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INTERNATIONAL ELECTROTECHNICAL COMMISSION 
____________ 

 
GUIDE FOR THE STATISTICAL ANALYSIS  

OF AGEING TEST DATA –  
 

Part 1: Methods based on mean values  
of normally distributed test results 

 
 

FOREWORD 
1) The International Electrotechnical Commission (IEC) is a worldwide organization for standardization comprising 

all national electrotechnical committees (IEC National Committees). The object of IEC is to promote 
international co-operation on all questions concerning standardization in the electrical and electronic fields. To 
this end and in addition to other activities, IEC publishes International Standards, Technical Specifications, 
Technical Reports, Publicly Available Specifications (PAS) and Guides (hereafter referred to as “IEC 
Publication(s)”). Their preparation is entrusted to technical committees; any IEC National Committee interested 
in the subject dealt with may participate in this preparatory work. International, governmental and non-
governmental organizations liaising with the IEC also participate in this preparation. IEC collaborates closely 
with the International Organization for Standardization (ISO) in accordance with conditions determined by 
agreement between the two organizations. 

2) The formal decisions or agreements of IEC on technical matters express, as nearly as possible, an international 
consensus of opinion on the relevant subjects since each technical committee has representation from all 
interested IEC National Committees.  

3) IEC Publications have the form of recommendations for international use and are accepted by IEC National 
Committees in that sense. While all reasonable efforts are made to ensure that the technical content of IEC 
Publications is accurate, IEC cannot be held responsible for the way in which they are used or for any 
misinterpretation by any end user. 

4) In order to promote international uniformity, IEC National Committees undertake to apply IEC Publications 
transparently to the maximum extent possible in their national and regional publications. Any divergence 
between any IEC Publication and the corresponding national or regional publication shall be clearly indicated in 
the latter. 

5) IEC itself does not provide any attestation of conformity. Independent certification bodies provide conformity 
assessment services and, in some areas, access to IEC marks of conformity. IEC is not responsible for any 
services carried out by independent certification bodies. 

6) All users should ensure that they have the latest edition of this publication. 

7) No liability shall attach to IEC or its directors, employees, servants or agents including individual experts and 
members of its technical committees and IEC National Committees for any personal injury, property damage or 
other damage of any nature whatsoever, whether direct or indirect, or for costs (including legal fees) and 
expenses arising out of the publication, use of, or reliance upon, this IEC Publication or any other IEC 
Publications.  

8) Attention is drawn to the Normative references cited in this publication. Use of the referenced publications is 
indispensable for the correct application of this publication. 

9) Attention is drawn to the possibility that some of the elements of this IEC Publication may be the subject of 
patent rights. IEC shall not be held responsible for identifying any or all such patent rights. 

International Standard IEC 60493-1 has been prepared by IEC technical committee 112: 
Evaluation and qualification of electrical insulating materials and systems. 

This second edition cancels and replaces the first edition, published in 1974, and constitutes 
a technical revision.  

The main changes with respect to the first edition are that, besides a complete editorial 
revision, censored data sub-group are considered. 
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The text of this standard is based on the following documents: 

CDV Report on voting 

112/172/CDV 112/192/RVC 

 
Full information on the voting for the approval of this standard can be found in the report on 
voting indicated in the above table. 

This publication has been drafted in accordance with the ISO/IEC Directives, Part 2. 

A list of all the parts in the IEC 60493 series, published under the general title Guide for the 
statistical analysis of ageing test data, can be found on the IEC website. 

The committee has decided that the contents of this publication will remain unchanged until 
the stability date indicated on the IEC web site under "http://webstore.iec.ch" in the data 
related to the specific publication. At this date, the publication will be  

• reconfirmed, 
• withdrawn, 
• replaced by a revised edition, or 
• amended. 
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INTRODUCTION 

Procedures for estimating ageing properties are described in specific test procedures, or are 
covered by the general documents on test procedures for ageing tests with a specific 
environmental stress (e.g. temperature, radiation, partial discharges).  

In many cases, a certain property is determined as a function of time at different ageing 
stresses, and a time to failure based on a chosen end-point criterion is found at each ageing 
stress. A plot of time to failure versus ageing stress may be used to obtain an estimate of the 
time to failure for similar specimens exposed to a specified stress, or to obtain an estimate of 
the value of stress which will cause failure in a specified time.  

The physical and chemical laws governing the ageing phenomena may often lead to the 
assumption that a linear relationship exists between the property examined and the ageing 
time at fixed ageing stresses, or between certain mathematical functions of property and 
ageing time, e.g. square root or logarithm. Also, there may be a linear relationship between 
time to failure and ageing stress, or mathematical functions of these variables.  

The methods described in this part of IEC 60493 apply to such cases of linear relationship. 
The methods are illustrated by the example of thermal ageing wherein the case of a simple 
chemical process it may be assumed that the degradation obeys the Arrhenius law, i.e. the 
logarithm of time to failure is a linear function of the reciprocal thermodynamic temperature. 
Numerical examples demonstrating the use of the methods in this case are given in 
IEC 60216-3 [1]1. 

The calculation processes specified in this standard are based on the assumption that the 
data under examination are normally distributed. No test for normality of the data is specified, 
since the available tests are unreliable for small sample groups of data. However, the 
methods have been used for a considerable time without undesirable results and with no 
check on the normality of the data distributions.  

 

___________ 
1   Figures in square brackets refer to the bibliography. 
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GUIDE FOR THE STATISTICAL ANALYSIS  
OF AGEING TEST DATA –  

 
Part 1: Methods based on mean values  

of normally distributed test results 
 
 
 

1 Scope  

This part of IEC 60493 gives statistical methods which may be applied to the analysis and 
evaluation of the results of ageing tests.  

It covers numerical methods based on mean values of normally distributed test results.  

These methods are only valid under specific assumptions regarding the mathematical and 
physical laws obeyed by the test data. Statistical tests for the validity of some of these 
assumptions are also given. 

This standard deals with data from both complete test sets and censored test sets.  

This standard provides data treatment based on the concept of "data sub-group" as defined in 
Clause 3. The validity of the coefficients used in the calculation processes to derive statistical 
parameters of the data groups are described in [1]. 

2 Normative references 

None. 

3 Terms, definitions and symbols  

3.1 Terms and definitions 

For the purposes of this document, the following terms, definitions and symbols apply. 

3.1.1  
ordered data 
set of data arranged in sequence so that in the appropriate direction through the sequence 
each member is greater than or equal to its predecessor 

Note 1 to entry: "Ascending order" in this standard implies that the data is ordered in this way, the first being the 
smallest. 

3.1.2  
order-statistic  
each individual value in a set of ordered data is referred to as an "order-statistic" identified by 
its numerical position in the sequence 

3.1.3  
incomplete data 
ordered data, where the values above and/or below defined points are not known 

3.1.4  
censored data  
incomplete data, where the number of unknown values is known 
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Note 1 to entry: If the censoring is begun above/below a specified numerical value, the censoring is Type I. If it is 
begun above/below a specified order-statistic, it is Type II. This standard is concerned only with Type II. 

3.1.5  
truncated data 
incomplete data where the number of unknown values is not known 

Note 1 to entry: This report is not concerned with truncated data. 

3.1.6  
Saw coefficient 
one of the coefficients developed by J.G. Saw for calculating the primary statistical functions 
of a single sub-group 

Note 1 to entry: There are four coefficients used in this standard. Saw originally defined five, the fifth being 
intended for estimating the variance of the variance estimate (see [7]). 

3.1.7  
degrees of freedom 
number of data values minus the number of parameter values 

3.1.8  
variance of a data group 
sum of the squares of the deviations of the data from a reference level 

Note 1 to entry:  The reference level may be defined by one or more parameters, for example a mean value (one 
parameter) or a line (two parameters, slope and intercept), divided by the number of degrees of freedom. 

3.1.9  
central second moment of a data group 
sum of the squares of the differences between the data values and the value of the group 
mean, divided by the number of data in the group 

3.1.10  
covariance of data groups 
for two groups of data with equal numbers of elements where each element in one group 
corresponds to one in the other, the sum of the products of the deviations of the 
corresponding members from their group means, divided by the number of degrees of 
freedom 

3.1.11  
regression analysis 
process of deducing the best-fit line expressing the relation of corresponding members of two 
data groups by minimizing the sum of squares of deviations of members of one of the groups 
from the line 

Note 1 to entry:  The parameters are referred to as the regression coefficients. 

3.1.12  
correlation coefficient 
number expressing the completeness of the relation between members of two data groups, 
equal to the covariance divided by the square root of the product of the variances of the 
groups 

Note 1 to entry:  The value of its square is between 0 (no correlation) and 1 (complete correlation. 

3.1.13  
data sub-group 
single set of data which may be used with other sub-groups to form a compound group 
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3.2 Symbols  

Symbol  Definition 

a, b Regression coefficient  

e Sample (point) estimate of e  

e1 Lower confidence limit of e  

e2 Upper confidence limit of e  

f Number of degrees of freedom  

f (x) Probability density  

f1 (t),  f3 t) Arbitrary function of time  

f2 (θ) Arbitrary function of stress  

f4 (p) Arbitrary function of property  

F Fisher-distributed stochastic variable  

F (x) Cumulative probability distribution  

i Order No. of partial sample  

j Order No. of specimen in partial sample No. i  

k Number of partial samples in total sample  

m Order No. of specimen  

n Number of observations in sample  

ni Number of specimens in partial sample No. i  

N Total number of specimens  

p Arbitrary property of test specimens  

P (X ≤ x) Probability that X ≤ x 

s2 Sample variance  

2
1s  Variance within sets  

2
2s  Variance about regression line  

2
11s  Partial sample variance  

t Student-distributed stochastic variable  

u Standardized normal (Gaussian) distributed stochastic variable  

x Independent variable (for example 1/θ)  

xi Partial sample value of x  

x  Sample mean  

x  Weighted mean of x  

x~  Sample median  

X Stochastic variable, specified value of x  

y Dependent stochastic variable (for example log v)  

yij Individual specimen value of y  

iy  Partial sample mean of y  

y  Total sample mean of y  

Y Specified value of y 

α Significance level 

ε Arbitrary population parameter 

Θ Thermodynamic temperature/Kelvin  

θ Ageing stress (for example temperature)  
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Symbol  Definition 

ξ Mean value of X 

ξ  Median value of X 

σ Standard deviation of X 

σ2 Variance of X 

χ2 Chi-square-distributed test variable   

1 – α Confidence level 

 

4 Calculation procedures 

4.1 General considerations 

For these calculations: 

– n  is the number of values known in subgroup; 
– m is the total number in subgroup (= n  for complete data  group); 
– α, β, µ and ε  are the “Saw” coefficients for these values of m and n. 

For an uncensored subgroup, the values of the “Saw” coefficients are as follows: 

 ( )1/1 −= nα  (1) 

 ( )( )1/1 −−= nnβ  (2) 

 n/11−=µ  (3) 

 1=ε  (4) 

If convenient, these coefficients may be used to calculate the primary statistical functions 
(mean and standard deviation) of complete data groups, using the formulae of 4.2.3 (in place 
of the usual formulae as in 4.2.2). “Saw” coefficients are given in Table B.1. 

4.2 Single sub-group – Difference of mean and specified value 

4.2.1 General 

The purpose of the procedure is to test the significance of the difference between the sub-
group mean and a specified numerical value. 

4.2.2 Complete data sub-group 

Calculate sub-group mean ∑
=

=
n

i
i nyy

1
/  (5) 

Calculate sub-group variance ( )1
1

22

2

−









−

=
∑

=

n

yny
n

i
i

σ  (6) 
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Calculate t nyt // 2σ=  (7) 

Compare the value of t with the tabulated t values. 

4.2.3 Censored data sub-group 

Calculate sub-group mean ( ) ( )∑
−

= −
+−=

1

1 1
1

n

j

j
n n

y
yy µµ  (8) 

Calculate sub-group variance ( ) ( )
2

1

1

21

1

2












−+−= ∑∑

−

=

−

=

n

j
jn

n

j
jn yyyy βασ  (9) 

Calculate adjustment for t 
( )

( )( )7,10/4,6/2,6
/1

nmn
mna

−−+
−

=  (10) 

Calculate t nyt // 2σε=  (11) 

Calculate ta atta += /1/1  (12) 

Compare the value of ta with the tabulated t values. 

4.3 Two subgroups – Difference of means 

4.3.1 General 

The purpose of this procedure is to test the significance of the difference between the sub-
group means. 

For these calculations: 

– ni  is the number of values known in subgroup i; 
– mi  is the total number of values in subgroup i; 
– αi βi μi and εi  are the “Saw” coefficients for these values of m and n.  

For a complete sub-group, εi =1. 

4.3.2 Both sub-groups complete 

Calculate sub-group means ∑
=

=
in

j
iiji nyy

1
/  (13) 

Calculate sub-group variances ( )1
1

22

2
−














−

=

∑
=

i

n

j
iij

i n

yny
i

σ  (14) 
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Calculate the group value of ε 







+=

2

2

1

1
nn

e εε  (15) 

Calculate the merged variance σ2 ( ) ( )( )
( )2

11
21

2
22

2
112

−+
−+−

=
nn

nn σσσ  (16) 

Calculate t ( )
2
21

σe

yyt −
=  (17) 

Determine probability by reference to tabulated values of t. 

4.3.3 One or both subgroups censored 

Calculate sub-group variances ( ) ( )
21

1

21

1

2













−+−= ∑∑

−

=

−

=

i

i

i

i

n

j
ijini

n

j
ijinii yyyy βασ  (18) 

Calculate sub-group means ( ) ( )∑
−

=
−

+−=
1

1 1
1

i

i

n

j i

ij
iniii n

y
yy µµ  (19) 

Calculate the group value of ε 







+=

2

2

1

1
nn

e εε  (20) 

Calculate the merged variance σ2 ( ) ( )( )
( )2

11
21

2
22

2
112

−+
−+−

=
nn

nn σσσ  (21) 

Calculate t ( )
2
21

σe

yyt −
=  (22) 

Calculate adjustment, a 
( )

( )











+






 +









−

+
= 2

20

2
21

2

2

1

1
2

21

nn
m
n

m
n

nn
pa  (23) 

where p is the smaller of n1 and  n2. 

Apply adjustment 






 +

=
a

t

ta 1
1  (24) 

Determine probability by reference to tabulated values of t. 

4.4 Two or more subgroups – Analysis of variance 

Individual sub-groups may be complete or censored. 
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For these calculations: 

ni  is the number of values known in subgroup i; 
mi is the total number in subgroup i; 
αi, βi, μi and εi  are the “Saw” coefficients for these values of m and n; 
k  is the number of subgroups; 

c is the intermediate value for χ2 calculation; 

A is the adjustment factor for χ2 calculation. 

Calculate the total number of values ∑
=

=
k

i
imM

1
 (25) 

Calculate the total number of values known ∑
=

=
k

i
inN

1
 (26) 

Calculate subgroup means: 

 

( ) ( ) ( )

( )subgroupdataComplete
1

dataCensored
1

1 1
1

i

n

j
ij

i

n

j i

ij
iniii

n

y

y

n
y

yy

i

i

i

∑

∑

=

−

=

=

−
+−= µµ

 (27) 

Calculate group general mean 
N

yn
y

k

i
ii∑

== 1   (28) 

Calculate sub-group variances: 

 

( ) ( )

( )
( ) ( )subgroup data Complete

1

22

2

21

1

21

1

2

1−

−

=














−+−=

∑

∑∑

=

−

=

−

=

i

n

j
iiij

i

n

j
ijini

n

j
ijinii

n

yny

s

yyyys

i

i

i

i

i
βα

 (29) 

Calculate mean variance factor k

k

i
i∑

== 1
ε

ε
 (30) 
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Calculate variance of means                  ( )1
1

22

2

−









−

=
∑

=

k

yNyn
s

k

i
ii

N  (31) 

Calculate residual variance ( )kN

ns
s

k

i
ii

D −









−

=
∑

=1

2

2
)1(ε

 (32) 

Test equality of subgroup variances: 

Calculate c                  
( ) ( )

( )13

1
1

1

1 1

−









−

−
−

+=
∑

=

k
kNn

c

k

i i  (33) 

Calculate adjustment factor 
2

1211
1







 −×






 −

+= MM
N

A  (34) 

Calculate χ2 ( ) ( ) ( )







−−








−= ∑

=

k

i
ii

D snskN
c
A

1

2
2

2 nl1nl
ε

χ  (35) 

Test equality of residual variance and variance of subgroup means. 

Calculate F 2

2

D

N

s
sF =  (36) 

Degrees of freedom for F N - k (denominator), k -1 (numerator) 

Calculate significance of general mean: 

Calculate t 
2
Ts

Nyt =  (37) 

Adjust t for censoring atta += /1/1  (38) 

Determine probability by reference to tabulated values of t with N-1 degrees of freedom. 

4.5 Three or more subgroups – Regression analysis 

4.5.1 Regression analysis – General considerations 

These data differ from those of (4.4) in that the y-values in each subgroup are associated with 
a value of another variable, referred to in this section as xi. The objective of the analysis is to 
determine whether there is a linear relationship between x and y and, if so, its parameters and 
properties. 
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The parameters and properties in question are as follows: 

– slope(b) and intercept (a) of regression line; 

– equality of variance of subgroups (χ2); 
– linearity of regression (F); 

– confidence intervals of regression estimates. 

For these calculations: 

ni is the number of values known in subgroup i; 
mi  is the total number in subgroup i; 
αi, βi, μi and εi  are the “Saw” coefficients for these values of m and n; 

k  is the number of subgroups; 

c  is the intermediate value for χ2 calculation; 

A  is the adjustment factor for χ2 calculation; 
b and a  are the slope and intercept of the regression line; 
tp,n-1  is the tabulated value of t  for probability p  and n-1 degrees of freedom. 

Sub-groups may be either complete or censored. Values of yij are the actual values of 
variable j in subgroup i. 

4.5.2 Calculations 

Calculate the total number of values ∑
=

=
k

i
imM

1
 (39) 

Calculate the total number of values known ∑
=

=
k

i
inN

1
 (40) 

Calculate subgroup means: 

 

( ) ( ) ( )

( )subgroupdataComplete
1

dataCensored
1

1 1
1

i

n

j
ij

i

n

j i

ij
iniii

n

y

y

n
y

yy

i

i

i

∑

∑

=

−

=

=

−
+−= µµ

 (41) 

Calculate sub-group variances: 

 

( ) ( ) ( )

( )
( ) ( )subgroupdataComplete

1

22

2

dataCensored

21

1

21

1

2

1−

−

=














−+−=

∑

∑∑

=

−

=

−

=

i

n

j
iiij

i

n

j
ijini

n

j
ijinii

n

yny

s

yyyys

i

i

i

i

i
βα

 (42)  
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Calculate x-mean 
N

xn
x

k

i
ii∑

== 1  (43) 

Calculate group general mean 
N

yn
y

k

i
ii∑

== 1  (44) 

Calculate mean variance factor 
k

k

i
i∑

== 1
ε

ε  (45) 

Calculate residual variance ( )kN

ns
s

k

i
ii

D −









−

=
∑

=1

2

2
)1(ε

 (46) 

Calculate y-sum of squares ∑
=

−=
k

i
ii yNynSSy

1

22  (47) 

Calculate x-sum of squares                  ∑
=

−=
k

i
ii xNxnSSx

1

22  (48) 

Calculate xy-sum of products ∑
=

−=
k

i
iii yxNyxnSPxy

1
 (49) 

Calculate slope b 
SSx

SPxyb=  (50) 

Calculate intercept a xbya −=  (51) 

Calculate r2 













=

SSy
SPxy

SSx
SPxyr 2  (52) 

 (r is the correlation coefficient) 

Calculate non-linearity variance  
( )

( )2
1 2

2

−
−

=
k

SSyrsN  (53) 

4.5.3 Test equality of subgroup variances 

Calculate c 
( ) ( )

( )13

1
1

1

1 1

−









−

−
−

+=
∑

=

k
kNn

c

k

i i  (54) 
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Calculate adjustment factor 
2

1211
1







 −×






 −

+= MM
N

A  (55) 

Calculate χ2 ( ) ( ) ( )







−−








−= ∑

=

k

i
ii

D snskN
c
A

1

2
2

2 nl1nl
ε

χ  (56) 

4.5.4 Test significance of deviations from linearity 

Calculate F 2

2

D

N

s
sF =  (57) 

Degrees of freedom for F N-k (denominator), k-2 (numerator) 

4.5.5 Estimate and confidence limit of y 

Central second moment of x ( ) N
SSx

x =2µ  (58) 

Non regression variance 
( ) ( )( )

( )2
2 22

2

−
−+−

=
N

skskNs ND
T  (59) 

Adjust for extrapolation                        
( )

( )









 −
+=

x

T
C

xX
N
ss

2

22
2 1

µ
 (60) 

Correction to t for censoring                   ( )






 −

−+







 −

=

7,104,6
2,6

1

NMN
M
N

a ` (61) 

 Correction applied 









−=

−

a
t

t
Np

c
2,

1  (62) 

Estimate of y                  Xbay +=ˆ  (63) 

Confidence limit of estimate of y             2ˆˆ ccc styy +=  (64) 

4.5.6 Estimate and confidence limit of x 

Estimate 
( )

b
ayx −

=ˆ  (65)  

For simplicity, calculate several temporary variables: 
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)(,2

22

x

Tc
r bN

stbb
µ

−=  (66) 

          
( )

( )









 −
+=

x

rT
r

xx
b
b

N
ss

,2

22
2 ˆ

µ
 (67) 

Confidence limit of estimate of x         
( )

r

rc

r
c b

st
b

yyxx
2

ˆ +
−

+=  (68) 
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Annex A  
(informative) 

 
Statistical background 

 

A.1 Statistical distributions and parameters  

The distribution of a stochastic variable X is described by the distribution function: 

 ( ) ( )xXPxF ≤=  (A.1) 

where ( )xXP ≤  is the probability that the value of X is ≤  x. Here F(x) goes from 0 to 1 and is a 
never-decreasing function of x. If F(x) is a continuous function of x, then the probability 
density is determined as:  

 ( ) ( )
dx

xdFxf =  (A.2) 

The distribution may be characterized by parameters, of which the most important are:  

– the mean value:  

 ( )∫
∞

∞−

= dxxfxξ  (A.3) 

– the variance:  

 ( ) ( )∫
∞

∞−

−= dxxfx 22 ξσ  (A.4) 

The square root of the variance is termed the standard deviation σ .  

A.2 Estimates of parameters 

From a sample of n stochastic independent specimens from a population, estimates of the 
parameters of the population (see Clause A.1) may be derived.  

An estimate of the mean value of the population (Formula (A.3)) is calculated as the average 
of the individual sample values:  

 
n

x
x

n

i
i∑

== 1  (A.5) 

where 

xi  represents the individual sample values (i = 1, 2, ... n). 

An estimate of the variance of the population (Formula (A.4)) is the sample variance:  
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( )

( )

( )
( )

( )111

22

2
2

1

2

2

−

−
=

−

−
=

−

−
= ∑ ∑∑ ∑∑

=

nn
xxn

n
n
x

x

n

xx
s ii

i
i

n

i
i

 (A.6) 

 where n – 1 = f  is called the number of degrees of freedom of s2.  

A.3 Distribution types  

A.3.1 General 

The following distribution types are relevant to this application, the t, F, and χ2 distributions 
being the distributions of secondary functions derived from the mean and variance parameter 
estimates of normally distributed data. 

A.3.2 The normal distribution  

The calculation processes specified in this standard are based on the assumption that the 
data under examination are normally distributed. No test for normality of the data is specified, 
since the available tests are unreliable for small sample groups of data. However, the 
methods have been used for a considerable time without undesirable results and with no 
check on the normality of the data distributions. 

The normal (Gaussian) distribution is defined by:  

 ( ) ( ){ }
2

22

2

2/exp

πσ

σξ−−
=

xxf  (A.7) 

and is completely characterized by its mean value ξ and variance σ2.  

The standardized normal distribution:  

 ( )
π2

2
exp

2u

uf
−

=  (A.8) 

where 

 
σ

ξ−
=

xu  (A.9) 

and the corresponding distribution function F(u) have been tabulated and computer routines 
for their calculation are available (see [1]). 

The above use of F should not be confused with the F distribution below. 

The mean value x  of a sample of n specimens from a normal distribution is itself a normally 
distributed stochastic variable with mean value ξξ =x  and variance nx

22 σσ =  and the 
corresponding standardized variable is:  
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n

xu
σ

ξ−
=  (A.10) 

A.3.3 The t distribution  

If the true variance of the normal distribution σ2 is not known, the sample estimate s2 from 
Formula (A.6) may be substituted and the standardized sample mean value becomes:  

 

n
s

xu ξ−
=  (A.11) 

The distribution of this variable is called the t distribution (or Student's t) and depends on the 
parameter f = n – 1 (the number of degrees of freedom for s2). The t distribution has been 
tabulated for different values of f. It is derived from the “Incomplete Beta function. 

A.3.4 The F distribution 

To test if two sample variances, determined from two different samples, may reasonably be 
considered to be estimates of the same theoretical variance (population parameter), the 
following test variable is calculated:  

 2
2

2
1

s
sF =  (A.12) 

The distribution of this variable is called the F distribution (or Fisher) and depends on the 
parameters f1 = n1 – 1 and  f2 = n2 – 1 (the number of degrees of freedom for 2

1s and 2
2s ). The 

F distribution has been tabulated for different values of f1 and f2. It is derived from the 
“Incomplete Beta function”  

A.3.5 The χ2 distribution 

To test if several sample variances, each determined from a different sample, may reasonably 
be considered to be estimates of the same theoretical variance, the following test variable is 
calculated (Bartlett’s χ2). 

 
c

sfsf
k

i
ii 








−

=
∑

=1

22

2

lglg3,2
χ  (A.13) 

where ( )13

11

1 1

−

−








+=
∑

=

k
ff

c

k

i i  (A.14) 
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k is the number of variances, 2
is the individual sample variance (i = 1, 2, ... k) with f1 degrees 

of freedom, and 
∑

∑=
i

ii

f

sf
s

2
2  is a pooled variance with f = ∑ if  degrees of freedom. The test 

hypothesis is that all k variances 2
is  are estimates of the same theoretical variance σ2.  

The calculated value χ2 is compared with the tabulated value χ2 (1 – α, k – 1) which is a 
function of k – 1, the number of degrees of freedom for χ2 and of α, the significance level. If 
χ2 > χ2 (1 – α, k – 1), the hypothesis is rejected on significance level α.  

The distribution of this variable is called the Bartlett’s χ2 distribution and depends on the 
parameter f = k – 1. The χ2 distribution has been tabulated for different values of f . It is 
derived from the “Incomplete Gamma function”. 

Bartlett's test is an approximate test, but a good approximation if the number of degrees of 
freedom fi of all the individual sample variances 2

is  is greater than 2.  

If the hypothesis is accepted, s2 is taken as a pooled estimate of the common variance with f 
degrees of freedom.  
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