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DESIGN OF DISC CAMS WITH VARIOUS FOLLOWERS: DERIVATION OF
KINEMATIC EQUATIONS

1. NOTATION

Any coherent set of units may be used in conjunction with this Guide. The dimensional parameters in this
notation have their units given for the Sl system. All angles are measured positively in the anti-clockwise
manner outlined in Data Item 95001 (RefereBgeDerivatives with respect to time are indicated with
superior dot notation; derivatives with respect to input rotatipare indicated with prime notation.

Units

g A calculation parameter, given y/®  for translating followers and —

o WY/ for swinging followers

o+

E a distance along,,, -axis from cam centre, O, to point of intersectionm

s P, of contact normal witlX, -axis (see Ske&:)

(S)

§ B offset of cranked follower arm, measured in positive sense above m

© .

2 X raxis

§ b,c,d, e local length notation used in SectiG®snd6 m

>

o b linear velocity notation used in Sectién m/s

(@]

L

= D distance from cam centre, O, to pivot point of swinging arm, m

= measured in positive sense to right of cam centre

o+

©

E E offset of follower line-of-action from cam centre, O, measured m

%o in positive sense to right of cam

§ Fe external force acting on follower N

O

8 f{...} function of{ ...} -

e Fyir Fyi components of resultant external force acting onipartx in -and N

y-directions, respectively

g, h,i,j,l local length notation used in Sectidht 6 m
H total follower lift or fall associated with one motion segment m
H; total follower lift or return associated with segment m
P mass moment of inertia of follower system about follower pivot Kg m
k constant of value +1 ofl  taking the signf -
Ksc linear spring rate N/m
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torsion spring rate

distance between follower arm pivot and roller centre
distance between velocity vector& and

mass of follower

local length notation used in Sectién

centre of cam rotation and origin of co-ordinate axis system
point at which contact normal cutg, -axis

contact force between follower and cam normal to cam profile
force exerted by pait on pgrt

components of joint force between parts janﬁ’ij , X and
y-directions, respectively

linear spring force
linear spring preload
local length notation used in Sectidht 6

prime circle radius of cam

N m/rad
m

m

kg

‘notional’ prime circle radius of cam used for pressure angle and m

curvature computation for segment

reference circle radius of cam

‘notional’ reference circle radius of cam for segmient
radius of domed follower

radius of cutter or grinding wheel
radius of roller follower

point of contact between cam and follower
linear velocity of contact point relative to cam
time

torsion spring moment

torsion spring preload

moment exerted by pait on part

normalised input (cam rotation)
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Uy, Wy, value ofu andw , respectively, at blending point -
u normalised input velocity -
Ver linear velocity of roller centre or of contact normal m/s
Vg linear velocity of poinP along X, -axis m/s
vy instantaneous linear velocity of point P m/s
Vi tangential velocity of swinging arm at pokit m/s
w normalised output displacement of follower -
g w' non-dimensional output velocity of follower -
(%]
'I; w" non-dimensional output acceleration of follower -
©
= o Yo axes fixed in, and rotating with, cam with origin at point O -
(S)
(%]
% Xq: ¥g co-ordinates of cutter or grinding wheel centrexin Y., m
17 axis system
=
th X Ym axes fixed in machine, with origin at point O
>
(8]
E X5 ¥p co-ordinates of nominal point of contactXy Y,  axis system m
-‘_g Yb least height of reference point on follower aboye  -axis during  m
2 complete cam cycle
1S . ,
= Ym height of centre of roller follower, centre of follower radius or m
& point of intersection of flat-faced follower with line-of-action,
= aboveX  -axis
(@]
; (ym)i displacement of reference point on follower frofp ~ -axis for m
- segment
wl
Ym velocity of translating follower m/s
(ylr)i least height of reference point on follower aboye  -axis for m
segment
a pressure angle rad
a constant pressure angle associated with translating flat-faced rad
followers
(ag); pressure angle during dwell for domed or roller follower rad
for segmeni
B angle between line-of-action anq.  -axis rad
['3 angular velocity of line-of-action relative to cam rad/s
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Y angle between contact tangent 2d  -axis rad
Y angular velocity of contact tangent rad/s
n local angle notation used in Secti®n rad
p radius of curvature of pitch curve m
Pp radius of curvature of cam profile m
O cam angle of rotation associated with one motion segment rad
®, total angle of cam rotation for segment corresponding tbl|ift
or W. as appropriate
8 () cam angle of rotation, measured frof, -axiXfo -axis, rad
D in anti-clockwise sense
4+
(S)
T o) angular velocity of cam, rotating about point O rad/s
c
(@]
§ ® angular acceleration of cam rad/$
+=
©
7 ((pn)i defined by Equationé33.14)and(B4.12) rad
c
th ((po)i cam angle of rotation at beginning of segmient rad
>
g Y total angle of follower swing associated with one motion segment rad
L
= W, total angle of follower swing associated with segmient rad
% Y angle betweeiX  -axis and follower arm rad
S
= U angular velocity of swinging arm rad/s
.90
2 ] angular acceleration of swinging arm r&d/s
(@]
O
) Wy least value ofp  fronX  -axis to follower during complete rad
a cam cycle
w
(qu)i displacement of reference point on follower frof  -axis for rad
segment
(l]Jr)i least angle of follower reference point frof,  -axis for rad
segment
w angular velocity of cam rad/s
W angular velocity of follower relative to machine rad/s
Wne angular velocity of machine relative to cam rad/s
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Subscripts
0 used to indicate value at start of segment
1,2,3,.. denote segment numbers

If further explanation of the notation is required, refer to the notation and sketches of Data Item 95001.

INTRODUCTORY NOTES

This Guide provides a record of the derivation of the basic kinematic relationships used in the design of
disc cams. It was prepared in response to requests from industrial and academic users for the derivation c
the equations contained in Data Item 95001, Refer8riméhich superseded Data Items 79007, 79021,
79023 and 80022).

Derivations of pressure angle, cam profile co-ordinates, cutter centre co-ordinates and cam profile curvature
radii are given for the cases of a disc cam with a translating follower (domed, flat-faced or roller) or a disc
cam with a swinging follower (domed, flat-faced or roller). If a domed follower is used the equations are
the same as those for a roller follower except the follower radius should be used in place of the roller radius.
The equations have been derived using conventional geometrical techniques to ensure that they ar
understood by a wide audience.

Although similar to a Data Item this guide is different in that it does not impart design guidance directly.
It should be regarded as background information to the Data Items on cam design in the Mechanisms Series
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3. TRANSLATING ROLLER FOLLOWERS
Line-of-action |, Negative
Yer 4 Yo r\L, a
% N Contact normal
Part of cam
profile _ N
Follower
Ym
Xe
O~  PomtP X
a
E
Sketch 3.1
3.1 Pressure Angle

From SketclB.1it can be seen that

tan(—a) = ?,
m

where from EquatiofA1.3) in AppendixA

a=y./o

ESDU Copyright material. For current status contact ESDU.

and from EquatiofA2.4) in the same appendix

y
—_m = W’ﬂ = WA,
[0) O}
so that tan(—a) = E—?—V—V—A,
m

which leads to a solution far  when the pressure angle is negative (all angles are measured positively in
an anticlockwise sense, and the pressure angle is always measured from the line-of-action to the contac

normal). Astan(—a) —tana , then

a

tar [A—\!V—'-—_—E] .

m
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Cam Profile Co-ordinates

profil

Part of cam

Roller follower

(RadiusR))

__Line-of-action

\

Contact normal

Cutter
(RadiusRy)

Ym

Point P | ]

>\ |

Sketch 3.2

sum of the lengthp, g andr such that

X

p
where p
q
and r
Thus Xp

=pt+tqg-r,
Ecoso |,
ymcos%—q% = YySing
R sin(p-a) .

Ecosp +y,,sing —R sin(p—a) .

The distance of the point of contaStfrom the origin, O, parallel to th)eéC -axisx'ﬁ

and is given by the

(3.2)

(It should be noted that the use of the notafidar point,p for distance and a suffixdoes not imply any
special relationship between the quantities involved.)
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The distance of the point of contaBtfrom the origin, O, parallel to the, —axisy'ﬁ and is given by the
sum of the lengthg, h andj such that

Yo = h=9g-],
where h = ymsin%— (p% =y, COSQ
g = E sing
and ] =R cos(p—aq).
Thus Yo = Yy COP —E sinp =R cos(¢p—a) . (3.3)

3.3 Cutter Centre Co-ordinates

Using a similar approach to that adopted to establish the cam profile co-ordinates, the cutter centre lies at
distancex, along th¥. -axis which is given by

g
Xqg = Xp 1,
where t = Rgsin((p— a)
and thus Xqg = Ecosp +y,,sing — (R, — Rg)sin((p -a). (3.4)
Also, Yg = Yp I,
where | = Rgcos(cp— a)
and thus Yg = *YmCOSP —Esing - (R, - Rg)cos((p— a) . (3.5)

3.4 Pitch Profile and Cam Profile Curvature Radii

ESDU Copyright material. For current status contact ESDU.

Y, 5 Yo Ne%ative
- / Contact normal
VCI’ - .
. Y
Ym ™~ . Follower $ m
v Part of cal N2 ;
“ profile
- —a m/
- 4 a //
2 / Contact tangent
Vo LY\
. (p \
-a
T,
O . P 7 X,
£ -
Sketch 3.3
This page Amendment C Documents
8 Document Sharing Hub
Copyright Engineering Sciences Data Unit
Provided by IHS Markit under license with ESDU Licensee=/, User=,

No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: ESDU ME2 C 1999


http://www.avadocuments.com/doc/esdu-me2-c-1999
http://www.avadocuments.com/doc/esdu-me2-c-1999

In order to derive the curvature radii, the concept of inversion of the machine is used; quite simply, this
calls for interchanging the fixed and rotating axes sets so that the machine frame rotates about the stationar
cam. The angular velocity of the contact tangent relative to the cam is , and this is equal to the angular
velocity of the contact normal, again relative to the cam. The angular velocity of the contact normal has
two components, the first of which is the motion of the follower relative to the matr.h,jp]e, , and the
second of which is the “rotation of the machine” relative to the cap),

Thus, Y= Wyt WO (3.6)
The angular velocity of the follower, relative to the machine, is given by
Wi = (Ve —vp) /[ m, 3.7)

wherem s the distance from the point of intersection of the contact normal witd the  -axis to the roller
centre. The terms,, anq) are the velocities of the roller centre andPpeispectively.

An infinitesimal increase in anglg  produces a corresponding infinitesimal decrease ifi angle , so that
o¢p = — 0B

and thus (p = —B = —Ww, .. (3.8)

mc
The component of velocity of the roller centre parallel to the contact tangent is
V., = — ymsina ,

cr

which, substituting foy . from EquatidA2.4), yields

_ y ] H H
Ve = — 0w asmcx. (3.9)

The component of velocity of poiRt parallel to the contact tangent is given by

ESDU Copyright material. For current status contact ESDU.

V., = —acos,
p

which, substituting foa from Equatidi2.7), yields

v, = —cbw"ﬂcoscx. (3.10)
p ®2

From SketclB.3, it can be seen that

Yy = mcos(—a)

so that m =y sea. (3.11)
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Substitution of Equation@.9), (3.10)and(3.11)in (3.7)leads to

ow' D sina + ow” - cos
— Qw' S sina + Qw 2 a
W = . (3.12)
Y, Sec

The component of velocity of the contact due to “rotation of the machine” relative to the cam is given by

Wy e where

Wpe = -0

and substitution of this and Equati(3112)in Equation(3.6) yields

ow' S sing + ow - co
— QW' sina + Qw 2 sa

y = yrsec - Q. (3.13)

The angular velocity of the line of action relative to the caﬁ1 is , and the linear velocity of the roller centre
relative to the camis , where

$ = mB. (3.14a)
Substituting Equation@.8) and(3.11)into Equation3.14a)yields
§ = —gy,seq. (3.14b)

Through the use of Equatio(.13), (3.14b)and(A3.1), the radius of curvature of the pitch curve can be

ESDU Copyright material. For current status contact ESDU.

written as
- @y, sex
= Heaing + our 2 ’
—Qow ch' a + Qw" — cosa
o) .
Y Seo ?
which is the same as
2
y
p = L . (3.15)
H cofa B{N'sina —VﬂcosuD +y _cosa
® ® g m

The radius of curvature of the cam profile is given by

Pp = PR (3.16)
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4. SWINGING ROLLER FOLLOWERS

4.1 Pressure Angle

From Sketcht.1it can be seen that
i = (D—-a)cos(m—-y) = — (D —a)cosy

and j (D —a)sin(m—-y) = (D -a)siny
andbecause h = L-i ,

h

L+ (D-a)cosy.

Yc %‘ Ym \\
\ Contact normal

Part of cam ™\
profile

Sketch 4.1

ESDU Copyright material. For current status contact ESDU.

Also from the sketch,

tana = 2 = L (D-ajcosy
] (D —a)siny

Substitution fora using Equatiqi\1.2) from AppendixA yields
D
L+|D—-————|cosy
[ 1- (o LIJ)J

tana = . (4.1)
siny

_ D
[o- 1- (cb/qJ)J
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From Equatior{A2.10) in the same appendix

= w = WA

b _
¢

el€

which can be substituted into Equatid@nl)to give

tang = L(1—wA? +D cosy 4.2)
D siny

4.2 Cam Profile Co-ordinates

Cutter
A Y, Yo, (RadiusRy)
Z
Follower
(RadiusR) ~ /
i \' - N —F = . \
B Part of ca \ A T I
profile \ [ > _ / .
N /
A (T -y-0) | S L
Y PointS/ g |
Yo \
o) ¢!
Xp
% -
p
Sketch 4.2

The distance of the point of contaSfrom the origin, O, parallel to th)téC -axis>tfS and is given by the
sum of the lengthp, g andr such that

Xp = pP-q-r
where p = Dcosop ,
q = LsinB.lJ SLE S Lcos(y — @)
20
and r=Rssin(m+e-yY-a) = —-Rsin(p-y-a) .
Thus Xy = D cogp +Lcos(P —@) +R sin(p—-yY —a) . (4.3)
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4.3

4.4

The distance of the point of contaStfrom the originO, parallel to they, -axis iyp and is given by the
sum of the lengthg, h andj such that

Yo = h=9g-],
where g = Dsing
_ Z[D_ . - . _ _ .
(h—-9g) = Lcosa.p—(p—ZD D sing Lsin(y — @) —Dsing
and j = Rcos(m+o—-yY—-a) = —Rcos(¢—yY—aqa).

Thus Yo = - Dsing +Lsin(y — ) +R cos(¢—-y —qa) . (4.4)

It is, however, necessary to take account of configurations where the follower pivot lies to the left of the
cam centre (that is, whdD is negative). This is accounted for by the inclusion of tewwhvalue unity
which adopts the sign &. Equationg4.3) and(4.4) can be written generally as

X, = D cosp +Lcos(y — @) +kR sin(p-y —a) (4.5)
and Yp = —Dsing +Lsin(y — @) +kR cos(o -y —a) (4.6)

Cutter Centre Co-ordinates

Using a similar approach to that adopted to establish the cam profile co-ordinates, the cutter centre lies a
distancex, along th¥  -axis which is given by

g
Xg = X+ L,
where t = Rgsin(n+ -y —-a) = —Rgsin(cp—tp—a)
and thus Xy =D cosp +Lcos(y — @) + k(R —Rg)sin((p—qJ -a) . 4.7)
Also, Yg = Yp I,
where I = Rgcos(n+ e-yY—-a) = —Rgcos(cp—lp—cx)
and thus Yg = —Dsin(p+Lsin(L|J—cp)+k(R—Rg)cos((p—L|J—0() . (4.8)

Pitch Profile and Cam Profile Curvature Radii

In a similar manner to that explained in Sectiofj the angular velocity of the contact normal relative to

the cam,y , is given by the difference between the velocities of the roller cegtre, , and instantaneous
centre of rotationy_ , divided by their separating distangdrtom all of which must be subtracted the
rotational speed ofp the cam.

From Sketch.3,

v = YL
Ve, = U Lcos%—a% = Lsina. (4.9
Also Vo = —acogn—(Y+a)] = acos(y +a). (4.10)
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<
3-<

NN\

Part of ca
profile

Contact normal

0] - < T
] a > ‘ F /Xm
2 D g
(%] _
L r
3]
©
E Sketch 4.3
(S)
2 Also from the sketch,
©
*QC'J’ r = (D-a)sin(m—y) = (D-a)siny (4.12)
3 and, becausen = r/cosa , Equati¢hll)can be written as
2 |
_ m = (D- a) sinp / cosa.
&
% The angular velocity of the follower relative to the machine is given by
S
fo Wiy = (Ve —vp) /[ m,
z
S which, on substitution of Equatior$.9)to (4.11) gives
a
A W = Y Lsina —.a cos(tp+a)' (4.12)
m [(D —a)siny] / cosa
Use of Equation$3.6), (3.8)and(4.12)leads to
. _ YLlsina—acogy+a) .
[(D —a)siny] / cosa
into which can be substituted EquatigA®.10) and(A2.13)to give
W’H—J('pLsina cosa + D~ w” ? cos(Y + a)cosa — @(D — a) siny
® ®° (1 {/g)
y = - (4.13)
(D —a)siny
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Now the angular velocity of the follower relative to the cam is givefby- ®) and thus the linear velocity
of Point Ss s = (Y — @)m which, by substituting fan, leads to

= (D -a)(y — @) sinp / cosa. (4.14)

Through the use of Equatio(4.13) (4.14)and(A3.1), the radius of curvature of the pitch curve can be
written

[(D -a)(y - ) Sinw]

p = cosa
W' 9L sina cosa + D w"——%— cos( + o) cost — (D — &) sin
o (1-u/g)
(D —a)siny

Using the substitution derived frofW@ = w'/A  and Equaftiaf.2),i.e. D —a = D/(1-w'A), and
also substitutingd = W/® |, the preceding equation can be written as

D1 sw?lp
p = - W °° d —. (415
W'AL(1 —w'A) sina + D—w"cos(a + ) —D(1-wA)—= siny
02 cosa

In order to take account of configurations where the follower pivot lies to the left of the cam centre (that
is, wherD is negative), the terkis introducedk has a value of unity and adopts the sighD.ofhe general
form of Equation(4.15)is thus

D1 Slr|2L|J
CO a

P = 2 W sin (4.16)
w'AL(1 —w'A) sina + D—-EW" cos(a + ) —D(1-wA)—+ sing -
()

cosa
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5. TRANSLATING FLAT-FACED FOLLOWERS
Yo AYnm
%A Line-of-action
Contact normal
| negative o
Part of ca
profile
Follower A
Ym
Xe
0 J A xm o
E \
Sketch 5.1

5.1 Pressure Angle

The pressure angle relating to flat-faced followers remains constant throughout each revolution of the cam.

The angle is usually chosen as zero but is shown with a finite and negative value irbSk&twindicate

that the angle is constant, it has been annotated as . The Bifset, is also usually chosen as zero but |

Sketch5.1it is shown as a positive value.
5.2 Cam Profile Co-ordinates

> negatived
Contact normal, __ Line-of-action
Y, gvm [
P / ~~
Cutter 7 A
= ] \
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| E 1 Part of cam
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Sketch 5.2
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The distance of the point of contagtfrom the origin, O, parallel to thé, —axisx'ﬁ

sum of the lengthp andr such that

X, = p-=T (wherep = Ecosg) .

and is given by the

(5.1)

However, before obtaining an expressionrfdt is necessary to obtain expressions for lengthadc.

From the topmost triangle in Sketbl?,

cos(—a) = d/c and sin(—a) = b/c.
Also cos(—a) = (y,, +c)/(e+ d)
and sin(—a) = (E-a)/(e+ d) .

From Equation$5.2), by elimination ofc,
d = b coxa/sina
and from Equatioi5.4)

_sing = —(E=3®

[e - b%]

which can be re-arranged to give

_ (E—a) +esina
cosa '

b

Equation(5.3) can be re-arranged to give

Ym* €

cosa

and substituting for flom the first of Equation¢b.2), yields

Ym* €
e = —ccosa .
cosa

(5.2)
(5.3)

(5.4)

(5.5)

Further, by substituting far from the second of Equatio(&2), e can then be expressed as

N ym— (b/Sina) N b cosa
cosa sina

, 2
Yy Sind —b + b cosa

or e = -
cosa sina
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