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ESDU DATA ITEMS

Data Items provide validated information in engineering design and analysis for use by, or under the supervision of,
professionally qualified engineers. The data are founded on an evaluation of al the relevant information, both published and
unpublished, and are invariably supported by original work of ESDU staff engineers or consultants. The whole process is
subject to independent review for which crucial support is provided by industrial companies, government research
laboratories, universities and others from around the world through the participation of some of their leading experts on ESDU
Technical Committees. This process ensures that the results of much vauable work (theoretical, experimental and
operational), which may not be widely available or in a readily usable form, can be communicated concisely and accurately
to the engineering community.

We are constantly striving to develop new work and review data aready issued. Any comments arising out of your use of our
data, or any suggestionsfor new topics or information that might lead to improvements, will help usto provide a better service.
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PARAMETER ESTIMATION OF LINEAR SYSTEMSIN THE ABSENCE OF
PROCESS NOI SE: (i) methods based on the least-squares principle
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PARAMETER ESTIMATION OF LINEAR SYSTEMSIN THE ABSENCE OF
PROCESS NOI SE: (i) methods based on the least-squares principle

1 INTRODUCTION

Identification, in the context of the response of a system, isthe study of the correlation between the actual
behaviour or performance of areal system and the predicted behaviour from a mathematical model which
is assumed to characterise that system. When the mathematical model is expressed in terms of aknown set
of differential equationswith constant coeffici ents, in which anumber of these coefficients are unknown,
the parameter estimation process aims at determining the best values of these unknown coefficients from
the measured input and output of the system. Output measurements differ from the predicted model outputs
for variousreasons: firstly, asaresult of animperfect model representation of thereal system and, secondly,
as the result of noise, of which there are two kinds, process noise and measurement noise. Process noise
affectsthe actual output of asystem and can be an input (or external noise), such asthe turbulence affecting
the motion of an aircraft in flight, or an internal system quantity, such as the noise introduced by a sensor
that forms part of afeedback loop of asystem. Measurement noise arisesfrom noisein theinstrumentation
used to measure the input and output. Process noise affects the actual output, whereas measurement noise
does not. The remaining discrepancy between measured quantities and those deduced from the
mathematical model may be termed observation error.

This Item restricts attention to systems that are assumed free from process noise and whose models are
assumed linear.

This Dataltem presentsanumber of digital optimisation techniquesfor parameter estimation that are based
on the |l east-squares principle, atechnique known mainly from itsusein curvefitting or regression analysis.
These digital computer based methods have superseded, to a large extent, older techniques such as
steady-state tests, the time vector method and response matching using an analogue computer, since these
earlier methods were dependent on the operator's skill and judgement in the application of these methods
and on the restrictive nature of the form and magnitude of the inputs that could be accommodated.

The essence of techniques described hereisthe minimisation of achosen Objective Function (oftenreferred
to as a Cost Function) that is formed from the square of the difference between the measured output of a
particular variable and the model output of this same variable, wherethe model output iscalculated interms
of theunknown coefficientsfor the sameinput. Broadly thetechniquesdivideinto thefollowing two classes:

ESDU Copyright material. For current status contact ESDU.

() the system equation(s) are solved in terms of all the measurements, both input and output,

(i) the system equation(s) are solved in terms of the input measurements only.

Within each of the above two classesthe methods vary according to the availability of the measured outputs
of the system. Sketch 1.1, where it is assumed that only measurement noise is present in the system, shows
agenera flow chart of the parameter estimation process.

Section 3 of this Item presentsthe general form of the mathematical model of alinear systemin which only
measurement noise is assumed present within the model of the system. Section 4 introduces various
parameter estimation techniques that consider a system model described by a single first-order equation
involving a single unknown parameter. Two of these techniques are usually referred to in the literature as
the Equation Error method and the Output Error method. An example illustrates the application of each of

T Inthe literature parameter” is acommonly used term for those coefficients in the analysis that are assumed unknown.
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these techniques. Section 5 considers the generalised form of the equations representing a multi parameter
system of many degrees-of-freedom. References 1 to 9 provide sources of information supplementary to

that in this Item.
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Sketch 1.1 General flow chart of parameter estimation processin the absence of process noise

Another class of method that may be used for parameter estimation is the Maximum Likelihood method.
Itisan advanced method capable of dealing with both linear and nonlinear systems containing measurement
noise and iscovered in other Itemsin this series (See References 10 to 14). For systemswith process noise,
the Filter Error method is used (see References 3, 11 and 12).
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2. NOTATION

A plant or stability matrix
A A1 row vectors (used for coefficients when state and input variables are combined)
a coefficient of state variable (used for system approximated by single first-order
differential equation with single unknown parameter)
B control or input matrix
Cov{...} covarianceof {...}
5 CD matrices associated with the observation (or measurement) equation
[a)
b E{...} expected valueof {...}
4+
(S)
g E F G matrices associated with alternative form of observation equation
8
3 F residual error matrix
7
;cj G sensitivity matrix containing partial derivatives of calculated outputs with respect to
= unknown parameters
>
(8]
5 H parameter increment matrix
L
-'_é’ h total number of unknown parameters
(O]
+=
e I identity matrix
+=
49
& J Objective Function
>
Q. . .
S k calibration constant
o)
a I total number of output quantities
wl
M information matrix
m total number of coefficients associated with input quantities
total number of discrete time points
n total number of coefficients associated with state variables
q measurement noise
S covariance matrix
t time
u input variable
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W weighting parameter

X vector combining state variable and input variable (used in generalised methods)
X state variable

Y vector containing al measured outputs

y computed model quantity

z measured quantity

Y unknown parameter

¥ least-squares estimator for y

A denotes increment

€ difference between measured output quantity and model output quantity
c standard deviation

O, estimate for standard deviation

Subscripts

| denotes initial estimate

[ denotes discrete time points

X, U pertaining to state quantity and input quantity, respectively
Superscripts

T denotes transpose

! denotes uprated value

ESDU Copyright material. For current status contact ESDU.

A bar below a quantity denotes a matrix or vector quantity.

A dot above a variable denotes differentiation of that variable with respect to time.
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3. SYSTEM MODEL

This section presents the general form of the mathematical model of a linear system in which only
measurement noise is assumed present. The model consists on the one part as aset of differential equations
with constant coefficients the solution of which isknown to represent reasonably the behaviour of the real
system, and on the other as a set of modelled outputs relating the theoretical counterparts of the measured
output variables with the state variables within the differential equations.

Thegenera state spacerepresentation of amodel of alinear system, inwhich the elementsof the coefficients
are assumed time invariant, is given by the following equations

X(t) = AX(t)+B u(t) (3.19)
and y(t) = Cx(t)+D uct) +q(t), (3.1b)

which are known as the state equations and observation (or measurement) equations, respectively. The
differential equations, Equations (3.1a), represent the equations governing the physical system in question
and Equations (3.1b) define the relationships between the model outputs (the theoretical counterparts of
the measured variables) and the state variables. In Equations (3.1a) itisusual to call A the plant or stability
matrix and B the input or control matrix.

The vectors X(t), u(t), Y(t) and q(t) in the above equations are, respectively, the state vector of size
(nx 1), the input vector of size (mx 1), the model output vector of size (I x 1) and the modelled
measurement noise vector of size (I x 1), described by

X(1) = [X(1,1), X(2,1), ccuree , X(n, T,

ut) = [u(Lt), u2,t), ... ,umo]T,
Y(t) = [y(L 1), y(21), ... L y(LH]T
and A1) = [A(L 1), A2, 1), crrreen ,q(l, 7.

The terms, d(t), are included in the observation equation to alow for the possibility of modelling the
measurement noise.

ESDU Copyright material. For current status contact ESDU.

The unknowns of the system, commonly referred to as “parameters’, which are to be found, are some, or
all, of the coefficients of Equations of (3.14), i.e. some, or al, of the elements of the matrices A and B.

It may be noted that when the observation equation is expressed in the form shown in Equations (3.1b),
some, or all, of the elements of C and D may involve the elements of A and B, respectively, where it
should be recognised that no new unknown parameter is presentin C or D.

Equations (3.1b) may, in some cases, occur in the following form
y(t) = EX(t)+F u(t) +G X(t) +q(t), (3.2)

which contains the additional term involving the derivatives of the state variables with respect to time. In
this case the matrices E, F and G would be independent of A and B and would be completely known.
Equations (3.2) can always be expressed in the form adopted in Equations (3.1b) by using a substitution of
the state equation.
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In an experimental test of the system, measured quantities, z , corresponding to the calculated model
quantities, y., at thediscretetimes, t;, i = 1, N are available for ameasured changein theinput vector, u..
Equations (34 1a) and (3.1b) are thus repI aced by

X(t) =AXH+Bu) (3.39)
and y ~=Cx+Du+q . i=12._,N, (3.3b)
wherei is an integer denoting the individual values of t;.

The values of the parameters, i.e. the unknown elements of A and B, are obtained by minimising an
Objective Function, J, with respect to each of the parameters in turn, formed from the sguare of the

difference between the measured quantities, Z , and the predicted quantities, y. . Typically the Objective
Function is formed from terms of the form -

N ) N 5
J= Z e = 2 (z-Y,), (3.9

where ¢; isthe difference quantity. Denoting the unknown parameters by
the minimum of Jis given by

3J

=0, j=12..,h. 36
o j (3.6)

This expression provides h equations for the h unknown parameters.

ESDU Copyright material. For current status contact ESDU.
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4. SINGLE UNKNOWN PARAMETER IN A SINGLE FIRST-ORDER SYSTEM

The parameter estimation process is introduced by considering a simple system described by a single
first-order equation involving a single unknown parameter. The system plant or state equation is assumed
to be given by

X(t) = a x(t) +u(t), (4.1)

where x(t) isthe state variable, u(t) isthe input variable and a is the unknown parameter which is assumed
constant. This equation takes the form of Equation (3.1a) in which the matrix A has been reduced to the
scalar quantity a and the matrix B has been reduced to unity.

The object of the estimation process is to determine the value of the parameter a in Equation (4.1) from
measurements of the plant output and plant input at the discretetimest = t,, i = 1,2, ..., N. Theparticular
output variable available depends on circumstances and the type of system under consideration. When only
those variables that are directly present in Equation (4.1) are to be used, three possible combinations can
be identified:

) when measurements of the state variable, x(t), and the input variable, u(t), are available,

(i) when measurements of the rate of change of the state variable with respect to time, x(t),
and the input variable, u(t), are available, and

(iii)  when measurements of X(t), x(t) and u(t) are all available.

A parameter estimation process is described for each of these three cases in Sections 4.1, 4.2 and 4.3,
respectively. For Case (i) and Case (ii) two classes of technique may beidentified. Thefirst treats the state
equation as essentially an algebraic relationship between x(t), x(t), and u(t) and leads to a linear equation
in the unknown parameter, a. The method consequently provides a direct solution for the unknown
parameter. The second class of method solvesthe differential equation, Equation (4.1), intermsof theinput
quantity which leads to a nonlinear equation in the parameter a. This method now involves an iterative
solution for the unknown parameter.

To illustrate the application of the methods a simple example has been included in each of the following
sections.

ESDU Copyright material. For current status contact ESDU.

4.1 M easurement of State Variable and Input Variable

Inthissectionitisassumed that the state variable, x(t), and theinput variable, u(t), are measured and denoted
by,

z,(t) = the measured values of x(t) (4.28)
and z,(t) = the measured vaues of u(t). (4.2b)

The difference between the measured and predicted output may be expressed as
g, (1) = Z,(1) —X4(1), (4.3

where the quantity X,(t) in Equation (4.3) isasolution of x(t) found from the state equation of the system
in terms of the measured quantities z (t) and z(t) , and the unknown parameter, a.
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4.1.1 Direct solution for unknown parameter

The state equation can be rearranged to an integral form that is linear in the parameter, a, given by

t t
X(t) = a jox(t') dt’ + J'ou(t’) dt’.

(4.9

Thus one representation of x((t), i.e. arepresentation of x(t) in terms of measurements, is

t t
x(1) = a jozx(t') dt’ + jozu(t') dt’,

or x() =az() + z,),

l[imits 0 and t.

e () = z(H)—az(t)—z,(1).

When measurements are taken at the discrete times, t; ,fori=1,2,

ESDU Copyright material. For current status contact ESDU.

i T L~ aixi - iui ’
where & = &(t),
in = Zx(ti)’
[0
5 - Jizl
. D, 05(2 + 214 1))t 41— 1)
=1
[ 0
and 7 = izl
W] X052y * 2y 1)) (1 )
lj=1

(4.5)

(4.6)

where the curly bar above the measurement quantities indicates the integral of that quantity between the

The difference function, €,(t) , given by Equation (4.3), may now be rewritten, using Equation (4.6), as

(a7)

, N, then Equation (4.7) isrewritten as

4.8)
(4.99)
(4.9b)

(4.9c)

(4.9d)

The Equations (4.9¢) and (4.9d) have used trapezoidal integration which is probably adequate bearing in

mind that the measurement values contain noise.

The Objective Function, J, to be minimised takes the form

N 2
J = Z Eyi
i=1
which may be rewritten using Equation (4.8) as,
N ~ ~
J = 2 {z,; —az, —7,,}2.
i=1
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This equation is aminimum when dJ/da = 0, i.e. when

N
z {in - azxi - 2ui}’zxi =0 (412
i=1

which isrearranged to give
N 511 N N
a = { 2 % } { 2 i%xi ~ z Zyi xi}- (4.13) ‘E
i=1 i=1 i=1 :

Itisusua to denote the unknown parameter obtained from Equation (4.13) by the symbol a sinceitisthe
least-squares estimate of the parameter, a.

4.1.2 Iterative solution for unknown parameter (Output Error method)

Themethod described here, known intheliterature asthe Output Error method, usesan alternative solution,
X4(1) , to the state equation in terms of the measured input quantities, which may be defined as a solution of

X (1) = axy(t)+z,(1). (4.14)

A solution of this equation for a given value of ais denoted by X (a,t) and may be obtained analytically'
from

a(t—1)

xJ(a,t) = j; e u(t) dr, (4.15)

or dternatively by anumerical integration method, such as Runge-Kutta.

Since this equation is nonlinear in the unknown parameter, a technique best described as linearisation is
used where the increment in the unknown parameter, Aa, isrelated to a new estimate for a, by

ESDU Copyright material. For current status contact ESDU.

a’ = a +Aa, (4.16)

where g, isaninitial estimate for a. Using a Taylor series expansion of x(a,t) about theinitia estimate
of the unknown parameter, the following approximation is obtained

X (a, t)

Xg(a, 1) = xg@,t) + —=

Aa + higher-order terms, (4.17)

where x(a, , t) isthe solution of the state equation with a = a, .

Tt may be noticed that the state equation is a standard form of differential equation usually described in mathematical texts as
dx
_— P =
a (Hx = Q(t),

which may be solved by the “Integrating Factor” method.
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In discrete form, retaining only first-order terms, this equation is

9
Xs(a')), Aa, (4.18)
|

xs(a)i = (xs(al))i + (T

wherei is an integer denoting the individual values of the independent variablet.

The difference between the measured and predicted output is given by Equation (4.3), which in discrete
form becomes

&i = L Xgi - (4.19)

By use of Equation (4.19), the Objective Function, J, to be minimised, takes the form of Equation (4.10).

N N
J = Z 8xi2 = Z (2 _Xsi)z’ (4.20)
i=1 i=1

which may be rewritten using Equation (4.18) as

N

1=y {zxi —(xs(al ))i _(axs(aal))i Aa}z. (4.21)

i=1

To obtain the partia derivative, dx (g, , t)/da, representing the sensitivity of the model to changes in
parameter values, the method of differential corrections is usually used which is more accurate and
considerably faster than the perturbation method. The parametric differentiation technique involves
differentiating the state equation with respect to the parameter, which gives

at o2 = a —=— +x{a,t), ——— =0, (4.22)

d x(a,, 1) ax,(a;, 1) dx(a;, 0)
( ) oa oa

ESDU Copyright material. For current status contact ESDU.

in which the order of differentiation has been reversed. The Objective Function, J, from Equation (4.21) is
aminimum when dJ(a)/da = 0, i.e. when

N x4(a)) N dXx ()
izlin( da )i_igl(xs(a'))i( da )i
or Aa = . (4.24)
i (axs(al))z
] da Ji
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This equation provides the increment Aa which may be used in Equation (4.16) to obtain a new estimate
of theunknown parameter, a” . With thisnew estimate the compl ete process can berepeated until aminimum
of the cost function is obtained, i.e. when Aa is sufficiently small.

The linearisation procedure used above is the first-order or Gradient method of Newton-Raphson. A
second-order optimisation procedure, a Modified Newton-Raphson procedure, commonly called
Newton-Gauss, will be additionally described.

Inthismethod the Tayl or seriesexpansion retainstermsup to and including those of second-order. To obtain
an expression for Aa it is simpler to expand the Objective Function in a Taylor series directly about an
initial value of the unknown parameter, rather than expanding x4(a,t) as shown by Equation (4.17).
Expanding J(a) gives

dd(a) (a—2a)?92)(q))
Ja | 2 a2 (4.25)

J(a) = J(g) +(a—aq)

+ third-order terms.
Differentiating this equation with respect to a and discarding third- and higher-order terms, the following
expression is obtained

0J 02J
2@ _ (a')+(a—a|)¥- (4.26)

Jda da

This equation is equal to zero for J(a) to be aminimum, which gives

923(a)) 1 [0d(a)
a = a|—{ } { }, (4.27)

aaz Jda

or, in terms of the increment in the parameter,

923(a)) | ad(a))
Aa = _{ } { }_ (4.28)

da? Ja
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The first and second derivatives of the Objective Function may be abtained from Equation (4.20), as

dJ N g,
a—a = 2- zlexi E (4.29)
i =
02) N 08,5\2 N gy
and iraz = 2. Zl(-gg) + 2. lexi 5‘a—2 . (4.30)
i = i =

Usually the second term of Equation (4.30) is dropped and the algorithm in this form is then known asthe
Gauss-Newton approximation. Near the solution the neglected term is generally smal and the
Gauss-Newton expression approaches the excellent performance of the Newton-Raphson method. It is
noted that the second derivative of the Objective Function need never bedirectly calculated sinceit contains
only thefirst derivative of the residua error. :
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