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Abstract: Methods of describing random instabilities of importance to frequency and time
metrology are covered in this standard. Quantities covered include frequency, amplitude, and
phase instabilities; spectral densities of frequency, amplitude, and phase fluctuations; and time-
domain deviations of frequency fluctuations. In addition, recommendations are made for the
reporting of measurements of frequency, amplitude, and phase instabilities, especially with regard
to the recording of experimental parameters, experimental conditions, and calculation techniques.

Keywords: AM noise, amplitude instability, FM noise, frequency domain, frequency instability,
frequency metrology, frequency modulation, IEEE 1139™, noise, phase instability, phase
modulation, phase noise, PM noise, time domain, time metrology
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Important Notices and Disclaimers Concerning IEEE Standards Documents

IEEE Standards documents are made available for use subject to important notices and legal disclaimers.
These notices and disclaimers, or a reference to this page (https://standards.ieee.org/ipr/disclaimers.html),
appear in all standards and may be found under the heading “Important Notices and Disclaimers
Concerning IEEE Standards Documents.”

Notice and Disclaimer of Liability Concerning the Use of IEEE Standards
Documents

IEEE Standards documents are developed within IEEE Societies and subcommittees of IEEE Standards
Association (IEEE SA) Board of Governors. IEEE develops its standards through an accredited consensus
development process, which brings together volunteers representing varied viewpoints and interests to
achieve the final product. IEEE Standards are documents developed by volunteers with scientific,
academic, and industry-based expertise in technical working groups. Volunteers are not necessarily
members of IEEE or IEEE SA and participate without compensation from IEEE. While IEEE administers
the process and establishes rules to promote fairness in the consensus development process, IEEE does not
independently evaluate, test, or verify the accuracy of any of the information or the soundness of any
judgments contained in its standards.

IEEE makes no warranties or representations concerning its standards, and expressly disclaims all
warranties, express or implied, concerning this standard, including but not limited to the warranties of
merchantability, fitness for a particular purpose and non-infringement. In addition, IEEE does not warrant
or represent that the use of the material contained in its standards is free from patent infringement. IEEE
standards documents are supplied “AS IS” and “WITH ALL FAULTS.”

Use of an IEEE standard is wholly voluntary. The existence of an IEEE Standard does not imply that there
are no other ways to produce, test, measure, purchase, market, or provide other goods and services related
to the scope of the IEEE standard. Furthermore, the viewpoint expressed at the time a standard is approved
and issued is subject to change brought about through developments in the state of the art and comments
received from users of the standard.

In publishing and making its standards available, IEEE is not suggesting or rendering professional or other
services for, or on behalf of, any person or entity, nor is IEEE undertaking to perform any duty owed by
any other person or entity to another. Any person utilizing any IEEE Standards document, should rely upon
his or her own independent judgment in the exercise of reasonable care in any given circumstances or, as
appropriate, seek the advice of a competent professional in determining the appropriateness of a given
IEEE standard.

IN NO EVENT SHALL IEEE BE LIABLE FOR ANY DIRECT, INDIRECT, INCIDENTAL, SPECIAL,
EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED TO: THE
NEED TO PROCURE SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS;
OR BUSINESS INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY,
WHETHER IN CONTRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR
OTHERWISE) ARISING IN ANY WAY OUT OF THE PUBLICATION, USE OF, OR RELIANCE
UPON ANY STANDARD, EVEN IF ADVISED OF THE POSSIBILITY OF SUCH DAMAGE AND
REGARDLESS OF WHETHER SUCH DAMAGE WAS FORESEEABLE.
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Translations

The IEEE consensus development process involves the review of documents in English only. In the event
that an IEEE standard is translated, only the English version published by IEEE is the approved IEEE
standard.

Official statements

A statement, written or oral, that is not processed in accordance with the IEEE SA Standards Board
Operations Manual shall not be considered or inferred to be the official position of IEEE or any of its
committees and shall not be considered to be, nor be relied upon as, a formal position of IEEE. At lectures,
symposia, seminars, or educational courses, an individual presenting information on IEEE standards shall
make it clear that the presenter’s views should be considered the personal views of that individual rather
than the formal position of IEEE, IEEE SA, the Standards Committee, or the Working Group. Statements
made by volunteers may not represent the formal position of their employer(s) or affiliation(s).

Comments on standards

Comments for revision of IEEE Standards documents are welcome from any interested party, regardless of
membership affiliation with IEEE or IEEE SA. However, IEEE does not provide interpretations,
consulting information, or advice pertaining to IEEE Standards documents.

Suggestions for changes in documents should be in the form of a proposed change of text, together with
appropriate supporting comments. Since IEEE standards represent a consensus of concerned interests, it is
important that any responses to comments and questions also receive the concurrence of a balance of
interests. For this reason, IEEE and the members of its Societies and subcommittees of the IEEE SA Board
of Governors are not able to provide an instant response to comments, or questions except in those cases
where the matter has previously been addressed. For the same reason, IEEE does not respond to
interpretation requests. Any person who would like to participate in evaluating comments or in revisions to
an IEEE standard is welcome to join the relevant IEEE working group. You can indicate interest in a
working group using the Interests tab in the Manage Profile & Interests area of the IEEE SA myProject
system.! An IEEE Account is needed to access the application.

Comments on standards should be submitted using the Contact Us form.?

Laws and regulations

Users of IEEE Standards documents should consult all applicable laws and regulations. Compliance with
the provisions of any IEEE Standards document does not constitute compliance to any applicable
regulatory requirements. Implementers of the standard are responsible for observing or referring to the
applicable regulatory requirements. IEEE does not, by the publication of its standards, intend to urge action
that is not in compliance with applicable laws, and these documents may not be construed as doing so.

! Available at: https://development.standards.ieee.org/myproject-web/public/view.html#landing.
2 Available at: https://standards.ieee.org/content/ieee-standards/en/about/contact/index.html.

A Documents
Copyright © 2022 IEEE. All rights reserved. Document Sharing Hub

Authorized licensed use limited to: Tsinghua University. Downloaded on February 24,2026 at 10:19:31 UTC from IEEE Xplore. Restrictions apply.

Full document details: IEEE 1139-2022


https://development.standards.ieee.org/myproject-web/public/view.html#landing
https://development.standards.ieee.org/myproject-web/public/view.html#landing
https://standards.ieee.org/content/ieee-standards/en/about/contact/index.html
https://development.standards.ieee.org/myproject-web/public/view.html#landing
https://standards.ieee.org/content/ieee-standards/en/about/contact/index.html
http://www.avadocuments.com/doc/ieee-1139-2022
http://www.avadocuments.com/doc/ieee-1139-2022

Data privacy

Users of IEEE Standards documents should evaluate the standards for considerations of data privacy and
data ownership in the context of assessing and using the standards in compliance with applicable laws and
regulations.

Copyrights

IEEE draft and approved standards are copyrighted by IEEE under US and international copyright laws.
They are made available by IEEE and are adopted for a wide variety of both public and private uses. These
include both use, by reference, in laws and regulations, and use in private self-regulation, standardization,
and the promotion of engineering practices and methods. By making these documents available for use and
adoption by public authorities and private users, neither IEEE nor its licensors waive any rights in
copyright to the documents.

Photocopies

Subject to payment of the appropriate licensing fees, IEEE will grant users a limited, non-exclusive license
to photocopy portions of any individual standard for company or organizational internal use or individual,
non-commercial use only. To arrange for payment of licensing fees, please contact Copyright Clearance
Center, Customer Service, 222 Rosewood Drive, Danvers, MA 01923 USA; +1 978 750 8400;
https://www.copyright.com/. Permission to photocopy portions of any individual standard for educational
classroom use can also be obtained through the Copyright Clearance Center.

Updating of IEEE Standards documents

Users of IEEE Standards documents should be aware that these documents may be superseded at any time
by the issuance of new editions or may be amended from time to time through the issuance of amendments,
corrigenda, or errata. An official IEEE document at any point in time consists of the current edition of the
document together with any amendments, corrigenda, or errata then in effect.

Every IEEE standard is subjected to review at least every 10 years. When a document is more than 10 years
old and has not undergone a revision process, it is reasonable to conclude that its contents, although still of
some value, do not wholly reflect the present state of the art. Users are cautioned to check to determine that
they have the latest edition of any IEEE standard.

In order to determine whether a given document is the current edition and whether it has been amended

through the issuance of amendments, corrigenda, or errata, visit IEEE Xplore or contact IEEE.? For more
information about the IEEE SA or IEEE’s standards development process, visit the IEEE SA Website.

Errata

Errata, if any, for all IEEE standards can be accessed on the IEEE SA Website.* Search for standard
number and year of approval to access the web page of the published standard. Errata links are located

3 Available at: https://ieeexplore.ieee.org/browse/standards/collection/ieee.
4 Available at: https://standards.ieee.org/standard/index.html.
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under the Additional Resources Details section. Errata are also available in IEEE Xplore. Users are
encouraged to periodically check for errata.

Patents

IEEE Standards are developed in compliance with the IEEE SA Patent Policy.’

Attention is called to the possibility that implementation of this standard may require use of subject matter
covered by patent rights. By publication of this standard, no position is taken by the IEEE with respect to
the existence or validity of any patent rights in connection therewith. If a patent holder or patent applicant
has filed a statement of assurance via an Accepted Letter of Assurance, then the statement is listed on the
IEEE SA Website at https://standards.ieee.org/about/sasb/patcom/patents.html. Letters of Assurance may
indicate whether the Submitter is willing or unwilling to grant licenses under patent rights without
compensation or under reasonable rates, with reasonable terms and conditions that are demonstrably free of
any unfair discrimination to applicants desiring to obtain such licenses.

Essential Patent Claims may exist for which a Letter of Assurance has not been received. The IEEE is not
responsible for identifying Essential Patent Claims for which a license may be required, for conducting
inquiries into the legal validity or scope of Patents Claims, or determining whether any licensing terms or
conditions provided in connection with submission of a Letter of Assurance, if any, or in any licensing
agreements are reasonable or non-discriminatory. Users of this standard are expressly advised that
determination of the validity of any patent rights, and the risk of infringement of such rights, is entirely
their own responsibility. Further information may be obtained from the IEEE Standards Association.

IMPORTANT NOTICE

IEEE Standards do not guarantee or ensure safety, security, health, or environmental protection, or ensure
against interference with or from other devices or networks. IEEE Standards development activities
consider research and information presented to the standards development group in developing any safety
recommendations. Other information about safety practices, changes in technology or technology
implementation, or impact by peripheral systems also may be pertinent to safety considerations during
implementation of the standard. Implementers and users of IEEE Standards documents are responsible for
determining and complying with all appropriate safety, security, environmental, health, and interference
protection practices and all applicable laws and regulations.

3 Available at: https://standards.ieee.org/about/sasb/patcom/materials.html.
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Introduction

This introduction is not part of IEEE Std 1139-2022, IEEE Standard for Definitions of Physical Quantities for
Fundamental Frequency and Time Metrology—Random Instabilities.

Techniques to characterize and measure the frequency, phase, and amplitude instabilities in frequency and
time devices are of fundamental importance to all manufacturers and users of frequency and timing signals.

In 1964, Standards Coordinating Committee 14 and, in 1966, the Technical Committee on Frequency and
Time were formed to prepare an IEEE standard on frequency stability. In 1969, these committees
completed a document proposing definitions for measures of frequency and phase stabilities (Barnes [B8]).
In 1988, an updated IEEE standard on frequency stability was published as IEEE Std 1139-1988, IEEE
Standard Definitions of Physical Quantities for Fundamental Frequency and Time Metrology. Later on,
revisions of this standard were published as IEEE Std 1139-1999 and IEEE Std 1139-2008, with the 1999
and 2008 revisions named /EEE Standard Definitions of Physical Quantities for Fundamental Frequency
and Time Metrology — Random Instabilities. The recommended measures of instabilities in frequency
generators have gained acceptance among frequency and time users throughout the world.

This standard is a revision of IEEE Std 1139-2008, which was prepared by a previous Standards
Coordinating Committee 27, consisting of Eva S. Ferre-Pikal, Chair; John R. Vig, Vice Chair; James C.
Camparo, Christopher R. Ekstrom, Charles A. Greenhall, Lute Maleki, Victor Reinhardi, William J. Riley,
Fred L. Walls, and Joseph D. White.

Most of the major manufacturers now specify instability characteristics of their standards in terms of the
recommended measures. This standard thus defines and formalizes the general practice.
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1. Overview

1.1 Scope

This standard covers the fundamental metrology for describing random instabilities of importance
to frequency and time metrology. Quantities covered include frequency, amplitude, and phase
instabilities; spectral densities of frequency, amplitude, and phase fluctuations; and time-domain
deviations of frequency and phase fluctuations. In addition, recommendations are made for the
reporting of measurements of frequency, amplitude, and phase instabilities, especially with i
regard to calculation techniques, but also including the—recerding—ef experimental parameters;
experimental —conditions,—and—ecalealation—techniques. The annexes cover basic concepts and

definitions, time prediction, and confidence limits when estimating deviations and spectral densities

from a finite data set. The annexes also cover translation between the frequency domain and time
domain instability measures, examples on how to calculate the time-domain measures of frequency
and phase fluctuations, and an extensive bibliography of the relevant literature. Systematic
instabilities, such as environmental effects and aging, are discussed in IEEE Std 1193™ [B39]" 2.2003

B4

1.2 Purpose

This standard defines and formalizes the techniques and physical quantities used to measure and

characterize frequency, phase, and amplitude instabilities in time and frequency instruments and

systems.

! Notes in text, tables, and figures are given for information only and do not contain requirements needed to implement the

standard.

2 The numbers in brackets correspond to those of the bibliography in Annex F.
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1.3 Word usage

The word shall indicates mandatory requirements strictly to be followed in order to conform to the

standard and from which no deviation is permitted (shall equals is required to).3*

The word should indicates that among several possibilities one is recommended as particularly

suitable, without mentioning or excluding others; or that a certain course of action is preferred but

not necessarily required (should equals is recommended that).

The word may is used to indicate a course of action permissible within the limits of the standard

(may equals is permitted to).

The word can is used for statements of possibility and capability, whether material, physical, or

causal (can equals is able to).

2. Normative references

The following referenced documents are indispensable for the application of this document (i.e.,

they must be understood and used, so each referenced document is cited in text and its relationship

to this document is explained). For dated references, only the edition cited applies. For undated

references, the latest edition of the referenced document (including any amendments or corrigenda)

applies.

There are no normative references in this standard.

3 The use of the word must is deprecated and cannot be used when stating mandatory requirements; must is used only to describe

unavoidable situations.

4 The use of will is deprecated and cannot be used when stating mandatory requirements; will is only used in statements of fact.
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3. Definitions, acronyms, and abbreviations

3.1 Definitions

For the purposes of this document standard, the following terms and definitions apply. The

Autheritative—Dietionary—of—IEEE Standards Dictionary Online—Ferms—B54} should be consulted
refereneced for terms not defined in this clause.> H-ambiguities—are—ereated-betweenthe narrative

amplitude spectrum S(f) : One-sided spectral density of the normalized amplitude fluctuations, as

defined in fractional nermalized amplitude fluctuations a(t).

bias: The difference between the average measured expeeted value of an estimator of a statistic and

its correct value.

confidence interval: An interval of uncertainty associated with an estimate of an instability measure
from a finite number of measurements. The endpoints of a confidence interval are called confidence

limits.

frequency spectrum Sy(f): One-sided spectral density of the normalized frequency fluctuations, as

defined in terms of fractional nermalized frequency fluctuations y(t).

estimated frequency: The estimated value of the nominal signal frequency v found by weighting

phase or frequency measurements over a measurement interval. The measured frequency is in

general time dependent and is represented by v (#) .

fractional frequency nermalized-amplitude-fluctuations a(f): Instantaneous normalized amplitude

departure from a nominal amplitude.

SIEEE Standards Dictionary Online is available at: http://dictionary.ieee.org. An IEEE Account is required for access to the dictionary,

and one can be created at no charge on the dictionary sign-in page.
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fractional frequency fluctuations v () : Normalized difference between the instantaneous frequency

v (#) and the nominal signal frequency vo , expressed as ()= v(t)=v
_ v

phase fluctuations ¢ (f) : Instantaneous phase deviation departure from a nominal phase.

phase noise L ( f) : One-half of the phase spectrum So ( f) ~as-defined-in-phase speetrum-So(f).

phase spectrum S¢_( f): One-sided power spectral density of the phase fluctuations.

time fluctuations x (¢) : Instantaneous time deviation departure from a nominal time. x (f) is also

sometimes referred to as the phase (with units of seconds), or simply as the “time deviation.”

time interval error (TIE): The time difference between a real clock and an ideal uniform time scale

following a timre-period of time t after-perfeet synchronization.
time spectrum Sx(f): A one-sided spectral density of the time fluctuations.

two-sample deviation oy(t) : Also called the Allan deviation_and abbreviated by ADEV; the square

root of the two-sample variance ¢;(r) .ADEV is most commonly used to characterize the instability

of frequency measurements through oy (1) , but can be used to characterize the instability of other

quantities, such as 0« (1) to characterize amplitude instability.

two-sample variance gﬁ {T'] - Also called the Allan variance_and abbreviated by AVAR; one-half
the time average of the square of the difference between the averages of fractional nermalized
frequency fluctuations over two adjacent time intervals of length t; with no dead time between the

two averaging intervals.

3.2 Acronyms and abbreviations

ADEV Allan deviation

AVAR Allan variance
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PDF Probability density function

4. Standards for characterizing or reporting measurements of frequency,

amplitude, and phase instabilities

The most common standard measure used for characterizing frequency and phase instabilities in the
frequency domain is L ( f) (pronounced “script-ell of f ”), defined as one half of the one-sided

spectral density of phase fluctuations:

L{f'J:%S,. (f)- &)

The dimensions of S¢ (f) and of L (f) are squared angle divided by a frequency, which is rad2/Hz

in the case of S® () . However, the unit of L ( f) does not have a name in the International System of

Units. It is common practice to express L ( f) in dBc/Hz, which refers to the historical definition of L (

f) , where the noise in 1 Hz bandwidth was given in terms of “dB below the carrier.” However, this

interpretation does not hold in cases of strong phase modulation. With the above definition of L ( f)

in terms of S (), the unit “dBc” is still used but does not generally mean “dB below the carrier.”

A.2 provides further details.

A frequency standard is most often characterized in the frequency domain by a plot or a table of L ( f

) versus Fourier frequency f.

Annex—A—and-AnnexBforfurtherdiseussion)—Thestandard measure_used for characterizing

amplitude instability in the frequency domain is one half of the one-sided spectral density of the

normalized amplitude fluctuations, 7s,(r). The units of Sa (f) are 1/Hz.—When expressed-in-decibels

the—ants—of 1o S{fare-dBe/Hz(dBbelowthe—carrierinatHz bandwidthy—See-Annex A for a

detailed discussion on spectral densities.
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In the time domain, the standard measure of frequency and phase instabilities is the two-sample

deviation o v (t ), also called the Allan deviation (ADEV). ex«#)- A frequency standard deviee shall

be characterized by the two-sample deviation and presented in a plot or table of oy(7) versus the

integration period, averaging-time-1_. The cutoff frequency ( fu )-—¥n-seme-ecasesproviding-diserete
measurement system-bandwidth(fi)-and the total measurement period time shall be indicated. For

some applications, other instability measures are appropriate (see Annex A for further discussion).

In—addition—The provisions in 4 3.1, 42, and 4.3 shall be followed 32-arerecommended when

reporting measurements on frequency and phase instabilities.

4.1 Relevant measurement and analysis parameters shall be given

For the measurement of variances and deviations in the time domain, relevant measurement and

analysis parameters include the following:

a) The nominal signal frequency vo .

b) The method of measurements or the instrumentation used.

c) The cutoff frequency f 1 set by the signal source instrumentation or measurement system.

d) The number of contiguous frequency measurements (data samples) M of period 7o or time

deviation measurements N = M + 1 , resulting in a total measurement period Mt and a

sampling rate of 1 to.

e) The characteristics of the reference signal(s). In the case of one reference, equal or lower noise

than the signal under test is needed. In the case of two or more references, the rejection of the

noise of the references provided by the method or by the instrument shall be reported.

f) The calculation techniques (see Annex A).

¢) The confidence interval (or uncertainty) of the estimate and its statistical probability (e.g., 1 ¢

for 68%, 2 o for 95%). See Annex E.
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h) The environment during measurement.

For the measurement of power spectral densities in the frequency domain, relevant measurement

and analysis parameters include the following:

a) The nominal signal frequency vo .

b) The method of measurements or the instrumentation used.

c) The resolution bandwidth, i.e., the bandwidth associated to each bin of the plot.

d) The number of averaged spectra or cross spectra for each segment of the plot.

e) The characteristics of the reference signal(s). In the case of one reference, equal or lower noise

than the signal under test is needed. In the case of two or more references, the rejection of the

noise of the references provided by the method or by the instrument shall be reported.

f) The impedance matching condition at the carrier frequency vo and in the analysis bandwidth

+B centered at vo, where B is the maximum Fourier frequency in the plot of L (f).

¢) The minimum detectable noise of the instrument or method in the measurement conditions

(power, frequency, etc.).

h) The environment during measurement.

4.2 Any preprocessing shall be indicated

Random instabilities of the frequency standard under test should be characterized without any

spurious effects given by artifacts and measurement errors. To this aim, an initial visualization and

inspection of the data is always recommended.

In some cases, it is advisable to remove trends from aging or systematic environmental instabilities

to focus on pure random noises (A.4).

Any pretreatment on measured data shall be stated together with the results of the analysis.
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4.3 Nonrandom phenomena sheuld-berecognized

The following nonrandom phenomena should be recognized:

a) Any observed time dependence of the statistical measures should be stated.

b) Known environmental sensitivities should be stated (for example, the dependence of

frequency and/or phase on temperature, magnetic fields, barometric pressure, and vibration).

Environmental sensitivities are the topic of IEEE Std 1193™ [B39].

¢) The method of modeling any systematic behavior should be specified (e.g., an estimate of the
linear frequency drift was obtained from the coefficients of a linear least-squares regression to
M frequency measurements, each with a specified averaging or sample period T and

corresponding cutoff frequency Hime+and-measurementbandwidth f1 )

d) Periodic disturbances should be listed with frequency and relative strength.
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Annex A
(informative)
Measures of frequency, amplitude, and phase instabilities

A.1 General terms

The instantaneous signal output veltage-of a-precision oscillator,-ean-be expressed here in terms of a

voltage, can be written as

V(1) = (7 + £(0) cos 2yt + (). A
New
e —
v(t) = (V, + £(£)) sinQmsttrptrT) (A1)
e —
(Deleted)

where

Vo  is the nominal peak voltage amplitude

g(t) is the deviation from the nominal amplitude

vo is the nominal frequency

®(t) is the phase deviation from the nominal phase 27tvot

From ¢ (t), we can also derive the instantaneous time deviation x(r)= 4(1) |so that Equation (A.1) can

be expressed as
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V(rj={I@+s{r))cos{2wa(f+x(rj:]_ (A2)

New

Figure A.la illustrates a signal with amplitude instability resulting in fluctuations of the peak

voltage. Figure A.1b illustrates a signal with pure phase instability, with the phase fluctuations

translating into to fluctuations in the period of oscillation and the zero crossings (the points where

the waveform crosses zero). The pink arrows emphasize the quantities that are not affected by noise,

which for AM noise are the zero crossings and for PM noise are the amplitudes. The blue ovals

emphasize where the noise appears strongest for the different instability types (See Rubiola, [B59]

and Rubiola and Vernotte [B60].)

Ala amplitude £(t) x(t)  phase A.lb
fluctuation —»| |~ fluctuation
L

L L 7~
Yo /\ """ NIRRT Y7
t

New

~

Figure A.1—Illustration of pure amplitude noise (A.1a) and pure phase

(frequency) noise (A.1b) applied to a pure sinusoid (shown in brown)
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ingmability

Frequency instability of a precision oscillator is defined in terms of the instantaneous, fractional

nermalized frequency deviation, y (t) , which can also be expressed in terms of the time derivative of

the instantaneous phasedeviation as fellews

y(=2t)=% _ #0) (a3)
Vy 2mvy

where v () is the instantaneous frequency {time-derivative-of the phase-divided-by27); and

- dp(r)
#lt)= A (A4

In terms of the instantaneous time deviation, the instantaneous, fractional frequency deviation is

_dx[:r:l
T

y(t) (A.5)

New

Amplitude instability is defined in terms of the instantaneous_fractional—nermalized amplitude

deviation
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alt)= ﬂ (A.6)

(A6)

Deleted)

Other random phenomena observed in certain oscillators include are frequency jumps, that is,
discontinuities in the frequency of oscillation. These phenomena are not repetitive or well

understood, and cannot be characterized by standard statistical methods.
A.2 Frequency domain

In the frequency domain, frequency, amplitude, and phase instabilities can be defined or measured

in terms of by one--sided power spectral densities of the fluctuations of these quantities (see Table

A.l). From a purely mathematical point of view, the formal definitions of these instabilities as

applied to frequency control are quite complicated. From an engineering point of view, the

definitions can be straightforward and related to measurements of the amplitude, frequency, and

phase values and the measurement bandwidth. For more background into the expressions in this

section, see references Leeson [B44], Howe et al. [B33], Allan and Barnes [B3], and Stein [B64].

The most widely used method for evaluating the one-sided power spectral density is with a Fast

Fourier transform (FFT) algorithm (see Welch [B77]). The output of an FFT algorithm, O ( f), is the

Fourier transform of the data record g (#) and is a complex vector. O ( f) can be used to calculate the

power spectral density of g (t ) through
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s, [jf)=%gtjfj o' (/). %)

New

where T is the total acquisition period used to acquire the data record g () . The factor of two in

Equation (A.7) corrects the total power after deleting the negative (redundant) frequencies of O (f).

The frequency resolution of the FFT is equal to 1/ T . Corrections for various window functions for

discrete Fourier transforms are accounted for in software [B26]. Formulations of Equation (A.7) for

fractional frequency, phase, and time deviation are used to compute the power spectral densities of

these quantities (see Stein [B64]).

Expressed in basic mathematical terms, the power The-measure—offrequency—instabilityis—the

spectral density of normalized frequency fluctuations, Sy (f) is given by

5,(f)= ﬂ%{.‘" (£)- (A.8)

New

S, ()= Yo ()

where|(,*(r)}|is_the mean-squared fractional frequency fluctuation in a band Aft of Fourier

frequencies centered on the frequency f. The units of S v ( f) are 1/Hz. The subscript k indicates that

the bandwidth can be variable depending on the measurement resolution.
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This expression for Sy (f) in Equation (A.8) can be derived from the Fourier transform relation

between power spectral density and autocorrelation function:

lim 1 % TR \
T—oor ) WH=1)= ! 5,(NY - (A9)
New

so that for sufficiently narrow Fourier frequency bands (such that Sy ( ) is approximately constant

over the bandwidth) we have

o oo

()22 (h)an =3 (4 (5) (819

k=1 &=l

New

Similarly, the measure of amplitude instability is the power spectral density of fractional amplitude

fluctuations Sa (), given by

S,(7) =37 (e (7)- (a11)

New

The units of S« (f) are 1/Hz. Here, (a2{ i ]l} is the mean-squared fractional amplitude fluctuation at

an offset or Fourier frequency f from the carrier and Afk is the bandwidth of the measurement

system.
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Phase instability can be characterized by the power spectral density of phase fluctuations; S¢(f),

given by

5,(f)= Aiﬁ{ﬁf)} | (A12)

New

8,(f) = () ——

(Deleled)
The units of S¢(f) are rad2/Hz. Here |(¢*(f))| -too€m(f) is the mean-squared phase fluctuation an
rms-value in a specific Fourier frequency band.

As-mentioned-previoushyy—S+{f); Sa (f), and Sy (f), are one-sided spectral densities_that—and apply

over a Fourier frequency f range from 0 to . They are equivalent to twice the-sums-of the two-sided
or single sideband spectral densities (see Table A.1), which are the complex Fourier transforms of

their respective autocorrelation functions, for both positive and negative frequencies f and - f . Fhis

al ses ] | loxe Bt corrof-areal time-doma; s both real
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So(f) is-the-quantity-that has been historically utilized (see Cutler and Searle [B17 B29]) in frequency

metrology; however, over the years L ( f )has become the most used prevailing measure of phase

noise among manufacturers and users of frequency standards for characterizing both frequency and

phase instabilities in the frequency domain. Aeecording-to-the-old-definition{see Kartaschoff {B59});

power density in one pir

L(f)= :
wml power

(Peleted)
The ol definition of L(f is related-to-Su(f by

(A.10)

5,(1)

2

L(f)= (A.13)

Usually, L(f) is expressed in decibels (dB) as 10 logiL(f), and its units are given dB-below-the-carrier
in—a—1Hz bandwidth,—generallyabbreviated-as dBc/Hz._While “dB” and “Hz” have their usual

“"_yr

meaning, “c” should be taken as an arbitrary unit, related to the historical practice of measuring the

noise in 1 Hz bandwidth in reference to the carrier power. For small values of the mean-squared

phase deviation, has the simple interpretation of being equal to the power density in one phase noise

modulation sideband (per Hz) divided by the total signal power. This interpretation holds only in

the case of additive noise, which splits equally between amplitude noise and phase noise, and

becomes meaningless in the case of strong modulation.

Estimates of the uncertainty of L ( f) from measurement parameters are summarized by Hati et al.

[B25]. For an oscillator in use in the field, for example on a vehicle, L ( ) is often dominated by

phase noise from vibrations. Phase noise from vibrations is discussed in detail in IEEE Std 1193™

[B39].
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Definitions of spectral densities and their relations are given in Table A.1-

Table A.1—Spectral density definitions

Name

Classical variance

Relationships assuming even symmetry with

S(£)=5(=/)

One-sided spectral density
Sysidea ()

j:‘ SI—_-'_"M {f}df

S\ _sided '[fJ' =28} e '{fJ

Two-sided spectral
density
S]—:.‘dm‘ {f '

J’;"' 52—.-'_"&2' {f}df

5 sided {f) = %Sl—;r'dad [f)

L(f)

I, 2 cls)er

£(£) =S s ()

E(fJ:Sp.]—:fM [f] for >0
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\Name Error variance Eelationships (assumes £f svimmetry) /

Dne_s{iimm, J:df‘g1_:m(f) S1ciaed () = Spsp(f) = 28 1a0a (f) = 2855 (FF=2L(f)

S\ cided (f) \

T\w'ﬁ;@ml I_i df s, ) S—sidea () = W&_MM (f)="Sps(f)
S -sidea f) S~
e ey | | i) W(J‘ ) =S d () = VS ps ()
Ssss(f)
Double sideband = ] 5 (f):S ) (f}:') (f)=25 (f)z)f'(f}
spectral W:‘ DSB 1—sided .)hd\m 2
density S peg ( f)/
% 2T c(r) | E = Ss2() = Sraa(N) =S eiea () =g (/)

{Deletedy
Phase instability can also be nermalized-se-thatitis-expressed as time instability by Sx ( f), the one-

sided power spectral density of the phase fluctuations expressed in units of time (x(t)).:

s (f)=—(x* ()} (A14)

8o () =X () =z
(Peleted)

where |(x*(f)}| is_the mean-squared phase fluctuation in a band of Fourier frequencies centered on

the frequency f with the phase expressed in units of time. The units of Sx (f)ares2 /Hz .S} (),

and Sx ( f) are related by

Sx(farerelated-by

S.(f)=

5,(f)- (A.15)

(2mvy }] ¢
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Since angular frequency is the time derivative of the phase, the spectral densities of frequency and

phase fluctuations are related. By inserting the relationship for|, ;=1 49linto Equation (A.8) and

noting from the properties of Fourier transforms that (with 2 = -1 ), one can

dg(t)  ie p
() _io ~
dt 2 =

show

5,(f)= (227 5,(7)=L55,(f). (A.16)

Ve

Other quantities related to phase instability are phase jitter and wander. The International
Telecommunication Union (ITU) defines ftiming}jitter and wander as variations (fdeviations)} of the
significant instants of a timing signal from their ideal positions in time excluding frequency offsets

and drifts,—where The jitter consists of variations with Fourier frequency above 10 Hz.—and The

wander consists of variations with Fourier frequency below 10 Hz (see ITU-T Recommendation

[, ]
Piine = f S,(f)df| . (A.17)
A

which is the square root of the integral of S¢(f) over the Fourier frequencies between a low frequency
cutoff fi and high-frequency cutoff f> determined by the filtering properties of the application being
considered. The use of 10 Hz for fi is useful for standardizing—preduecers—of time and frequency
equipment, but care should be exercised because this cutoff is not necessarily related to user

requirements, and other cutoff frequencies might be relevant in some contexts. It-is-alse-noted-thatit

is also noted that it is necessary to specify f» in—order—to properly define phase jitter deviation.

Equation (A.17 46) assumes infinitely sharp filters. In practice, this is difficult hare to achieve and
there can be contributions to the measured jitter deviation from phase noise outside the region of

interest if the filter skirts are not steep enough.
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Similarly, one can define phase wander deviation as the square root of the integral of S¢ (f) over
Fourier frequencies below f1 , although it-isneted-that-this quantity diverges when negative power

law noise (including flicker phase noise, white frequency noise, flicker frequency noise, and

random-walk frequency noise) is present. It is also reted-thatis-not possible to obtain S¢(f) from the

phase jitter deviation; unless the shape of S¢(f) is known.

A.3 Time domain

A.3.1 Two-Sample (Allan) deviation

In the time domain, a standard measure for defining a frequency standard’s frequency uncertainty

(also called the an-eseillater’s-frequency instability) is the defired-by—=a two-sample deviation oy(t),.

The two-sample deviation, also known as ealled the Allan deviation or ADEV, whieh is the square

root of a two-sample variance g7 (r). also known as ealled the Allan variance. In metrology, it is

common practice to estimate the uncertainty of the average of a series of N measurements by

dividing the standard deviation by |/%| This approach is correct if the frequency measurement is

only affected by white, uncorrelated noise. The two-sample deviation was introduced by Allan [B1]

to estimate the uncertainty of clocks and oscillators because the more common standard deviation

does not converge for several important noise processes, such as flicker noise and random walk. The

Allan variance also has the property that it corresponds to the classical variance when the only type

of noise present in a data set is white frequency noise. This correspondence is an underlying

motivation for the use of the Allan deviation as an instability estimator. The two-sample deviation

also has the property that it can distinguish between different types of noise, and thus can be a

valuable tool for optimization, estimation, smoothing, and prediction. A thorough yet concise

reference for the two-sample variance and related instability measures was published by Riley [B56].

For the averaging time t;

Y
o, (r)= I%E:[-}_'i—l -7 '] : (A18)
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