5T 85007

CONTACT PHENOMENA |lI: CALCULATION OF INDIVIDUAL STRESS
COMPONENTS IN CONCENTRATED ELASTIC CONTACTS UNDER COMBINED
NORMAL AND TANGENTIAL LOADING

1. NOTATION

Most of the quantities are expressed in non-dimensional form, stresses being normalised by dividing them
by the maximum compressive strggs , and distances by dividing them either by the major semi-axis,
(subscript 1), or by the minor semi-axis(subscript 2) of the ellipse of contact. They are therefore valid

in any self-consistent system of units.
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a major semi-axis of contact ellipse, or radius of circular contact
ag, a1, 3, coefficients defined in Sectiat6.3
b minor semi-axis of contact ellipse, or half-width of line contact
by, by, b, coefficients defined in Sectighl
C,D,E, F auxiliary quantities defined in Sectién
c,d, ef recursion variables used in Sect®n
Corr Cg constants defined in Secti@w6
dgs---» Oy constants defined in Secti@nb
€ps--1 € constants defined in Secti@6
s Ty constants defined in Secti@6
E(p, n) incomplete elliptic integral of the second kind, J':EIL -n 2 sirf GD de
F(p,n) incomplete elliptic integral of the first king, I(p E[l -n 2 sirf SELHZ de
fo fy, f, direct stresses within solid body
G,H auxiliary quantities defined in Sectiobgland5.5, respectively
PRRPTRE integrals defined in Sectiols8 5.9 and5.10 respectively
J, K auxiliary quantities defined in SectioBsl8and5.21respectively
L, N auxiliary quantities defined in Sectioh$ and5.11respectively
N; number of sub-divisions into which an integration interval is divided
D o[1/2
n D -B D
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total normal load

maximum compressive stress in contact region

total force of friction
auxiliary quantities defined in Sectién2

effective or equivalent shear stress

shear stresses within solid body

auxiliary quantity defined in Sectidn3

auxiliary quantities defined in Sectioh®2 and13.2, respectively

tensile stress
recursion variable used in Secti®n

auxiliary quantities defined in Sectiofistand13.3 respectively

recursion variables used in Secti®n

auxiliary quantities defined in Sectiofi$and13.4 respectively

dummy integration variable used in definitionslpf I,,  &pd , Secldhs
5.9and5.1Q respectively

distance measured from centre of ellipse, parallel to major axis

= x/a
= x/b

distance measured from centre of ellipse, parallel to minor axis

= yla
= y/b

distance measured from centre of ellipse, normal to surface and directed towards
the interior of the body

= z/a

= z/b

1

modular angle= cos™ 1

B = sinn

axis ratio of ellipse= b/a<1
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% angle between force of friction and minor axis of ellipse
o auxiliary quantity defined in Sectioh3
A range,.e. difference between maximum and minimum values
€1 auxiliary quantity defined in Sectidi.1
8,6, auxiliary quantities defined in SectioBsl6and5.17respectively
v coefficient of friction for gross sliding
12
; g
= y
1 SRS
o Poisson’s ratio
0) = tar(1/s,), except in Sectioh0where¢ = tari*(1/z,) andin
Sectionl2whereq = sin*(1/p,)
U auxiliary quantity defined in Sectidh?2
Subscripts
max maximum value
0 pertaining to contact centre at surface
orth orthogonal, applied to shear stress
X, Y, Z single subscripts applied to direct stresses, denoting action in directions parallel

to, and over planes perpendicular to,xhgandz axes, respectively

XY, YZ ZX double subscripts applied to shear stresses, in which the first subscript denotes
the direction normal to the plane in which the stresses act and the second gives
the direction of the stress

ESDU Copyright material. For current status contact ESDU.

0,1,2...... serial number of recursion in Secti®n

()1, ()a (g subscripts applied outside brackets to stress components, denoting origin in one
of the three loading systems defined in SecfioBquationg4.1), (4.2) and(4.3)

Superscript

A bar superscript over a stress symbol denotes that the stress has been rendered dimensionless by dividir
it by the maximum compressive stregs

2. INTRODUCTION

When two bodies, one or both of whose surfaces are curved, are brought into contact and subjected to
normal load, the nominal point of contact becomes an elliptical area of contact as a result of elastic
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deflections within the bodies. Two limiting cases may be identified. In the first, the contact area is circular,
for example, sphere on sphere, sphere on plane, identical cylinders crossed at right-angles. In the secon
limiting case, a nominal line contact becomes a rectangle, for example, cylinder on cylinder with parallel
axes, cylinder on plane, cylinder in groove with parallel axes.

The elastic deflections imply the presence of stress fields within and on the surface of the bodies. These
stress fields are characterised by the values at each point of the six components of the stress tensor, define
in Section3.

A previously published Data Item, No. 78035 (Referehjcalealt with the calculation of stresses and
contact dimensions for normally loaded contacts. The maximum values of all the stress components then
occur along the line of symmetry, normal to the surface and passing through the centre of the ellipse, anc
much of the information of interest could be presented by a plot of the values of the stress components, anc
of quantities derived from them, against position along this line.

A second data Item in this series, No. 84017 (Refernoensidered the effect on the stress fields of the
addition of tangential shear stresses over the surface of the ellipse, the ratio of the shear stress to the norm
stress having everywhere a constant value, equal to the coefficient of friction for gross slip. The inclusion
of these shear stresses destroyed the symmetry of field, and the maximum values no longer necessaril
occurred on the axis of symmetry. This complicated the presentation of the results of calculations of the
stressfield, and the coverage of the effect of different combinations of the various factors, such as coefficient
of friction, Poisson’s ratio, axis ratio of ellipse of contatt, was less comprehensive than in the previous
Item, No. 78035. Some further results will be given in an ESDU Memorandum No. 50 (Re&reviueh

is available to all holders of ReferenzeResults for cases not covered adequately in Refer@raya$3

may be calculated by the procedures explained in the present Item.

Analytic expressions for the stress fields in the two limiting cases of circular and line contact under
combined normal and tangential loading have been available in the literature for some time and are well
known (Referencesto 7 inclusive and Derivatior&and 10, but solutions for the general elliptical contact

are more complicated, involve elliptic integrals, and have been published only recently (Reference
Derivationsl0to 12 inclusive). Some degree of mathematical sophistication is required in the appllcatlon
of the results of these Derivations, and there is a large quantity of data to be handled. :

In Reference the presentation of the results was limited to the consideration of the maximum values of
three criteria for failure, attention being concentrated on three simplified models of failure: :

Plastic yielding of ductile materials,
Cracking of brittle materials,
Fatigue failure under repeated stressing.

The treatment was over-simplified, in that very few materials behave exactly in the manner assumed, but
it was considered to be adequate for many purposes.

For accurate and reliable prediction of failure, a detailed knowledge of the behaviour of the material, and
a detailed knowledge of the variation of the individual stress components with position and with time, are
required.

The present Item explains the procedure for the calculation of these individual stress components. Although
it may appear excessively long and formidably complicated, no great mathematical expertise is required to
apply the procedures. All the operations are broken down into simple steps, and in many cases the treatment
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given in the Derivations have been simplified considerably. The expressions given for the general case may
become indeterminate in some special cases and these special cases are covered in separate sections
other special cases the general treatment remains valid but the expressions can be simplified, and agait
full coverage is given for these cases.

In the application of the information in the present Data Item to the solution of practical problems, it will
be assumed that the essential quantities, the maximum compressive stress and the lengths of the axes
the ellipse of contact, have been calculated from the information given in Data Item No. 78035. It will also
be assumed that the values of these quantities are unaffected by the imposition of the tangential stresse
This latter assumption is not strictly valid if the elastic properties of the two bodies are different, but in
general the effects of the differences are small. Further details are given in Relefawieons.3.

Shear stresses of the form assumed arise in the case of gross sliding between dry (unlubricated) bodie:
The distribution of shear stresses is more complicated if the friction is insufficient to cause gross sliding,
but the assumption of gross sliding will result in higher values of the stresses than will occur in other
circumstances, thatis, the situation that has been assumed is the worst that could arise. The stress distributic
may differ from that assumed if the surfaces are lubricated, but the results given in this Data Item are valid
for boundary lubrication, and are approximately correct for the limiting case of very thin films in
elastohydrodynamic lubrication, that is, with low surface velocities and low lubricant viscosities. A more
detailed discussion of the limitations to the application of the results is given in Reference

REFERENCE AXES AND STRESS COMPONENTS

Sketch3.1represents the area of contact between two solid elastic bodies as the ellipse,

(x/a)’ + (y/b)?> = 1, a=b.

This area supports the total loBdmposed on the contact by a distribution of compressive giregsr
the ellipsoid:
1/2

p = po-(xa)’ - (yib) D . (wa)®+ (yib)*< 1.

A force of frictionQ = pP acts at a general angle toyhe -axis and it is assumed that the resultant
shear stress), on the surface is everywhere equalifo

The stress field within and on the surface of one of the bodies is characterised by the values of the six
components of the stress tensor. These are the three direct stresses;

f,f,.f

X' yr'z

acting in directions parallel to, and over plane perpendicular to, thandz axes respectively, and the
three shear stresses;

qu - qyx’ qyz = qu’ Oz = Zxz:

Thez-axis is normal to the tangent plane at the centre of the ellipse and directed toward the interior of the
body. The usual convention that positive direct stresses are tensile will be adopted here. In the symbol for
the general shear str , the first subscript gives the direction of the normal to the plane in which the
stress acts and the second subscript gives the direction of the stress.
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Total normal force,

Distribution of compressive Moximum pressure,
stress on surface

Projected area mrab

Average pressure £
ge p 7ob

Area of contact ellipse ) 3p
2 2 zY Maximum pressure , p. = 53—
X y o 2mwob
(T g) =1

Sketch 3.1 Area of contact, forces and stresses

4. GENERAL DESCRIPTION OF THE CALCULATIONS

These calculations were obtained from Derivatidfsto 13 inclusive, but some modifications and
simplications have been made.

ESDU Copyright material. For current status contact ESDU.

For the purposes of the calculations, spatial coordinates are rendered non-dimensional by dividing them by
the major semi-axis of the ellipse of contact:

Xy = x/a; y, = yla; z, = Z/a.

For the special case of line contacts, whem - o the dimensional coordinates are divided by the
half-width b:

Xo = XIb = Xx,/B; Yo = ylb = y,/B; z, = zlb = z]IB;

where = b/a isthe axisratio of the ellipse, ghd- 0 for a line contact. It will normally be convenient

to express the results for the general case in terrps, ofy,, z,) rather thep of,, z;)
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The stress components are rendered non-dimensional by dividing them by the maximum compressive stres
Po:

fi = filpg: Ty = 9 /Py etc, i,k =Xy 2

Three sets of components are given, corresponding with the effects of the three loading cases assumed:

2
1. Normal loading: f, = - po%l - (x/a)2 - (y/b)zgu 4.1
2
2. Tangential loading parallel Apy = = upOE'll — (x/a)2 - (y/b)zgj cosy (4.2)
to short dimension:
2
3. Tangential loading parallelto  q,, = - upOE'll - (x/a)2 - (y/b)zgj siny (4.3)

long dimension:

The forces of friction are in the positive directions ofthandy-axes. The three sets are distinguished by
numerical subscriptg,g. (fx)1 ,(ay )2 ,etc Sets 1 and 3 have been obtained directly from the Derivations,
with u replaced by siny , while’set 2 has been obtained from set 3 by interchargidg a andb, 3
and1/f ,siny andcosy and by reversing the directior, df. reversing the sign c(quy)2 ar(tmzx)2

The justification for this procedure is shown in Sketch

The general elliptical case is considered first, and is followed by the simpler cases of circular and line
contacts. The general case requires the evaluation of three numerical integrals, either directly or by
conversion to the standard forms of the elliptic integrals, for which a recursive method of evaluation is

provided.

Simplified forms are given for use with points which are either on the sufface0) or on the axis
(x = 0, y =0). Unless these special forms are used, it is recommended that any zeros in the
dimensionless space coordinates be replaced by small nursﬂgtelﬁ,_6 . These should be small compared

with B, but their squares should be large compared with the smallest digit retained by the calculator or
computer. In this way, trouble with infinities and indeterminate numbers may be avoided. The signs of
square roots may be taken as positive unless otherwise indicated.

Many of the quantities are defined in different ways in the different secﬁ'.gnsi is defined in Section
5.2 as the root of the equation

ESDU Copyright material. For current status contact ESDU.

2 2
1+s; B +s; s

but in Sectiord.2 as the root of

pz 2
1,y
1482 &2
St 51
The second version is derived from the first as the specialicasel , but because of the large numbe

of symbols needed, the same symbol  has been employed in both cases.

Documents
7 Document Sharing Hub

Copyright Engineering Sciences Data Unit
Provided by IHS Markit under license with ESDU Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: ESDU 85007 C 1994


http://www.avadocuments.com/doc/esdu-85007-c-1994
http://www.avadocuments.com/doc/esdu-85007-c-1994

5T 85007

[\
&

(o) Loading Cose 3. Configurotion used in Derivation |2

__.{bﬁ_
|
|
|

ny

<V

(b) Interchange x and y, o and b

=4

a
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(c) Rotate 90° anticlockwise

yA

l____ AF
b

N

(d) Reverse direction of x . This is now the configuration required for loading Case 2

*

Sketch 4.1 Transformation from loading Case 3 to loading Case 2
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This example is an obvious one, but in the case of the funttiad its partial derivatives, the definitions

for the circular case in Sectiofis3, 9.6 and9.7 are apparently unrelated to those for the general elliptical
case in Sectiorns.18t05.20 However, the special case may be shown to be derived from the general case
inthe limitB - 1,n - 0.

In many cases, some checks on the working have been provided. These involve the sums of the three direc
stresses for each of the three loading stresses given by Equ{étibrie (4.3).

5. THE GENERAL ELLIPTICAL CONTACT: POINTS WITHIN THE CONTACT
OR ON THE SURFACE AND OUTSIDE THE CONTACT ELLIPSE

5.1 Establish dimensionless coordinates based on the major semi-axis of the ellipse of contact:
Xy = x/a; y, = yla; z, = Z/a.

5.2 Find s% as the highest root of the equation'

2
e m e R
v ivaw

wheref3 = b/a , the axis ratio of the elllpse of contggt< 1)

Notes on the procedure for solving this equation are given in Séctibtihe point &, y, 2) is both on the
surface and on or within the ellipse of contagt,= 0 and the special forms provided for this case should
be used (Section). If B = 1 the forms provided for the special case of circular contact should be used

(Section® to 12).
1/2 —1/2
_ 2 0 2 20
>3 T ity iRy
1/2 12
_ 2 ] 2 2]
5.4 G = & +15 B +BF
O Xq ? O Y1 3 DZ]_DZ
5.5 =0 *os =0 Y
o+t B +sU G50
5.6 L = zll(slHG)
2
5.7 n = %1_[32%”
0 [l
65 s J_OOE dW1 %
.8 1=
; 51%1 o' e 208
W0 Wi
[l [l
59 | _ J_OOE dW1 %
. 2 =
51% o’? 2 Zais
Wy +win
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w% dw,
5.10 5 =
2= L5 g7

Ell + W1D 532

I o

A note on the evaluation of the integrals I,,  &pd  is given in Se&tion

sl¢0.

0 E = 2/(HG?)

5.11 N = Gzls;
2

5.12 C=ys5+1+N
>
7 2 2
w 5.13 D =s +B +N
3]
©
s
o _ 4 2.4 27 4_20]
2 5.14 E = %Ns1 +2Z(s; - B )D/%\IHS]_G il for the case ot
I
§ 5.15 F:C+D—xl yl
5
(8]
2 5.16 6, = tarlHny,/DE, -TW2<6; < T2
®
g S 0
< 5.17 6, = tantrthx,/CH
=
) Notes: (a)  These definitions &, ar, may be shown to be equivalent to those given in the
= Derivations, with a change of sign.
S (b) If the inverse tangent is expressed in degrees, it must be multipliédt/ bg0) to
8 convert it to radians.
(%]
wl

1 _ Dl‘l‘ZD
(©) tanh~Z = 1/2InD1_ al

5.18 = 3%1 ~Y,6,4
r 3 2
aJ _ 1 ny,C nx; y,E
5.19 5— = 3 0, - > -
X1 n (s; +1)F (s] +1)F
r 3 2
& 50 a _ 1 0. + nx,D N X;Yq E]
-:, - - 2 -
M’ T (SEHBHF (S +BIF
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K = SH16; +x,8,-n5
n
- (%84T 2
(f)1 = B 2(1"0)21'1"2021'3"%@_@% L+ (1-20)[K+z/(n1y8))]

_ S,r, 2
(f)1 = B[2(1-0)zyl, - 20215~ Ble“E L - (1-20)[K + z;r,/(n"s))]]

- 2
(f)1 = —BZ Lis;

(,); = (1-20)BI - (Bxyy;s; L/G)

(8,0, = —PBzxL/(Gry)
[0 U
- 1 1 aJ
(fy)2 = HBcosy 51_2“1 - |2) - 4E20'y1 +(1- 20’)21(?]
LN r\HG 1

_ 2y
2 2 1 0J
(f,), = uBcosy -gn - oB )|2+o|lg—2 ~(1-20) z;==
n

L 0x4
2
Y121 14 20x1y151]
23 4
HG"s; r\HG

ME

(f2)2 =_HBCOSV|:|3G H
0

2
20Xy, .S
(Gy,), = — upcosy {%o(l —B%1,) - EE}J,(l 20)21;; Y1 "1 1}

HG!
y2 2,130
_ 1 1 1

(Gy), = MBcosy %10 A i

s;HG O
_ X1¥Y1Z210
(a,,), = HBcosy G0
(5 HG™

Documents
11 Document Sharing Hub

Licensee=/, User=,
Not for Resale,

Full document details: ESDU 85007 C 1994


http://www.avadocuments.com/doc/esdu-85007-c-1994
http://www.avadocuments.com/doc/esdu-85007-c-1994

5T 85007

2X
- . 2 2 1 dJ
5.34 (fy)z = uBsiny {— %n +0)l, —oB Izg—z —(1- 20)215
n 1
2 2
X,Z 20X r
. ; 1 4 1y1451 1}
HG T s; HG
_ _ 2 yi $;10 9J
5.35 (fy)s = pBsiny %(Il —ly) - ——20x; + (1 - 20)216—
h HG O Y1
_ O xlzi E
5.36 (f,)3 = —uBsiny DD___s > [
DslG Hr1D
y 9 2crx2 V.S
_ . 2 2 1 J 1 71°1
5.37 (qu)3 = uPBsiny \%o(ll -B71,) —n '2%_2 +(1- 20)zla - —4]
n 1 HG 1y
_ - XqY140
Cs,HGD
O x>z O
_ . 141
5.39 (qzx)3 = uBsiny %101 —-13) - __é—ig
0 SlHG Mo
5.40 1:_x = (f_x)l + (f_X)Z + (f_X)S

-
I}

, = (F v (F ), +(F),

Oy = (Gyy)y * (Gyy)p + (T
Ay, = (Qyp); * (Gy), + (Ay);
Gy = (Gy07 * (Gpy * (Tpa
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Note that a useful check on the working is obtained by taking the sums of the three direct stresses for eacl
of the three loading stresses:

(fo1+ (F1+(F)1 = —2B(1 +0)zyl4
(f2+ (Fy)2+(F))2

(foa+ (s + ()3

—2pBcosy (1 + o)y,l,

— 2uBsiny (1 + g)xql,.
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6.1

6.2
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6.3

6.4

SOLVING THE EQUATION FOR Si

The equation is

In general, this last equation will have three real roots, of which only one, the required largest root, is
positive. The equation may be re-written as

so +3b,s, + 3b;s; - 3b, = 0,

_ 1 2 2 2 7
where b, = 5%1 +B° -x] -y - 75
1,2 2.2 2 2, 2
by = S -B X -y - (1+B)77
_ 1,22
by = 3B 7

The following expressions are now calculated
2
q = by—b,

3 3
ro= éaolbz + by - b}

-1 1047820
Y = 3cos° %q .

In general will be positive and its square root may also be taken as positive nuhdg be positive, zero
or negative. The inverse cosine should be placed in the first qué@ranp < 1/2) r is pibsitive and
in the second quadragt/2 < ¢ < 1) rifs negative.

The required largest root is
si = 2q1lzcoqu - b,

The other roots may be obtained by increasing 2143 (120 de@drard (240 deq) respectively.

If B< 10_2 the above procedure may give inaccurate results. The value of the fuf(&jgn should
always be checked, and if it differs significantly from zero, corrections may be made by Newton’s method.
The value ofs; found by the method of Section 6.3 may be used as a starting \(asp% of , Subsequent
corrections being made by

fl(sy) ]
2(sy); HI(sp]’

(S)i4q = (S0 #
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D_______Ez oY1 52 14 Bz
where H[(s,).] = + + ,
Ul B8 Hsy

and i=0,1,2,....

An example of the solution is given in Examfi1

7. THE GENERAL ELLIPTICAL CONTACT: POINTS BOTH ON THE SURFACE
AND ON OR WITHIN THE ELLIPSE OF CONTACT

7.1 In general, the calculation procedure follows that given in Seétianth z, — 0,s; - 0 but,
2 2 1/2
2)/s, ~ HL—x{ — (y,/B) 3

The functionsl; |, JandK remain as defined in Sectiénbut for ease of reference all the quantities
required in the calculations are redefined in the following exposition of the procedure.

>
[a)
(%]
wl
3]
©
<
o
(S)
g 7.2 X, = xla; 'y, = yla
<
&, 2 2 1/2
: 7.3 5= H—xi - (y1/B)S
12 Hw BT rwl G
S
= 7.5 0 0
%0 ® [ dw, O
s I, = [ G 0
g ? I0 24?2 2?0
g + 1[| + W]_[| |:|
g A note on the evaluation of these integrals is given in Se8tion
5 1/2
7.6 n = % — [3 E
ny,
- -1’1 O
7.7 0, = tan” B+ o) W2<0, <12
— 1 ........_D
7.8 6, = tanh B0
. -1 _ Dl ZD
Note: tanh “Z 2 Dl >0
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7.9
7.10
7.11
7.12
7.13

= 7.14

(]

)

[WH]

s 7.15

@©

=

o 7.16

3

©

i 7.17

1=

o

5 7.18

(&)

o

L

_. 7.19

©

(3

@

e 7.20

5

‘= 7.21

>

o

S

s 7.22

(]

)

[WH]
7.23
7.24
7.25
7.26
7.27
7.28
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1
J = n_g%(lel ‘ylezg
1
K = ;55/191 +%,6, - nJ

(f)1 = B(1-20)K —(8/n°)(20 - B°)

(f)1 = -B(L-20)K - (8/n°)(1 - 20p°)

(f)r = -8

(a,); = (1-20)BJ

(@), = O

(G0, = O

(f)2 = moosy 20y;B(1; —1,)/n’

(f,), = —ncosy H20y,B(1; —1,)/n°] + 2(1+ 0)y, Bl
(f,), =0

(a,,), = —mcosy (Bxy/n)a(ly - B%,) —n’lJ
(ay,), = —mdcosy

(G0, = O

() = —uBsiny H20x,B%/n%) (1~ 1,) + 2(1+ 6)x;1,

- . 3 2
(fy)3 = psiny 2o0x,B (1, = 1,)/n

(f)z =0

(q,,); = HBsiny (yllnz)%o(l1 - lez) - n2|2%
(ay)3 = O
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