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SUMMARY OF THE CONCEPTS RELATING TO RANDOM PROCESSES

1. NOTATION
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Fourier transform ox(t)

Fourier series coefficients

autovariance function of a non-stationary or stationary random process
{kx(t)} at time differenca

covariance function of two non-stationary or stationary random processes
{kx()} and{*y(t)} at time difference

frequency

autocorrelation function of a non-stationary or stationary random process
{kx(1)} at time differenca

cross-correlation function of two non-stationary or stationary random
processe$ x(t)} anfky(t)} at time differerce

a variable denoting a member of an ensemble
the number of members of an ensemble
the number of coefficients of a Fourier Series

N'th order probability distribution function

autocorrelation or autovariance function of an ergodic random process
{*kx(t)} at time differenca

cross-correlation or covariance function of two ergodic random processes
{kx(1)} and{*y(t)} at time difference

spectral density function

time limits of a member function
time

time values of a member

N'th order probability density function

N'th order conditional probability density function

member variables of an ensemble

a time differenceg.g.equal to(t; —t,)
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(0] phase angle

w angular frequency of a function

Special symbols

[F[kx(t;)]0 an ensemble average of the functieix(t)]  t att,
F*x(1)] a time average of the functidf{ *x(t)]
{ (1)} an ensemble of time functions of a random process consisting of the members

functionskx(t) k=1,2,.. N, forN - o

ad denotes the ensemble average of a quantity
Pr stands for “the probability that ....”
2. INTRODUCTION

This Item presents a summary of random processes and is intended for use by those who require a referenc
to the basic concepts and definitions. It is suited to those who have not previously encountered the subjec
or only have a nodding acquaintance with it but will also act as a reference guide to those familiar with the
subject. No previous knowledge of statistics is assumed.

There are numerous examples of random processes such as the fluctuation of noise currents in an electric
circuit, fluid motion turbulence or the vibration response of structures due to wind loading. Each of these
cases is characterised by an inability to describe precisely the future behaviour of a quantity from past
knowledge of that quantity. The need exists however to describe the general character of a “randomness
so that a degree of prediction can be achieved.

Random processes are therefore quantified using statistical properties which describe in the amplitude, time
and frequency domains quantities representative of the “level distribution” and the “shape characteristics”
of the process.

This Item adopts a strictly mathematical approach to the presentation of the concepts relating to random
processes. This is necessary so that it is clear what limitations and assumptions apply to each of the givel
relationships.

ESDU Copyright material. For current status contact ESDU.

3. DETERMINISTIC PROCESSES

A process is called deterministic when a known past record of a quantity, which belongs to the process,
allows all future values of the quantity to be determined.

As an example a process which is characterised by the time-dependent periodic function,
Xx(t) = A sinwt + @) , (3.1)

whereA and@ are constants, fok T . Then Equaf®d) is taken to hold fot>T
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4.1

4.2

RANDOM PROCESSES

There are many processes of interest which are not deterministic, that is, processes in which future value:
cannot be completely determined from past knowledge of the process. Such processes are random.

Definition

It is necessary to describe random processes in terms of a mathematical formulation. Suppbse that
identical experiments (experiments in which identical apparatus is used in identical situations) are
conducted simultaneously and that a quarttit) , is recorded, Whefes to the specific experiment.

The “ensemble” of recordgdx(t)} fewo<t<oo ake 1,NwhereN - o , defines the random process.

It is usual to use curly brackets around the recp¥e(t)} , to denote the ensemble of all possible time
functions and keep the unbracketed quartfift) , to denote a single representative reoced) st

record, of the ensemble.

The above definition of a random process has time as the independent variable and furthermore each recorc
kx(t) , is taken to be a continuous function of time. The independent variable need not baytifte(d)}

might represent the vibration response of vehicles to road roughnesses where the independerd,variable,
is distance.

It is possible to have discrete random processes, for example the throwing of dice where the independen
variable would be the number of times the dice are thrown.

Ensemble Averages

Consider the ensemb{gx(t)} illustrated in Sketch where member recordx(t) 2x(t)  aMg(t)

have been plotted as a functiort.dEach member extends mathematically flom—co  t F0c0 and the
complete ensemble or random process is given Whereo

The properties of the random process are expressed in terms of ensemble averages.

An ensemble average is found by summing in a ‘vertical’ direction over Sketébr all k at a chosen

time, sayt = t; , and dividing this sum by the total number of members. This ensemble average is dependen

upont; and independent kf

The ensemble average gix(t)}  tat 9] is mathematically defined as,

0

N
T (t,)0 = NLimooﬁ Z x(tl)D, 4.1)

Looo

where the angular bracket§I] " around the quantity of interest indicates an ensemble average.
Equation(4.1)is known as thensemble mean averagalue of the process at tinig

Theensemble mean squarelue of the process at timg  is similarly defined as,

2 _ 1 onN o4
O*(ty)) O = Lim 3 %Z (*x(t)) 5 (4.2)
- Ck=1 O
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x ()

t=t,

Sketch 4.1 Ensemble member records

If a quantity of interest is a particular function of each rectxd) t,, at F degt)] , then the ensemble
average is given by,

ESDU Copyright material. For current status contact ESDU.

. 1 oN u
[F[*(t)10 = L| N éz kx(tl)]é T (4.3)

More general averages, other than those which are simply functions of one value of time can be formulated,
for example the ensemble averagel®(t,) @x(tZ)D , yieldsathiecorrelation functiorof the random
process Kx(t)} at timeg ard , whichis given by,

O N U
(ty) Ox(tp)) = Lim ﬁg x(tl) ()2 (4.4)
0< x

As t, - t; the autocorrelation function reduces to the ensemble mean square value of the ptpcess at

T An alternative notation for the ensemble average, which some authors adopt, is to use a ¢ujly bar over thE [hottedibn ,in
which the suffixk does not appear, indicating that the sum has been taken &ver all
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Extending Equatior(4.4) to ensemble averages, involvirig t,, ..., t),, the following expression is
obtained,

N
O%(ty) O (t,) ... K%(t,,)0 = NLim ﬁ z (*(ty) O%(t,) ... 5x(ty)) . (4.5)

— 00

k=1

A random process is completely defined from a knowledge of all the ensemble af@ritesl for all
t,,forM=2forallt; and, ,uptd -« forath t, t ,..t, .Successive knowledge of all these
ensemble averages given by Equatib) describes the random process in more and more detail.

4.3 Probability
Probability is a measure of the ratio of the probable occurrence of a particular event to the occurrence of
all possible events. An event which cannot possibly occur has zero probability of occurrence and an event
which is certain to occur has a probability of unity. Any other event will therefore have a probability of
occurrence of between zero and unity.

The probability thath(t)sxl at=t, for any memberis usually written a@r[kx(tl)sxl] and
referred to as the first-ordprobability distribution functionP,(X4,t,;) , and so,

Pi(X;ty) = Prikx(t))<X,], attimet =t; forank. (4.6)

By definition Pq(e,t;) =1

and P,(~,t;) =0.
There is a relationship betweey(X,t;)  andthe ensefrild)} .fa furE{thﬁtl)] is defined by

Flkx(t))] =1, whenkx(t)) <X,

ESDU Copyright material. For current status contact ESDU.

4.7)
=0, whenkx(ty)>X,
then ,
1 N
P,[X; . ty] = CF[kx(t)]0= N kZlF[kX(tl)] - (4.8)
The probability distribution function associated with the enserfibbtét;)} attime , for all values of
X, between-« ango |, is illustrated in Sketch(a).
The probability thakx(t) at=1t; lies betwee  akg+AX; is defined as
W (Xq, ty) . AX; = Pr{X; <ke(t)) < X; + AX,], (4.9)
where,W, (X, , t;) is the first-ordeprobability density functioand is illustrated in Sketeh2(b).
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P, (Xput,)
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Sketch 4.2 (a) Probability distribution (b) Probability density

Thus, by definition

X
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1
Pi(Xy,ty) = J’_wwl(xl 1) dXg, (4.10)
dP. (X, , t))
el AN |
The probability thau‘."x(t)sx1 at =t; and simultaneously the(tt)sx2 t att, is given by the
second-order probability distribution functid®,(X; , t; ; X5 , t,)
The probability thakx(t) lies betweet,  add+AX; at time  and simultaneousl¥xiiiat lies

betweenX2 anal(2+AX2 at tim§ is given%gé(x1 i Xs tZ)AxlAX2 Wth(Xl P OW t2)
is the second-order probability density function. The second-order probability distribution and density
function are related by,

Xl X2
PaXptys Xot) = [ [~ Wo(Xy,ty; Xputp) dXg X - (4.12)
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In terms of the ensemble, if

FI*%(1)] = 1, whenkx(t) < X; attime;

and wherix(t) < X, attimet, (4.13)
= 0, otherwise
then Py (Xp s Xot,) = CF[x(H)]0 . (4.14)

Third-order and higher-order probability functions can be defikedwledge of all thew,, or Py,
functions asN — o for —o <X, <o completely determines all the statistical properties of the random
processand is an alternative to the descriptions of Equados).

Knowledge oW, (oP,, )implies knowledges of all the lower order functidhs (; Wy ., etc)since,

+

(o]
WN—l(Xl VD IR tN_l) = I_oo WN(X1 c e Xy tN) dXN. (4.15)

The basis of Equatio@.15)is thatW,,_, is independent of the values{ 6%(t)} attipe , while the
integration ofWy, with respect t, covers all possible valugdxi(ft)} attfyme

Now,

1 N
Ohx(t)0 = N> kx(t,)
k=1
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K=+ [ no. of timesX; <kx(ty) <X +AX.
= Xi : (4.16)
N

X =—o

+ o0
Cx(t,)0 = [ X TWy(Xg,ty) dXg (4.17)

Similarly for any real single-valued continuous functlé[ﬁx(tl)] ,
+ oo

[F[*(t))]0 = I F(X1). W(Xq, ty) dX,. (4.18)

Higher order averages (or higher moments) can be similarly defined; thus,

+ 00 + 00
CX(t) - *X(t,) ...kx(tN)D=I_OO XKy e X)W (K s X i Xy ) BXpedXy - (4.19)

This equation shows how the ensemble averages and the probability density functions are related.
4.4 Conditional Probability

To formulate the concept of the degree of randomness of a random process it is necessary to define th
conditional probability distribution.
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