender” when applied to
a body of revolution of length L and maximum diameter D implies that both D/L and (in unsteady flow)
MD/L are small. The results for , say, should therefore be used with caution. In practice it is satisfactory
to assume that the theory applies to any slender pointed body and that it can be applied satisfactorily to
moderately blunt-nosed bodies (see later) up to low supersonic speeds. The amplitude of oscillation must
be small compared with the body diameter. The bodies can have any type of symmetrical cross-section
(circular, elliptical* etc.), see Appendix A, and the theory can be extended to deal with afterbodies of varying
diameter (Reference 9). Conditions for the applicability of slender-body theory to extremes of frequency
parameter are given in Section 3.2 of Reference 11, but the restrictions are not thought to be serious in
subsonic flow.

Some comparisons have been made between experimental data (Reference 12) for the low-speed pressure
distribution on an ellipsoid oscillating at  in pitch about the body mid-point and predictions from
slender-body theory. The results are shown in Sketch 7.1 for the three longitudinal planes , 45°
and 75°. It can be seen that, with the exception of the rear 25 to 30 per cent of the body where viscous
effects would be expected to be significant, the agreement is generally good, with the theory giving a slight
overestimate. 

The data presented in this Item can be used to predict loading and unsteady forces on missiles, torpedoes,
submarines etc. The data can also be applied to airships and aircraft fuselages ahead of the wing apex. One
particular use, as initial or base data for under-fuselage or under-wing store flutter calculations, is illustrated
in Section 9. In that example the stiffness and damping matrices are obtained for a missile isolated from its
underwing pylon. It is found in practice that the “end plate” effects of the wing and missile allow the pylon
to be treated as if in two-dimensional flow, by means of the simple strip theory given in Appendix B of
Item No. 81034 (Reference 13), using the data of that Item for subsonic flow or Item No. 82005
(Reference 14) for supersonic flow. The missile-pylon combination could then be modelled by attributing
the slender-body contribution from the missile to an additional pylon strip of width equal to half the
maximum diameter of the missile.

* However, the theory would not be expected to apply to extremes of ellipticity where one of the axes tends to zero (giving zero
cross-sectional area.)

Q21′

Q11″
Q22″

f 4<

ν 0.66=
θ 15°=
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Sketch 7.1   Comparison between slender-body theory and test data (Reference 12) at low speed for 
pressure distribution around an ellipsoid ( , ) in pitching oscillation  

about body mid-point
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9. EXAMPLE

As part of the flutter analysis for an underwing store, “base” data in the form of stiffness and damping
matrices for the isolated store are required. For this example the store is a missile of fineness ratio 6 with
a tangent ogive forebody, of fineness ratio 2, and a cylindrical afterbody. The stiffness and damping matrices,
involving lift and pitching moment in heaving and pitching oscillations about the body mid-point, are
required for frequency parameters of 0, 0.5 and 1.

From Table 10.2 for f = 6 and ,

These coefficients, when used in conjunction with Equations (6.4) and (6.7), give the following stiffness
and damping matrices for , 0.5 and 1. 

14. ESDU Linearised two-dimensional oscillatory airforce coefficients and load
distributions on thin aerofoils in supersonic flow.
ESDU International, Item No. 82005, 1982.

15. ESDU Introduction to unsteady aerodynamics.
ESDU International, Item No. 82020, 1982.

0 0.0370 0.0436 –0.0027 0 –0.0027 0.0152 0.0025 –0.0436 0.0588 –0.0152 –0.0109

Stiffness matrix =  – Damping matrix =  –

ff 2=

F11 G11 F12 G12 F21 G21 F22 G22 H11 H12 H21 H22

ν 0=

Q11′        Q12′

Q21′        Q22′

Q11″         Q12″

Q21″   Q22″

ν 0=   0      0.0436–
  0        0.0152–

0.0436      0.0588–
0.0152    0.0109

ν 0.5= 0.0093–      0.0429–
  0.0007  0.0158–

0.0436      0.0588–
0.0152    0.0109

ν 1= 0.0370–      0.0409–
  0.0027  0.0177–

0.0436      0.0588–
0.0152    0.0109
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10. TABLES OF COEFFICIENTS , , 

TABLE 10.1 Coefficients , , : Conical Forebody with Cylindrical Afterbody

Fij Gij Hij

Fij Gij Hij
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TABLE 10.2 Coefficients , , : Tangent Ogive Forebody with Cylindrical AfterbodyFij Gij Hij
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TABLE 10.3 Coefficients , , : Ellipsoidal Forebody with Cylindrical AfterbodyFij Gij Hij
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