
 

IEC/TR 60493-2
Edition 1.0 2010-03

TECHNICAL 
REPORT 
 

Guide for the statistical analysis of ageing test data –  
Part 2: Validation of procedures for statistical analysis of censored normally 
distributed data 
 
 

IE
C

/T
R

 6
04

93
-2

:2
01

0(
E

) 

® 

Full document details: IEC TR 60493-2-2010

http://www.avadocuments.com/doc/iec-tr-60493-2-2010
http://www.avadocuments.com/doc/iec-tr-60493-2-2010


 

 
  

 THIS PUBLICATION IS COPYRIGHT PROTECTED 
 Copyright © 2010 IEC, Geneva, Switzerland  
 
All rights reserved. Unless otherwise specified, no part of this publication may be reproduced or utilized in any form or by 
any means, electronic or mechanical, including photocopying and microfilm, without permission in writing from either IEC or 
IEC's member National Committee in the country of the requester. 
If you have any questions about IEC copyright or have an enquiry about obtaining additional rights to this publication, 
please contact the address below or your local IEC member National Committee for further information. 
 
Droits de reproduction réservés. Sauf indication contraire, aucune partie de cette publication ne peut être reproduite 
ni utilisée sous quelque forme que ce soit et par aucun procédé, électronique ou mécanique, y compris la photocopie 
et les microfilms, sans l'accord écrit de la CEI ou du Comité national de la CEI du pays du demandeur.  
Si vous avez des questions sur le copyright de la CEI ou si vous désirez obtenir des droits supplémentaires sur cette 
publication, utilisez les coordonnées ci-après ou contactez le Comité national de la CEI de votre pays de résidence. 
 

IEC Central Office 
3, rue de Varembé 
CH-1211 Geneva 20 
Switzerland 
Email: inmail@iec.ch 
Web: www.iec.ch 

 

About IEC publications 
The technical content of IEC publications is kept under constant review by the IEC. Please make sure that you have the 
latest edition, a corrigenda or an amendment might have been published. 
 Catalogue of IEC publications: www.iec.ch/searchpub 

The IEC on-line Catalogue enables you to search by a variety of criteria (reference number, text, technical committee,…). 
It also gives information on projects, withdrawn and replaced publications.  
 IEC Just Published: www.iec.ch/online_news/justpub 

Stay up to date on all new IEC publications. Just Published details twice a month all new publications released. Available 
on-line and also by email. 
 Electropedia: www.electropedia.org 

The world's leading online dictionary of electronic and electrical terms containing more than 20 000 terms and definitions 
in English and French, with equivalent terms in additional languages. Also known as the International Electrotechnical 
Vocabulary online.  
 Customer Service Centre: www.iec.ch/webstore/custserv 

If you wish to give us your feedback on this publication or need further assistance, please visit the Customer Service 
Centre FAQ or contact us: 
Email: csc@iec.ch 
Tel.: +41 22 919 02 11 
Fax: +41 22 919 03 00 

 

Full document details: IEC TR 60493-2-2010

http://www.avadocuments.com/doc/iec-tr-60493-2-2010
http://www.avadocuments.com/doc/iec-tr-60493-2-2010


 

 

IEC/TR 60493-2
Edition 1.0 2010-03

TECHNICAL 
REPORT 
 

Guide for the statistical analysis of ageing test data –  
Part 2: Validation of procedures for statistical analysis of censored normally 
distributed data 
 
 

INTERNATIONAL 
ELECTROTECHNICAL 
COMMISSION XG
ICS 29.035.01 

PRICE CODE

ISBN 2-8318-1086-2

® Registered trademark of the International Electrotechnical Commission 

® 

Full document details: IEC TR 60493-2-2010

http://www.avadocuments.com/doc/iec-tr-60493-2-2010
http://www.avadocuments.com/doc/iec-tr-60493-2-2010


 – 2 – TR 60493-2 © IEC:2010(E) 

CONTENTS 

FOREWORD...........................................................................................................................4 
INTRODUCTION.....................................................................................................................6 
1 Scope...............................................................................................................................7 
2 Normative references .......................................................................................................7 
3 Terms, symbols and definitions ........................................................................................7 

3.1 Definitions ...............................................................................................................7 
3.2 Symbols ................................................................................................................10 

4 Statistical calculations ....................................................................................................11 
4.1 General .................................................................................................................11 

4.1.1 Objectives of the analysis ..........................................................................11 
4.1.2 Outline of work program ............................................................................ 11 
4.1.3 Computer programs ................................................................................... 12 

4.2 Calculations for complete (uncensored) data ......................................................... 12 
4.2.1 Sub-group .................................................................................................12 
4.2.2 Group (several sub-groups) ....................................................................... 12 
4.2.3 The F-function ...........................................................................................13 
4.2.4 Bartlett’s χ2 function ..................................................................................13 
4.2.5 Student’s t function.................................................................................... 13 
4.2.6 Student’s t function for the difference of two means................................... 14 

4.3 Censored data groups ...........................................................................................14 
4.3.1 Sub-groups................................................................................................15 
4.3.2 Group (several sub-groups) – Analysis of variance .................................... 15 
4.3.3 Group (several sub-groups) – Analysis of covariance (regression 

analysis) ....................................................................................................16 
4.3.4 Difference of means of 2 sub-groups ......................................................... 18 

4.4 Complete (uncensored) data ................................................................................. 19 
5 Random number generation ...........................................................................................19 

5.1 General .................................................................................................................19 
5.2 Uniform variates ....................................................................................................19 
5.3 Normal variates .....................................................................................................20 

6 Validation procedures .....................................................................................................20 
6.1 Size of samples .....................................................................................................20 
6.2 Validation of random number generation ............................................................... 21 

7 Outline of tasks ..............................................................................................................21 
7.1 Optimum size of samples ......................................................................................21 
7.2 Uniformly and normally distributed random number generation.............................. 22 
7.3 Examine properties of single sub-groups ............................................................... 22 

7.3.1 Correlation of mean and standard deviation (SD)....................................... 22 
7.3.2 Distribution and possible bias of mean and SD estimates .......................... 22 

7.4 Examine properties of compound groups ............................................................... 22 
7.5 Procedure for testing difference of two means ....................................................... 22 

8 Discussion of results and conclusions ............................................................................22 
8.1 Optimum size of samples ......................................................................................22 
8.2 Correlation coefficients of mean and standard deviation of sub-groups.................. 22 
8.3 Values of mean, variance and SD of mean of censored data sub-groups ............... 22 
8.4 Distribution functions of mean and variance of censored data sub-groups ............. 23 

Full document details: IEC TR 60493-2-2010

http://www.avadocuments.com/doc/iec-tr-60493-2-2010
http://www.avadocuments.com/doc/iec-tr-60493-2-2010


TR 60493-2 © IEC:2010(E) – 3 – 

8.5 Properties of compound data groups ..................................................................... 23 
8.5.1 F (variance ratio) function .......................................................................... 23 
8.5.2 “Student’s” t function .................................................................................23 
8.5.3 Bartlett’s χ2 (variance equality) function .................................................... 24 

8.6 Generation of uniformly distributed random numbers ............................................. 24 
8.7 Values of the t-ratio for the difference of two means .............................................. 24 

9 Conclusions....................................................................................................................25 
9.1 Random number generation .................................................................................. 25 

9.1.1 Uniform distribution ................................................................................... 25 
9.1.2 Normal distribution ....................................................................................25 

9.2 Statistical functions of censored data groups......................................................... 25 
9.2.1 Simple sub-groups.....................................................................................25 
9.2.2 Compound groups – Analysis of variance .................................................. 25 
9.2.3 Compound groups – Regression analysis .................................................. 26 
9.2.4 Difference of means of 2 sub-groups ......................................................... 26 

10 Summary of conclusions and recommendations.............................................................. 27 
10.1 Summary of conclusions........................................................................................27 
10.2 Recommendations.................................................................................................27 

Annex A (informative)  Results..............................................................................................28 
Annex B (informative)  Key to graph features ........................................................................ 43 
Annex C (informative)  Graphical displays for the group statistical functions ......................... 47 
Annex D (informative)  Computer programs ........................................................................ 148 
Annex E (informative)  Worked example ............................................................................. 150 
Bibliography........................................................................................................................ 151 
 
Figure A.1 – Confidence limits for value counts .................................................................... 29 
 
Table A.1 – Confidence limits for value counts......................................................................28 

 

Full document details: IEC TR 60493-2-2010

http://www.avadocuments.com/doc/iec-tr-60493-2-2010
http://www.avadocuments.com/doc/iec-tr-60493-2-2010


 – 4 – TR 60493-2 © IEC:2010(E) 

INTERNATIONAL ELECTROTECHNICAL COMMISSION 
____________ 

 
GUIDE FOR THE STATISTICAL ANALYSIS  

OF AGEING TEST DATA –  
 

Part 2: Validation of procedures for statistical analysis  
of censored normally distributed data 

 
 

FOREWORD 
1) The International Electrotechnical Commission (IEC) is a worldwide organization for standardization comprising 

all national electrotechnical committees (IEC National Committees). The object of IEC is to promote 
international co-operation on all questions concerning standardization in the electrical and electronic fields. To 
this end and in addition to other activities, IEC publishes International Standards, Technical Specifications, 
Technical Reports, Publicly Available Specifications (PAS) and Guides (hereafter referred to as “IEC 
Publication(s)”). Their preparation is entrusted to technical committees; any IEC National Committee interested 
in the subject dealt with may participate in this preparatory work. International, governmental and non-
governmental organizations liaising with the IEC also participate in this preparation. IEC collaborates closely 
with the International Organization for Standardization (ISO) in accordance with conditions determined by 
agreement between the two organizations. 

2) The formal decisions or agreements of IEC on technical matters express, as nearly as possible, an international 
consensus of opinion on the relevant subjects since each technical committee has representation from all 
interested IEC National Committees.  

3) IEC Publications have the form of recommendations for international use and are accepted by IEC National 
Committees in that sense. While all reasonable efforts are made to ensure that the technical content of IEC 
Publications is accurate, IEC cannot be held responsible for the way in which they are used or for any 
misinterpretation by any end user. 

4) In order to promote international uniformity, IEC National Committees undertake to apply IEC Publications 
transparently to the maximum extent possible in their national and regional publications. Any divergence 
between any IEC Publication and the corresponding national or regional publication shall be clearly indicated in 
the latter. 

5) IEC itself does not provide any attestation of conformity. Independent certification bodies provide conformity 
assessment services and, in some areas, access to IEC marks of conformity. IEC is not responsible for any 
services carried out by independent certification bodies. 

6) All users should ensure that they have the latest edition of this publication. 

7) No liability shall attach to IEC or its directors, employees, servants or agents including individual experts and 
members of its technical committees and IEC National Committees for any personal injury, property damage or 
other damage of any nature whatsoever, whether direct or indirect, or for costs (including legal fees) and 
expenses arising out of the publication, use of, or reliance upon, this IEC Publication or any other IEC 
Publications.  

8) Attention is drawn to the Normative references cited in this publication. Use of the referenced publications is 
indispensable for the correct application of this publication. 

9) Attention is drawn to the possibility that some of the elements of this IEC Publication may be the subject of 
patent rights. IEC shall not be held responsible for identifying any or all such patent rights. 

The main task of IEC technical committees is to prepare International Standards. However, a 
technical committee may propose the publication of a technical report when it has collected 
data of a different kind from that which is normally published as an International Standard, for 
example "state of the art". 

IEC 60493-2 which is a technical report, has been prepared by IEC technical committee 112: 
Evaluation and qualification of electrical insulating materials and systems. 
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The text of this technical report is based on the following documents: 

Enquiry draft Report on voting 

112/140/DTR 112/145/RVC 

 
Full information on the voting for the approval of this technical report can be found in the 
report on voting indicated in the above table. 

This publication has been drafted in accordance with the ISO/IEC Directives, Part 2. 

This publication contains attached files in the form of a CD-ROM. These files are intended to 
be used as a complement and do not form an integral part of the standard. 

A list of all parts of the IEC 60493 series, published under the general title Guide for the 
statistical analysis of ageing test data, can be found on the IEC website. 

The committee has decided that the contents of this publication will remain unchanged until 
the stability date indicated on the IEC web site under "http://webstore.iec.ch" in the data 
related to the specific publication. At this date, the publication will be  

• reconfirmed, 
• withdrawn, 
• replaced by a revised edition, or 
• amended. 

A bilingual version of this publication may be issued at a later date. 
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INTRODUCTION 

Procedures for estimating ageing properties are described in specific test procedures, or are 
covered by the general documents on test procedures for ageing tests with a specific 
environmental stress (e.g. temperature, radiation, partial discharges).  

In many cases, a certain property is determined as a function of time at different ageing 
stresses, and a time to failure based on a chosen end-point criterion is found at each ageing 
stress. A plot of time to failure versus ageing stress may be used to obtain an estimate of the 
time to failure for similar specimens exposed to a specified stress, or to obtain an estimate of 
the value of stress which will cause failure in a specified time.  

The physical and chemical laws governing the ageing phenomena may often lead to the 
assumption that a linear relationship exists between the property examined and the ageing 
time at fixed ageing stresses, or between certain mathematical functions of property and 
ageing time, e.g. square root or logarithm. 

The relationships between property values, ageing time, ageing and ageing exposure 
temperature are determined by mathematical procedures known as analysis of variance, 
analysis of covariance and regression analysis. In some cases, the property values cannot be 
determined because of time or property measurement limitations. Such data are referred to as 
“censored data”. 

The mathematical procedures are well known and accepted as valid for complete 
(uncensored) data. This technical report describes the work done to validate the procedures 
for censored data. 
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GUIDE FOR THE STATISTICAL ANALYSIS  
OF AGEING TEST DATA –  

 
Part 2: Validation of procedures for statistical analysis  

of censored normally distributed data 
 
 
 

1 Scope 

This part of IEC 60493 provides an account of the work done in designing and validating the 
statistical procedures for operations on censored groups of normally distributed data. 

The relationship to similar operations on complete (uncensored) data is examined, and it is 
shown that “mixed” or wholly uncensored data groups may be analysed in the same way as 
wholly censored ones. 

Attention is drawn to the effect of some variation of group size and extent of censoring, as 
well as the effect of non-uniform data group sizes. 

2 Normative references 

IEC 60216-3, Electrical insulating materials – Thermal endurance properties – Part 3: 
Instructions for calculating thermal endurance characteristics 

IEC 60216-5, Electrical insulating materials – Thermal endurance properties – Part 5: 
Determination of relative thermal endurance index (RTE) of an insulating material 

IEC 60216-6, Electrical insulating materials – Thermal endurance properties – Part 6: 
Determination of thermal endurance indices (TI and RTE) of an insulating material using the 
fixed time frame method 

IEC 60493-1, Guide for the statistical analysis of ageing test data. Part 1: Methods based on 
mean values of normally distributed test results 

3 Terms, definitions and symbols  

3.1 Definitions 

For the purposes of this document, the following terms and definitions apply. 

3.1.1  
ordered data 
a set of data arranged in sequence so that in the appropriate direction through the sequence 
each member is greater than or equal to its predecessor.  

NOTE "Ascending order" in this report implies that the data is ordered in this way, the first being the smallest. 

3.1.2  
order-statistic  
each individual value in a set of ordered data identified by its numerical position in the 
sequence 
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3.1.3  
incomplete data 
ordered data, where the values above and/or below defined points are not known 

3.1.4  
censored data  
incomplete data, where the number of unknown values is known  

NOTE If the censoring is begun above/below a specified numerical value, the censoring is Type I. If above/below 
a specified order-statistic it is Type II. This technical report is concerned only with Type II. 

3.1.5  
truncated data 
incomplete data where the number of unknown values is not known  

NOTE This report is not concerned with truncated data. 

3.1.6  
degrees of freedom 
DF 
the number of data values minus the number of parameter values 

3.1.7  
variance of a data group 
the sum of the squares of the deviations of the data from a reference level defined by one or 
more parameters, for example a mean value (1 parameter) or a line (2 parameters, slope and 
intercept), divided by the number of degrees of freedom 

3.1.8  
standard deviation  
SD 
the square root of the variance 

3.1.9  
central second moment of a data group  
the sum of the squares of the differences between the data values and the value of the group 
mean divided by the number of data in the group 

3.1.10  
covariance of data groups 
for two groups of data with equal numbers of elements where each element in one group 
corresponds to one in the other, the sum of the products of the deviations of the 
corresponding members from their group means, divided by the number of degrees of 
freedom 

3.1.11  
regression analysis 
the process of deducing the best-fit line expressing the relation of corresponding members of 
two data groups by minimizing the sum of squares of deviations of members of one of the 
groups from the line  

NOTE The parameters are referred to as the regression coefficients. 

3.1.12  
correlation coefficient 
a number expressing the completeness of the relation between members of two data groups. 
In value it is equal to the covariance divided by the square root of the product of the variances 
of the groups. The value of its square is between 0 (no correlation) and 1 (complete 
correlation) 
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3.1.13  
primary statistical function 
a statistical function of a data sub-group (for example, mean or variance), obtained using the 
Saw coefficients  

3.1.14  
Saw coefficient 
one of the coefficients developed by J.G.Saw for calculating the primary statistical functions 
of a single sub-group 

NOTE There are four (4) coefficients used in this report. Saw originally defined five (5), the fifth being intended 
for estimating the variance of the variance estimate. 

3.1.15  
secondary statistical function 
a statistical function of a data group, calculated from the primary functions of the sub-groups  

NOTE For example, the Fisher variance ratio function, the t function or the χ2 function. 

3.1.16  
data sub-group 
a single set of data which may be used with other sub-groups to form a compound group 

3.1.17  
data group 
a set of data comprising more than one sub-group, of which the secondary statistical functions 
are to be calculated 

3.1.18  
group sample 
the set of data groups assembled to establish the distribution of one or more secondary 
statistical functions.  

NOTE The size of the sample is normally at least 106 

3.1.19  
parent population 
randomly selected data for the groups in a sample from an effectively infinite population of 
normally distributed numbers.  

NOTE The size of this population is such that removal of the sample data does not significantly affect the size of 
the remaining population 

3.1.20  
analysis of variance  
ANOVA 
separation of the components of the variance of a data group, so that further calculations, 
(e.g. linear regression) may be executed 

3.1.21  
RAN1 
algorithm for generation of uniformly distributed random numbers using the linear congruential 
method 

3.1.22  
RAN3 
algorithm for generation of uniformly distributed random numbers using the subtractive  
method 

Full document details: IEC TR 60493-2-2010

http://www.avadocuments.com/doc/iec-tr-60493-2-2010
http://www.avadocuments.com/doc/iec-tr-60493-2-2010


 – 10 – TR 60493-2 © IEC:2010(E) 

3.1.23  
unbiased estimate (of a statistical property) 
the estimate of a property of a censored data group, such that the mean value of a very large 
number of estimates is equal to the mean value of the property of groups drawn from the 
parent normally distributed population 

3.2 Symbols 

In this technical report the following symbols are used: 

Symbol Definition 
Equation at 

the first 
citation 

Clause 

 Value numbered j in sub-group i 1 4.2.1 

 Indices for x 1 4.2.1 

 x-mean in sub-group i 1 4.2.1 

 number of values in sub-group i 1 4.2.1 

2
iσ  variance of sub-group i 2 4.2.1 

2
ixs   variance of x-mean in sub-group i 3 4.2.1 

N  total number of values in Group 4 4.2.2 

k  number of sub-groups 4 4.2.2 

x  general mean of group 5 4.2.2 

 numerator variance 6 4.2.3 

 denominator variance 7 4.2.3 

 variance ratio 8 4.2.3 

 overall variance:(N-1) DF 9 4.2.3 

 Intermediate constant for 2χ  10 4.2.4 

 value of 2χ  for equality of variances test 11 4.2.4 

 “Student’s” t  ratio 12 4.2.5 

 confidence limit of group general mean 13 4.2.5 

 “Saw” coefficient for sub-group mean 16 4.3.1 

 “Saw” coefficient for sub-group variance 17 4.3.1 

 “Saw” coefficient for sub-group variance 17 4.3.1 

 “Saw” coefficient for variance of sub-group mean 18 4.3.1 

 2toadjustment χort  39 4.3.3 

 constant 3.14159……. 50 5.3 

 temporary variable 54 5.3 

ix

ji,
jix ,

2
Nσ
2
Dσ

in

F

2
Tσ

c

2χ

t

cx

μ

α

β

iε

1ν
π

a
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Symbol Definition 
Equation at 

the first 
citation 

Clause 

 temporary variable 54 5.3 

 cumulative binomial probability 55 6.1 

 probability per trial 55 6.1 

4 Statistical calculations 

4.1 General 

4.1.1 Objectives of the analysis 

In this section, the statistical calculations are outlined. The calculations are basically those of 
conventional “analysis of variance” (ANOVA), and cover the derivation of the functions 
necessary for that analysis. The ANOVA calculations are also relevant with slight modification 
to regression analysis as required for IEC 60216-3 and IEC 60493-1.  

The analysis is carried out on a “group” of data, made up of k (k ≥ 1) “sub-groups”. Each of 
these comprises several normal variate values. In general, they are not equal in size. All or 
none may be censored. The data for the groups are derived from a population which is 
nominally “normalised Gaussian”, i.e. having mean equal to 0 and variance 1. 

Calculation equations are given for the case where none of the data is censored (i.e. all sub-
groups are “complete”) and for the other case, where one or more of the sub-groups is 
censored. The extent of censoring need not be the same for all sub-groups. 

4.1.2 Outline of work program 

The first decision was that an analytical determination of the statistical distributions of the 
various functions was beyond the capacity of the author of this report, and that “Monte Carlo” 
techniques should be employed. (This means generating numbers of groups of normally 
distributed pseudo-random numbers, calculating the required functions of those groups and 
comparing their distributions with the theoretical distributions of the functions e.g. F and t). 

In view of the very large number of test groups of any one kind which would be required to 
ensure adequate confidence in the result (this has been estimated at about 1 million), it was 
decided that the first step must be validation of the random number generator in the computer 
used for the whole exercise.  

Generation of normally distributed random numbers was achieved by first generating 
uniformly distributed numbers, and converting pairs of these to give the normally distributed 
ones. The validation was then executed by generating the required functions from complete 
groups of random numbers, and comparing their distributions with the theoretical. 

When this had been done satisfactorily (some procedures commonly used were quite 
unsatisfactory for the very large populations of random numbers needed) it was possible to 
proceed with generating the functions of censored data groups. 

NOTE In one case, the number of uniformly distributed random numbers required exceeded 2x109. 

The first stage was validation of the primary statistical functions directly generated from the 
“Saw” coefficients. These are the estimates of mean, variance of data and variance of mean 
estimate of data sub-groups. 

2ν

P
p
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After acceptance of this validity, the distributions of functions of groups of multiple sub-groups 
were generated for comparison with theory: 

– variance ratio for analysis of variance (ANOVA) F; 

– student’s t for ANOVA; 
– variance equality (χ2) for ANOVA; 
– variance ratio for linear regression F; 

– student’s t for linear regression; 
– variance equality (χ2) for linear regression; 

– regression slope: mean and variance; 
– regression intercept: mean and variance; 
– student’s t for comparison of the estimates of the means of two sub-groups; 

4.1.3 Computer programs 

The programs employed in the ANOVA and linear regression sections are provided on a 
CDROM with this report. Both executable versions and source code are included. This 
enables the user of the report to repeat some of the calculations, and also to carry out 
ANOVA or linear regression calculations on single data groups. In addition, the routines used 
for generation of normal and uniform random numbers may be found useful. Further details 
are included in a file on the disc. 

4.2 Calculations for complete (uncensored) data 

The calculations for complete data groups are primarily intended for the appraisal of the data 
generation methods. 

4.2.1 Sub-group 

Subgroup mean 
i

n

j
ij

i n

x
x

i

∑
== 1   (1) 

Subgroup variance ( )1
1

22

2

−

⎥
⎦

⎤
⎢
⎣

⎡
−

=
∑

=

i

n

j
iiij

i n

xnx
i

σ   (2) 

Variance of mean of sub-group 
n

s i
xi

2
2 σ=   (3) 

4.2.2 Group (several sub-groups) 

It should not be necessary to emphasise that for the purposes of this analysis, all groups in 
any one sample shall have the same structure. The sub-group sizes and their degree of 
censoring shall not vary between groups but all sub-groups within a group need not have the 
same size or degree of censoring.  

The primary statistical functions are the means and variances of the sub-groups. From these 
are derived the three (3) functions required for the analysis of variance. These are: 

• variance ratio: F (“Fisher” test), also used as a linearity test; 

• “Bartlett’s” χ2 test: for equality of variances; 

• “student’s” t: used for calculating confidence intervals of the general mean estimate. 

For the calculation of these properties, the total number of values in a group and the general 
mean of all values in the group are required. 
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Total number of values in Group  ∑
=

=
k

i
inN

1

  (4) 

General mean of all values in Group 
N

nx
x

k

i
ii∑

== 1   (5) 

4.2.3 The F-function 

The F-test is based on a ratio and is used to assess whether the variance of the sub-group 
means (numerator) is greater than would be expected, based on the merged values of the 
sub-group variances (denominator). The numerator and denominator variances are calculated 
by Equations 6 and 7. The statistical distribution of the ratio is well known, and may be 
obtained from tabulated values or by the use of a standard algorithm. 
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Variance ratio 2
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The overall variance is a combination of the above (Equations 6 and 7), and is used to 
estimate the confidence intervals of a general mean estimate using the t-function of 
Equation 12 

Overall variance:(N-1) DF ( )1
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4.2.4 Bartlett’s χ2 function 

The Bartlett’s χ2 function provides a test of whether the variances of the sub-groups can be 
considered not to be significantly different 

Intermediate constant for χ2 
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Variance equality ( ) ( ) ( ) ( )⎥
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⎣
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i
iiD σnkN
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222 log1log1 σχ   (11) 

4.2.5 Student’s t function 

”Student’s” t function 2
T

Nxt
σ

=  (12) 

Confidence limit of x  1, −+= npC txx   (13) 

For Equation 13, p is the probability to be applied to the t-function with N-1 DF. 
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4.2.6 Student’s t function for the difference of two means  

The Student’s t function is used to assess the significance of a difference between the 
observed and expected values of the general mean, and also to give values for the 
confidence levels of the general mean. 

For the special case of two sub-groups, the value of t (not the same as in Equation 12) for the 
significance of the difference between the means is calculated using the equation: 

 Ft ±=   (14) 

Here F has been calculated by Equation 8. The value of t is given the same sign as ( )21 xx −  
and has (N – 2) degrees of freedom. 

An identical result may be obtained from the conventional Equation 15 for this difference, but 
Equation (14) is more convenient if F has already been calculated: 
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4.3 Censored data groups 

Much of the work on statistical treatment of normally distributed censored data has been done 
using “maximum likelihood” methods (see, for example, Reference [6]2)). These generally 
involve serious computer activity, and were not thought to be suitable for inclusion in a 
standard such as 216. The use of distributions such as Weibull and Gumbell is also 
unsuitable, since there appears to be no way in which derived statistical functions (F, χ2 and 
t) for groups comprising several sub-groups can be calculated. 

In about 1960, a different method was developed by J.G.Saw, which involved simple algebraic 
procedures, but which required difficult and tedious calculations to obtain the necessary 
coefficients for normally distributed data (Reference [1]). This work was largely ignored. 

The situation changed with the advent of more powerful personal computers, which enabled 
the calculation of the coefficients needed and these are tabulated in IEC 60216-3. At the 
same time, it became feasible to use Monte Carlo methods to obtain values for the statistical 
distributions of the desired statistical functions. With the personal computers available today, 
it is feasible to conduct Monte Carlo simulations with quite large data groups (for example 4 
sub-groups of 200 numbers) with a sample of 106 or even 107 groups. 

The calculation procedures developed by Saw enabled simple calculation of three primary 
functions, mean, variance and variance of mean. Although these results were unbiased 
estimators of the functions of the notional parent population of the data, there was no way of 
establishing their actual statistical distributions. In addition, these functions are of little use in 
isolation: for example, a value of the mean is only of use if its relation to a desired value can 
be established. 

The statistical tests in IEC 60216-3, IEC 60216-5, and IEC 60216-6 are required to establish 
(1) whether all groups of data can be considered to belong to the same parent statistical 
distribution (2) whether the scatter of the mean values themselves or their deviations from a 
desired pattern (e.g. regression line) is compatible with the scatter of the individual data and 
(3) whether the uncertainty in the general mean of the data is acceptably small. These tests 
involve secondary statistical functions derived from the mean, variance and variance of the 
mean. These functions, and the tests based on them are, respectively:  
___________ 
2)  Figures in square brackets refer to the Bibliography 
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• Bartlett's χ2 (Variance equality test); 

• F (Fisher or Variance ratio test); 

• t (Student's t-test). 

Similar functions can be derived from the Saw primary functions. Although the statistical 
distributions of these functions is not known, it is possible to obtain this information 
empirically by Monte Carlo methods if a sufficiently accurate source of normally distributed 
random numbers is available, and the establishment of a suitable computer program for 
generating “pseudo-random” normally distributed data is a primary task. 

It must be emphasised that the calculations using these functions are based on the 
assumption that the initial data are distributed in the normal or Gaussian manner. However, 
since the three tests are widely used uncritically without testing for normality of complete or 
uncensored data, and usually without serious error it may be expected that the corresponding 
tests on censored data will be similarly useful. 

The values of the coefficients μ, α, β and ε are tabulated in IEC 60216-3 for group sizes up to 
31, censored at any point above the median value. As a separate exercise, values for group 
sizes up to 200 are available. 

4.3.1 Sub-groups 
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Variance of mean of sub-group 
n
ssx

2
2 ε=   (18) 

NOTE 1 In the original paper by Saw [1], the above definition of ε was not used. The multiplier value for the 
variance of mean of a sub-group was ε/n. 

4.3.2 Group (several sub-groups) – Analysis of variance 

Each group generated comprises a number of sub-groups, which may be complete or 
censored. The size of sub-group and fraction of data censored need not be the same for all 
sub-groups in the same group. 
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The derived functions F, χ2 and t are calculated as in  4.2.2, using the above values of the 
primary functions. 
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4.3.3 Group (several sub-groups) – Analysis of covariance (regression analysis) 

The procedures of IEC 60216-3 are those of analysis of variance, covariance and regression, 
which will be briefly explained as follows: 

The work on statistical analysis of censored data so far reported is an extension of the 
classical one-way analysis of variance procedure. 

If the data of the sub-groups are represented by x, each sub-group is associated with another 
value, z. 

This association is most simply represented in vector notation: 

x = a + bz + sr Each individual datum value is xij = a + b zi + s rj 

Bold typeface (e.g. z) implies an array (vector) of values, normal typeface (e.g. a) implies a 
single valued (scalar) number. 

x is the array of data under examination (log tij in IEC 60216) 

z is the array of values of an “independent” variable ( ( )01 ϑ+ϑ in IEC 60216) 

r is the array of normalized Gaussian random numbers (mean = 0, SD = 1) 

a and b are the intercept and slope parameters of a linear equation 

s is the SD of the parent population of x 

This is illustrated by the drawing below. 

 

The above differs from that of ( 4.3.2) in that each subgroup is associated with a value of 
another variable, referred to in this section as zi. The objective of the analysis is to determine 
whether there is a linear relationship between x and z and, if so, its parameters and 
properties. 

The parameters and properties in question are: 

– slope (b) and intercept (a) of regression line; 

– equality of variance of subgroups (χ2);. 
– linearity of regression (F). 

a+bz 

sr 

Data point 

z 
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The following is an outline of the calculation sequence. 

Where appropriate, the symbols of Section  4.3.1 etc are used. 

For these calculations: 

Values of yij are for the actual values of variable j in subgroup i 

in  = number of values known in subgroup i 

im  = total number in subgroup i 

iii μβα ,,  and iε  are the “Saw” coefficients for these values of m and n 

k = number of subgroups 

c = intermediate value for χ2 calculation 

A = adjustment factor for χ2 calculation 
b and a are the slope and intercept of the regression line 
tp,n-1 = tabulated value of t  for probability p  and n-1 degrees of freedom 

Calculate the total number of values ∑
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Calculate the total number of values known ∑
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Calculate z-mean 
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Calculate group general mean 
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Calculate mean variance factor 
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Calculate xy-sum of products ∑
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Calculate slope b 
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SPxzb =   (34) 

Calculate intercept a zbxa −=   (35) 
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 (r is the correlation coefficient) 

 

Calculate non-linearity variance 
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Test equality of subgroup variances: 
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Test significance of deviations from linearity 

Calculate F 2
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σ=   (41) 

Degrees of freedom for F N-k (denominator), k-2 (numerator)  
 

Calculate non-regression variance 
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Calculate t 2
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4.3.4 Difference of means of 2 sub-groups 

The t function for the difference of two sub-groups is calculated using Equation 45. 
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4.4 Complete (uncensored) data 

If it is thought desirable, the properties of complete (uncensored) data sub-groups may be 
calculated using Equations 16 to 18, 19 and 45. The values of the coefficients are: 

Calculation of mean of sub-group 
n
11 −=μ   (46) 

Calculation of variance of sub-group 
)1(

1
−

=
n

α  , 
)1(

1
−

=
nn

β   (47) 

Factor for calculation of variance of sub-group mean 1=ε   (48) 

5 Random number generation 

5.1 General 

The generation of normally (Gaussian) distributed pseudo-random numbers is a 2-stage 
process. For each of these numbers two random numbers, uniformly distributed in the range 0 
to 1, are required. These are then used to calculate a number which is a member of a 
normally distributed population. 

Random numbers of both these types are subsequently referred to as "variates": “uniform 
variates” or “normal variates”. 

5.2 Uniform variates 

For generation of the uniformly distributed numbers there are three possible routes: 

• the "RND" function of most computer programming languages; 

• the "linear congruential" (RAN1) calculation procedure; 

• the "subtractive” (RAN 3) calculation procedure. 

The generator to be used must satisfy the following criteria. 

• The number of distinct values which can be generated must be large enough for the 
greatest number of values required for the Monte Carlo simulations to be only a small 
proportion of it. The largest Monte Carlo simulation is likely to require about 1 000 million 
values. 

• There must be no internal correlations between variates within a sequence generated as a 
sample of a single random population for a Monte Carlo simulation. 

The RND function of the computer programming language cannot generally be used because 
the number of distinct values available for the variates is usually quite small (below 1 million 
and often only 60 000). Relatively recent 32-bit software has a larger number of available 
values (about 16 × 106) but even this is not adequate for this work. The function appears 
usually to be based on the linear congruential method without “shuffling”, so that the number 
of available values for normal variates is about one half of this number. 

The linear congruential method has not been used for this work, because initial investigation 
showed that the "shuffling" procedure used to eliminate internal correlations is not always 
effective (see Graph Set 1 and Graph Set 6). For the purposes of the investigation, a 
computer function referred to as ”RAN1” has been used, based on the linear congruential 
method, see Graph Set 6. 

The "subtractive" procedure has been found completely satisfactory. The greatest number of 
distinct values obtainable for the uniformly distributed variates is limited by the maximum size 
of the "long" integer variable in most computer programming languages (2,147 483 
647 × 109). However, since these variates are used in pairs, the maximum number of values 
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of the resulting normal variates may be very much larger than this on account of the 
“shuffling” procedure included. The computer generating function referred to as “RAN3” has 
been used. 

5.3 Normal variates 

For the generation of normally distributed variates, the Box-Muller transformation is used: 

 )2(cos)ln2( 21 xxy π−=  or (49) 

 )2(sin)ln2( 21 xxy π−=   (50) 

where x1 and x2 are uniform variates and y is the required normal variate. 

The values from these expressions are independently normally distributed. but they are 
related to each other. They may therefore be used to generate separate population samples, 
but may not be used together to generate a sample group from one population. For this 
reason, two uniform variates are required to generate a single normal one. 

A modification of the Box-Muller transformation has been developed to avoid the use of the 
trigonometric functions sin and cos, which can be slow. This modification replaces the values 
of x by derived variates within the unit circle at the origin. 

 )12( −= xv  and  (51) 

 2
2

2
1 )12()12( −+−= xxr   (52) 

The sin and cos functions may be replaced by the ratios rv /1  and rv /2  giving the two values 
for the variates 

 rrvz ln2/11 −∗=  and rrvz ln2/22 −∗=   (53) 

Again, these are independently normally distributed, but cannot be used together. A further 
disadvantage of this modification is that modern co-processors have much faster sin and cos 
functions, while the time taken for the tests to ascertain whether the points are within the unit 
circle, and whether there is a stored value is considerable, so that there is no time advantage 
in the use of the modification (see Graph Set 6, Graph Set 7 and Graph Set 8). 

A very useful discussion of random number generation will be found in [2].  

6 Validation procedures 

6.1 Size of samples 

Each sample of data groups for estimation of the distribution function of a statistical property 
(e.g. the F-ratio) may be derived from an (effectively) infinite population having the 
distribution to be estimated. 

The confidence interval associated with the number of values in the sample at any probability 
level is determined by the size of the number. The statistical function relating the standard 
error of an estimated number of values to the total number of data groups in the sample and 
the expected number is the cumulative binomial function. The results in  Annex A have been 
derived using the binomial function. 

The binomial function itself may be described in general terms as follows (extract from [3]). 
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“Suppose an event occurs with a probability p per trial. Then the probability P of its 
occurring k or more times in N trials is termed a cumulative binomial probability, and is 
related to the incomplete beta function “Ix(a,b)” as follows: 

 ( ) ( ) ( )1,1 +−=−= ∑
=

− kNkIppP p

N

kj

jNjN
j  ”  (54) 

In this equation, N is the number of groups in the sample, P is the probability for the required 
confidence interval, p is the probability level in the required distribution function and k is the 
expected number at level p (k = Np). 

When N and k are large (k > about 100) the distribution of the number found is very close to 
normal, with a standard deviation ( )pNp −1  and mean k. 

In this work it was felt that at probability levels down to about 0,001 the upper and lower 
confidence intervals of the number of values should be not more than about 10 % of Np. To 
achieve this, a sample size of 106 is necessary (see  Annex A). 

Two alternative procedures (see  6.2) have been used. In both, a sample of 1 000 000 groups 
is generated, each giving a single value of the required function. These values may be 
arranged in an array in increasing order, and/or included in a histogram of 100 segments. The 
1 000th value (for example) in this array will be the distribution value associated with a 
probability of 0,001. This probability can be considered to be accurate within 10 %. The 
probability of error greater than this is less than 1 %. 

The data in the histograms were used to prepare the graphical representations of the 
distributions in Graph Set 2 to Graph Set 6. 

6.2 Validation of random number generation 

The objective of this work is to establish the distribution functions of the statistical properties 
of censored data groups as required by IEC 60216-3. These properties are: 

• F (variance ratio) 

• Bartlett’s χ2 (Variance equality test) 

• “Student’s” t 

The basic technique used to ascertain the statistical distribution functions is to generate a 
data group and/or sub-groups for which the function values can be calculated. This is 
repeated for a large number of instances of the same group, and the sets of function values 
examined either graphically or numerically (or both), enabling the distribution functions to be 
established empirically. 

The same procedure is also applied to the validation of the random number generation 
process by executing the calculations on uncensored data groups. The distribution functions 
in this case are known. If the distribution functions found are different from these, the 
conclusion is that the generation process is in error, i.e. that the random number generation 
process is not producing accurately normally distributed variates. The procedure is also 
applied to single sub-groups, determining the distributions of the sub-group mean, variance, 
variance of the mean, and t-ratio. 

7 Outline of tasks 

7.1 Optimum size of samples 

See,  4.2,  6.1 and  Annex A. 
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7.2 Uniformly and normally distributed random number generation 

Test validity of possible generation methods for uniformly distributed data (RAN 1 and RAN 3) 
and conversion to normally distributed data by means of the properties of subgroups and 
groups. For conversion to normally distributed data, the modified Box-Muller method (see 
Equations 51 to 53) has not been used, since it offers no advantage and there have been 
some indications that it may not be always valid. Reference [3] is the main reference for these 
tasks. A highly detailed theoretical treatment will be found in [7]. 

7.3 Examine properties of single sub-groups 

7.3.1 Correlation of mean and standard deviation (SD) 

Mean and SD estimates are independent for complete (uncensored) data groups.  

The correlation coefficients of mean and standard deviation (theoretically zero) are listed in 
Annex  A.2 for complete and censored sub-groups. 

7.3.2 Distribution and possible bias of mean and SD estimates 

Determinations of mean, variance, standard error of mean are in Annex  A.3.The distributions 
of estimates of t (ratio of mean to its standard error) are listed in Annex  A.4 

7.4 Examine properties of compound groups 

The details of the properties to be examined are in  8.5. The details of the groups examined 
are in Annex  A.6 and numerical details of some of the results obtained in Annex  A.5. 

7.5 Procedure for testing difference of two means 

This is a widely used test , which is not at present directly used in IEC 60216. It is relevant to 
the calculations of IEC 60216-5 and 60216-6 for the relative thermal endurance 
characteristics. 

The results are presented graphically in Graph Sets 7A and 7B. 

8 Discussion of results and conclusions 

8.1 Optimum size of samples 

In order to achieve satisfactory precision of the final distributions, a sample size of 106 groups 
or sub-groups has generally been used. 

8.2 Correlation coefficients of mean and standard deviation of sub-groups 

For complete sub-groups of normally distributed variates, the correlation coefficient of mean 
and standard deviation should be zero, since theoretically they are independently distributed. 
This has been found to be the case (see Annex  A.2, row 1). It is not true for censored data, 
and values for the regression constants and correlation coefficients are given in Annex  A.2, 
rows 2 and 3. 

Directly related to this is the finding that the ratio of mean to SD of mean for censored data 
sub-groups is no longer t-distributed. See   8.5.2 for details. 

8.3 Values of mean, variance and SD of mean of censored data sub-groups 

See Annex  A.3 for tabulated values as above, both found and expected. 
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8.4 Distribution functions of mean and variance of censored data sub-groups 

The distribution functions of some complete and some censored data sub-groups are shown 
graphically in the graphs of Graph Set 1.  

The mean of censored sub-groups has been found to be normally distributed. However, the 
variance is not distributed according to the expected χ2-function having appropriate degrees 
of freedom. 

8.5 Properties of compound data groups 

Details of the groups analysed are to be found in Annex  A.6. The group structure is 
essentially similar to the structure of the data from “one-way” analysis of variance problems. 

A table of the numerical values of some group function distributions, censored and complete 
are in Annex  A.5. 

8.5.1 F (variance ratio) function 

The values of the variance ratio function (F) are shown graphically in the graphs of Graph 
Set 2 (complete data) and Graph Set 3 and Graph Set 4 (censored). It is concluded that for F, 
the standard statistical function Tables may be employed as in one-way ANOVA, since the 
deviations from the expected distribution do not appear to be significant at any level of 
practical interest. 

8.5.2  “Student’s” t function 

8.5.2.1 Distribution 

It has been found that the distribution function is related to the t-distribution function (t0) by 
the following approximation: 

 Att += 0/1/1 ,  (55) 

this being the equation of a rectangular hyperbola at 45o to the axes. 

The value of the adjustment A is dependent on the size and degree of censoring of the data 
group and its constituent sub-groups. 

The function for the calculation of A has been established by multi-stage linear regression 
methods, using variable A with values established at probability levels of 0,05 and 0,01.The 
initial regression parameters are r and n. The result is in Equation 56. 

 ( )
⎟
⎠
⎞

⎜
⎝
⎛ −−+

⎟
⎠
⎞

⎜
⎝
⎛ −

=

7.104.6
2.6

1

rnr
n
r

A   (56) 

In the above equation, n and r are respectively the total number of data in a group or 
subgroup and the number of values known. The correction for a single sub-group is the same 
as for a composite group. 

The value of the t-ratio is in reasonable agreement with the tabulated value after adjustment 
as indicated in Annex  A.4 and Equation 55. 

8.5.2.2 Application 

The t function is generally used for one of two purposes: 
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a) To establish whether the mean value obtained in a set of data is significantly different from 
an expected value. For this purpose, the t value is adjusted Att −=′ /1/1  and compared 
with the tabulated value. 

b) To determine a confidence interval for the mean. For this purpose, the tabulated value for 
the appropriate number of degrees of freedom is adjusted Att += 0/1/1 . The result is 
used in the equation for the calculation of confidence interval. 

Graphs showing the two modes are in Graph Set 5. 

8.5.3 Bartlett’s χ2 (variance equality) function 

An interesting result is that the Bartlett’s χ2-function for complete data is quite accurately in 
agreement with the tabulated χ2-function, while in the literature the relation is described as 
being “approximate” (see [4] and [5] ). 

For censored data the distribution is not the theoretical χ2. 

The correction multiplier for the χ2 function can be calculated as follows: 

 
2

1211
1

⎟
⎠
⎞

⎜
⎝
⎛ −×⎟

⎠
⎞

⎜
⎝
⎛ −

+= nn
r

A   (57) 

where r and n are as in Equation 56. 

Annex A.5 tabulates the distributions found for F, t and Bartlett’s χ2 with the multiplier factors 
found for χ2. 

8.6 Generation of uniformly distributed random numbers 

The group distribution functions for the F-function and χ2-function shown in Graph Set 6 
(random generation function RAN1 {Linear congruential method} used as a first stage in 
generating normally distributed variates) exhibit substantial departures from normal. This is 
possibly due to internal correlations within the number population generated, and has led to 
the choice of the alternative (subtractive) generation method for preference. 

NOTE This defect of RAN1 is only observed occasionally, and for very large groups. 

8.7 Values of the t-ratio for the difference of two means 

Graph Set 8 comprises graphs of the distribution functions of the ratio of the difference of two 
means to the standard error of this difference (t-ratio). Several different sub-group sizes and 
censoring degrees are included. The main conclusion is that provided the censoring degrees 
of the two sub-groups are approximately equal, the standard t-tables may be used without 
adjustment. 

The correction for use of t-tables when necessary is similar to that of   8.5.2, the value of the 
correction being calculated as follows  
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pA   (58) 

where p is the smaller of r1 and r2. 
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9 Conclusions 

9.1 Random number generation 

9.1.1 Uniform distribution 

A frequent use of uniformly distributed random numbers is as the first stage of generation of 
groups of normally distributed random numbers. For very large data groups (≥ about 100) the 
most widely used algorithm for computer generation of uniformly distributed pseudo-random 
numbers is the “linear congruential” (RAN 1). This appears to suffer intermittent defects which 
lead to non-normal distribution of the product. 

The “subtractive” method of D.E.Knuth (RAN 3) has been found to be consistently satisfactory 
and has roughly the same speed of operation. 

9.1.2 Normal distribution 

For derivation of normally distributed variates from uniform, the simple Box-Muller relation is 
used, even though it requires two uniform for each normally distributed number. The modified 
calculation, which can produce two normal for each two uniform, and eliminates the use of 
sine and cosine functions (reputedly very slow) has not been found to have any speed 
advantage. Further, the two normal variates produced are not independent. 

9.2 Statistical functions of censored data groups 

9.2.1 Simple sub-groups 

9.2.1.1 Group mean and variance 

The group mean estimate has been found to be unbiased (accurate) and itself normally 
distributed. 

The group variance estimate is unbiased, but does not have the expected distribution. 

The variance estimate for the mean is again unbiased. 

The mean and group standard deviation are correlated, which is not the case for uncensored 
data. 

9.2.1.2 Confidence limits 

The ratio of the mean to its standard deviation (the t function) is not distributed as the 
theoretical t-function, but a very simple adjustment dependent only on the group size and 
censored amount corrects quite closely. This correction enables the confidence limits of the 
mean estimate to be calculated using the tabulated t values (see Equations 55 and 56). 
(Adjustment of the tabulated t value is made by subtracting a from the reciprocal of the 
tabulated value). 

9.2.2 Compound groups – Analysis of variance 

Typical examples of compound groups, comprising more than one sub-group, are the data for 
one-way analysis of variance and the regression analysis of thermal endurance data in 
IEC 60216. For these, the most used statistical properties are 

• variance equality: the χ2 function testing the equality of the variances of the sub-
groups; 

• variance ratio: the F-function, testing whether the variance of the group of means of 
the sub-groups is compatible with the variances within the sub-groups; 

• confidence limits of the general mean of all the data, calculated using the t-function. 
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9.2.2.1 Variance equality 

The χ2 function has not been found to conform to the χ2 distribution, but this is remedied by a 
simple multiplier correction, whose value is found from the data numbers of the subgroups 
(see Equation 57). 

9.2.2.2 Variance ratio 

The F-function has been found to be F-distributed, and its significance can be assessed in the 
usual way. 

9.2.2.3 Confidence limits of the general mean 

The t-function is found to have the same distribution properties for compound groups as for 
single sub-groups, and the correction is calculated and applied in the same way. 

9.2.3 Compound groups – Regression analysis 

9.2.3.1 Slope and intercept estimates 

The inaccuracies of the means of the slope and intercept have all been less than 10-3 times 
the parent data standard deviation (equal to 1 in the test samples). The standard deviation of 
the 106 means in all cases so far has been about 0,2 and that of the intercepts 0,4 to 0,5. 

9.2.3.2 Variance ratio 

The distribution of F in the great majority of cases is acceptably close to theoretical. Only in 
an unusual case of widely different sub-group size and fraction censored (6/11, 11/21 and 
21/21) has a result of doubtful acceptability been found.  

For the more usual sub-group dimensions good agreement has been found. These cases 
include: 

• equal size and censoring (e.g. 11/21, 11/21, 11/21); 

• equal size and variable censoring (e.g. 11/21, 15/21, 21/21); 

• variable size and equal uncensored remainder (e.g. 11/21, 11/18, 11/11); 

• group sizes greater than about 30. 

9.2.3.3 Variance equality (χ2) 

The variance equality function (χ2) has the same distribution function as for analysis of 
variance, and therefore has the same correction function. 

9.2.3.4 t-function (for confidence estimates) 

There is again the same behaviour as for analysis of variance. 

9.2.4 Difference of means of 2 sub-groups 

This involves the t-function, calculated using a slight modification of the method for complete 
data (see Equation 45 compared with Equation 15). The correction is given by Equation 58 
applied in the same way as for compound groups (Equation 55). 

If the degree of censoring is the same for both groups, even though they are of different 
sizes, the distribution of the t-function estimate is the theoretical. The difference from theory 
is not significant provided the censoring is approximately the same for both. 
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10 Summary of conclusions and recommendations 

10.1 Summary of conclusions 

• Estimates of primary statistical functions (mean, variance and variance of mean of a 
censored data sub-group) are unbiased. The distribution of the mean is normal, but the 
distributions of the other two are not as for complete data. 

• Estimates of secondary statistical functions (F, t and χ2) are quite close to the 
functions of complete data if simple corrections are made to t and χ2. 

• Uniformly distributed random numbers are best generated using the “subtractive” 
method. 

• The “linear congruential” method is not satisfactory for generation of very large 
samples (more than about 1 million uniformly distributed numbers). 

• For comparison of two means, if the data groups have approximately the same 
censoring fraction, the t function is almost exactly theoretically distributed. If the 
groups are the same in size and censoring point, the distribution is exact. 

10.2 Recommendations 

• Censoring before the median value is not provided for in these calculations. 

• For single “sub-group” tests (comparison of the mean with a constant) ensure that the 
number of data values is at least 11. 

• For composite group tests (e.g. ANOVA or regression analysis) design the sub-groups 
to have as many properties the same as possible e.g. 
– same size, variable censoring (the most likely case for aging tests to IEC 60216); 
– variable size, approximately same censoring fraction; 
– variable size, same known number of data. 

• For comparison of two means, censor after the same fraction. 
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Annex A  
(informative) 

 
Results 

 

A.1 Confidence limits for value counts  

(Results derived using the binomial function) 

Table A.1 below shows the confidence limits for the numbers of function values to be found in 
a data set of 1 000 000 (N=106) groups 

Table A.1 – Confidence limits for value counts 

Probability of 
value, P 

Median rank Upper 1% 
limit 

Upper 5% 
limit 

50%  
(median rank) 

Lower 5% 
limit 

Lower 1% 
limit 

0,00001 10 19 16 10 5 4 

0,00003 30 44 40 30 22 19 

0,0001 100 145 117 100 84 78 

0,0003 300 342 329 300 272 261 

0,001 1000 1075 1053 1000 949 928 

If the probability of a function value is P, the median rank value of the number of times this 
value is found is NP. The upper 1 % confidence limit of this is in column 3 above, and similarly 
for the other confidence limits. 

For P>0,001, the distribution is for all purposes normal, and the standard deviation is  
√(NP(1-P)). 
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Figure A.1 – Confidence limits for value counts 
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A.5 Distribution Values for F, t and χ2  

The values in the following Table are based on sets of 106 groups. In generation of the 
groups, the values are saved in arrays, which are sorted when complete into increasing order. 
The value of the property whose sequence number is equal to the product of the probability 
(column headed p) and 106 is taken as the best estimate of the expected value of the property 
at this probability level. 

The 2nd to 4th columns are the values calculated from the theoretical distributions. The 6th to 
8th are the values from the sets generated. Column 9 is the ratio of the observed value of χ2 
to the theoretical value, and column 10 contains the value (A) of this ratio derived from a large 
number of data sets of varying sizes (Equation (35) in the main text): 
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A.6 Key to graphs for composite groups and single sub-groups 

Section 

(File name in disc) 

Sub-
groups 

Detail 

Graph set 1 1 5/5     RAN 3 

 1 10/10     RAN 3 

 1 21/21     RAN 3 

 1 100/100     RAN 3 

 1 100/100     RAN 1 

 1 200/200     RAN 1 

 1 3/5     RAN  3 

 1 4/7     RAN  3 

 1 5/8     RAN  3 

 1 5/9     RAN 3 

 1 11/21     RAN 3 

 1 15/21     RAN 3 

        

Graph set 2 3 5/5 5/5 5/5   RAN 3 

 3 10/10 10/10 10/10   RAN 3 

 3 21/21 21/21 21/21   RAN 3 

 3 40/40 20/20 10/10   RAN 3 

 3 60/60 60/60 60/60   RAN 3 

 3 101/101 101/101 101/101   RAN 3 

 4 200/200 200/200 200/200 200/200  RAN 3 

 4 5/5 5/5 5/5 5/5  RAN 3 

        

Graph set 3 3 21/41 21/41 21/41   RAN 3 

 4 26/51 26/51 26/51 26/51  RAN 3 

 4 45/51 45/51 45/51 45/51  RAN 3 

 4 47/51 47/51 47/51 47/51  RAN 3 

 4 50/51 50/51 50/51 50/51  RAN 3 

        

Graph set 4 3 3/5 4/5 5/5   RAN 3 

 4 21/21 11/11 8/11 4/7  RAN 3 

 4 31/61 31/51 31/41 31/31  RAN 3 

 4 11/21 14/21 17/21 21/21  RAN 3 

 5 21/21 18/21 16/21 14/21 11/21 RAN 3 

        

Graph set 5 3 6/11 6/11 6/11   RAN 3 See note 

 3 6/11 6/11 6/11   RAN 3 See note 

 3 11/21 11/21 11/21   RAN 3 See note 

 3 11/21 11/21 11/21   RAN 3 See note 

 3 31/61 21/41 11/21   RAN 3 See note 

 3 31/61 21/41 11/21   RAN 3 See note 

 4 31/61 31/51 31/41 31/31  RAN 3 See note 

 4 31/61 31/51 31/41 31/31  RAN 3 See note 
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Section 

(File name in disc) 

Sub-
groups 

Detail 

Graph set 6 4 5/5 5/5 5/5 5/5  RAN 1 

 3 11/11 11/11 11/11   RAN 1 

 3 21/21 21/21 21/21 21/21  RAN 1 

 3 100/100 100/100 100/100   RAN 1 

 4 100/100 100/100 100/100 100/100  RAN 1 

 3 200/200 200/200 200/200 200/200  RAN 1 

 4 100/100 100/100 100/100   RAN 1BM 

 3 100/100 100/100 100/100   RAN 3 BM 

        

Graph set 8 2 41/41 11/21    RAN 3 

2 2 11/21 41/41    RAN 3 

3 2 14/21 11/21    RAN 3 

4 2 11/21 14/21    RAN 3 

5 2 21/21 11/21    RAN 3 

6 2 11/21 21/21    RAN 3 

7 2 11/21 11/21    RAN 3 

8 2 8/11 6/11    RAN 3 

9 2 3/5 5/5    RAN 3 

10 2 4/6 4/6    RAN 3 

11 2 5/5 5/5    RAN 3 

12 2 26/50 26/50    RAN 3 

13 2 16/31 6/11    RAN 3 

14 2 41/41 11/21    RAN 3 

15 2 16/31 16/16    RAN 3 

16 2 10/15 6/9    RAN 3 

 

NOTE Sample pairs in Graph set 6 show the t and χ2 distributions with the adjustment for censoring applied in 
separate graphs either to the observed value or to the theoretical function value. 

A.7 Graph Sets 7A and 7B 

A.7.1 Graph set 7A 

 

Number of 
groups 

Sub-group 
1 

Sub-group 
2 

Sub-group 
3 

Sub-group 
4 

Slope Intercept 

4 11/21 11/21 11/21 11/210 0 0 

4 5/9 5/9 5/9 5/9 0 0 

3 6/11 11/21 16/31  0 0 

3 11/21 18/21 20/21  0 0 
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Number of 
groups 

Sub-group 
1 

Sub-group 
2 

Sub-group 
3 

Sub-group 
4 

Slope Intercept 

3 6/11 6/8 6/6  0 0 

3 11/21 11/21 11/20  0 0 

3 16/31 16/25 16/19  0 0 

3 16/31 16/21 16/16  0 0 

3 11/21 16/21 19/20  0 0 

3 11/20 16/21 21/21  0 0 

3 11/20 16/21 21/21  0 0 

3 26/51 26/26 11/21  0 0 

3 6/11 11/21 21/21  0 0 

 

A.7.2 Graph set 7B 

 

Number of 
groups 

Sub-group 
1 

Sub-group 
2 

Sub-group 
3 

Sub-group 
4 

Slope Intercept 

3 5/9 5/9 5/9  0,5 10 

3 26/51 26/51 26/51  0,5 10 

4 11/21 11/21 11/21 11/21 0,5 10 

3 6/11 11/21 16/31  1 1 

3 11/21 18/21 20/21  0 0 

3 6/11 6/8 6/6  0 0 

3 11/21 11/21 11/20  0,5 10 

3 16/31 16/25 16/19  1 1 

3 16/31 16/23 16/16  0 0 

3 11/21 16/21 19/20  0,5 10 

3 11/20 16/21 21/21  0,5 10 
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Number of 
groups 

Sub-group 
1 

Sub-group 
2 

Sub-group 
3 

Sub-group 
4 

Slope Intercept 

3 11/21 16/21 21/21  1 1 

3 26/51 26/26 11/21  1 1 

3 6/11 11/21 21/21  0,5 10 

3 31/31 31/31 31/31  0,5 103 

3 11/11 21/21 31/31  0,5 10 
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Annex B  
(informative) 

 
Key to graph features 

 

B.1 General 

The following clauses state the significance of the various parts of each type of graph. 

The scales are calculated so that the graph for the theoretical distribution is a straight line, 
approximately diagonally placed in the graph.  

Please note that the line or curve for the observed values will often coincide with the line for 
the theoretical distribution. This is especially true of the graphs for complete data. 

B.2 Graphs showing mean and variance of single sub-groups 

These graphs are contained in the file “Graph Set 1.doc”. 

 

In the graphs for mean, the observed and theoretical lines generally coincide. 

Theoretical Theoretical Theoretical 

Values of χ2 
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B.3 Graphs showing distributions of F, t and χ2 

B.3.1 General 

These graphs are in two sections: 

a) one graph trio for each group tested (file names “Graph Set 2.doc”, Graph Set 3.doc, 
Graph Set 4.doc and Graph Set 6.doc); 

b) two graph trios for each group: the first showing the theoretical distribution values 
adjusted to compare with the observed distribution, the second showing the observed 
values adjusted for comparison with the theoretical. (Graph Set 5.doc). 

B.3.2 Section a) 
 

 
F graph 

 
 

 
χ2 graph 

Theoretical 

Values of F

Theoretical 

Adjusted 
values 

Values of χ2 
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In the above graph, the adjusted theoretical values are shown for comparison with the 
observed values. 

 

 
t graph 

In the t-graph, the observed values and the adjusted theoretical values almost coincide. The 
adjusted values are shown by the dashed curve. 

B.3.3 Section b) 

The graphs are in consecutive pairs, the first showing the theoretical distribution values 
adjusted to compare with the observed distribution, the second showing the observed values 
adjusted for comparison with the theoretical. 

The makeup of the graphs is the same as in Section a), with the above difference between the 
pairs. The t-graphs are shown as example 

 
Theoretical value adjusted 

 

Observed value adjusted 

B.4 Values of the t-ratio for the difference of two means 

Values of the t-ratio for the difference of two means 

Theoretical 
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