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PARAMETER ESTIMATION OF LINEAR SYSTEMS IN THE ABSENCE OF PROCESS
NOISE: (ii) the Maximum Likelihood method

1.

INTRODUCTION
This is the second Data Item dealing with methods for the parameter estimation of linear systems.

An earlier Item, No. 87039 (Referenteintroduced the parameter estimation process with methods based
on the least-squares principle in which the system model was assumed free from process noise. The methoc
were essentially divided into direct, non-iterative methods in which the system equations were solved in
terms of both input and output measurements and iterative methods that solved the system equations i
terms of only input measurements. The former methods result in a decoupling of those equations containing
different parameters so that each parameter is found separately. The latter methods result in a solution o
all the parameters as a set and provide a measure of the correlation between pairs of parameters. ;
disadvantage of these latter methods is that biasing of the parameter estimates occurs when each of tt
measured state variables contains differing levels of noise.

This present Item considers the Maximum Likelihood method for linear systems whose models are assumec
free from process noise. The method is iterative, like the latter class of method of Item No. 87039, but can
also take account of differing levels of noise on each of the various instruments.

Sketchl.1shows a general flow chart of the Maximum Likelihood estimation process.

This Item briefly reviews the model of the system and the iterative parameter estimation methods of Item
No. 87039 before introducing the Maximum Likelihood estimator, which is the keystone of the method.
The estimation process is then described using a system model represented by two coupled first-orde
differential equations containing two unknown parameters. Two examples illustrate the application of this
procedure. A further section describes the generalised method where the system model is represented by
multiparameter system of many degrees of freedom.
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Sketch 1.1 General flow chart of Maximum Likelihood estimation process in the absence of
process noise
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2. NOTATION

Any coherent system of units may be used.

>

plant or stability matrix

B control or input matrix

Cov{...} covariance of ...}

C,D,E matrices associated with the observation (or measurement) equation
F,G matrices associated with alternative form of observation equation

De{{ ...} determinant of ...}

E{..} expected value of ...}

h total number of unknown parameters
[ identity matrix

J Objective Function

L{...} Likelihood Function of ...}

I total number of output quantities

ESDU Copyright material. For current status contact ESDU.

M information matrix

m total number of coefficients associated with input quantities
N total number of discrete time points

n total number of coefficients associated with state variables
p{...} probability density of ...}

p{y|vy} probability density of y givery

q modelled measurement noise

R variance associated with difference quansty,

S covariance matrix

t time

u input variable

w weighting variable

X state variable
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y computed model quantity

z measured quantity

unknown parameter

A denotes increment
S Kronecker delta functiors 1 i =

] 2 . 7

=0 i#]

€ difference between measured output quantity and model output quantity
0 arbitrary random variable
o standard deviation
Oe estimate for standard deviation
Subscripts

[ denotes initial estimate

i denotes discrete time points

max maximum

min minimum

0 initial condition
opt optimised

S denotes solution

Superscripts

T denotes transpose
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I

denotes an uprated value

A bar below a quantity denotes a matrix or vector quantity.

One or two dots above a quantity denotes the first or second derivative, respectively, of that quantity with
respect to time.
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3. BACKGROUND

Before the Maximum Likelihood method for parameter estimation is described, a review of the system
model and the least-squares methods will be given, together with a description of the Maximum Likelihood
estimator.

3.1 Review of System Model

A previous Data Item, No. 87039 (Refererdgepresents the general form of a mathematical model of a
linear dynamic system in which measurement noise only is present. The general state space representatic
of such a model, in which the elements of the coefficients are assumed time invariant, is given by

X(t) = AX(t) +Bu(t) , X(0) = X, (3.1a)

and y(t) = Cx(9) + Dx(t) + Eu(t) +q(t) , (3.1b)

which are known as the state equations and observation (or measurement) equations, respectively. Itis usu
to call A the plant or stability matrix arigl  the input or control matrix. The observation equation, Equation
(3.1b) is general, allowing independent observationg(of bd . The elements of the coefficients
C, D andE are usually known. The minimum number of observation variables required is one for each
degree of freedom, although additional outputs are desirable to give added accuracy and certainty.

The termsq(t) are included in the observation equation to allow for the possibility of modelling the
measurement noise.

The vectorsx(t) u(t) y(t) and(t) inthe above equations are the state vector af>sikk the input
vector of sizerfy x 1), the model output vector of sidex(1) and the modelled measurement noise vector
of size ( x 1), respectively, described by

X(t) = [X(L, 1), X(2, 1), corrrox(n, D] T, (3.2a)
u(t) = [u(d, 1), u(2, 1), ....... u(m, )T, (3.2b)
y(t) = [y(L, 1), Y2, 1), ooy (1, D]T (3.2¢)
and q(t) = [a(L, 1), 4(2, 1), ......q(l, D] T . (3.2d)
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The unknown parameters to be found are some or all of the eleméints of End/or and are denoted by :
row vector of size (1 R), given by

Y = [Y1: Yo Y3 eVl (3.3)

It may be noted that the number of output quantitiassed in the analysis is entirely independent of the
number of unknown parametebs,to be found.

In an experimental test of the system, quantities, , corresponding to the observation q%ntities, , are
measured at the discrete timgsj = 1, ...,N. The input quantities are also measured at these same discrete
times,t; , and are denoted bfu),
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The differences between the measured quantities and the observation quantities are expressed as

& =4-Y (3.4)

wheres denotes solution in terms of the input measureme, . The observation equation solutions,
Y are obtained using the discrete form of Equafhb) i.e.

Y

2gj = Qz(si-'- D)—(Sl + E-Z( L)| +9| 1 (35)
whereX; are the solutions of the state equations in terms of the input measurements. It is permissible a
this stage of the analysis to replace the By, , in Equib) by a discrete form solution of the state
Equation(3.1a) In this case Equatiaf3.5) may be rewritten asm

Vg = FXg+ G2+, (3.6)

which is now seen to contain only the state solutions and the input measurements.
3.2 Review of Least-Squares Parameter Estimation

Item No. 87039 introduces the parameter estimation process with methods based on the least-square
principle, in which attention is restricted to linear system models that are assumed free from process noise
The methods are classified according to whether the system model equations are solved in terms of bott
input and output measurements or whether the equations are solved in terms of the input measurement
only. The former methods lead to a direct solution for the unknown parameters while the latter methods
involve an iterative procedure starting from chosen estimates for each of the parameters. Within these two
classes, a range of methods is available depending on the measured outputs of thieesysietiner the

state variablesgi , are measured, whether the derivatives of the state variables with respeg; to time, ,ar
measured or whether  amfd  are measured as a combination.

One of the iterative methods included in Item No. 87039 that particularly features in the parameter
estimation literature is the Output Error method, also referred to as the generalised least-squares or weighte
least-squares method. This method together with its variants, also included in Item No. 87039, has a close
affinity with the Maximum Likelihood method.
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From measurements of eitvgr and  (the inputy or xand  as a combinatign and , an Objective
Function,J, is formed based on the square of the differensies, , between the measured and computed
(model) values. The Objective Function takes the form

N N

N
2 2 2
J = W(1) z e(1); + W(2) z g(2); + ... +W(I) z e(l);, (3.7)
i=1 i =1 i=1

wherel is the total number of output quantities &%), W(2), .....,.W(l) are appropriately chosen constant
weightings primarily to make each term in Equai{8ryY) of comparable magnitude.

This method results in an iterative solution for the unknown parameters involving the complete set of state
equations of the model of the system. The methods result in biased estimates when measurement nois
exists in the input variables. Since the weightings associated with each of the terms of the Objective Function
are fixed throughout the analysis, further biasing of the parameter estimates results when each of the
measured state variables contains differing levels of noise. This is often the case since widely different
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types of transducers have to be used to measure the different types of output. The choice of the values c
W(1), W(2), .....,.\W(]) is then difficult.

3.3 The Maximum Likelihood Estimator
The Maximum Likelihood method can take account of the differing levels of noise on the various
instruments used for obtaining the measurements and therefore accommodates to some extent th
disadvantages inherent in the iterative least-squares methods. In this method the equivalent weightings ar
determined, rather than being specified.

A Maximum Likelihood estimator can be introduced in the following way. Consider a Besarhples,
8, 8,, .....,6y, of a single random variablf|y} , which depends on a number of parangeters, , where

Y = [V Yor coeene » Yl - (3.8)

At optimum values of the parametqrb ¢ the joint probability density function is assumed to be known
and denoted by

pnil} = ppi 04, 650 s 9N|Yopt}' (3.9)

When the samples are uncorrelated the density function may be rewritten as

Pail} = PLBL Y PLO Yy F e LB Y ) (3.10)
or, more concisely, as
N
pnil} = |‘| P{8i1Y,, (3.11)

A Likelihood FunctionL{ y} , is formulated as

N

L{y} = [] ri8 |y}, (3.12)

i=1

ESDU Copyright material. For current status contact ESDU.

wherep{ 6, ‘y} is the same function p§o, ‘y } but where the set of sarfiplés; 1, ,..,N, is based
on non-optimum values of the parameter,

When this Likelihood Function is maximised with respect to the parameters then

y = Yopr (3.13)
p{6;1 v} - p{6;ly, of (3.14)
and hence L{y} - Lpad \_/Om} = |_| p{ eil\_/op[} : (3.15)
i =1
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This last equation is called the Maximum Likelihood Equation and the squVoqs, , that satisfy this
. . . . Iop
equation are called the Maximum Likelihood esUmeesy.

There may be an element of arbitrariness in the definition of the Likelihood Function of Eq@dtin
however, the process of maximising the Likelihood Function provides the unique set of optimised values
of the parameters.

4. TWO UNKNOWN PARAMETERS IN A SECOND-ORDER SYSTEM
The Maximum Likelihood method is based on finding the set of optimised parameters of a system which
maximises a Likelihood Function. At this optimised condition the Maximum Likelihood Function is the

joint probability density function of the observations.

The Maximum Likelihood method is illustrated by considering a system composed of two coupled
first-order differential equations containing two unknown parameters, given by

X(1,t) = x(2,1), x(1,0) =0 (4.1a)
and X(2, 1) = yix(1, t) +y,x(2, t) +u(t) , x(2,0) =0, (4.1b)

wherex(1,t) andx(2, t) are the state variables of the systa(t),is the input to the system aggd  apd
are the unknown parameters to be found.

4.1 Direct Measurements of State Variables are Available

It is assumed in this sub-section, for simplicity, that both state variables are directly measured and so the
observation equations in discrete form are

1,2, ..,N (4.2a)
1,2, .,N, (4.2b)

y(1); = x(1);, i
and ¥(2); = X(2); » [

wherei denotes the discrete valuestpf  at which the measurements are takgn. The  terms are abser
from Equationg4.2a)and(4.2b)since the measurement noise is not specifically modelled.
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Measurements of the observation variables and input variables are denoted by

Z(1); = the measured values gf1);, (4.3a)
Z(2); = the measured values 9f2), (4.3b)
and z(u); = the measured values of . (4.3c)
The differences between the measured observation variaflgs,  z(2nd , and the computed values o
the observation variableg,(1); awgd?2); , interms of the measured input, are denoted by
and €(2); = 2(2);-Y4(2);=2(2); —x(2); , (4.4b)

T The symboly is often used to denote the Maximum Likelihood estimatgs for
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where the suffixs denotes solution of the state equations in terms of the input measurezfgnts, , for
given values ofy; ang,

In the Maximum Likelihood method it is assumed that the measurement noise associated with each of the
instruments measuring1) andy(2) is white with a Gaussian probability distribution and a mean level of
zero. It is also assumed in the method that when an optimised solution has been dleaineel) the
unknown parameters have their optimised values, then the differegﬁfeﬂs) ﬁﬂb}\ , are samples
of the measurement noise. Consequently the mean and variances of these dlfferences may be expressed

N
E{ £ 1)} % Z eopi(L); O, (4.5a)

N
E{eop(2)} = % S topd; - 0. (4.5b)
i=1
1 X 2 2
N z [80pt(1)|] - [Gopt(l)] (46a)
i=1
1 N 2 2
and N z [sopt(Z)i] - [oopt(Z)] , (4.6b)
i=1

whereg t(1) andr IDt(2) are approximations to the standard deviations of the measurement noise of the

mstruments used to measuad), a(dl),; , respectively.
At the optimised conditions for each erre(gpt(l)i , the probability density function is given by
1 €opt(1)j
PL €opt(Li | Viope Y2opth = > meXI{ . 4.7)
[2716,4,(1)°] 20051(1)

The joint probability density function of the sequence of enr.gfg)sf(l)i i=1 Nto s@d?(cﬂ)i
to N, assuming all the errors are uncorrelated, is given (see SeQjidny

ESDU Copyright material. For current status contact ESDU.

h eopt )i ||| Eopt(2);
pil} = |_| - 2 mexp{— : 2} - 2 mexp{— : 2} . (4.8)
o210, (1)1 20,417 | | 2 1[2M0,(2)] 2005(2)
or, simplifying,
1 N 2
p{l} = exp{ Eopt(1)j —— €opt(2); ]
[2M N[00 (1) 022 opt(lzz o c,pt(Z)2 Z o
(4.9)
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The Maximum Likelihood Function is

Lmad Yopd = PUIT, (4.10)

where p{|} is given by Equatidi.9).

A Likelihood Function may now be formulated, based on the form of Equddd®sand (4.10)as

N N
1 1 2 1 2
exp|— e(1); - e(2); |, (4.11)
[21gN[o(1)%0(2)"1""? 20(1)221 2cr(2)2i§l

L{y} =

where a(1) ,0(2) ,e(1) andck(2) are new variables that are based on non-optimum values of the
parametery; ang,

As the optimisation proceedsy}  is maximised and each variable approaches its optimisé@.value,

6(1)° = 045(1)°,
6(2)° - 0,5(2)°,

Y1 - ylopt
and Yo ~ Ya0pt-

In the Maximum Likelihood method it is usual to define the Objective Functi@iften referred to as the
Cost Function), as the negative logarithm of the Likelihood Function and so
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3 = —In{L{y}}, (4.122)
1 N 2 1 N 2
or J = e(1); + £(2);
20(1)%21 20(2)2i;
+ gln{c(l)z} + gln{o(Z)Z} + constant (4.12b)

This equation may be rewritten using Equati¢hda)and(4.4b)as

N N
1 1
J = 20(1)2i 21[2(1)i _Xs(l)i]Z + 20(2)2i gl[z(z)i _Xs(z)i]z
* g'”{o(l)z} + gln{o(Z)Z} + constant (4.120)

The maximum value of the Likelihood Functi%n, , occurs then the Objective Furition, ,isaminimum.
It may be noted that the ‘coefficientd/(20(1)”) ah20(2)") ,in Equaftbth2c)are similar to the
weightings,W(1) andM(2) ,in EquatidB.7).

The Objective Function] , can be regarded as a function of the four independent unla(cl\)\?nsy(Z)2 :
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y; andy, . The minimum value df is at the optimised condition and so

O o0J O 0 aJ DGJD DGJD

O
O >0 = 0O >0 = ay = Da = 0. (4.13)
oo(1) Bopt oo (2) Bopt 1hbpt ZQth
The first two equations give
2 1 N 2
{0(1)Yopt = XY eopD); (4.14a)
i=1
N
d 2)° =1 2)? 4.14b
an {0(2) }opt = § z Eopt(2)i (4.14b)
S i=1
7
= which satisfy Equation@l.6a)and(4.6b)
(S)
©
5 The second two equations give
(S)
: X4(1) x{(2);
© 1).
5 S (20 -x s 1§ (), x(2)) 2 =0 (4.153)
-E (1)2 ay]_ (2)2 a l Y1 = Yiopt
th Oopt+) i= Oopt) i = Yo = Vzogt
? . o), 1 ( )
kS and > Z [2(1); —X4(1);] 3y + > Z [2(2);—x (2)] =0. (4.15b)
. 1)~ 2 2 2)% 2 V1= V1
.c__c opt( ) i= opt( ) i = ngyzzgi
2
g To solve these latter two nonlinear equations it is necessary to adopt an iterative approach. The procedur
= that will be used is a second-order optimisation procedure known as the Modified Newton-Raphson
.'ED procedure or Newton-Gauss procedure. This procedure approximates the Objective Function by the first
% three terms of its Taylor series expansion about initial estimates of the parametefs, say y,, and
g ExpandingJ inturn aboyt, arngl, gives the following two equations
o)
A 2,
i 03 . (Yo =Vi1) 973
IV Yi2) = (Y0 Yy0) + (Y — y|1)a_ + - 5 5 (4.16a)
1
03 (Yo—, )232
J 27 Y12 J
and IV Y2) = (Y1, Y)0) + (Y, — y|2)a_ + R (4.16b)
2
wherey, andy, are related to increments in the paramétgrs, Ayand , by
Y1 = Y1t Ay, (4.17a)
and Yo = Yo t Ay, . (4.17b)

Equationg4.16a)and(4.16b)are now differentiated with respect to the unknown parameters y,and
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to give, upon rearrangement and with the use of Equatdohga)and(4.17b)

2.1
0070 0a3 O
Ay; = -0 >0 0o O (4.18a)
Coy:0 D9VaO
2 1
Do“3 0 003 O
and Ay, = -0—0 0o O (4.18b)
oy, 0 OV2[0

The first and second derivatives 3y, 1, Y;,) may be found from Equétid2c)as

9 [2(1); - x,(1);] 2D [2(2); - x,(2);] 22 (4.19a)
ayj 0'(1)2| Zl ayj 0_(2)2I Zl ayj .
% 1 Nlax(n]® 1 N [axg2),]?
and > = > 3 + > 3
oy " oSl %Y o(2)55,L %Y
[2(1); - x (1) ]aZXS(l)i L [2(2); - x(2) ]()ZXS(Z)i (4.19D)
Z - X . + Z =X . s .
0(1) Iz s\ /i ayjz o(z)ziz I s\ ayjz

wherej = 1, 2 covers the two cases for the parametgrs  yand . The above equations represent the
second-order Newton-Raphson procedure. A modified form, known as the Newton-Gauss procedure is
obtained by dropping the second two smaller terms of Equ@ihab)(see Referencs).

A solution procedure can now be established. With the initial valugs ofy,, ©(1), o(@d , the
increments in the parametey, aivgl, may be found from Equéidiga) (4.18b),(4.19a) and
(4.19b) From these increments an updated set of parameters, denoted by a dash, is obtained from

Yi = Y114y, (4.20a)
and Yo =Y tAy,. (4.20b)
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These parameters together with Equati@n$8a) (4.18b) (4.19a)and(4.19b)are used to obtain a further
set of parameters and this iteration process is repeated until a minimum of the Objective Function is
obtainedj.e. whenAy; andly, are sufficiently smallagd apd  approach their optimised values.

At each stage of the iteration process, once the increments in the parameters have been obtained, tt
‘variances’ are also updated from

2l

{o(1)}? {e(1),'}° (4.21a)

[N

and {0(2)'}? {e(2),'}°, (4.21b)

1
2l

Mz 1M z

IR

and consequently at the optimised solution the variances also attain their optimised values. The first and
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