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AN INTRODUCTION TO TIME-DEPENDENT AERODYNAMICS OF AIRCRAFT
RESPONSE, GUSTSAND ACTIVE CONTROLS
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1 NOTATION AND UNITS
S British

A aspect ratio
[A] structural inertia matrix Nms?  Ibf fts?
[B] aerodynamic damping matrix m* ft*
[C] aerodynamic stiffness matrix md3 ft3
c chord m ft
Co centre-line chord m ft
c geometric mean chord m ft
[D] structural damping matrix Nms Ibf ft s
[E] structural stiffness matrix Nm Ibf ft
f(og) gust profile function
Fn hereditary functions (n =0, 1, 2), see Equations (6.1) to (6.8)
G column vector of force coefficients due to gust
H, hereditary functions (n=0, 1, 2), see Equations (6.10) to (6.15)
l; impulsive force coefficient in mode i
i 1
K, indicia (Kussner) function due to entry into uniform up-gust,

see Equations (3.35) and (3.36)
K, function due to entry into gust of arbitrary profile,

see Equation (3.55)
L(o) instantaneous lift increment N | bf
Lo referencevaluefor L(o), steady-state or maximum quasi-static N | bf

value

reference length m ft
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time-dependent dimensionless |oading, Apj/ pV2

time-dependent dimensionless loading due to entry into
uniform up-gust

lift per unit areain mode j

Mach number

time-dependent force coefficient in modei

complex generalized airforce coefficient in Equation (3.7),
Qi = Qjj *+1vQj
column vector of generalized displacements

complex generalized coordinate in mode j

value of q at small time dt— 0

denotesreal part of

column vector of force coefficients due to response of aircraft
and control inputs

wing semi-span
time

indicial (Wagner) function for modei due to step changein
upwash mode j, see Equations (3.30) and (3.31)

upwash velocity due to uniform up-gust
upwash velocity due to sinusoidal gust
upwash velocity in mode j

free-stream velocity

three-dimensional Cartesian coordinate system with origin at
leading edge for aerofoils and at foremost point of planform for
wings

distance of pitch axis aft of coordinate origin
gust gradient distance
upward displacement in modei or |

time-dependent upward displacement of wing
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upward displacement, givenby Z = 22[Z(x, y)e'®!] m ft

(IM2-1)*

Dirac deltafunction, see Equations (3.22)

deflection angle of control surface degree degree

maximum deflection of control surface degree degree

free-stream density kgm®  slug/t®

frequency parameter, wl/V

distance from aerofoil leading edge as fraction of chord

distance from aerofoil leading edge to pitch axis as fraction of

chord

distance from aerofoil leading edge to centre of pressure

position, as fraction of chord

dimensionless distance of travel, Vt/I

dimensionless duration of control motion from §; = 0 to

8¢ = d¢g

dimensionless gust gradient distance, X4/

integration limit in Section (3.3)

dimensionlesstime, t/(1/V) = Vt/|

large value of t©

velocity potential m?/s ft?/s

steady part of velocity potential m?/s ft?/s

unsteady part of velocity potential m?/s ft%/s

unsteady velocity potential in mode j m?/s ft%/s

circular frequency rad/s rad/s
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Subscripts

[ integer denoting force mode
1 for lift
2 for pitching moment (positive nose up)

j integer denoting upwash mode
1 for heave rate (downwards)
2 for pitch rate (positive nose up)
3 for wing control-surface deflection
4 for pitch attitude

2. INTRODUCTION
2.1 General

Thecritical loads that determine the necessary structural strength of an aircraft are often those encountered
in a gust or atmospheric turbulence. This is particularly true of civil aircraft which have only modest
manoeuvring requirements. The prediction of thetime history of theloads on thelifting surfaces after entry
into a gust is therefore a major application of the theories of unsteady aerodynamics. These loads arise
directly from the gust and indirectly from the response of the aircraft. Active control systems designed to
aleviate gust loads require rapid control surface movement and the developing aerodynamic loads are
highly dependent on the unsteady nature of the aerodynamics.

Aircraft responseistraditionally studied by meansof ‘indicial’ functions, reviewed in Reference 12. These
functions predict the devel opment with time of the aerodynamic |oading after an instantaneous step change
in any of the variables determining the motion. For example, one such function would describe the growth
in lift following a step increase in heave rate, from the instant of the change until the reestablishment of
steady values at the increased heave rate. Indicia functions for entry into a uniform vertical gust provide
the loading due to the gust itself. Those for step changes in the generalized coordinates in the rigid and
flexible modes of the aircraft are needed to predict the loading due to the disturbed motion of the aircraft
or the activation of control surfaces. With the indicia functions known, a convolution or superposition
integral allows the aerodynamic forces from agust of arbitrary profile or from arbitrary aircraft motion to
be calculated in a standard manner, see Reference 6, 9 or 12 for example. For studies with active controls
a convolution integral is unwieldy for practical use and recourse is usually made to one or other of the
available approximations. These may be as simple as using quasi-steady aerodynamics corresponding to
infinitesimal frequency parameter, Reference 21, or may be based on a fuller simulation of each indicial
function by alinear transfer function, Reference 14.

ESDU Copyright material. For current status contact ESDU.

The calculation of indicial functions has been performed by many authors over a number of years. The
classical work was carried out by Wagner, Reference 1, who considered the case of an aerofoil subjected
to a step change in heave rate, and Kissner, Reference 2, who predicted the lift growth on an aerofoil
entering astationary step gust. Although thiswork was two-dimensional and incompressible, it iscommon
practice and convenient to use the terms Wagner and K Uissner loosely to describe any indicial functions of
these types, even though they may be for awing of finite aspect ratio in compressible flow. It may be noted
that the term ‘indicial aerodynamics’ isof uncertain origin, but in the literature of unsteady aerodynamics
it has for many years been widely used to describe the response to step changes.
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The numerical calculation of indicial functions can be approached in two ways. For supersonic flow it is
possible to obtain exact analytical solutions for the complete indicial responses of aerofoils and certain
simple classes of wing planform by solving the potential flow equation for the unsteady motion in adirect
manner. For subsonic speeds this approach remains important for predicting the indicial response during
the very early stages of an unsteady motion, but such calculations become increasingly laborious or
impracticable as the time period is extended. This direct approach is often referred to as the ‘ supersonic
flow analogy’ because a physical reinterpretation of the coordinate system of the potential flow equation
alowsthe results of calculations in steady-state supersonic motion to be employed as a means of solution,
see Reference 4, 5, 9 or 12.

A more general way of calculating indicial functionsisthrough thelong established reciprocal relationship
between oscillatory and indicia forces. Fourier integrals of the frequency-dependent generalized airforce
coefficients dueto sinusoidally oscillating wings and controlsor duetoimmersionin asinusoidal gust field
yield expressions for Wagner or Kissner functions respectively. The evaluation of these integralsis then
dependent only on a knowledge of the airforce coefficients over a sufficiently wide range of frequency.

For Wagner functionsin two dimensions this presents no problem and computer programs written at RAE
Farnborough, References 16 and 18, readily provide subsonic and supersonic airforce coefficients for
oscillating aerofoils and controls throughout the frequency range. The situation is less satisfactory for
Kssner functions as there are no corresponding facilities for sinusoidal gust fields. In three dimensions,
advances in lifting-surface theory and computer programming techniques now permit oscillatory airforce
coefficients on wings of general planform, alone and in tandem, to be calculated more easily than in the
past, see References 10, 13 and 15 for example. These in turn lead to a more reliable prediction of indicial
functions. However, because the available three-dimensional theories are restricted to frequencies up to
some fairly large value, an approximate numerical treatment is necessary to cover the higher frequency
parameters. Reference 17 gives an example of how this may be done. Overall, the full three-dimensional
calculations remain time consuming and are therefore unsuitable for parametric studies. However, for
individual aircraft such calculations have provided a successful framework for obtaining indicial responses
and are used asiillustrative examples herein.

2.2 Scope of Item

Item No. 82020 (Reference 20) aready provides an introduction to oscillatory aerodynamics with specia
reference to flutter. The purpose of the present Item is to introduce the subject of indicial aerodynamics,
from the development of the basic linearized equations to a description of current ‘state of the art’
applications to gust encounter and active controls.

ESDU Copyright material. For current status contact ESDU.

Section 3 considers a general expression for the time-dependent aerodynamic forces. Fourier integra
expressions for the Wagner and K lissner functions follow and the implications for calculationsin two and
three dimensions are discussed. Section 3 concludes by considering gust profiles of arbitrary shapes and
transient control motion.
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Section 4 gives a systematic coverage of indicial functions in subsonic and supersonic two-dimensional
flows without separation. It combines calculations made from oscillatory data specialy prepared by the
programsof References 16 and 18 with existing data collected from other sources, References 7, 8, 9and 12.

Indicial functions for attached flow in three dimensions are presented in Section 5. The results have been
compiled from existing published and unpublished sources of data. The most commonly available
information relates to Wagner and Kissner functions for rectangular and delta planforms. Section 5.1
concentrates mainly on these using References 3, 11, 12 and 14. It covers as wide arange of wing aspect
ratio as possible in incompressible flow and the effect of Mach number for selected aspect ratios. The
influence of sweep angle is shown, and the Wagner and Kussner functions for typical aircraft wings are
compared with the corresponding two-dimensional functions from Section 4. Section 5.2 considers
wing-tailplane combinations and illustrates the Wagner and K tissner functionsfor two aircraft, References
19 and 22. Section 5.3 deals with control surface motion and gives Wagner functions to demonstrate the
different characteristics of leading-edge and trailing-edge controls.

The response of awing is also usefully studied through a number of hereditary functions that embody the
history of the wing motion. Alternative expressions for the time-dependent aerodynamic force are
introduced in Section 6 where their merits and defects are discussed in practical terms. The hereditary
functions areillustrated for a particular aircraft.

Section 7, which concludes the main body of the Item, reviews the application of the techniques of indicial
aerodynamics. It describes the relationship between design gust profiles and structural loads, giving
examplesfrom Reference 22 of thevariation of loadsdueto discrete gustsof different lengths. Thetreatment
and effectiveness of active controls is then illustrated from References 17 and 21. Finaly, the savingsin
structural loadings that can be achieved through active control systems are demonstrated, together with
examples from References 21 and 22 to show how a quasi-steady simplification of the unsteady
aerodynamics can often prove satisfactory.

3. BASIC EQUATIONS

For many decadesthe principal motivation for theoretical developmentsin unsteady aerodynamicshasbeen
the prevention of wing or control-surface flutter. The necessary confidence and caution in demonstrating
freedom from flutter both derive in large measure from aeroelastic calculations of critical flutter speed
involving small-perturbation theoriesfor wingsin simple harmonic motion of moderately high frequencies.
Subcritical response calculations call for general time-dependent aerodynamics, but the needs to calculate
aircraft response to gust encounter and to incorporate active controls have provided the primary stimulus
inthisfield.

ESDU Copyright material. For current status contact ESDU.

The theoretical methods start from the concept of a uniform flow of velocity V in the x-direction subject to
small perturbations with vel ocity potential @ (x, Y, z, t). The linearized form of the governing equation past
awing inthe planez=0isthen

2 2 2 2932 2932
20, 920 920 _ M2 020 2M? 920

—M?2 =
(1-M )ax2 dy2 9z2 V2 9tz V oxot 3D
with a boundary condition on the upward velocity over the wing planform
00\ _ 92,02
(az)z:o = v, & 3.2)
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where Z (X, Y, 1) is the time-dependent upward displacement of the wing from the plane z= 0. A genera
mathematical solution of these equations can be formulated, but it is too complicated for numerical
treatment. In the special case of two-dimensional incompressible flow, with ® (x, z, t) and M =0, there are
two classical solutionsin References 1 and 2 for a step change in heave velocity and for entry into a step
up-gust respectively. The review in Reference 12 discusses these and some exact solutions for
two-dimensiona and three-dimensional supersonic flows.

Ingeneral, numerical methods of solution arefirst devel oped for oscillatory flow where Z (x, y, t) hassimple
harmonic time-dependence and can represent a sinusoidal gust. For a circular frequency o, the velocity
potential iswritten as ;

D(X, Y, Z, 1) = Dy(X, Y, 2) + 2[D(X, Y, 2)elf] (33)

where under the linearized conditions the steady and unsteady parts ®, and ® are independent.
Equations (3.1) and (3.2) then give

920 82q>+a2c1> _ _02M2®  2ioM2 99

2
a-md e v M- o (3.4)
9D 97
and (az)z =V EErioZ (3.5)

where #2[Z(x, y) €] is the upward displacement. A reference length | is used to define a frequency
parameter

v=ol/V. (3.6)

The lifting-surface methods, such as Reference 15 for subsonic flow and Reference 10 for
supersonic flow, yield generalized force coefficients from the integrals

Q) =75 J[a00 v, x,y) dx oy 37

taken over the planform. Here z (x, y) denotesthe displacement Z(x, y) corresponding to the desired force
and the dimensionless loading is

ESDU Copyright material. For current status contact ESDU.

Ap 299 ivdy
(v %, y) = pv2 (8x+ I) (3.9)

where the complex velocity potential q) corresponds to a complex upwash distribution w; v, X, ¥)
equivaent to Equation (3.5). Thusthe upwash angleis

9z ivz
Véz_h% (39

or it may be defined directly; for example, for asinusoidal gust

w, IV = exp(—ivxl) . (3.10)
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Consider arbitrary wing motion in mode

Z(Xv y! t) = Zj (X! y)qj(T) (311)
where T = Vt/l (3.12)

is dimensionless time. If the motion starts with initial conditions

da.
g;(t) = %L(EQ =0at=0, (3.13)

then the analysis in Appendix A of Reference 17 leads to expressions for Q;(t) requiring the complete
knowledge of either the real or the imaginary part of the generalized force coefficient

Q;j(v) = Qfj (M) +iIvQY (v). (3.14)
The basic principle is that of linear superposition whereby qg;(t) is built up from elementary sinusoidal
motions represented in Equation (3.9), and correspondingly the time-dependent force Q;(t) in modei is

built up from the elementary quantities Q (v) orQ; J (v) over the whole frequency spectrum

The aternative expressions for t>0 from Reference 17 are

do; (1)
Q1) = Qff (=) —— +Qj(0) g(1)

dq (T )
H —={Q (v) = Qf (=) }eosLv (t = T) Idvdg (3.15)

dq,(r) f i} dqj<r0>Q.J (v)

and Q;(1) o
0

Qjj (=) sinfv(t - 1p)]dvdr,.  (3.16)

Both Equations (3.15) and (3.16) involve double integration with respect to v and 1, . Theroad to indicial
aerodynamicsisto integrate first with respect to v, after which the problem is treated in the time domain.
Ontheother hand, integration first withrespect to 1, leadsto numerical treatment in the frequency domain.
Thishasthe advantage that the frequency range can be truncated at afinite upper limit and the disadvantage
that it sacrifices the physical understanding provided by the Wagner and Kissner functions and by other
so-called hereditary functions used in the time domain, (see Section 6).

ESDU Copyright material. For current status contact ESDU.

31 Wagner and Kussner Functions

With linearized aerodynamics the principle of superposition ensures areciprocal relationship between the
time-dependent force coefficients Q; for simple harmonic motions and for step changesin g, . Consider a
rapid smooth changefrom g, = 0 attimet = 0 to q = (qj)0 at small time 8t . As 8t — 0 thefirst term
on the right-hand side of Equation (3.15) or (3.16) produces an impulsive force coefficent

i = Qjj (=) (g, (3.17)
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This combines with alternative expressions Q;(t) for t=0

Q|(T) _ , 0 +g co , ,, d 318
(@), = Q0 njO{Qij (V) = Qj (=) } cos(vt)dv (3.18)
Qi(t) _ 2 °°Qi/j v) .

and @y nJ'O ———sin(vr)dv. (3.19)

The quantity T may also be thought of as a dimensionless distance of travel ¢ relative to an initia event
a1t =1y, i.e. 6=1-714. For any planform of wing or wing-tailplane configuration at some arbitrary
subsonic or supersonic Mach number these equations then define a generalized Wagner function, W. (o),
which is normalized with respect to Q;j (0) when thisis non-zero. Thus for unit (qj)0 Equations t3.17)
and (3.18) together produce

Qi’j/("") 2 “Qi/j/(v) - Qi,j’("")
d(o) + 1+7J0 Qi'j(o)

Wij(G) =

= Qi'j 0 cos(vo)dv. (3.20)

Alternatively from Equations (3.17) and (3.19) the generalized Wagner function is

ESDU Copyright material. For current status contact ESDU.

i - Yt 3 B,
where (o) isthe Dirac delta function defined by the equations
3(0) = 0forc=0
3(0) = wforc=0 (3.22)
| 8(c)do = 1.
The classical Wagner function of Reference 1 relates to heaving motion (j = 1) with
wy/V = -1 (3.23)
in two-dimensiona incompressible flow. For lift (i = 1)
z, =1 (3.29)

and the representative length | is taken as the chord ¢, so that ¢ isthe distance of travel in chord lengths.
In this special casetheimpulsivetermat o = 0 is

Qﬁ ()
Q1;(0)

3(0) = ¥ad(o) (3.25)

and, with normalizing factor Q, (0) = =, the Wagner function W,,(c) for >0 isshownin Figure 1.
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Notethat inthelimitas c — 0

Q) _

W,,(0+) = Q11(0)

Vs (3.26)

in this special two-dimensional case at M = 0; moreover, the curve W, (o) for 6>0 appliesto the force
for any displacement function z(x, y) and indeed to the growth of loading at every chordwise position.
However, it isnot true to say that the complete Wagner function is unique for heaving motion, because the
impulsive term in Equation (3.20) depends on z(X, y) . For pitching moment about the leading edge

z, =X (3.27)
the impulsive force is given by

Q71 ()
Q21(0)

d(o) = ¥%28(0o) (3.28)
for the mid-chord pitching moment it is zero, and for the quarter-chord axis the normalization is
inappropriate because Q5,(0) = 0.

Thederivation of the K lissner functionsfor astep gust impinging ontheleading edgeat o = 0 issomewhat
different. The stationary step gust

w = Wy for x< ol }

w = 0for x>ol (3.29)

is obtained from the sinusoidal gusts w; in Equation (3.10) of wavelengths 2rl/v by means of alternative

ESDU Copyright material. For current status contact ESDU.

integrals
w _ 1.7 _ivX) sin(vo)
Wg—n.[_ooexp( I) (o) gy (3.30)
w_. i/ [ ivxX)cos(vo)

or W, =1 n.[_ooexp( i ) " dv. (3.31)

For 6> 0, the generalized force coefficients corresponding to Equation (3.29) are then given by

Qi(o) oo in(vo)
g - el Qo 0 S e (332)
or
Q;(o) o
—(W' Ny - Q71(0) +§jo Q75 (v)cos(vo)dv . (3.33)
g
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The generalized Klssner function for a unit step gust Wy = V issmply

Q;(0)
K. 3.34
whereit is conditional that Q;; (0)# 0. Thusthere are aternative expressions
QIJ( V) sin(vo
= dv 3.35
=2 Q.l (0) 4—2\, (335)
and K. = cos d 3.36

which closely resemble the generalized Wagner functions in Equations (3.30) and (3.31). Essentia
differences occur because no forcesarise from asinusoidal gust of infinitesimal wavelength (v =) . Thus
Q5 () =0, sothatthereisnoimpulsiveforceat ¢ = 0; moreover Q{; () = 0, so that with reference
to Equation (3.26) the initial value K;(0) is zero.

The classical Kussner function of Reference 2 for the growth of lift in two dimensions after meeting the
step gust at low speed is shown as K, (o) in Figure 1. The vaues of W;;(c) and K, (o) are taken
respectively from Tables 9.1 and 9.5 of Reference 12, where the dependent variable must be halved to
convert the reference length from Y2c to . Although K (o) isawayslessthan W, ,(o), they arefound to
have the same asymptotic form when ¢ islarge.

3.2 Limiting Formsat Large and Small Time

The asymptatic expansions of hereditary functions in three-dimensional subsonic flow are discussed in
Section 3.4 of Reference 17. The behaviour at large time is governed by the low-frequency characteristics
of the generalized force coefficient Q, J(v) In the present notation, Equation (3—-30) of Reference 17
becomes

' (0)Q (0
Wi (o) = 1+M+0(c—3). (3.37)
8nQj; (0) o2

ESDU Copyright material. For current status contact ESDU.

If the reference length | is taken to be some chordwise dimension of the wing, Q;; (v) in Equation (3.7) is
roughly proportional to wing span or aspect ratio. Thus the Wagner functions approach their asymptotic
limits more slowly as aspect ratio increases. The second term on the right-hand side of Equation (3.37) is
associated with the low-frequency expansion

Qi (V) = Q)/(0) - 1& Q4(0) QO)v +O(v2logy) (3.39)

In two-dimensional subsonic flow, however, Q"; (v) generally has aterm proportional to logv at small
frequency, and in consequence the asymptotic expans on becomes

Wi(o) = 1+ O(c™1) (3.39)
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and in particular for heaving motionat M =0
_. 1
W, (o) = 1_55+ (3.40)

The approach to the steady state W, (oo) =1 inFigure 1 for the two-dimensional case is therefore much
slower than that for afinitewing in subsonlc flow.

Different principles apply in supersonic flow, which is treated thoroughly in Reference 12. In

two-dimensional flow the steady stateisreached oncetheinitial disturbance at the leading edge has cleared
the trailing edge. Thus

Wij(c’) = 1lwhenc=M/(M-1). (3.41)
Similarly in three-dimensional flow the steady state is reached at afinite value of ¢ .

The behaviour of Wj(cs) at small time is governed by the high-frequency characteristics of Q;; (v) . The
analysisin Section 3.2 of Reference 17 shows that for large v

Q;(v) = Qj (=) +O(v) (342)
and Q[ (v) =Qjf (=) +O(v?). (343)

In consequence Equations (3.20) and (3.21) both give the expansion

Q=) Q=)
Wi®) = o5 30 oG T (3.4

Theevauation of Q' (=) and Q (=) needsclarification. For compressible flow the formulation depends
on the nature of w; /V If thisis real as for heaving motion in Equation (3.23) or for pitching motion about
theaxis x = X,

Wo/V = (X, —X)/1, (3.45)

ESDU Copyright material. For current status contact ESDU.

then from piston theory

Z
I

<l_é

Qjj () = —ﬁjj dl— —IY (3.46)

and Qf (=) =0 (3.47)

where the integral istaken over the planform. In such cases thereis no impulsive force and W;;(0) is easy
to evaluate. If, on the other hand, w /V is defined by Equation (3.9) in terms of z (x Y) and] the flow is
subsonic, then Q;; (=) is not generally obtainable from piston theory and, as explamed in Section 3.2
of Reference 17, |{ is necessary to calculate

Z Z
Q=) =-2 [T IRL (3.48)
and Qjj (=) = Qjj (0) +,%I:[Qﬁj (v) =Q{f (=) ldv. (3.49)
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Unless Q" (>) happensto be zero, thereis an impulsive force and W;;(0+) from the second term on the
right- hand side of Equation (3.44) needs careful integration of Equat|on (3.49). The situation in fully
supersonic flow is easier because Q (e=) can then be obtained directly from piston theory which gives
the double integral

z 0z
Qjj () = MH fg(lo:xgy. (3.50)

Different principlesapply inincompressibleflow, whichiswell covered by References 11 and 12. Equations
(3.46) and (3.48) become inapplicable. In particular for heaving or pitching motion, as defined by

W(X1 y’ t) = Wj(x1 Y)qj(’f) (351)

in conjunction with Equation (3.23) or (3.45), instead of Equation (3.47) for compressible flow Q! (<)
is generally non-zero for M = 0. This has already been illustrated in Equations (3.25) and t3.28).
Furthermore, for step changes in displacement in Equation (3.11), the impulsive force would normally be
infinite so as to invalidate Equation (3.44). For M0, however, Equation (3.44) applies to both
two-dimensiona and three-dimensional flows.

33 Range of I nput Forces
Thereisconsiderablevariety in thetime-dependent aerodynamic quantities required to definethe equations
to be solved in response calculations such as those in References 21 and 22. For a given wing-tailplane

configuration and Mach number there are four distinct groups.

(@D} Wagner functions corresponding to rigid motion of the configuration whichis conveniently treated
in terms of rate modes through Equations (3.23), (3.45) and (3.51),

2 Wagner functions corresponding to elastic motion of the configuration, which must be treated in
terms of displacement modes through Equations (3.9) and (3.11),

3 input forces derived from K lissner functionsfor agust of particular profile, ‘ 1-cosine’ for example,
which isto disturb the equilibrium in level flight,

ESDU Copyright material. For current status contact ESDU.

(@] Wagner functionsfor the activeaileron and elevator, which areakin to thosein group (2) but involve
discontinuitiesin z(x, y) and have characteristics associated with the location of the control.

There is afifth group which is not strictly necessary, but which offers considerable insight:

5) Wagner functions associated with interfering surfaces, for example, concerning the influence of
the presence of the tailplane on the lift or pitching moment due to rigid wing motion.

Figure 2 gives two examples of group (1), namely the two-dimensional lift at M = 0.8 due to step changes
in heave rate and pitch rate (j = 1 and 2) and distingui shes between these and a step change in pitch attitude
which, being a displacement mode, corresponds to group (2). The displacement in pitch attitude (j = 4) is
defined by

2y = Xq—X (3.52)
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and hence

=1+ —2— (3.53)

Wy iv(Xy—X)
Vv
Although for a given frequency parameter thisis alinear combination of w,/V and w,/V in Equations
(3.23) and (3.45), astepin g, of Equation (3.11) for j = 4 causes an impulsiveinitia disturbance whichis
not found with the rate modes at M = 0.8. Figure 2 shows that the subsequent behaviour at low ¢ is more
violent for W, 4(x, = 0) than for W,; or W,,(x, = 0.25c) . Each growth of lift has the same asymptotic
behaviour for large o but the approach to the steady state is more gradual than for M = 0 in Figure 1.

Given the Klssner function K; (o) for aparticular configuration and Mach number, it is asimple matter to
formulate the corresponding function K;(o) in group (3) for an arbitrary gust profile

w = v f(op) (3.54)

where f(c,) increases from O to 1 over the length of the gust gradient from 6, = 0 to 6, = Og- The
convolution integral gives

_ o, df
Ki(o) = jo %}—)Ki(c—co)dco (3.55)

where 6., is ¢ or 6, whichever isthe smaller. The corresponding force coefficients are

g’
Qi(0) = (Wy/V)Q/;(0) K;(0). (3.56)

For alinear-ramp gust profile with

f(og) =0 for 65<0
f(og) = oglog  for 0<oy<oy, (357)
f(og) =1 for 65> 04

ESDU Copyright material. For current status contact ESDU.

substitution into Equation (3.55) gives

Ki(o) :81_ jZ"‘Ki(o—oo)doo. (358)
g

For an on-off ‘1 —cosine’ gust with

f(oy) = 0 for 6,<0 and 65> 209
and (3.59)

f(og) = 1/z[l—cos(ncso/csg)] for 0<o,< 209.
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Equation (3.55) becomes

— Gm .
Ki(o) = %J.O sn(ncolcg)Ki(G—Go)dco (3.60)
g

where 6, isc or 26, whichever isthe smaller. Figure 3illustrates the growth of lift on awing-tailplane
configuration at M = 8.7 for arange of on-off ‘1 — cosine’ gust profiles with Oy = 1, 3and 5. The gust
profiles f(c) areshownin Figure 3aandin Figure 3bthelift isnormalized with respect to the steady-state
lift due to an on gust. For the shortest gust the maximum lift experienced by the aircraft is only about 65
per cent of the steady-state value and occurs at adistance o = 0.6 behind the maximum in the gust forcing
function. The two longer gusts allow sufficient time for the aircraft to approach within 10 per cent of the
quasi-static lift, with the lag in the occurrence of the maximum increasingto o= 1.0.

The Wagner functionsin group (4) for different types of control will be discussed in Sections 5.3 and 7.2.
A trailing-edge control exhibits the slowest growth rate for lift, especialy at high subsonic speeds.
Figure 4illustratesthelift at M = 0.8 due to transient motion of an outboard 25 per cent chord trailing-edge
control with deflection angle

q;(= ;) = 0 for 6<0 and 6> 20,
} (3.61)

qi(= &) = 8¢y(0/0,)3(2~0l0y)3 for 0<0<20,

The ratio of the instantaneous lift L to the quasi-static lift L, corresponding to the maximum control
deflection 6;, has been calculated by means of Equation (3.16). The mean wing chord C is used as the
reference length, and 26, therefore denotesthe distancetravelled in unitsof ¢ during the transient control
motion. In Figure 4, L/L is plotted against 6/c 4 ; the main features are the progressive reduction and
delay in the peak lift as o, , the duration of increasing &, is reduced and the accompanying increase in
residual lift beyond o = 26, which marksthe end of the excursion in control angle.

Some examples from group (5) for wing-tailplane combinations are discussed in Section 5.2.

Functions for elastic motion from group (2) are used in the examples of aircraft response in Sections 7.1,
7.3and 7.4.

ESDU Copyright material. For current status contact ESDU.
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4. NUMERICAL RESULTSIN TWO DIMENSIONS
4.1 Wagner Functionsfor M <1

Wagner functions for athin aerofoil experiencing a step change in heave rate, pitch rate or deflection of a
trailing-edge flap of chord 0.2c have all been calculated numerically for subsonic flow from the Fourier
integral of Equation (3.21). For this purpose airforce coefficients Q! j (v) intherange 0.05<v <10 were
obtained by running the program of Reference 16 and theoretical, steady-state values Q; j (0) were
determined analytically. For the plain aerofoil analytical valuesof Q; j (ee) arealsoknown, andtheinfinite
frequency control force coefficients were determined by assuming the asymptotic behaviour of
Equation (3.42). The integration was carried out in three sections. Simpson’s rule was used over a small
initial interval from v =0to v =0.04, Filon’srule (see Reference 17) wasused from v =0.04to v =10,
and analytical integration wasperformed between v =10and v = < by invoking theasymptotic behaviour.
The results are presented with ¢ based on the chord length. The functions W, , W,;, and W,,, for the
aerofoil are given in Tables 9.1 to 9.3, where the exact solutions from Reference 9 have been taken for
6 <M/(M +1). For flap motion the functions W, ; and W,5 aregivenin Tables9.4 and 9.5. The pitch axis
hasbeentaken at the quarter-chord point of the aerofoil. Consequently Q% (0) = 0 and normalized values
of W,, areunobtainable. Figures 53, 6aand 7aillustrate W, , W,, and W, 5 respectively. It can be seen
that with increasing Mach number the early variations of these functions are steadily reduced, and that their
approach to the steady state becomes progressively slower. The values of W, J- (0) incompressible flow are

Wy, = 2B/(nM), (4.1)
= B/(nM) (4.2)
and W,, = 14B/(3nM). (4.3)

With regard to the integration process employed it should be noted that in compressible flow the variation
of Q (v) athigh v consistsof decaying undulations superimposed on theasymptotic approach to Q;; (<)
As M ach number decreases the undul atory contribution becomeslarger and remainssignificant up to hl gher
values of v . The consequence isthat if reliable values of Q (v) arenot calculated to a sufficiently high
valueof v, thentheanalytical integration abovethisi ntroduc& spuriouswavinessin W;; (o) at low values
of 6. With precise vaues of Q;. i (v) taken only up to v = 10 and the asymptotic var|at|on assumed
thereafter, this spurious behaviour was found in some cases for Mach numbers up to 0.75. This has been
overcome in the presented results by interpolating a smooth variation between the exact values of W, (o)

known for c<M/(M +1) and the reliable values obtained from the Fourier integration for 6>3. Such
regions of interpolation are indicated by dashed lines in Figures 5a, 6a and 7a and the corresponding
numerical values are given in bracketsin Tables 9.1 to 9.5.

ESDU Copyright material. For current status contact ESDU.

The pitching moment on aheaving wing isstudied in Reference 4 interms of the centre of pressure position.
In compressible flow this moves rapidly forward from the mid-chord position a ¢ = 0+ and approaches
asymptotically its steady-state position at the quarter chord. The distance of travel for the movement to be
essentially completed increases with Mach number, from =2 at M = 05t0 6=5 a M = 0.8, see
Sketch 4.1. In incompressible flow the forward movement is accomplished by an instantaneous jump in
<‘;Cp from0.5t00.25at o = O+.
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Sketch 4.1 Variation of centre of pressure position on heaving aer ofoil

In References 4 and 12 an exact solution of the potential flow equation for the unsteady motion has alsof
been used to study the early growth of the chordwise loading on an aerofoil following a step change in.
heave rate g,V or pitch rate q,V/I . The results for M = 0.8 are reproduced in Figures 8a and 8b which.
show how |,/q; and |,/q, develop over the first four chord lengths of travel. Immediately after 6 = 0
the loading 1,/q, is constant and |,/q, increases linearly with & . The case shown in Figure 8b is for a
pitch axis at the leading edge so that I,/g, = 0 at £ = 0 when 6 = 0+. As ¢ increases the pressure
disturbances emanating from the leading and trailing edgesincreasingly modify theinitial loadingstowards
their steady-state values although there is an unaffected mid-region until 6 = M/(M + 1) . The singularity
apparentat £ = 1-o(1-M)/M persistsuntil it clearsthe leading edgeat 6 = M/(M—1) = 4. At subsonic
speeds the influence of the initia starting motion is never completely escaped, but its effect diminishes
withtimeand the steady stateisapproached asymptotically after the singularity disappears. Table 9.1 shows
that at 6 = 4 the integrated lift forces are only at about 65 per cent of their steady values. However,

Figure8c comparestheloadingsat ¢ = 4 withthe steady-stateloadingsmultiplied by thelift ratio L(4)/L,

and revealsthat after four chord lengths of travel 1,/q, hasalmost reached itsfinal shape, although 1,/q,

has some way to go.

4.2 Wagner Functionsfor M>1

ESDU Copyright material. For current status contact ESDU.

For supersonic flow adirect solution of the potential flow equation for the unsteady motion yieldsanal ytical
solutionsfor the complete response of an aerof oil to astep changein heaverateor pitchrate. Theseequations
are given in References 6 and 12 and are set out in Table 9.6 for a pitch axis at the leading edge, together
with equations for converting to a general reference axis. Note that for amid-chord axis (£, = 0.5), W,
and W, areunobtainablesincetheir respective denominatorsare both zero. Unliketheresponsein subsonic
flow, in supersonic flow steady-state conditions are reached after afinitetime, 6 = M/(M—1) when the
influence of theinitia disturbance at the leading edge is beyond the trailing edge. For example, Figures 8d
and 8e, reproduced from Reference 4, show the exact solution for the chordwise loadings 1,/q; and 1,/q,
over thefirst six chord lengths of travel for M = 1.2. Immediately after = 0 theloading I,/q, isconstant
and |,/q, increases linearly with &, as in subsonic flow. As the aerofoil moves forward the front of the
aerofoil escapes from the effect of the starting disturbance and steady-state values are progressively
established along the chord to £ = 6(M—1)/M until they exist over the entire chord when ¢ = 6, with
|,/q, attaining itsfinal constant value and 1,/q, itsfinal linear variation with £ .
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Values of W,5 and W.5 for astep change in control deflection have been calculated for an aerofoil with
atrailing-edge flap of chord 0.2c using Equation (3.21). For this purpose airforce coefficientsin the range
0<v <10 wereobtained by running the program of Reference 18 and piston theory was used to determine
Q/; (). Theintegration was carried out over threerangesof v, asdescribed in Section 4.1. The numerical
vaIJueﬁ of Wy, and W,,, for areference axis £, = 0.5 aregivenin Tables 9.7 and 9.8 respectively.

The variation of W,,, W;, and W;5 with Mach number is illustrated in Figures 5h, 6b and 7b. The
remarkablefeature of Figure Sbisthat constant valuesof W, ; existuntil ¢ = M/(M + 1) , whenthetrailing
edge meetstheinitial leading-edge disturbance. The extent of this region increases with Mach number, but
it should be remembered that 6 isdimensionless and that in real timet, the duration of the constant value,
is proportional to 1/(M +1) and becomes shorter as Mach number increases. For W, in Figure 6b the
pitch axis has been taken at the leading edge; the curves show asimilar pattern to thosein Figure 5b except
that there is no constant value region at low o . Because of the small size of the trailing-edge control the
function W, 5 in Figure 7b completes its response very rapidly, inthetime o = 0.2M/(M-1).

4.3 Kussner Functionsfor All M

Valuesof theKussner function K for thin aerofoil s entering auniform stationary up-gust at subsonic Mach
numbers are shown in Figure 9a and have been compiled from the calculated results presented in
Reference 12 for M = 0.8 and in Reference 7 for M = 0.5, 0.6 and 0.7. The data in Reference 12 were
obtained by exact solution of the potential flow equation for thefirst four chords of travel, c <4, followed
by an asymptotic extrapolation to the steady-state value. In Reference 7 a Fourier integration of frequency
response coefficients was used for all but a short initial interval for which analytical solutions exist. As
noted in Reference 12 there are some inconsistencies between the two sets of results, with the Fourier
integral data being considered the more reliable at high o . In Figure 9a the data for M = 0.8 have been
dightly adjusted to give a smooth family of asymptotic curves. The incompressible flow data from
Figure 1 arerepeated for completeness. Figure 8f, reproduced from Reference 12, shows exact cal culations
of the early history of the chordwiseloading Ig/(wg/V) for M =0.8and 0 <4.5 following entry into astep
gust. Theloading risesrapidly from zero over the forward part of the aerofoil but remains zerointheregion
£>(M+1)/M until the trailing edge meets the initial leading-edge disturbance at 6=0.44. At 6 = 4.5
Figure 9a shows that the integrated lift force is only about 65 per cent of its steady value. However,
Figure 8f includes a dashed curve showing the steady-state distribution of | /(wg/V) multiplied by thelift
ratio L(4.5)/L. Itisclear that by thetime 6 = 4.5 theloading is close to itsfinal shape.

There are no corresponding published datafor K, but Reference 6 examines the exact solutions that exist
to describe the centre of pressure position of theindicial lift for subsonic flow in theinitial stages after gust
entry, 0<o <M/(1+M). During this time the centre of pressure is a distance oc(1+M)/4M aft of the
leading edge. At the end of thisinitial period the centre of pressure has reached the quarter-chord point of
the aerofoil. Asthisisits position in the steady state, Reference 6 suggests that it is reasonable to assume
that it remains close to the quarter-chord point for c>M(1+ M).

ESDU Copyright material. For current status contact ESDU.

For supersonic speeds Reference 6 gives exact solutions for the indicial lift and pitching moment on an
aerofoil entering a uniform up-gust. The expressionsfor K, and K, for theleading-edge axis &, = 0 are
givenin Table 9.6 together with the equations for conversion to a general reference axis. The function K,
isunobtainablefor theaxis £, = 0.5 because the steady-state pitching moment is zero. Figure Sbillustrates
the behaviour of K, for arange of supersonic Mach numbers. Again, in contrast to the subsonic results,
the response is accomplished in afinitetime, ¢ = M/(M—1), and this produces a very steep rise in K,
for the higher Mach numbers, although the curves at low supersonic Mach numbers have some similarity
to the subsonic curvesin Figures 9a.
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Thehistory of the chordwiseloading | g/(wg/V) in Figure 8g for M = 1.2 has been cal culated from the exact
equation given in Reference 12. Following gust encounter at 6 = 0 the constant steady-state loading is
established on the forward part of the aerofoil asit escapes from theinitial pressure disturbance originating
at the leading edge. The loading remains zero in the region £>c(M + 1)/M until the initial leading-edge
disturbance first affects the trailing edge. As ¢ increases further the transient part of the loading becomes
steadily smaller until at 6 = M/(M—-1) = 6 theinitial leading-edge disturbance fully clears the trailing
edge and the entire loading becomes steady, as was the case for the supersonic Wagner functions.

5. NUMERICAL RESULTSIN THREE DIMENSIONS
51 Wings
511 M«<1

Wagner functions W, ; and Kussner functions K for rectangular wingsin incompressible flow are given
forA=1,2and 4in Reference 11 and for A=4 and 6 in Reference 3. In both references the functions have
been calculated by Fourier integration of frequency response characteristics, but the later work is probably
more accurate. Vaues of Wy, and K; forA=1,2,4and 6 at M = 0 are shown in Figures 10a and 11a
respectively with added two-dimensional resultslabelled A = <. Atlow ¢ the curvesfor A= 6 have been
adjusted to give a smooth family of curves and should be regarded as approximate. It can be seen that the
effect of decreasing aspect ratio isto increase the initial value of W,; and to hasten the approach of both
indicial functionsto their steady-state values.

Reference 11 also provides W,, and K, for deltawingsin incompressible flow withA=1, 2 and 4. These
functions are shown in Figures 10b and 11b, respectively, with ¢ = Vt/c,. The Wagner functions are
primarily governed by the ratio of spanwise to chordwise extent, and so W, for a delta wing resembles
that for a rectangular wing of half the aspect ratio. The initia parabolic risein K, for the deltawingsis
typical of swept wings.

The effects of finite aspect ratio are illustrated further in Figure 12 for two swept wings, with ¢ = Vt/c.
Figure 12ashows W,; a M = 0.4 and 0.8 for an aspect ratio of 6 and the corresponding two-dimensional
results for an aerofoil are also shown. After theinitial variation in the first fraction of a chord of travel the
function for the wing soon nears its asymptote. The function for the aerofoil is always much smaller and
isdtill far fromits steady-state valuewhen o = 5. The differences between the two- and three-dimensional
results are greater than those due to the Mach number variation. Figure 12b presents K; at M = 0.8 for an
aspect ratio of 8 (Reference 17). It showsthat although thisfunction hasaslower initial climbwhen, because
of sweep, only a small part of the wing has encountered the gust, it soon rises much more steeply and
approachesitsasymptotefar more quickly thaninthe case of theaerofoil. These dataprovideaclear warning
not to ignore the differences between two- and three-dimensional subsonic flows.
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It is important to remember that the indicial functions are normalized with respect to their steady-state
values. Figure 13a compares W, for untapered swept and unswept wings of aspect ratio 6 at M = 0.7
(Reference 14). Figure 13b compares the corresponding non-normalized functions W, ,Q74(0). For W,
the effect of sweep isapparent only over thefirst chord length of travel. In contrast, theinitial development
of thenon-normalized functionislittleinfluenced by sweep, which primarily affectsthe steady-state val ues.

512 M>1

For supersonic speeds Reference 12 gives exact solutions for W;; and K, for rectangular wings with
A>1/8 and for deltawings with supersonic leading edges, A>4/f . Figures 14aand 14b demonstrate the
effect of Mach number for arectangular wing of A = 6 and Figures 14c and 14d show the effect of aspect
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