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ESDU TM 71
ESDU TECHNICAL MEMORANDA

ESDU Technical Memoranda are prepared from time to time to provide a formal means of presentation for work
that is not issued as a Data Item.  The main reasons for preparing an ESDU Technical Memorandum are as follows. 

• Much of the work done in the preparation of a Data Item, such as data correlations or analytical studies,
can be brought together in a Technical Memorandum which can then be quoted as one of the Derivations
or References in the Data Item.  Such a Memorandum therefore provides a formal record of the data or
methods given in the Data Item itself. 

• When ESDU takes on an external contract a Memorandum is used as the vehicle for formally reporting that
work.

ESDU Technical Memoranda do not, in general, go through the same rigorous Committee validation process as
ESDU Data Items, but they may be considered to be reliable sources of information supplementary to that in the
Data Items.

THE PREPARATION OF THIS TECHNICAL MEMORANDUM

The development and preparation of this Technical Memorandum were undertaken by

Mr R.F. Lambert
Mr D.T.L. Richards.

 

ES
D

U
 C

op
yr

ig
ht

 m
at

er
ia

l. 
 F

or
 c

ur
re

nt
 s

ta
tu

s 
co

nt
ac

t E
SD

U
. 

Copyright Engineering Sciences Data Unit 
Provided by IHS Markit under license with ESDU Licensee=/, User=, 

Not for Resale, No reproduction or networking permitted without license from IHS

-
-
`
,
,
`
`
`
,
,
,
,
`
`
`
`
-
`
-
`
,
,
`
,
,
`
,
`
,
,
`
-
-
-

Full document details: ESDU TM 71 1990

http://www.avadocuments.com/doc/esdu-tm-71-1990
http://www.avadocuments.com/doc/esdu-tm-71-1990


SUMMARY 

This Memorandum describes a computation procedure for the estimation of natural frequencies and mode 
shapes of isotropic and orthotropic rectangular plates under static in-plane loading. The static in-plane 
loading, uniformly distributed along the plate edges, may be any combination of direct and shear loading that 
does not cause the plate to buckle. The document provides details of the theory and method of computation 
used in the program listed in ESDU Data Item No. 90016. The development of the frequency equation is 
outlined, the orthogonal polynomial functions used in the displacement equation are defined, and the 
computations involving the orthogonal polynomials are considered. Notes are also provided on the 
computation procedures used in Item No. 90016 for the evaluation ofthe eigenvalues and eigenvectors. 

{i} 
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A RAYLEIGH-RITZ METHOD OF ANALYSIS FOR VIBRATION OF 
ORTHOTROPIC PLATES UNDER STATIC IN-PLANE LOADING (INCLUDING 
SHEAR) 

l. NOTATION 

In this notation the major parameters only are defined. 

Amn 

a 

a·· 
I) 

b 

Dx,Dy,DXY 

E (r,s) F .<r,s) 
ml 'n) 

H 

m,n 

N. xy 

Tmax 

t 

V max 

w 

w 

x,y 

a,p 

displacement parameter [see Equation (3.2)] 

length of plate in x-direction 

coefficients in displacements functions (see Section 5) 

coefficient in orthogonal polynomial function [see Equation (4.13)) 

length of plate in y-direction 

coefficient in orthogonal polynomial function [see Equation (4.14») 

plate stiffness parameters [see Equation (3.3)] 

orthotropic plate moduli of elasticity in x- and y- directions 
respecti vely 

integrals defined by Equation (3.7) 

shear stiffness of orthotropic plate in (x,y) plane 

stiffness parameter defined by Equation (3.6) 

number of terms used in displacement expression in x- and y- direction 
respectively 

static force per unit width in x- and y-directions respectively 
(tensile forces positive) 

static shear force per unit width (see Sketch 1.1) 

maximum kinetic energy in plate 

plate thickness 

maximum energy in plate 

displacement parameter [see Equation (3.2) I 

out-of-plane deflection 

plate coordinate system 

non-dimensionalised plate dimensions x/a and y/b respectively 

non-dimensional frequency parameter defined by Equation (3.6) 

Poisson's ratio of orthotropic plate associated with load applied in x- direction 

m 

m 

m 

Nm 

Nm 

N/m 

N/m 

m 

m 

m 

1 
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p 

Poisson's ratio of orthotropic plate associated wtih load applied in y- direction 

density of plate material 

time 

energy term [see Equation (3.4)J 

orthogonal polynomials representing out-of-plane displacements in 
x- and y- directions respecti vely 

circular natural frequency 

,. y 

fltltttf 
.--
40-

Nx "41f-­

.--
4--

~ 

b 

~ 

a -

Nxy 
~ 

~---... ---~Nlt 
--.. 
---.. 

• 
N,y ~ III ~ ~ l 1 Ny 

x 

Sketch I.l Plate geometry and positive loading system 

2. INTRODUCTION 

s 

radls 

This note describes the method of analysis and computation procedure used in Item No. 90016 (Reference 1) for 
the estimation of natural frequencies of flat rectangular plates. The method of analysis is applicable to the 
computation of the lower natural frequencies, and mode shapes, of isotropic or specially orthotropic plates. 
Plates are specially orthotropic when their principal axes of orthotropy are parallel to the plate edges. The 
method of analysis is based on that described in Reference 2 and uses the Rayleigh-Ritz method in which the 
displacements are assumed to be represented by a series of orthogonal polynomial functions. The polynomial 
functions are chosen to satisfy the plate boundary conditions. In the analysis, provision is made for constant 
in-plane forces, acting on the middle surface of the plate, in both the x- and y- directions together with a 
constant in-plane shear force. 

3. DEVELOPMENT OF FREQUENCY EQUATION 

For the free vibration of a plate, the out-of-plane deflection w may be represented by the expression 

w = Wsinwl (3.1) 

where (3.2) 

2 
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and rjJ (x/a) and 'P (y/bJ are polynomial functions that satisfy the geometric boundary conditions of the plate. m n 

The maximum strain energy of an orthotropic rectangular plate, V , is given by 
max 

where 

and 

Also, 

fa f b [ ( a
2
w )2 ( a2w )' ( iw ') V = i D -- + 2v D -- --

max 0 0 x ax2 xy Y ax2 ay2 

D = 
x 

D 
xy 

V 
yx 

( iW)2 ( iw )' 2 ( aW )2 + D - +4D - + N -
Y ay2 xy axay x ax 

+ N (aW)2 + 2 N aW aw ] dy dx 
Yay xyaxay , 

12 (l-v V ) 

12 

E 
Y 

V xy E 
x 

XY yx 
D = 

Y 

D E 
x Y 

E 
x 

The maximum kinetic energy of the plate, T , is given by 
max 

pt 6)2 Ja J b 
T max = -- W2 dy dx . 

2 0 0 

(3.3) 

In order to solve for the coefficients, A , in the displacement expression it is necessary to consider the mn 
variation of the difference V - T (denoted by 4» and apply the condition a4>/aA = O. max max mn 

J 
a J b [ ( iw ' 2 ( iw ) (a2w ' 

4>= i D -) + 2v D - -) 
o 0 x ax2 xy Y ax2 . ay2 

( iW)2 ( iw )2 ( aW )2 + D - + 4 D - +N -
Y ay2 xy axay x ax ( aW)2 

+N -
Y ay 

aw aw 2 2] + 2N - - -pt 6) W dy dx . xy ax ay (3.4) 

Making the substitution 

x y 
a - - andp = 

a b ' 

dx = a da and dy = b dP , 

3 
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