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ESDU TECHNICAL MEMORANDA

ESDU Technical Memoranda are prepared from time to time to provide a formal means of presentation for work
that is not issued as a Data Item. The main reasons for preparing an ESDU Technical Memorandum are as follows.

. Much of the work done in the preparation of a Data Item, such as data correlations or analytical studies,
can be brought together in a Technical Memorandum which can then be quoted as one of the Derivations
or References in the Data Item. Such a Memorandum therefore provides a formal record of the data or
methods given in the Data Item itself.

. When ESDU takes on an external contract a Memorandum is used as the vehicle for formally reporting that
work.

ESDU Technical Memoranda do not, in general, go through the same rigorous Committee validation process as
ESDU Data Items, but they may be considered to be reliable sources of information supplementary to that in the
Data Items.

THE PREPARATION OF THIS TECHNICAL MEMORANDUM

The development and preparation of this Technical Memorandum were undertaken by

Mr K.A. Waters — Senior Engineer, Mechanical Motion and System Dynamics
Group
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CALCULATION OF PLANAR AREA AND MOMENT PROPERTIES
—THEORETICAL BACKGROUND

1 INTRODUCTION

Stressanalysisand rigid body motion are just two of the fields of mechanicsin which areaand areamoment
properties are frequently required. Such properties are given by an integral of the general form

J'(distance)nd(area) ,

where distances are measured from some moment axis to the elemental area and the integration is applied
over the whole of the area of interest (the zero™ momentwhenn = 0 givesthe areq).

In the numerous text books that derive the various moments, a cartesian approach is invariably taken
whereby the shape of interest isdecomposed into essentially rectangular elementsin order for theintegration
to be applied. This approach is perfectly acceptable for the relatively simple shapes that are normally
considerd but becomes|ess so when the shapeis complex. The approach becomes particularly messy when
shapes with re-entrant boundaries are to be analysed.

Inthisnote an alternative, pseudo polar, approach isdevel oped inwhich atriangular “slice” element isused
for the required integration. It is demonstrated that such an approach leads to easily implemented
computational algorithms that are general and can cope with shapes of arbitrary complexity. Having
obtai ned the areaand moment properties, the mass-based propertiescan beeasily calculated for areal shape,
or plate, of finite thickness.

2. THE SLICE APPROACH

Consider any areawith aclosed boundary and take an origin inside the boundary. Draw radii from the orgin
to two adjacent points on the boundary of the shape so as to define a portion of the shape in the same way
that one would slice a cake as shown in Sketch 2.1.
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Sketch 2.1 Shapewith origin inside boundary

Provided points are distributed sufficiently frequently around the boundary, any moment property of the
compl ete shape can be obtai ned by summing the contributionsto themoment of al such“dlices’. In practice,
one would generate the slices by tracing around the shape taking each pair of adjacent points in turn until
the starting point was reached again.
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It is, perhaps, not so obvious that the procedure just outlined for generating slices of the shape will work
just aswell if the origin is outside of the boundary, provided a suitable sign convention is adopted for the
tracing direction. Ascan be seen from Sketch 2.2, tracing around the shape will generatetwo typesof dlices.
When tracing the points on the side of the shape furthest from the origin, each slice will only partly consist
of shape area. When tracing the points on the side of the shape nearest to the origin, the slices will include
no area from the shape. However, it will be observed that the area swept out by the slicesto the side closer
to the origin exactly matches the “extra” area swept out by the dices to the further side of the shape.

Sketch 2.2 Shapewith origin outside boundary

The expression for the area of agliceis seen to be of the form ax R°/2 where Risthe length of the radial
generator of thedliceand a isthe angle swept out by thisgenerator in going from one point on the perimeter
of the shape to the next. It is seen that the direction of sweep of this generator when tracing points on the
side of the shape further from the origin is opposite to the direction when tracing points on the nearer side.
By adhering to the usual sign convention of angles, that an anticlockwise rotation is positive, all areas of
the dices that are not part of the shape area can be made to “cancel” out during a full trace of the shape
boundary.

This same cancelling out process operates equally when tracing “difficult” re-entrant shapes such as that
shown in Sketch 2.3.
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Sketch 2.3 Shape with reentrant boundary :
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