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NOTATION AND UNITS

INTRODUCTORY SHEET ON ISENTROPIC FLOW AND SHOCK WAVES

S British

a Speed of sound m/s ft/s
A cross-sectional area of duct m? ft?
Cp specific heat capacity at constant pressure Jkg K ftibf/slug K
c, specific heat capacity at constant volume Jkg K ft Ibf/slug K
E internal energy per unit mass Jkg ft Ibf/slug
i enthalpy per unit mass Jkg ft Ibf/slug
M Mach number
p pressure N/m?2 | bf /2
Q heat per unit mass Jkg ft Ibf/slug
R gas constant for a particular gas Jkg K ft Ibf/dlug K
S entropy per unit mass Jkg K ft Ibf/dlug K
T temperature K K
u velocity of flow in one dimension m/s ft/s
Vv velocity of flow m/s ft/s
Y ratio of specific heat capacities, cp/cv
d wall deflection angle rad rad
mn Mach angle, sin™t (/M) rad rad
P density kg/m3 slug/ft®
® Prandtl-Meyer angle rad rad
dw infinitesimal flow deflection angle rad rad
Subscripts
H denotes stagnation values
n denotes normal component
0 denotes reference values
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2. GENERAL

This Item defines some of the expressions and quantities that occur frequently in calculations related to
high-speed flow, summarises the basic thermodynamic concepts, and gives notes on the use of the Data
Items dealing with isentropic flow and shock waves.

2.1 Fundamental Considerations

It isusually permissible to assume that the air behaves as a perfect gas for which the equation of stateis
P _
£ - RT, (2.1)
p

where Risaconstant for agiven gas. Itsvaluefor air is287.1 Jkg K (3090 ft Ibf/slug K). The temperature,
T, ismeasured in Kelvin.

The first law of thermodynamics states that the heat content increase of a gas is equal to the sum of the
external work done by the gas and the increase of itsinternal energy. For unit mass this may be written

dQ = dQ,+dQ, = dE+ pd@, (22)

where dE is the change of internal energy and dQ, and dQ, are respectively the quantity of heat added
from an external agency and that due to the internal dissipation of mechanical energy set up during the
process. If the process is aways in equilibrium with its surroundings no internal mechanical energy is
dissipated so that dQ, is zero. The process is then spoken of as reversible, since it could be reversed with
the result that the gas would pass back through al the stages through which it had originally passed and
would be at the same conditions at each corresponding stage in the process. All natural processes are in
some measure irreversible and particularly those involving heat conduction and viscosity. If dQ, is zero,
the process is said to be adiabatic or, in the case of flow through channels, adiathermal since the term
adiabatic is sometimes used to describe aflow in which there is no exchange of heat between any element
of the gas and surrounding gas elements. The term adiabatic has sometimes been used |oosely to describe
isentropic processes (see below); the latter must be reversible.
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Assuming constant specific heat capacities, the internal energy E, for unit mass, is given by
dE = ¢, dT (2.3

for aperfect gas, where ¢, is the specific heat capacity at constant volume and isrelated to Cor the specific
heat capacity at constant pressure, by the equation

Cp—Cy = R. (2.9)

For an isothermal process dT is zero so that the internal energy is constant.

For unit mass, entropy sis defined by the equation

- dQ 25
ds = (2.5)
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If the change of entropy is zero the process is called isentropic. Thus, by Equation (2.2) an adiabatic
reversible processisalso isentropic. Thistermis sometimesrestricted to asteady flow inwhich the entropy
isconstant al ong streamlines; theterm homentropic may then be used to describe aflow inwhich the entropy
isconstant everywhere. Suchaflow isirrotational if thetotal energy (seebelow) isal so constant everywhere.
The requirement of adiabatic flow means that there is zero conduction between the fluid and surrounding
fluid elements and the requirement of reversible processes means that the dissipative effects of viscosity
must be negligible.

Thusisentropic flow isstrictly realised only in the absence of conduction and viscosity. Inreal flowsat the
Reynolds numbers commonly encountered in aerodynamics, the effects of conduction and viscosity are
largely confined to boundary layers, wakes and shock waves. Thus there remain in practice large regions
of the flow in which the motion is sensibly isentropic.

Using Equations (2.1), (2.3) and (2.4), Equation (2.2) may be written

= ¢c.—

dQ _ _dT _.dp 26
= T Rp (2.6)

This (by definition) is equal to the change of entropy, and may be integrated to give the change of entropy
between conditions denoted by subscript 0 and without subscript, in the form

S—sy = cplogl - RIogB- (2.7
To Po

In an isentropic process this is equal to zero and hence, using Equations (2.1) and (2.4), the following
relation between the pressure and density is obtained for isentropic flow

p
—OY =B - constant , (2.8)
Po pY

wherey =

P

The second law of thermodynamics states that the entropy of a closed system cannot decrease and this
criterion is often used if there is any doubt asto the direction in which a process can proceed. The enthal py
or total heat i per unit massis defined by
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. p _
i = E+p = cpT. (2.9
Thus using Equation (2.2)
. dp
di = dQ+ =, (2.10)

which for an isentropic process becomes

gi = 9P, (2.11)
P
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The total energy of afluid is the sum of the internal, kinetic and potential energies. If the total energy is
constant the processisreferred to asisenergic. Thisterm is sometimes restricted to a steady flow in which
the total energy is constant along stream lines; the term homenergic may then be used to describe flowsin
which thetotal energy isconstant throughout thefield. If the effects of gravity are neglected, and the process
is adiabatic and steady, the energy equation, for unit mass, may be written

V2 p

—+E* =i, = constant, 2.12

2 ) ' (212
or for a perfect gas

V2

el + cpT = CpTH = constant, (2.129)

whereVisthe (resultant) vel ocity of theflow, and subscript H isused to denotethe condition of zero vel ocity.
Thus the stagnation or total temperature, Ty, is a measure of the total energy of the fluid and remains
constant in an homenergic flow.

For isentropic flow Equations (2.11) and (2.12a) give
dp _
vdvVv + —p— = 0, (2.13)

which isaform of Bernoulli's equation for steady motion, and could have been derived aternatively from
kinetic considerations on the assumption that viscosity is absent.

Equation (2.12) showsthat the kinetic energy is obtained at the expense of the enthal py, and that the vel ocity

V cannot exceed the value obtained when the (absolute) temperature T becomes zero. This maximum
velocity is given by

Viax = +/2¢,Ty (2.14)

max p

or roughly 760 m/s (2 500 ft/s) for air with a stagnation temperature of 288.15 K (15°C).
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The speed of sound, a, is the speed of propagation of pressure disturbances of infinitesimal amplitude. It
isgiven by

a = JSI) and for aperfectgasa = sz = JYRT. (2.15)
p p

For a given gas, therefore, the speed of sound depends only on the temperature. Its value at a particular
point in the flow istermed the local speed of sound.

Equation (2.12) may be written

2
\_/_2 1 2 Vmax 1 2
2

+ y— 1a = > = r_——laH s (216)
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where a,, isthe speed of sound at the stagnation temperature. The critical speed of sound, a,is deflned as
the local speed of sound in the particular conditions in which it is equal to the fluid velocity (i.e, a = a
when a = V). Hence from Equation (2.16)

2
1 2 _ Vimax _ o Ytl .o
Y_— 1aH = = 2(y—l)a = cpTH. (2.17)

The Mach number, M, is defined as the ratio of the speed of the fluid to the local speed of sound,

M=
a

(2.18)

It should be noted that, sincethelocal speed of sound is zero when the vel ocity reachesits maximum value,
Ve (i-€. T = 0), the corresponding Mach number isinfinite.

2.2 Expressionsfor Seady I sentropic Flow in Terms of the Total or Stagnation Conditions

Equations (2.15) and (2.16) give

(%)2 - -2 (2.19)
Th 2+ (y-M?

and for isentropic process, Equations (2.1) and (2.8) give

p _ (T\Yx-1

£ - (= (2.20)

pH (TH) ’35
and P o (_T_) va-b (221)

PH Th

where p,, is used to denote the pressure after the flow has been brought to rest isentropicaly (i.e. the total
head). In isentropic flow p,, is constant. Thus, the following relations are obtained for steady isentropic
flow; the expressions at the right hand side are for y = 1.40, the value customarily adopted for air at
temperatures between 200 K and 400 K and pressures between 2 and 0.1 atmospheres, (see Item No. Aero
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00.01.08).
Tl = 2= 2.22)
H 2+ (y-1)M 5+ M
p 2 vli(y—1) B 5 712
P _ - , (2.23)
Py (2+(y—l)MJ (5+ |\/|J
P _ ( 2 Jl/(y—l) _ ( 5 JS/Z (2.24)
PH 2+ (y-1)M 5+ M
a _ 2 vz 5 12
and v (2—+ J - ( J . (2.25)
(y - 1M 5+M
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