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AN INTRODUCTION TO THE Z-TRANSFORM AND ITSAPPLICATION TO
SAMPLED-DATA SYSTEMS

1 INTRODUCTION

ThisDataltem presents anintroduction to the Z-transform and the basic principlesrelating to itsapplication
to linear sampled-data systems.

A linear sampled-data system is a system containing both continuous and sampled signals, where the
sampled signals are known at only discrete, equally spaced intervals of time. The Z-transform, which is
analogous to the Laplace transform used for entirely continuous systems, is the principal analytical tool
used for the study of such systems. The Z-transform variable, z, is associated with time-shifting in the
difference equations that describe the sampled signals and is analogous to the Laplace transform variable,
s, which is associated with differentiation in the differential equations of a continuous system.

For systemsinwhich the signalsarein discrete form throughout, the use of difference equationsis sufficient
to specify completely the system dynamics. However, for systems containing a mixture of continuous and
discrete signals, a model is needed for analytical purposes to represent the relation between the input and
output variables of the system and the processes of digital-to-analogue, and anal ogue-to-digital, signal
conversions.

This Item considers, as a preliminary to the Z-transform, the representation of the sampling process, i.e.
the relationship of a continuous analogue signal to a sequence of pulses equally spaced in time, each of
which providesthe value of the original signal only at the particular sampling instants. The relation of this
pulse sequence to the Z-transform is given together with its properties. This Z-transform is also shown to
berelated to the L aplace transform with the use of an impul se sequence and the rel ationships between poles
and zerosin the complex s-plane to those in the complex z-plane are provided. The necessary relationship
between the sampled input and output of a system element, the pulse transfer function, is found with the
use of the Z-transform and this is complemented by a description of the algebraic manipulation required
to obtain the pulse transfer function for cascaded el ements of a system in both open and closed loop form.

For design purposes, it is useful to obtain information in the interval between sampling instants and two
such methods that achieve this, the Modified Z-transform and multirate sampling, are described.
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A necessary element of al sampled data systemsisthe filter which is used to regain, asfar asis possible,
the original signal from the pulse sequence. This element is known as a data hold and is usually based on
a polynomial extrapolation. The simplest form of data hold, one that is commonly employed in sampled
systems, is the zero-order polynomia hold and the transfer function of this element isderived. Finaly itis
shown how the discrete time function may be obtained from the Z-transform of a system using the inverse
Z-transform. Three aternative methods are presented.
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NOTATION
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general constants

coefficients of a Fourier series

denominator of aLaplace transform

first derivative of D with respectto s
Fourier transforms of f(t) and f* (t), respectively

Fourier transform of f* (t)

Laplace transforms of f(t) and * (t), respectively
Z-transform of f*(t)

Fourier transform of f(t), = f (iw)

a continuous arbitrary function of t

an impulse sampled function of t

an ideal sampled function of t

asampled function of t obtained from a sampler of width y
=fg(t) fort=nT,n=0,1,2, ...

pulse transfer function of an element

Laplace transfer function of an element

Laplace transform of zero-order polynomial data hold
control system gain

Laplace transform of f(t), = f (s)

inverse Laplace transform of f (s), = f(t)

numerator of a Laplace transform

general integer variables

an impulsetrain

aunit amplitude pulse train of width y

Laplace transform variable

sampling interval
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t time

Xy roots of characteristic equation, D(s) = 0, where D is of order p

z Z-transform variable

Z{f(t)} Z-transform of (t), = F(2)

Z Y F(2)} inverse Z-transform of F(2)

a angle between the real axis and aline from the origin to a complex pole on an
Argand diagram

Y pulse width

A negative delay or time advance

OH(T) unit areaimpulse train

C damping ratio, = cos(a)

K real part of complex number

W, Wy general arbitrary frequency and natura frequency, respectively

Wg sampling frequency, = 210/T

3. THE SAMPLING PROCESS
Asapreliminary step the nature of sampled signals and the sampling process are discussed.

The sampling process is the means by which a continuous signal is converted into a sequence of pulses or
numbers, where the signal is available only at the times when the sampling is made. In the majority of
practical situations the sampling intervals between pulses are equal and only this case will be considered
in this Item.
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The sampling process is schematically represented by Sketch 3.1 in which a continuous signal, f(t), is
sampled every T seconds by opening and closing a sampling switch or sampler.

v ; : T (@)
o

Continuous signal Sampled signal

Sketch 3.1 Sampling process

Theoutput from the sampler, f* (t) , isavailable aspulses, of width v, only at times during which the switch
isclosed and isdiagrammaticaYIy represented by the shaded areas of Sketch 3.2, wherethetopsof the pulses
are formed by the appropriate section of the curve f(t). The variation of the pulse signal, f; (t), varies as
f(t) during thetime interval nT to nT+y, where n isthe set of integers0, 1, 2, .... . The equivalent digital
value of this signal isthen the number occurring at the discretetimes nT+y.

Documents
3 Document Sharing Hub

Copyright Engineering Sciences Data Unit
Provided by IHS Markit under license with ESDU Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: ESDU 86037 A 1992


http://www.avadocuments.com/doc/esdu-86037-a-1992
http://www.avadocuments.com/doc/esdu-86037-a-1992

EESDU 86037

Engineering Sciences Data Unit

VU]

4 1A W

hooin

b ‘j 1/ :; v .

I g v ! i | f

P A
| /I || |I |I | | %

Lo on s g g o0n

LT oy Time,

Sketch 3.2 Sampled pulses

Sampling may be regarded as an amplitude modulation process, depicted in Sketch 3.3 in which a pulse
train, p,(t), of unit amplitude pulses at intervals T is modulated by a continuous time function, f(t), to
produce a sampled function, f§ (t) . Thismay be expressed mathematically as

£ () = £(0) py(D). (3

U]

]
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(a) Continuous function !
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(b) Unit amplitude pulse train
Jy* (@)
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(c) Sampled function
Sketch 3.3 Amplitude modulation process

Documents
4 Document Sharing Hub

Copyright Engineering Sciences Data Unit
Provided by IHS Markit under license with ESDU Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: ESDU 86037 A 1992


http://www.avadocuments.com/doc/esdu-86037-a-1992
http://www.avadocuments.com/doc/esdu-86037-a-1992

EESDU 86037

Engineering Sciences Data Unit

The unit amplitude pulse train, py(t) , isaperiodic function, since T is constant, which can be represented
by aFourier series of the form

[ee]

py(t) = Z C,exp{inwgt , (3.2

n=—-—ow

where the sampling frequency, wg, is 2TUT and the Fourier coefficients, C,, aregiven by
y sin(nwgy/2)

1/ . oy .
C, = _I_Iop(t) exp{-inwgt} dt = T —noosy/Z exp{—inwgy/2} . (3.3)

It isimportant to note that 0<y<T inany real physica system.

Using Equation (3.2) in Equation (3.1), the sampled function may be written as

[ee]

P = f( S Coep{inag . (3.4)

n=—oo

If the Fourier transform of the continuous function, f(t), is f (iw) , the Fourier transform of the sampled
function, f; (t),is

f@(ico) = Fo{f@(t)} = J’i)f@(t) exp{-iwt} dt, (3.5)

or, using Equation (3.4)

[ee]
[oe]

f i) = [ 1) T Coew{inng} ep{-iet dt. (3.6)

—00
n=—ow

By the use of the frequency shifting theorem (see Reference 1, page 37) which states that
Fo{ exp(at) f(t)} = I f(t) exp{at} exp{-iwt} dt = f_(ioo—a), (3.7

the sampled function of Equation (3.6) may be rewritten as

00
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filiw) = S C, fiw—-inwg) . (3.8)
n=—o
Sketch 3.4(a) shows the amplitude spectrum for the chosen continuous function
fty = e t>0
=0 t<o0,

and Sketch 3.4(b) shows the corresponding spectrum for the sampled function, f; (t), where the chosen
values of sample width, y, and sampling period, T, are 0.13 and 0.5, respectively.

The sampling process, as depicted by Equation (3.8), produces afundamental spectrum similar in shape to
the spectrum of the continuous signal but a so produces an infinite succession of unwanted complementary
spectrawhich are shifted by aseparation frequency of wg and weighted by afactor of the coefficients, C,, .
These complementary spectra are known as aliases and result from the Fourier representation of a square -
wave which has an infinite number of terms, each term representing a harmonic of higher frequency.

It can be seen in Sketch 3.4 that adjacent complementary spectra overlap both with each other and with the |
fundamental and in such a case it would not be possible to extract the complete information contained in
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the spectrum of the continuous function from the spectrum of the sampled function. There are two features
that contribute to this overlap of adjacent spectra. The first involves the sampling interval, T, which when
reduced (equivalent to an increase of the sampling frequency, wg, since wg = 21UT) will tend to separate
each adjacent complementary spectrum both from one another and from the fundamental. The second
concerns the frequency content of the origina signal, the higher the range of frequencies present in the
original signal the higher will be the overlap of complementary spectra for a given sampling period.

It thusfollowsthat it would never be possible to recover completely the original signal unlessthe spectrum
is band-limited, i.e. it contains no components above a certain frequency.

* Fund tal
|fy ((*))l A undamen

Complementary spectra

b. Pulse sampled function

HEI
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a. Continuous function
Sketch 3.4 Amplitude spectrum of a continuous function and a pulse sampled function

These considerations have been formalised in atheorem by Shannon (see Reference 9) that states that for
signals having afinite bandwidth, i.e. signals that have frequency components up to, but not exceeding, a
frequency wg rad/s, then it is theoretically possible to recover completely the original signa using a
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sampling interval equal to, or lessthan, (TVwg), i.e.
Wg>2wg . (3.9

To recover the original signal from the sampled pulsesit is necessary to extract the fundamental spectrum
from the infinite sequence of complementary spectrausing alow passfilter. If it were possible to construct
anideal filter which would produce zero attenuation in the frequency range —wg to wg with perfect cut-off
outside thisband, then complete reconstruction of the original signal would be possible. However, practical

filters do not have perfect response characteristics and continuous signals do not, in general, have afinite
(band-limited) spectrum and this gives rise to a certain amount of distortion in the recovered signal.
Consequently, it is rare in practice to work near the limit as given by Shannon's theorem. It is common
practice to filter an analogue signal prior to sampling to produce a band-limited signal. Even with this
pre-samplingfilteritisusual tosampleasignal at fivetotentimesthe highest frequency known to be present.

3.1 Ideal Sampling

It is generdly true of digital systems, which provide pulse sequences of information only at times when
the sampler is closed, that thetimeinterval during which asampleistaken, y, isvery small compared with
the periodic sampling interval, T. Thus the assumption that a pulse has an infinitely small width, y - 0,
represents a good approximation to the physical sampling process. Idea sampling consequently produces
a sequence of numbers, analogue-to-digital conversion, which represent the original signal at the discrete
times, nT, given by

f5(0) = lim {fr(t)} =f(nT),n=0,12,.... (3.10)
y-0

4. THE Z-TRANSFORM

As already mentioned in the Introduction a linear sampled-data system may contain both continuous and
discrete signals. Analysis of such systems can be effected through the use of the Z-transform. A natural
preliminary, therefore, of such an analysisisto define aZ-transform, to set out its algebraic properties and
to consider its relation to the Laplace transform.

Consider a continuous function, f(t), which is assumed to be zero for negative time. The Z-transform of
f(t), F(2), isdefined by
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Z{f(t} =F(2) = g f(nT)z ", (4.0)
n=0

where for convergence |4 < 1. Thelower case symbol zisthe complex Z-transform variable, and the upper
case symbol Z, used as Z{f(t)}, denotes the Z-transform of f(t).

Thisisthe fundamental equation for the Z-transform of atime function, and for its cal culation the sampled
function, f*(t), is used, since the continuous signal, f(t), is undefined except at the sampling instant.

Example

As an example of the use of Equation (4.1) consider the following continuous time function

— —b
f(t) = a_ 0 -0 (4.2)
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for which the corresponding Z-transform is required. The Z-transform is found to be

®© 0K K ant —bnT i
F(z) = + -
(2) Z EEE) a-bl a b EEZ '
n=2~0
- K -1, 2 0
or F(z) = ab%L+z +z + ... 0
—al_-1 —2aT_-2 0
+e z +e Z +....
(a—b)a%L U
K —-bT -1 , —2bT_-2 0
+e + ..l
(a-b)b%L © 0
e Fz) = S 2g+ 2 TN
abmz - 15 (a—b)Da(Z e b(z—ebt)D

4.1 Properties of Z-Transforms

notation will be used,

Z{f(th =F(2).

(a) Linearity

Z{a fy(1) + ayfy() = a Z{f(h +a,Z{f,(t)},

= a,F,(2) + a,F,(2) ,

(b) Shift property
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D O
Z{f(t+mT)} = z DF(Z) Z f(kT)z k%
1 %

where misaconstant. In particular, for m = 1, thefollowing result is obtained
Z{f(t+ T)} = z{F(2) -f(0)} .

(c) Complex scale change

z{e2 (1) = F(e 2).
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(4.3)

The following properties and theorems of the Z-transform are presented without proof. Reference 3 may
be consulted for the proofs of a number of the properties or theorems detailed. In all cases, the following

(4.4

where a; and a, are constants and the functions, f,(t) and f,(t) , are assumed Z-transformable.

(4.5

(4.6)

4.7
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(d) Finite summation

on 0

- _Z
Z%(gof(kT)E = Z_1F(z) J4>1. (4.8)
(e) Initial value
f(0) = lim {F(2)} . (4.9
(f) Final value
lim {f(nT)} = Iiml{ (z-1)F(2)} . (4.10)

(g) Convolution (complex multiplication)

O 0
n
Fi1(2F,(2) = ZE > f, (KT) f2(n—kT)§. (4.112)
=0 i
(h) Multiplication by t (complex differentiation)
Z{tH(V) =Tz {F(2) . (4.12)

4.2 Relationship to the Laplace Transform

As dready mentioned the Z-transform analysis of sampled-data systems is analogous to the Laplace
transform analysis of continuous systems where the symbol z is the analogue of the symbol s. To develop
arelationship between the Z-transform and the L apl ace transform yet another mathematical representation
or idealisation of the sampling process, separate to that of Section 3.1, is required.
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If the function f*(t) is defined as the sequence of rectangular pulses of area f(nT), this sequence can be
replaced by an impulse modulation process given by

fX(t) = Ef(t) 3(t—nT) = gf(nT) 3(t—nT), (4.13)
n=0 n=0

where 8(t—nT) , the Dirac-deltafunction, can be considered asthelimit of apulse of unit area. The sampler
can be regarded as

p(t) = o(t) = > o(t—nT), (4.14)

n=—oco

and isan impulse train which isillustrated in Sketch 4.1.
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