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INTERNATIONAL ELECTROTECHNICAL COMMISSION

POWER LAW MODEL -
GOODNESS-OF-FIT TESTS
AND ESTIMATION METHODS

FOREWORD

1) The International Electrotechnical Commission (IEC) is a worldwide organization for standardization comprising
all national electrotechnical committees (IEC National Committees). The object of IEC is to promote
international co-operation on all questions concerning standardization in the electrical and electronic fields. To
this end and in addition to other activities, IEC publishes International Standards, Technical Specifications,
Technical Reports, Publicly Available Specifications (PAS) and Guides (hereafter referred to as “IEC
Publication(s)”). Their preparation is entrusted to technical committees; any IEC National Committee interested
in the subject dealt with may participate in this preparatory work. International, governmental and non-
governmental organizations liaising with the IEC also participate in this preparation. IEC collaborates closely
with the International Organization for Standardization (ISO) in accordance with conditions determined by
agreement between the two organizations.

2) The formal decisions or agreements of IEC on technical matters express, as nearly as possible, an international
consensus of opinion on the relevant subjects since each technical committee has representation from all
interested IEC National Committees.

3) IEC Publications have the form of recommendations for international use and are accepted by IEC National
Committees in that sense. While all reasonable efforts are made to ensure that the technical content of IEC
Publications is accurate, IEC cannot be held responsible for the way in which they are used or for any
misinterpretation by any end user.

4) In order to promote international uniformity, IEC National Committees undertake to apply IEC Publications
transparently to the maximum extent possible in their national and regional publications. Any divergence
between any IEC Publication and the corresponding national or regional publication shall be clearly indicated in
the latter.

5) IEC itself does not provide any attestation of conformity. Independent certification bodies provide conformity
assessment services and, in some areas, access to IEC marks of conformity. IEC is not responsible for any
services carried out by independent certification bodies.

6) All users should ensure that they have the latest edition of this publication.

7) No liability shall attach to IEC or its directors, employees, servants or agents including individual experts and
members of its technical committees and IEC National Committees for any personal injury, property damage or
other damage of any nature whatsoever, whether direct or indirect, or for costs (including legal fees) and
expenses arising out of the publication, use of, or reliance upon, this IEC Publication or any other IEC
Publications.

8) Attention is drawn to the Normative references cited in this publication. Use of the referenced publications is
indispensable for the correct application of this publication.

9) Attention is drawn to the possibility that some of the elements of this IEC Publication may be the subject of
patent rights. IEC shall not be held responsible for identifying any or all such patent rights.

International Standard IEC 61710 has been prepared by IEC technical committee 56:
Dependability.

This second edition cancels and replaces the first edition, published in 2000, and constitutes
a technical revision.

The main changes with respect to the previous edition are listed below:
— the inclusion of an additional Annex C on Bayesian estimation for the power law model.

The text of this standard is based on the following documents:

FDIS Report on voting
56/1500/FDIS 56/1508/RVD

Full information on the voting for the approval of this standard can be found in the report on
voting indicated in the above table.
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This publication has been drafted in accordance with the ISO/IEC Directives, Part 2.

The committee has decided that the contents of this publication will remain unchanged until
the stability date indicated on the IEC web site under "http://webstore.iec.ch" in the data
related to the specific publication. At this date, the publication will be

* reconfirmed,
* withdrawn,

* replaced by a revised edition, or
* amended.

IMPORTANT - The 'colour inside’' logo on the cover page of this publication indicates
that it contains colours which are considered to be useful for the correct

understanding of its contents. Users should therefore print this document using a
colour printer.
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INTRODUCTION

This International Standard describes the power law model and gives step-by-step directions
for its use. There are various models for describing the reliability of repairable items, the
power law model being one of the most widely used. This standard provides procedures to
estimate the parameters of the power law model and to test the goodness-of-fit of the power
law model to data, to provide confidence intervals for the failure intensity and prediction
intervals for the length of time to future failures. An input is required consisting of a data set
of times at which relevant failures occurred, or were observed, for a repairable item or a set of
copies of the same item, and the time at which observation of the item was terminated, if
different from the time of final failure. All output results correspond to the item type under
consideration.

Some of the procedures can require computer programs, but these are not unduly complex.
This standard presents algorithms from which computer programs should be easy to
construct.
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POWER LAW MODEL -
GOODNESS-OF-FIT TESTS
AND ESTIMATION METHODS

1 Scope

This International Standard specifies procedures to estimate the parameters of the power law
model, to provide confidence intervals for the failure intensity, to provide prediction intervals
for the times to future failures, and to test the goodness-of-fit of the power law model to data
from repairable items. It is assumed that the time to failure data have been collected from an
item, or some identical items operating under the same conditions (e.g. environment and
load).

2 Normative references

The following documents, in whole or in part, are normatively referenced in this document and
are indispensable for its application. For dated references, only the edition cited applies. For
undated references, the latest edition of the referenced document (including any
amendments) applies.

IEC 60050-191:1990, International Electrotechnical Vocabulary (IEV) - Chapter 191:
Dependability and quality of service

3 Terms and definitions

For the purposes of this document, the terms and definitions of IEC 60050-191 apply.

4 Symbols and abbreviations

The following symbols and abbreviations apply:

b shape parameter of the power law model

,é estimated shape parameter of the power law model

brgPus lower, upper confidence limits for 4

c? Cramer-von-Mises goodness-of-fit test statistic

Cf_y(M) critical value for the Cramer-von-Mises goodness-of-fit test statistic at y level of
significance

;(2 Chi-square goodness-of-fit test statistic

;(7% () y th fractile of the ;(2 distribution with v degrees of freedom

d number of intervals for groups of failures

E[N(t)] expected accumulated number of failures up to time ¢

E[th expected accumulated time to jth failure
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E[N[t)]  estimated expected accumulated number of failures up to (i)
E[tj] estimated expected accumulated time to jth failure

F,(v1,va)  yth fractile for the F distribution with (14,1,) degrees of freedom

i general purpose indicator

J general purpose indicator

k number of items

L U multipliers used in calculation of confidence intervals for failure intensity

A scale parameter of the power law model

/A’t estimated scale parameter of the power law model

M parameter for Cramer-von-Mises statistical test

N number of relevant failures

N; number of failures for jth item

N(t) accumulated number of failures up to time ¢

N[e(i)] accumulated number of failures up to time «(;)

R difference between the order number of future (predicted) failure and order
number of last (observed) failure

T accumulated relevant time

T total accumulated relevant time for time terminated test

T; total accumulated relevant time for jth item

Tri TRy lower, upper prediction limits for the length of time to the Rth future failure

]A’N+1 estimated median time to (N+1)th failure

t accumulated relevant time to the ith failure

lij ith failure time for jth item

ty total accumulated relevant time for failure terminated test

Inj total accumulated relevant time to Nth failure of jth item

(i-1)¢i)  endpoints of ith interval of time for grouped failures

=(r) failure intensity at time ¢
2(t) estimated failure intensity at time ¢
Z1B, ZUB lower, upper confidence limits for failure intensity

5 Power law model

The statistical procedures for the power law model use the relevant failure and time data from
the test or field studies. The basic equations for the power law model are given in this clause.
Background information on the model is given in Annex A and examples of its application are
given in Annex B.

The expected accumulated number of failures up to test time ¢ is given by:

E[N(t)]=/1tﬁ with 1>0,>0,1>0 Documents
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where
A is the scale parameter;
B is the shape parameter (0< g <1 corresponds to a decreasing failure intensity; £=1

corresponds to a constant failure intensity; S >1 corresponds to an increasing failure
intensity).

The failure intensity at time ¢ is given by:
(1) = %E[N(t)] = 8P~ with +>0

Thus the parameters 4 and g both affect the failure intensity in a given time.

Methods are given in 7.2 for maximum likelihood estimation of the parameters of 4 and g.

Subclause 7.3 gives goodness-of-fit tests for the model and 7.4 and 7.5 give confidence
interval procedures. Subclause 7.6 gives prediction interval procedures and 7.7 gives tests for
the equality of the shape parameters. The model is simple to evaluate. However when fg<1,

theoretically z(0)=c (i.e. z(r) tends to infinity as ¢ tends to zero) and z(«)=0 (i.e. z(z) tends

to zero as f tends to infinity); but this theoretical limitation does not generally affect its
practical use.

6 Data requirements

6.1 General

6.1.1 Case 1 — Time data for every relevant failure for one or more copies
from the same population

The normal evaluation methods assume the observed times to be exact times of failure of a

single repairable item or a set of copies of the same repairable item. The figures below
illustrate how the failure times are calculated for three general cases.

6.1.2 Case 1a) — One repairable item

For one repairable item observed from time 0O to time T, the relevant failure time, ¢, is the

elapsed operating time (that is, excluding repair and other down times) until the occurrence of
the i-th failure as shown in Figure 1.

Key IEC 996/13

A operating time, B down time

Figure 1 — One repairable item

Time terminated data are observed to T*, which is not a failure time, and failure terminated
data are observed to ¢y, which is the time of the Nth failure. Time terminated and failure

terminated data use slightly different formulae.
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6.1.3 Case 1b) — Multiple items of the same kind of repairable item observed for the
same length of time

It is assumed there are k items, which all represent the same population. That is, they are
nominally identical items operating under the same conditions (e.g. environment and load).

When all items are observed to time 7, which is not a failure time (i.e. time terminated data),
then the failure time data are combined by superimposing failure times (tl-,i = 1,2...,N) for all k

items on the same time line as shown in Figure 2.

D | |

0 1 2 13 INa Iy T*
IEC 997/13

Key

A item 1

B item2

C item#k

D superimposed process

Figure 2 — Multiple items of the same kind of repairable item
observed for same length of time

6.1.4 Case 1c) — Multiple repairable items of the same kind observed for different
lengths of time

When all items do not operate for the same period of time, then the time at which observation
of the jth item is terminated T;(j =12....,k), where Tj <7, <..<T}, is noted. The failure data

are combined by superimposing all the failure times for all £ items on the same time line as
shown in Figure 3. The times to failure are ¢,i=12,...,N, where N = the total number of
failures observed accumulated over the k items.
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A T
B T3
C T3
D Tk
| >
0 #n t 13 14 Is Ie t

IEC 998/13

Key

A item 1
B item 2
C item3
D itemk
t time

Figure 3 — Multiple repairable items of the same kind observed
for different lengths of time

If each item is a software system then the repair action should be done to the other systems
which did not fail at that time.

6.2 Case 2 — Time data for groups of relevant failures for one or more repairable
items from the same population

This alternative method is used when there is at least one copy of an item and the data
consist of known time intervals, each containing a known number of failures.

The observation period is over the interval (0,7) and is partitioned into d intervals at times
0<t()<H2)<...<t(d). The ith interval is the time period between #i—1) and (i), where

i=1,2,.,d, t(O)annd t(d):T. It is important to note that the interval lengths and the
number of failures per interval need not be the same.

6.3 Case 3 — Time data for every relevant failure for more than one repairable item
from different populations

It is assumed there are k items which do not represent the same population and are to be
compared. It should be noted that if each item is to be considered individually then it is
appropriate to use case 1a) in 6.1.2.

If direct comparisons of the items are to be made then as an extension of 6.1 the following
notation is used:

ljj denotes the ith failure time for the process corresponding to the jth item;

N; denotes the number of failures observed for the jth item;

In, is the time of the Nth failure for the jth item;

where i =0, 1, 2, N and;j=1, 2, ...k
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7 Statistical estimation and test procedures

7.1 Overview

In case 1 — time data for every relevant failure — the formulae given for failure terminated data
assume one repairable item, that is k=1. All output results correspond to that item. The
formulae given for time terminated data assume k copies of the item observed for the same
length of time. If there is only one repairable item then £ =1. The point estimation procedures
for all the aforementioned cases are given in 7.2.1. The appropriate procedures for the case
when all copies are observed for different lengths of time are given in 7.2.2. Procedures for
the case of time data for groups of relevant failures are given in 7.2.3.

An appropriate goodness-of-fit test, as described in 7.3 shall be performed after the
parameter estimation procedures of 7.2. Note that these tests, and the procedures given in
7.4 to 7.7 for constructing interval estimates and carrying out statistical tests, distinguish only
between the cases of time data for every relevant failure (i.e. all instances of case 1 data —
1a), 1b) and 1c)) and time data for groups of relevant failures (i.e. case 2)).

The inference procedures that follow provide approximate estimates in some circumstances
and so caution is required if they are to be applied if the number of observed failures is less
than 10.

7.2 Point estimation

7.21 Case 1a) and 1b) — Time data for every relevant failure

This method applies only when the time of failure has been logged for every failure as
described in 6.1.2 and 6.1.3.

Step 1: Calculate the summation:

N *
St = ZIn(T—J (time terminated)
j=1 L
N[t
Sp=YIn ti (failure terminated)
j=1 J

Step 2: Calculate the (unbiased) estimate of the shape parameter g from the formula:

A _

p= NS 1 (time terminated)
1

A _

p= NS 2 (failure terminated)
2

(time terminated)
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(failure terminated)

Step 4: Calculate the estimate of the failure intensity z(z), for any time ¢> 0, from the formula:

A

AN D
2(t) = A ptP

N
z(t) estimates the current failure intensity for ¢+ over the range represented by the data.

"Extrapolated" estimates for a future + may be obtained similarly, but should be used with the
usual caution associated with extrapolation.

Step 5: Given N observed failures the last of which occurred at ¢y, the median time to the
(N+1)th failure can be estimated from the formula:

fN+1 =ty exp (time terminated)

TAN+1 =ty exp (failure terminated)

2

7.2.2 Case 1c) - Time data for every relevant failure

This method applies only when the time of failure has been logged for every failure as
described in 6.1.4.

Step 1: Assemble the data into the times to failure, ¢;, i=1,2,..,N, where N is the total number
of failures over the &k copies and Tj j=1,2,...k, is the end of the observation period for the jth
copy.

Step 2: The maximum likelihood estimate of the shape parameter g is the value of ﬂA which
satisfies the formula:

k N
i
.o NZT]. InT;
B = p
DT
j=1

An iterative method shall be used to solve the formula for ,[}

Step 3: Calculate the estimate of the scale parameter 4 from the formula:
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Step 4: Calculate the estimate of the failure intensity z(z), for any time >0, from the formula:

A

Z(t)= A p¢P

A
z(t)estimates the current failure intensity for ¢ over the range represented by the data.

"Extrapolated” estimates for a future ¢+ may be obtained similarly, but should be used with the
usual caution associated with extrapolation.

7.2.3 Case 2 — Time data for groups of relevant failures

This method applies when the data set consists of known time intervals, each containing a
known number of failures as described in 6.2.

Step 1: Assemble into a data set the number of relevant failures N; recorded in the ith
interval [t(i—1),t(i)],i =12,...,d . The total number of relevant failures is

Step 2: The maximum likelihood estimate of the shape parameter g is the value of ﬂ which
satisfies the formula:

o M 0) TGP =0

t A A

= (@Y -l

Note that [10)]’ =0 and [10)]’ In#0) =0. All ¢(.) terms may be normalized with respect to #(d)

and then the final term ln[t(d)] disappears. An iterative method shall be used to solve the

formula forﬁA.
Step 3: Calculate the estimate of the scale parameter 4 from the formula:

N

%

A
1=

Step 4: Calculate the estimate of the failure intensity z(¢), for any test time ¢>0, from the
formula:

A AN D
Z(t) = A gtP
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N

z(¢t) estimates the current failure intensity for ¢ over the range represented by the data.
"Extrapolated" estimates for a future + may be obtained similarly, but should be used with the
usual caution associated with extrapolation.

7.3 Goodness-of-fit tests
7.3.1 Case 1 — Time data for every relevant failure

7.3.1.1 Cramer-von-Mises test

Step 1: Calculate ,é from step 2in 7.2.1 or step 2 in 7.2.2.
Step 2: Calculate the Cramer-von-Mises goodness-of-fit test statistic given by the formula:

AN

M B .
2 1 Ly 2j-1
Ct=—+ — | - =
12M ]Z_:[TJ (ZM

where
M=N and T=T" (time terminated)
M=N-1and T =ty (failure terminated)

Step 3: Select the critical value c? (M) for the Cramer-von-Mises test corresponding to M

0,90
from Table 1, which gives critical values at a 10 % significance level.

Step 4: If:
2 2
C* > Chgp(M)

then the hypothesis that the power law model fits the data cannot be accepted. Otherwise, on
the basis of the data analysed, the power law model can be used as a working hypothesis.

7.3.1.2 Graphical procedure

When the failure times are known, the graphical procedure described below may be used to
obtain additional information about the correspondence between the model and the data. This

involves plotting the expected time to the jth failure, E(tj), against the observed time to the
jth failure. Further details about the approach are given in Annexes A and B.

Step 1: Calculate ,é from step 2 in 7.2.1 and /{ from step 3 in 7.2.1.

Step 2: Calculate the estimate of the expected time to the jth failure, j=1,2,..,N, from the
formula:

Documents

Document Sharing Hub

Full document details: IEC 61710 2013


http://avadocuments2026.com/doc/iec-61710-2013
http://avadocuments2026.com/doc/iec-61710-2013

61710 © IEC:2013 -17 -

A
Step 3: Plot E(¢;)against t; on identical linear scales. The visual agreement of these points
with a line of 45 ° through the origin is a subjective measure of the applicability of the model.

7.3.2 Case 2 — Time data for groups of relevant failures

7.3.21 Chi-square test

Step 1: Calculate ,8 from step 2 in 7.2.3 and ﬂ: from step 3in 7.2.3.

Step 2: Calculate the expected number of failures in the time interval [(i—1)¢(i)] which is
approximated by:

¢ = i{[t(i)]ﬁ - [t - 1)]5}

Step 3: For each interval, ¢; shall not be less than 5, and if necessary, adjacent intervals
should be combined before the test. For d intervals (after combination if necessary) and with
N; the same as in 7.2.3, calculate the statistic:

d 2
2 (N;—e;)
7 :z i i
i=1 €

Step 4: Select the critical value from a z? distribution with (d -2) degrees of freedom and a

10 % significance level from Table 2, i.e. ;(ggo(d—Z).

Step 5: If the test statistic Zzexceeds the critical value ;(390(51—2) then the hypothesis that
the power law model fits the data cannot be accepted. Otherwise, on the basis of the data
analysed, the power law model can be used as a working hypothesis.

The Chi-square test is a large sample test and so will need large data sets to detect
deviations from the power law model that are practically important.

7.3.2.2 Graphical procedure

When the data set consists of known time intervals, each containing a known number of
failures, the graphical procedure described below may be used to obtain additional
information about the correspondence between the model and the data. This involves plotting

the expected number of failures against those observed at each endpoint. Further details of
the approach are given in B.5.

Step 1: For each endpoint #(i), calculate the observed number of failures from 0 to #(i) from
the formula:

NIl =D N;
j=1

Step 2: Calculate the estimate of the corresponding expected number of failures E[N[t(i)]]
from the formula:
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E[N]o)] = 2()

Step 3: Plot F:“[N[t(i)]] against N[t(i)]on identical linear scales. The visual agreement of these

points with a line of 45 ° through the origin is a subjective measure of the applicability of the
model.

7.4 Confidence intervals for the shape parameter
7.4.1 Case 1 — Time data for every relevant failure

The shape parameter g in the power law model determines if the failure intensity changes
with time. If 0< g <1, there is decreasing failure intensity; if g =1, there is a constant failure
intensity; if g>1, there is an increasing failure intensity.

For a two-sided confidence interval for g when individual failure times are available, follow
the steps below as appropriate for time and failure terminated data.

Two-sided 90 % confidence interval for p — Time terminated data

Step 1: Calculate ,é from step 2 in 7.2.1 or from step 2 in 7.2.2.

Step 2: Calculate:

 ZG0s(2N)
L= v 1)
 ZGes(2N)
U v -1)

where the fractiles of the ;(2 distribution are given in Table 2.

Step 3: Calculate the lower confidence limit for g from the formula:

Bre =D 2}

and the upper confidence limit for g from the formula:

AN
Bus =Dy P
Step 4: The two-sided 90 % confidence interval for g is given by (8,5.8uz)-
NOTE One-sided 95 % lower and upper limits for f are f;pand fyp, respectively.

Two-sided 90 % confidence interval for 3 — Failure terminated data

Step 1: Calculate ﬁ from step 2in 7.2.1.
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Step 2: Calculate:

 Zbos2N-1)
L= v -2)

X595 (2(N 1)
VT av-2)
where the fractiles of the ;(2 distribution are given in Table 2.

Step 3: Calculate the lower confidence limit for g from the formula:

Prp = DL%

and the upper confidence limit for g from the formula:

A
Bug =Dy B
Step 4: The two-sided 90 % confidence interval for f is given by (8,5, Bus)-

NOTE One-sided 95 % lower and upper limits for § are f;p and [p, respectively.

7.4.2 Case 2 — Time data for groups of relevant failures

Step 1: Calculate ,8 from step 2 in 7.2.3.

Step 2: Calculate:

Step 3: Calculate the expression:

[[P@]? ol — [ 1) il - 1)]3}

d
)
=1

1

[[P@]?’ [pli- 1)12}

Step 4: Calculate:

Step 5: For an approximate two-sided 90 % confidence interval for g, calculate:
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where N is the total number of failures.

Step 6: Calculate the lower confidence limit for g from the formula:

7

Bz =B(1-S)
and the upper confidence limit for g from the formula:

A

Bup = B(1+5)
Step 7: The two-sided 90 % confidence interval for £ is given by (8,5, 805 )-

NOTE One-sided 95 % lower and upper limits for 3 are ﬂLB and ﬂUBr respectively.

7.5 Confidence intervals for the failure intensity

7.5.1 Case 1 — Time data for every relevant failure

N
Step 1: Calculate z(¢) from step 4 in 7.2.1 or step 4 in 7.2.2.

Step 2: For a two-sided 90 % confidence interval refer to Table 3 (time terminated) and
Table 4 (failure terminated) and locate values of L and U for the appropriate sample size N.

Step 3: Calculate the lower confidence limit for z(s)from the formula:

()
Ty

and the upper confidence limit for z(¢) from the formula:

N
20,
us =

Step 4: The two-sided 90 % confidence interval for z(¢)is given by (z;5, z5).

NOTE One-sided 95 % lower and upper limits for z(t)are zypand zyp, respectively.

7.5.2 Case 2 — Time data for groups of relevant failures
Step 1: Calculate Z(t) from step 4 in 7.2.3.

Step 2: Calculate:

P(i) = ;((;)) with  i=12..d 5 .
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Step 3: Calculate:

Step 4: Calculate:

D= +1

a
A
Step 5: For an approximate two-sided 90 % confidence interval for Z(t) calculate:

164D

N

S

where N is the cumulative number of relevant failures.

Step 6: The lower confidence limit on z(¢) is given by:

z(t)

LB = 1+S

and the upper confidence limit on z(¢) is given by:

(1)

ZyB = 1_s

Step 7: The two-sided 90 % confidence interval for z(¢) is given by (z;5,25 )

NOTE One-sided 95 % lower and upper limits for z(t) are zyp and zyp, respectively.

7.6 Prediction intervals for the length of time to future failures of a single item

7.6.1 Prediction interval for length of time to next failure for case 1 —
Time data for every relevant failure

For a two-sided 90 % prediction interval for the time to the (N+1)th failure Ty, ,;, that is, the
next future failure given that N failures have occurred at times #t5,...,ty , follow the steps

below as appropriate for time and failure terminated data.

Step 1: Calculate ﬁ from step 2 in 7.2.1 or from step 2 in 7.2.2.

Step 2: Calculate the lower prediction limit for 7, ; from the formula:
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_ » -
N1 _
Ty =ty exp M (time terminated)
NpB
v -1) ]
_ P
N-1 _
Ty =ty exp M (failure terminated)
NB
(v-2) |

and the upper prediction limit for Ty, ; from the formula:

_ » -
N1
Ty =ty exp M (time terminated)
Nﬂ/
L /=) ]
_ P
N-1 _
Ty =ty exp M (failure terminated)
Np
W-2) |

Step 3: The two-sided 90 % prediction interval for Ty,4is given by (Ty;, Ty, ).

NOTE One-sided 95 % lower and upper limits for 74 are T4 and Ty, respectively.

7.6.2 Prediction interval for length of time to Rth future failure for case 1 -
Time data for every relevant failure

For an approximate two-sided 90 % prediction interval for the time to the (N+R)th failure Ty p,
that is, the Rth future failure given that N failures have occurred at times t4t5,...,t5 , follow the
steps below as appropriate for failure and time terminated data.

Step 1: Calculate ,é from step 2 in 7.2.1 or from step 2 in 7.2.2.

Step 2: Calculate:

G (N-05)N+R-05) | V+R-05
- NR N-05

Step 3: Calculate:

V- 2NGIn{—N R ‘0’5}

N-05

Step 4: Calculate the lower prediction limit for T, » from the formula:

Documents

Document Sharing Hub

Full document details: IEC 61710 2013


http://avadocuments2026.com/doc/iec-61710-2013
http://avadocuments2026.com/doc/iec-61710-2013

61710 © IEC:2013 - 23 -

Tgy =ty €xp - r (time terminated)

2NG 3 Fygs(2(N - 1))

v(v-2)

Trr =ty €Xp (failure terminated)

NN ~1)Gp Fogs(2(N — 1)1

and the upper prediction limit for T, » from the formula:

VFo g5 (' 2(N 1))
A

2NG j3

Try =ty €Xp (time terminated)

Try =ty €Xp) V(N — 2)F0’95 (V ’Z(N — 1)) (failure terminated)

2NUV—002

where the fractiles of the F distribution are given in Table 5 and V' is the rounded integer
value of V.

Step 5: The two-sided 90 % prediction interval for Ty, is given by (Tx;,Try)-

NOTE One-sided 95 % lower and upper limits for T, p are Tp; and Tpy , respectively.
7.7 Test for the equality of the shape parameters g4, 0,,..., 5

7.71 Case 3 — Time data for every relevant failure for two items from different
populations

Step 1: Calculate ,é1 for item 1 and ﬁA’Zfor item 2 from step 2in 7.2.1.

Step 2: Calculate:

and

Step 3: Calculate:
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1
Foes(2(N2 —1)2(N4 - 1))

< F < Fogs(2(N1—=1)2(N; - 1)

where the fractiles of the F distribution are given in Table 5, then the null hypothesis that the
B values are the same cannot be rejected at the 10 % significance level. Otherwise, conclude
that the shape parameters of the models fitted to the data for the two items are statistically
different.

7.7.2 Case 3 — Time data for every relevant failure for three or more items from
different populations

Step 1: Calculate ,éj foritemj,;j=1,2,..., k from step 2in 7.2.1.

Step 2: Calculate:

Step 3: Calculate:

k
N= ZNJ. where k denotes the number of items of the same type
j=1

Step 4: Calculate:

Step 5: Calculate:

Step 6: If
Y 2
—< k-1
W Zo‘go( )

where the fractiles of the ;(2 distribution are given in Table 2, then the null hypothesis that
the B values are the same cannot be rejected at a 10 % significance level. Otherwise,

conclude that the shape parameter of the models fitted to the different items is statistically
different.
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Table 1 — Critical values for Cramer-von-Mises goodness-of-fit test
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at 10 % level of significance

Critical value of statistic

M Cgoo(M)
3 0,154

4 0,155

5 0,160

6 0,162

7 0,165

8 0,165

9 0,167
10 0,167
11 0,169
12 0,169
13 0,169
14 0,169
15 0,169
16 0,171
17 0,171
18 0,171
19 0,171
20 0,172
30 0,172
>60 0,173

NOTE 1 For time terminated tests, M = N.

NOTE 2 For failure terminated tests, M = N-1.
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Degrees c:)f freedom 13,05 ) Zg,go ) 13,95 )
2 0,10 4,61 5,99
4 0,71 7,78 9,49
6 1,64 10,65 12,59
8 2,73 13,36 15,51
10 3,94 15,98 18,31
12 5,23 18,55 21,03
14 6,57 21,06 23,69
16 7,96 23,54 26,30
18 9,39 25,99 28,87
20 10,85 28,41 31,41
22 12,34 30,81 33,92
24 13,85 33,20 36,42
26 15,38 35,56 38,89
28 16,92 37,92 41,34
30 18,49 40,26 43,77
32 20,09 42,57 46,17
34 21,70 44,88 48,57
36 23,30 47,19 50,96
38 24,91 49,50 53,36
40 26,51 51,81 55,76
42 28,16 54,08 58,11
50 34,76 63,17 67,51
52 36,45 65,42 69,82
60 43,19 74,40 79,08
62 44,90 76,63 81,37
70 51,74 85,53 90,53
72 53,47 87,74 92,80
80 60,39 96,58 101,88
82 62,14 98,78 104,13
90 69,13 107,57 113,15
92 70,89 109,76 115,39
100 77,93 118,50 124,34
102 79,70 120,68 126,57
110 86,79 129,38 135,48
112 88,57 131,56 137,70
120 95,71 140,23 146,57
122 97,49 142,40 148,78
200 168,28 226,02 233,99
Z, -1,64 +1,28 +1,64

NOTE 1 Linear interpolation of intermediate values is sufficiently accurate.
NOTE 2 For higher values of v use )(]2, = l:(zp +4/20 —1)2}/2 where z, is the corresponding fractile of the
standard normal distribution.
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Table 3 — Multipliers for two-sided 90 % confidence intervals for intensity function

for time terminated data

N L U N L U
3 0,175 6,490 21 0,570 1,738
4 0,234 4,460 22 0,578 1,714
5 0,281 3,613 23 0,586 1,692
6 0,320 3,136 24 0,593 1,672
7 0,353 2,826 25 0,600 1,653
8 0,381 2,608 26 0,606 1,635
9 0,406 2,444 27 0,612 1,619
10 0,428 2,317 28 0,618 1,604
11 0,447 2,214 29 0,623 1,590
12 0,464 2,130 30 0,629 1,576
13 0,480 2,060 35 0,652 1,520
14 0,494 1,999 40 0,672 1,477
15 0,508 1,947 45 0,689 1,443
16 0,521 1,902 50 0,703 1,414
17 0,531 1,861 60 0,726 1,369
18 0,543 1,825 70 0,745 1,336
19 0,552 1,793 80 0,759 1,311
20 0,561 1,765 100 0,783 1,273
NOTE 1 For N >100
-2
L= N—4{1 " 1,64\/2}
N 2N
-2
= NT_’I(‘I — 1,64\/%]
NOTE 2 Linear interpolation of intermediate values is sufficiently accurate.
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Table 4 — Multipliers for two-sided 90 % confidence intervals for intensity function

for failure terminated data

N L U N L U
3 0,1712 4,746 21 0,6018 1,701
4 0,2587 3,825 22 0,6091 1,680
5 0,3174 3,254 23 0,6160 1,659
6 0,3614 2,892 24 0,6225 1,641
7 0,3962 2,644 25 0,6286 1,623
8 0,4251 2,463 26 0,6344 1,608
9 0,4495 2,324 27 0,6400 1,592
10 0,4706 2,216 28 0,6452 1,578
11 0,4891 2,127 29 0,6503 1,566
12 0,5055 2,053 30 0,6551 1,653
13 0,5203 1,991 35 0,6763 1,501
14 0,5337 1,937 40 0,6937 1,461
15 0,5459 1,891 45 0,7085 1,428
16 0,5571 1,876 50 0,7212 1,401
17 0,5674 1,814 60 0,7422 1,360
18 0,5769 1,781 70 0,7587 1,327
19 0,5857 1,752 80 0,7723 1,303
20 0,5940 1,726 100 0,7938 1,267
NOTE 1 For N >100
-1
p=-2 [1+1,64\/ZJ
N N
-1
U ;N_—2{1_1’64\/ZJ
N N
NOTE 2 Linear interpolation of intermediate values is sufficiently accurate.
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Table 5 - 0,95 fractiles of the F distribution

Fogs(v1v2) 14
Vo 2 4 6 8 10 20 30 40 60 120 ©
2 19,00 19,20 19,30 19,40 19,40 19,40 19,50 19,50 19,50 19,50 19,50
4 6,94 6,39 6,16 6,04 5,96 5,80 5,75 5,72 5,69 5,66 5,63
6 5,14 4,53 4,28 4,15 4,06 3,87 3,81 3,77 3,74 3,70 3,67
8 4,46 3,84 3,58 3,44 3,35 3,15 3,08 3,04 3,01 2,97 2,93
10 4,10 3,48 3,22 3,07 2,98 2,77 2,70 2,66 2,62 2,58 2,54
12 3,89 3,26 3,00 2,85 2,75 2,54 2,47 2,43 2,38 2,34 2,30
14 3,74 3,11 2,85 2,70 2,60 2,39 2,31 2,27 2,22 2,18 2,13
16 3,63 3,01 2,74 2,59 2,49 2,28 2,19 2,15 2,11 2,06 2,01
18 3,55 2,93 2,66 2,51 2,41 2,19 2,11 2,06 2,02 1,97 1,92
20 3,49 2,87 2,60 2,45 2,35 2,12 2,04 1,99 1,95 1,90 1,84
30 3,32 2,69 2,42 2,27 2,16 1,93 1,84 1,79 1,74 1,68 1,62
40 3,23 2,61 2,34 2,18 2,08 1,84 1,74 1,69 1,64 1,58 1,51
60 3,15 2,53 2,25 2,10 1,99 1,75 1,65 1,59 1,53 1,47 1,39
120 3,07 2,45 2,18 2,02 1,91 1,66 1,55 1,49 1,43 1,35 1,25
© 3,00 2,37 2,10 1,94 1,83 1,57 1,46 1,39 1,32 1,22 1,00

NOTE Linear interpolation for intermediate values is sufficiently accurate.
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Annex A
(informative)

The power law model — Background information

The power law model is widely used to analyse the reliability of repairable items. It is
particularly useful for those items classified as ‘bad-as-old’ when repair is minimal and so
reliability of the item remains essentially unchanged after failure and repair. It is also
appropriate for those items whose reliability is likely to improve. Indeed the power law model
was first considered by L.H. Crow [2]1 in 1974 to describe the power law growth pattern first
reported by J.T. Duane in 1964 [5]. Methods for reliability growth analysis based on the power
law model are given in IEC 61164 [6].

Crow [2] formulated the underlying probabilistic model for failures as a non-homogeneous
Poisson process (NHPP), {N(s)s > 0}, with an expected value of:

E[N(t)]= 2?
and the failure intensity is given by
z(1) = 2817

The NHPP model gives the Poisson probability that N(r) will assume a particular value, that
is:

A
Pr[N(t):n]:p“t—'eL with n = 0,1,2,...
n:

Also, under this model
E[/uf]zj withj = 1,2,...

where ¢; is the accumulated time to the jth failure. This gives the useful first-order

approximation

j 1B
E[@]:(zj withj = 1,2,...
for the expected time to the jth failure.

When B =1, then z(t)=2 and the times between successive failures follow an exponential
distribution with mean 1/4 (homogeneous Poisson process), indicating a constant failure
intensity. The intensity function z(t) is decreasing for S <1 (reliability growth), and increasing
for g >1 (reliability deterioration).

1 Figures in square brackets refer to the bibliography. Documents
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Annex B
(informative)

Numerical examples

B.1 Background information

The following numerical examples show the use of the procedures discussed in Clause 7.
Example 1 considers time data for every relevant failure for a single repairable item when
observation is failure terminated. Example 2 considers time data for every relevant failure for
multiple repairable items of the same kind when observation is time terminated. Example 3
considers time data for every relevant failure of two repairable items from different
populations. Example 4 considers groups of relevant failures for a single repairable item. All
examples illustrate the use of appropriate estimation methods. Goodness-of-fit tests are
applied when appropriate. These examples may be used to validate computer programs
designed to implement the methods given in Clause 7.

Note that all the calculations in the examples were carried out using a spreadsheet software
package. Although the final figures are presented to two or three decimal places, the
intermediate calculations were carried out in double precision. If intermediate calculations are
computed with less precision, then the final figures might differ slightly from those presented
due to rounding errors.

It should also be pointed out that all the confidence intervals presented are at a 90 %
confidence level and similarly all the statistical tests are conducted at a 10 % significance
level. These correspond to the values given in Tables 1 to 5. However, if the appropriate
values are taken from corresponding tables reported elsewhere or are generated from
software, then alternative values for the confidence and significance levels can be chosen
according to users' requirements.

B.2 Example 1

The successive failure times (in hours) of a piece of software developed as part of a large
system are given in Table B.1.

Table B.1 — All relevant failures and accumulated times for software system

0,2 42 45 5 54 61 7,9 148 19,2 486 858 108,9 127,2
129,8 150,1 159,7 227,4 244,7 262,7 315,3 329,6 404,3, 486,2

NOTE ¢y =4862h N =23.

Plot of accumulated failures against time

The concave down pattern in Figure B.1 indicates a decreasing failure intensity.
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Figure B.1 — Accumulated number of failures against accumulated time
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Figure B.2 — Expected against observed accumulated times to failure
for software system
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Parameter estimation

From 7.2.1, the estimated parameters of the power law model are as follows:

A
A=217

N
B =038

Goodness-of-fit

From 7.3.1.2, the plot of expected against observed failure times in Figure B.2 displays a
random scatter around the 45° line indicating a good fit of the power law model to the data.
Table B.2 shows the workings for the expected and observed failure times plotted in Figure
B.2 where the expected failure times are computed from Step 2 in 7.3.1.2.

From 7.3.1.1, C?= 0,063 with A = 22. At a 10 % significance level, the critical value from
Table 1 is 0,172. Since 0,063 <0,172, it can be concluded that the hypothesis that the power
law model is a good fit to the data cannot be rejected.

Table B.2 — Calculation of expected accumulated times to failure for Figure B.2

Failure Observed failure time (h) Expected failure time (h)
1 0,2 0,130
2 4,2 0,803
3 4,5 2,326
4 5,0 4,946
5 5,4 8,881
6 6,1 14,326
7 7,9 21,465
8 14,8 30,468
9 19,2 41,496
10 48,6 54,705
11 85,8 70,242
12 108,9 88,250
13 127,2 108,866
14 129,8 132,224
15 150,1 158,454
16 159,7 187,681
17 227,4 220,028
18 244,7 255,617
19 262,7 294,564
20 315,3 336,983
21 329,6 382,989
22 404,3 432,692
23 486,2 486,200
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Confidence interval for S

From 7.4.1, a two-sided 90 % confidence interval for g is (0,27; 0,55). Since all values in this
interval are less than one, it indicates a decreasing failure intensity.

Confidence interval for failure intensity

From 7.5.1, a two-sided 90 % confidence interval for the failure intensity at t = 450 h is (0,011;
0,031) failures/h.

Prediction interval for the time to future failures

From 7.6.1, a two-sided 90 % prediction interval for the failure time of the 24th failure is
(488,93; 690,30) h. From 7.6.2, a two-sided 90 % prediction interval for the time to the 25th
failure is (504,68; 845,30) h.

B.3 Example 2

Five copies of a system were put into operation at the same time under identical conditions.
When a system failed it was repaired immediately and returned to operation. The repair time
is insignificant compared with the time in operation. Each copy of the system was observed
for 1 850 h of operation. The accumulated times to failure are given in Table B.3.

Table B.3 — Accumulated times for all relevant failures
for five copies of a system (labelled A, B, C, D, E)

A B Cc D E
96 552 1056 1560

1224 1225

1392 1570

The data to be analysed consist of the superimposition of the failure times, which are
presented in Table B.4, i.e. the accumulated times for all systems are combined into one data
set and presented in their order of occurrence from smallest to largest.

Table B.4 — Combined accumulated times
for multiple items of the same kind of a system

Accumulated time

(h)

96

552

1 056

1224

1225

1392

1 560

1570

Failure

0 N0 g B~ ON -

Plot of accumulated failures against time
The concave up pattern in Figure B.3 indicates a possible increasing failure intensity.
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