IEEE STANDARDS ASSOCIATION <IEEE

IEEE Standard for Interval Arithmetic

IEEE Computer Society

Sponsored by the
IEEE Microprocessor Standards Committee

IEEE

3 Park Avenue

New York, NY 10016-5997
USA

IEEE Std 1788™-2015

Documents

Document Sharing Hub
Authorized licensed use limited to: Tsinghua University. Downloaded on February 25,2026 at 00:20:49 UTC from IEEE Xplore. Restrictions apply.

Full document details: IEEE 1788-2015


http://www.avadocuments.com/doc/ieee-1788-2015
http://www.avadocuments.com/doc/ieee-1788-2015

Documents

Document Sharing Hub
Authorized licensed use limited to: Tsinghua University. Downloaded on February 25,2026 at 00:20:49 UTC from IEEE Xplore. Restrictions apply.

Full document details: IEEE 1788-2015


http://www.avadocuments.com/doc/ieee-1788-2015
http://www.avadocuments.com/doc/ieee-1788-2015

IEEE Std 1788™-2015

IEEE Standard for Interval Arithmetic

Sponsor

Microprocessor Standards Committee

of the
IEEE Computer Society

Approved 11 June 2015
IEEE-SA Standards Board

Documents

Document Sharing Hub

Authorized licensed use limited to: Tsinghua University. Downloaded on February 25,2026 at 00:20:49 UTC from IEEE Xplore. Restrictions apply.

Full document details: IEEE 1788-2015


http://www.avadocuments.com/doc/ieee-1788-2015
http://www.avadocuments.com/doc/ieee-1788-2015

Abstract: This standard specifies basic interval arithmetic (IA) operations selecting and following one of the
commonly used mathematical interval models. This standard supports the IEEE 754™ floating-point formats of
practical use in interval computations. Exception conditions are defined, and standard handling of these conditions
is specified. Consistency with the interval model is tempered with practical considerations based on input from
representatives of vendors, developers and maintainers of existing systems.

The standard provides a layer between the hardware and the programming language levels. It does not mandate
that any operations be implemented in hardware. It does not define any realization of the basic operations as
functions in a programming language.
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Important Notices and Disclaimers Concerning IEEE Standards Documents

IEEE documents are made available for use subject to important notices and legal disclaimers. These notices
and disclaimers, or a reference to this page, appear in all standards and may be found under the heading
“Important Notice” or “Important Notices and Disclaimers Concerning IEEE Standards Documents.”

Notice and Disclaimer of Liability Concerning the Use of IEEE Standards Documents

IEEE Standards documents (standards, recommended practices, and guides), both full-use and trial-use,
are developed within IEEE Societies and the Standards Coordinating Committees of the IEEE Standards
Association (“IEEE-SA”) Standards Board. IEEE (“the Institute”) develops its standards through a consen-
sus development process, approved by the American National Standards Institute (“ANSI”), which brings
together volunteers representing varied viewpoints and interests to achieve the final product. Volunteers
are not necessarily members of the Institute and participate without compensation from IEEE. While IEEE
administers the process and establishes rules to promote fairness in the consensus development process, IEEE
does not independently evaluate, test, or verify the accuracy of any of the information or the soundness of
any judgments contained in its standards.

IEEE does not warrant or represent the accuracy or content of the material contained in its standards,
and expressly disclaims all warranties (express, implied and statutory) not included in this or any other
document relating to the standard, including, but not limited to, the warranties of: merchantability; fitness
for a particular purpose; non-infringement; and quality, accuracy, effectiveness, currency, or completeness of
material. In addition, IEEE disclaims any and all conditions relating to: results; and workmanlike effort.
IEEE standards documents are supplied “AS IS” and “WITH ALL FAULTS.”

Use of an IEEE standard is wholly voluntary. The existence of an IEEE standard does not imply that there
are no other ways to produce, test, measure, purchase, market, or provide other goods and services related
to the scope of the IEEE standard. Furthermore, the viewpoint expressed at the time a standard is approved
and issued is subject to change brought about through developments in the state of the art and comments
received from users of the standard.

In publishing and making its standards available, IEEE is not suggesting or rendering professional or other
services for, or on behalf of, any person or entity nor is IEEE undertaking to perform any duty owed by any
other person or entity to another. Any person utilizing any IEEE Standards document, should rely upon
his or her own independent judgment in the exercise of reasonable care in any given circumstances or, as
appropriate, seek the advice of a competent professional in determining the appropriateness of a given IEEE
standard.

IN NO EVENT SHALL IEEE BE LIABLE FOR ANY DIRECT, INDIRECT, INCIDENTAL, SPECIAL,
EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED TO: PROCURE-
MENT OF SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS; OR BUSINESS
INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY, WHETHER IN CON-
TRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR OTHERWISE) ARISING IN
ANY WAY OUT OF THE PUBLICATION, USE OF, OR RELIANCE UPON ANY STANDARD, EVEN
IF ADVISED OF THE POSSIBILITY OF SUCH DAMAGE AND REGARDLESS OF WHETHER SUCH
DAMAGE WAS FORESEEABLE.

Translations

The IEEE consensus development process involves the review of documents in English only. In the event
that an IEEE standard is translated, only the English version published by IEEE should be considered the
approved IEEE standard.

Official statements

A statement, written or oral, that is not processed in accordance with the IEEE-SA Standards Board Oper-
ations Manual shall not be considered or inferred to be the official position of IEEE or any of its committees
and shall not be considered to be, or be relied upon as, a formal position of IEEE. At lectures, symposia,
seminars, or educational courses, an individual presenting information on IEEE standards shall make it clear
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that his or her views should be considered the personal views of that individual rather than the formal
position of IEEE.

Comments on standards

Comments for revision of IEEE Standards documents are welcome from any interested party, regardless
of membership affiliation with IEEE. However, IEEE does not provide consulting information or advice
pertaining to IEEE Standards documents. Suggestions for changes in documents should be in the form of a
proposed change of text, together with appropriate supporting comments. Since IEEE standards represent a
consensus of concerned interests, it is important that any responses to comments and questions also receive
the concurrence of a balance of interests. For this reason, IEEE and the members of its societies and Standards
Coordinating Committees are not able to provide an instant response to comments or questions except in
those cases where the matter has previously been addressed. For the same reason, IEEE does not respond
to interpretation requests. Any person who would like to participate in revisions to an IEEE standard is
welcome to join the relevant IEEE working group.

Comments on standards should be submitted to the following address:

Secretary, IEEE-SA Standards Board
445 Hoes Lane
Piscataway, NJ 08854 USA

Laws and regulations

Users of IEEE Standards documents should consult all applicable laws and regulations. Compliance with
the provisions of any IEEE Standards document does not imply compliance to any applicable regulatory
requirements. Implementers of the standard are responsible for observing or referring to the applicable
regulatory requirements. IEEE does not, by the publication of its standards, intend to urge action that is
not in compliance with applicable laws, and these documents may not be construed as doing so.

Copyrights

IEEE draft and approved standards are copyrighted by IEEE under U.S. and international copyright laws.
They are made available by IEEE and are adopted for a wide variety of both public and private uses. These
include both use, by reference, in laws and regulations, and use in private self-regulation, standardization,
and the promotion of engineering practices and methods. By making these documents available for use
and adoption by public authorities and private users, IEEE does not waive any rights in copyright to the
documents.

Photocopies

Subject to payment of the appropriate fee, IEEE will grant users a limited, non-exclusive license to photocopy
portions of any individual standard for company or organizational internal use or individual, non-commercial
use only. To arrange for payment of licensing fees, please contact Copyright Clearance Center, Customer
Service, 222 Rosewood Drive, Danvers, MA 01923 USA; +1 978 750 8400. Permission to photocopy portions of
any individual standard for educational classroom use can also be obtained through the Copyright Clearance
Center.

Updating of IEEE Standards documents

Users of IEEE Standards documents should be aware that these documents may be superseded at any time
by the issuance of new editions or may be amended from time to time through the issuance of amendments,
corrigenda, or errata. An official IEEE document at any point in time consists of the current edition of the
document together with any amendments, corrigenda, or errata then in effect.

Every IEEE standard is subjected to review at least every ten years. When a document is more than ten years
old and has not undergone a revision process, it is reasonable to conclude that its contents, although still of
some value, do not wholly reflect the present state of the art. Users are cautioned to check to determine that
they have the latest edition of any IEEE standard.
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In order to determine whether a given document is the current edition and whether it has been amended
through the issuance of amendments, corrigenda, or errata, visit the IEEE-SA Website at http://ieeexplore.
ieee.org/xpl/standards. jsp or contact IEEE at the address listed previously. For more information about
the IEEE SA or IEEEs standards development process, visit the IEEE-SA Website at http://standards.

ieee.org.

Errata

Errata, if any, for all IEEE standards can be accessed on the IEEE-SA Website at the following URL:
http://standards.ieee.org/findstds/errata/index.html. Users are encouraged to check this URL for
errata periodically.

Patents

Attention is called to the possibility that implementation of this standard may require use of subject matter
covered by patent rights. By publication of this standard, no position is taken by the IEEE with respect
to the existence or validity of any patent rights in connection therewith. If a patent holder or patent
applicant has filed a statement of assurance via an Accepted Letter of Assurance, then the statement is listed
on the IEEE-SA Website at http://standards.ieee.org/about/sasb/patcom/patents.html. Letters of
Assurance may indicate whether the Submitter is willing or unwilling to grant licenses under patent rights
without compensation or under reasonable rates, with reasonable terms and conditions that are demonstrably
free of any unfair discrimination to applicants desiring to obtain such licenses.

Essential Patent Claims may exist for which a Letter of Assurance has not been received. The IEEE is not re-
sponsible for identifying Essential Patent Claims for which a license may be required, for conducting inquiries
into the legal validity or scope of Patents Claims, or determining whether any licensing terms or conditions
provided in connection with submission of a Letter of Assurance, if any, or in any licensing agreements are
reasonable or non-discriminatory. Users of this standard are expressly advised that determination of the
validity of any patent rights, and the risk of infringement of such rights, is entirely their own responsibility.
Further information may be obtained from the IEEE Standards Association.
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Introduction

This introduction is not part of IEEE Std 1788-2015, IEEE Standard for Interval Arithmetic.

This introduction explains some of the alternative interpretations, and sometimes competing objectives, that
influenced the design of this standard. Implementers should study it for a fuller understanding of the design
choices made in this standard among these interpretations and objectives. For more information on interval
computations, including history, applications and software, seeﬂ e.g. [BI,B14] and the references therein, and
also the interval computations web site [B5].

Mathematical context

Interval computation is a collaboration between human programmer and machine infrastructure which, cor-
rectly done, produces mathematically proven numerical results about continuous problems—for instance,
rigorous bounds on the global minimum of a function or the solution of a differential equation. It is part
of the discipline of “constructive real analysis.” In the long term, the results of such computations might
become sufficiently trusted to be accepted as contributing to legal decisions. The machine infrastructure acts
as a body of theorems on which the correctness of an interval algorithm relies, so it must be made as reliable
as is practical. In its logical chain are many links—hardware, underlying floating-point system, etc.—over
which this standard has no control. The standard aims to strengthen one specific link, by defining interval
objects and operations that are theoretically well-founded and practical to implement.

This document uses the standard notation [a,b] for “the interval between numbers a and b,” with various
detailed meanings depending on the underlying theory. The “classical” interval arithmetic (IA) of R.A. Moore
B8] uses only bounded, closed, nonempty intervals in the real numbers R—that is, [a,b] = {z € R |
a<x<b} where a,b € R with a < b. So, for instance, division by an interval containing 0 is not defined
in it. It was agreed early on that this standard should strictly extend classical IA in virtue of allowing an
interval to be unbounded or empty.

Beyond this, various extensions of classical TA were considered. One choice that distinguishes between
theories is: Are arithmetic operations purely algebraic, or do they involve topology? An example of the
latter is containment set (cset) theory [BI13], which extends functions over the reals to functions over the
extended reals, e.g., sin(400) is the set of all possible limits of sinz as & — +oo, which is [—1,1]. The
complications of this were deemed to outweigh the advantages, and it was agreed that operations should be
purely algebraic.

Another choice is: Is an interval a set—a subset of the number line—or is it something different? The
most widely used forms of IA are set-based and define an interval to be a set of real numbers [BI10]. They
have established software to find validated solutions of linear and nonlinear algebraic equations, optimization
problems, differential equations, etc.

However, Kaucher TA and the nearly equivalent modal IA have significant applications. In the former, an
interval is formally a pair (a,b) of real numbers, which for a < b is “proper” and identified with the normal
interval {z € R| a <z <b}, and for a > b is “improper.” In the latter, an interval is a pair (X, Q), where
X is a normal interval and @ is a quantifier, either 3 or V. At the time of writing, it finds commercial use in
the graphics rendering industry. Both forms are referred to as Kaucher TA henceforth.

In view of their significance, it was decided to support both set-based and Kaucher IA. Because of their
different mathematical bases, this led to the concept of flavors (see Clause . A flavor is a version of IA
that extends classical IA in a precisely defined sense, such that when only classical intervals and restricted
operations are used (avoiding, e.g., division by an interval containing zero), all flavors produce the same
results at the mathematical level and also—up to roundoff—in finite precision.

Currently, the standard includes only the set-based flavor. Among other possible flavors are Kaucher/modal
intervals; containment-sets; and the interval system of Siegfried Rump [BI15], which handles the relation
between floating-point numbers and intervals, including overflow, in an elegant way, as well as being able to
support open and half-open intervals. All of these extend classical IA in the defined sense.

8The numbers in brackets correspond to those of the bibliography in Annex
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Clause [I] through Clause [9] contain a common set of definitions and requirements that apply to all flavors.
Clause [10] through Clause [14] contain the set-based flavor, in which:

— Intervals are subsets of the set R of real numbers. At the mathematical level (Level 1 in the structure defined
in Clause [5)) they are precisely all topologically closed and connected subsets of R. The finite-precision
level (Level 2) uses the notion of an interval type, which is a finite set of Level 1 intervals.

— The interval version of an elementary function such as sinx is essentially the natural extension to sets of
the corresponding pointwise function on real numbers.

Fuzzy sets, like intervals, are a way to handle uncertain knowledge, and the two topics are related. However,
to consider this relation was beyond the scope of this project.

Specification levels

The floating-point standard IEEE Std 754T™-2008 describes itself as layered into four Specification Levels.
To manage complexity, the present standard uses a corresponding structure. It deals mainly with Level 1, of
mathematical interval theory, and Level 2, the finite set of interval datums in terms of which finite-precision
interval computation is defined. It has some concern with Level 3, of representations of intervals as data
structures; and with Level 4, of interchange encoding in bit strings.

There is another important player: the programming language. It was a recognized omission of the first
(1985) version of IEEE Std 754-2008 that it specified individual operations but not how they should be used
in expressions. Optimizing compilers have, since well before that standard, used clever transformations so
that it is impossible to know the precisions used and the roundings performed while evaluating an expression,
or whether the compiler has even “optimized away” (1.0 + z) — 1.0 to become simply x. The 2008 revision
specifies this by placing requirements on how operations should be used in expressions, though as of this
writing, few programming languages have adopted that.

The lack of any restrictions is also a problem for intervals. Thus the standard makes requirements and
recommendations on language implementations, thereby defining the notion of a standard-conforming imple-
mentation of intervals within a language.

The language does not constitute a fifth level in some linear sequence; from the user’s viewpoint, most
current languages sit above datum level 2, alongside theory level 1, as a practical means to implement
interval algorithms by manipulating Level 2 entities (though most languages have influence on Levels 3 and
4 also). This standard extends them to provide an instantiation of Level 2 entities.

The Fundamental Theorem

Moore’s [B§] Fundamental Theorem of Interval Arithmetic (FTTA) is central to interval computation. Roughly,
it says as follows. Let f be an explicit arithmetic expression—that is, it is built from finitely many elementary

functions (arithmetic operations) such as +, —, X, =, sin, exp, . . ., with no non-arithmetic operations such as
intersection, so that it defines a real function f(z1,...,2,). Then evaluating f “in interval mode” over any
interval input box (x1,...,®,) is guaranteed to enclose (i.e., give a set that contains) the range of f over

those inputs. Typically there are sub-cases, where extra conditions lead to stronger conclusions such as f
being continuous on the input box.

A version of the FTTA holds in all variants of interval theory, but with varying hypotheses and conclusions.
In the context of this standard, an expression should be evaluated entirely in one flavor, and inferences made
strictly from that flavor’s FTIA; otherwise, a user might believe an FTIA holds in a case where it does not,
with possibly serious effects in applications. As stated, the FTIA is about the mathematical level. Moore’s
achievements were to see that “outward rounding” makes the FTIA hold also in finite precision and to follow
through the consequences. An advantage of the level structure used by the standard is that the mapping
between Levels 1 and 2 defines a framework where it is easily proved that

Each flavor’s finite-precision FTTA holds in any conforming implementation.

Generally, during program execution it can only be decided after evaluating an expression whether the
conditions for any sub-case of the FTIA hold. The purpose of each flavor’s decoration system is to make such
decisions computable, see [6.4] and Clause
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For the set-based flavor, see [B12] for background on its decoration system, for a statement of its FTIA,
and Annex [B| for a statement and proof of its FTDIA.

Operations

There are several interpretations of evaluation outside an operation’s domain and operations as relations
rather than functions. This includes classical alternative meanings of division by an interval containing zero,
or square root of an interval containing negative values. To illustrate the different interpretations, consider
y = /& where = [—1,4].

a) In optimization, when computing lower bounds on the objective function, it is generally appropriate to
return the result y = [0, 2], and ignore the fact that /- has been applied to negative elements of x.

b) In applications (such as solving differential equations) where one must check whether the hypotheses of a
fixed point theorem are satisfied:

1) one might need to be sure that the function is defined and continuous on the input and, hence, report
an illegal argument when, as in the above case, this fails; or

2) one might need the result y = [0, 2], but must flag the fact that /- has been evaluated at points where
it is undefined or not continuous.

¢) In constraint propagation, the equation is often to be interpreted as: find an interval enclosing all y such
that y? = x for some z € [—1,4]. In this case the answer is [-2,2].

The standard provides means to meet these diverse needs, while aiming to preserve clarity and efficiency.
A language might achieve this by binding one of the above three interpretations—usually some variant of
b)—to its built-in operations, and providing the others as library procedures.

In the context of flavors, a key idea is that of common operation instances: those elementary interval cal-
culations that at the mathematical level are required to give the same result in all flavors. For example
[1,2]/[3,4] = [1/4,2/3] is common, while division by an interval containing zero is not common.

Decorations

Many interval algorithms are only valid if certain mathematical conditions are satisfied: for instance, one
might need to know that a function f, defined by an expression, is everywhere continuous on a box in R"
defined by n input intervals x1,...,x,. The IEEE 754 use of global flags to record events such as division
by zero was considered inadequate in an era of massively parallel processing. In this standard, such events
are recorded locally by decorations.

A decorated interval is an ordinary interval tagged with a few bits that encode the decoration. A small number
of decorations is provided, designed for efficient propagation of such property information. For instance, if
evaluation outputs an interval y with the dac decoration, then f is defined and continuous on its input
box, with range contained in y. This allows a rigorous check, for instance, that the conditions for applying
a fixed-point theorem hold. Depending on need, a programmer may use bare (undecorated) intervals, or
decorated intervals, or (if provided) the optional compressed decorated interval arithmetic that offers less
decoration capability in exchange for faster execution.

The Basic standard

To make the standard more accessible and speed up production of implementations, a subset of the set-
based standard called the Basic Standard for Interval Arithmetic (BSTA) has been written. It includes just
one finite-precision interval type—intervals whose endpoints are IEEE 754 binary64 numbers—and those
operations that in the editors’ view are most commonly used. A minimal implementation of the BSTA is not
a conforming implementation of the full standard since some required operations of the latter are omitted or
provided in a restricted form. However a program that runs using such an implementation should run, and
give identical output within roundoff, using an implementation of the full standard. At the time of writing
a project is underway to issue the BSIA as a separate IEEE standard.
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PART 1

General Requirements

1. Overview

1.1 Scope

This standard specifies basic interval arithmetic (IA) operations selecting and following one of the commonly
used mathematical interval models. This standard supports the IEEE 754™ floating-point formats of practi-
cal use in interval computations. Exception conditions are defined, and standard handling of these conditions
is specified. Consistency with the interval model is tempered with practical considerations based on input
from representatives of vendors, developers and maintainers of existing systems.

The standard provides a layer between the hardware and the programming language levels. It does not
mandate that any operations be implemented in hardware. It does not define any realization of the basic
operations as functions in a programming language.

1.2 Purpose

The aim of the standard is to improve the availability of reliable computing in modern hardware and software
environments by defining the basic building blocks needed for performing interval arithmetic. There are
presently many systems for interval arithmetic in use; lack of a standard inhibits development, portability,
and ability to verify correctness of codes.

1.3 Inclusions
This standard specifies

— Types for interval data based on underlying numeric formats, with a special class of type derived from
IEEE 754 floating-point formats.

— Constructors for intervals from numeric and character sequence data.

— Addition, subtraction, multiplication, division, fused multiply add, square root; other interval-valued op-
erations for intervals.

— Midpoint, radius and other numeric functions of intervals.

— Interval comparison relations and other boolean functions of intervals.

— Elementary interval functions of intervals.

— Conversions between different interval types.

— Conversions between interval types and external representations as text strings.

— Interval-related exceptional conditions and their handling.

1.4 Exclusions

This standard does not specify

— Which numeric formats supported by the underlying system shall have an associated interval type.

— How (for implementations supporting IEEE 754 arithmetic) operations act on the IEEE 754 status flags.

— How an implementation represents intervals at the level of programming language data types or bit patterns.
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1.5 Word usage

In this standard three words are used to differentiate between different levels of requirements and optionality,
as follows:

— may indicates a course of action permissible within the limits of the standard with no implied preference
(“may” means “is permitted t0”);

— shall indicates mandatory requirements strictly to be followed to conform to the standard and from which
no deviation is permitted (“shall” means “is required to”);

— should indicates that among several possibilities, one is recommended as particularly suitable, without
mentioning or excluding others; or that a certain course of action is preferred but not necessarily required;
or that (in the negative form) a certain course of action is deprecated but not prohibited (“should” means
“is recommended t0”).

Further:
— optional indicates features that may be omitted, but if provided shall be provided exactly as specified;
— can is used for statements of possibility and capability (“can” means “is able t0”);

— might indicates the possibility of a situation that could occur, with no implication of the likelihood of
that situation (“might” means “could possibly”);

— comprise indicates members of a set or list are exactly those objects having some property. An unqualified
consist of merely asserts all members of a set have some property, e.g., “a binary floating-point format
consists of numbers with a terminating binary representation.” “Comprises” means “consists exactly of.”

— Example introduces text that is informative (is not a requirement of this standard). Such text is set in
slanted sanserif font within brackets. [Example. Like this.]

1.6 The meaning of conformance

Clause [4] lists the requirements on a conforming implementation in summary form, with references to where
these are stated in detail.

1.7 Programming environment considerations

This standard does not define all aspects of a conforming programming environment. Such behavior should be
defined by a programming language definition supporting this standard, if available; otherwise by a particular
implementation. Some programming language specifications might permit some behaviors to be defined by
the implementation.

Language-defined behavior should be defined by a programming language standard supporting this stan-
dard. Standards for languages intended to reproduce results exactly on all platforms are expected to specify
behavior more tightly than do standards for languages intended to maximize performance on every plat-
form.

Because this standard requires facilities that are not currently available in common programming languages,
the standards for such languages might not be able to conform fully to this standard if they are no longer being
revised. If the language can be extended by a function library or class or package to provide a conforming
environment, then that extension should define all the language-defined behaviors that would normally be
defined by a language standard.

Implementation-defined behavior is defined by a specific implementation of a specific programming
environment conforming to this standard. Implementations define behaviors not specified by this standard
nor by any relevant programming language standard or programming language extension. Conformance to
this standard is a property of a specific implementation of a specific programming environment, rather than
of a language specification. However, a language standard could also be said to conform to this standard if
it were constructed so that every conforming implementation of that language also conformed automatically
to this standard.
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1.8 Language considerations

All relevant languages are based on the concepts of data and transformations. In procedural languages, data
are held in variables, which are transformed by assignment. In functional languages, input data are supplied
as arguments; the transformed form is returned as results. Dataflow languages vary considerably, but use
some form of the data and transformation approach.

Similarly, all relevant languages are based on the concept of mapping the pseudo-mathematical notation that
is the program code to approximate real arithmetic, almost exclusively using some form of floating-point.
The unit of mapping and transformation might be individual operations and built-in functions, expressions,
statements, complete procedures, or other. This standard is applicable to all of these.

In this standard, the units of transformation are called operations and written as named functions; in a
specific implementation they might be represented by operators (e.g., using an infix notation), or by families
of type-specific functions, or by operators or functions whose names might differ from those used here.

The least requirement on a conforming language standard, compiler or interpreter is that it shall:

a) define bindings so that the programmer can specify Level 2 data (in the sense of the levels defined in
Clause |5 as described in this standard;

b) define bindings so that the programmer can specify the operations on such data as described in this
standard;

c¢) define any properties of such data and operations that this standard requires to be defined;

d) honor the rules of interval transformations on such data and operations as described in this standard,
such units of transformation that the language standard, compiler or interpreter uses.

Specifically, if the data before and after the unit of transformation are regarded as sets of mathematical
intervals, the transformed form of all combinations of the elements (the real values) represented by the prior
set shall be a member of the posterior set.

If a conforming language standard supports reproducible interval arithmetic, it shall also:
e) Use the data bindings as specified in point E[) above for reproducible operations;
f) Define bindings to the reproducible operations as described in this standard;

g) Define any modes and constraints that the programmer needs to specify or obey in order to obtain
reproducible results.

If a conforming language standard supports both non-reproducible and reproducible interval arithmetic, it
shall also:

h) Permit a reproducible transformation unit to be used as a component in a non-reproducible program,
possibly via a suitable wrapping interface.

2. Normative references

The following referenced documents are indispensable for the application of this document (i.e., they must
be understood and used, so each referenced document is cited in text and its relationship to this document
is explained). For dated references, only the edition cited applies. For undated references, the latest edition
of the referenced document (including any amendments or corrigenda) applies.

IEEE Std 754™-2008, IEEE Standard for Floating-Point Arithmeticm

1EEE publications are available from The Institute of Electrical and Electronics Engineers at http://standards.ieee.org.
2The IEEE standards or products referred to in this clause are trademarks of The Institute of Electrical and Electronics
Engineers, Inc.
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3. Notation, abbreviations, and special terms

3.1 Frequently used notation and abbreviations

Interval arithmetic.

the set of real numbers.

the set of extended real numbers, R U {—o0, +00}.

the set of closed real intervals, including unbounded intervals and the empty
set.

F generic notation for a number format.
T generic notation for an interval type.
(0, Empty the empty set.
Entire the whole real line.
Nal Not an Interval.
NaN Not a Number.
gNaN, sNaN quiet and signaling NaN.
x,y,... [resp. f,g,...] typeface/notation for a numeric value [resp. numeric function].
x,y,... [resp. f,g,...] typeface/notation for an interval value [resp. interval function].
f,g,... typeface/notation for an expression, producing a function by evaluation.
Dom(f) the domain of a point-function f.
Rge(f|s) the range of a point-function f over a set s; the same as the image of s under
f
Val map from member of concrete set to represented value in abstract set (e.g.,

from number format F to @).

3.2 Special terms

The labels (AF) and (s) mark special terms that apply to all flavors, or the set-based flavor only, respec-
tively.

IEEE 754 format: (AF) A floating-point format that together with its associated operations conforms to
IEEE Std 754-2008. A basic IEEE 754 format is one of the five formats binary32, binary64, binary128,
decimal64, decimall28.

IEEE 754 conforming implementation: (s) An implementation of this standard, or a part thereof, that
is built on an IEEE 754 system, uses only IEEE 754 conforming types, and satisfies the extra requirements
for IEEE 754 conformance.

NOTE—Details in [12.6].

IEEE 754 conforming type: (S) An inf-sup interval type derived from an IEEE 754 format, with its
relevant operations; or the associated decorated type with its operations.

IEEE 754 system: (AF) A programming environment, made up of hardware or software or both, that
provides floating-point arithmetic conforming to IEEE Std 754-2008.

accuracy mode: (AF) A way to describe the quality of an interval version of a function. See tightness.

NOTE—Details in (aF) [7.5.4] and (s) [[2.10.1

arithmetic operation: (AF) A version of a point operation.
NOTE—Details in

A basic arithmetic operation of IEEE 754 is one of the six functions +,
fma and square root sqrt.

—, X, =+, fused multiply-add

arity: (AF) The number of arguments of a function.
NOTE—Details in [6.3

bare interval: (AF) Same as interval; used to emphasize it is not decorated.
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bounds: (s) If  is an interval then z = infx and T = supw, its lower bound and upper bound
respectively, are extended-real numbers that for a nonempty interval satisfy z < Z, x < +00 and T > —0.
By convention the empty set has lower bound 4+co and upper bound —oo. Note oo can be bounds of an
interval but never members of it.

(AF) In any flavor, bounds have the above meaning for common intervals. A flavor may define a notion of
bound for non-common intervals. E.g., a Kaucher flavor might define it such that the improper interval [2, 1]
has lower bound 2.

box: (AF) A box or interval vector is an n-dimensional interval, i.e. a tuple (x1,...,®,) where the x;
are intervals. When an interval may be regarded as a set of points, it may be identified with the cartesialﬁ
product &1 X ... X T,. (9)

NOTE—Details in [[0.2

common evaluation: (AF) Those evaluations of an operation (over common intervals) that have the same
value in all flavors.
NOTE—Details in [7.3] and Clause

common interval: (AF) Those intervals that “modulo the embedding map” belong to all flavors.
NOTE—Details in

comparable: (AF) A set of interval types is comparable if for any two of them, one is wider than the other,
that is if, regarded as sets of mathematical intervals, the types are linearly ordered by set inclusion.

compressed: (s) Compressed interval types provide a limited form of decorated interval computation, in a
storage-efficient way aimed at giving faster execution. They are for certain applications where a decoration
value denotes some exceptional condition, and one needs to record either an interval value or a decoration
value but never both at once.

NOTE—Details in IT.10l

conforming part: (AF) A subset (possibly the whole) of an implementation’s types and formats, with asso-
ciated operations, that forms a conforming implementation in its own right. In a multi-flavor implementation,
it might be formed from a subset of the flavors.

NOTE—Details in [4.11

constant: (AF) A real constant at Level 1 is defined to be a scalar point function with no arguments; this
includes the constant NaN.
NOTE—Details in [6.11

contain: (AF) A partial order relation between intervals that shall be defined in each flavor, and for common
intervals shall coincide with normal set containment. Synonym enclose.
NOTE—Details in

datum: (AF) One of the entities manipulated by finite precision (Level 2) operations of this standard. It
can be a boolean, a decoration, a (bare) interval, a decorated interval, a number or a string datum.
Number datums are organized into formats; bare and decorated interval datums are organized into types.

An F-datum or T-datum means a member of the number format I, or of the bare or decorated interval type
T

NOTE—Details in Clause [5} [7.5.1} (S)

decoration: (AF) One of the flavor-defined sets of values used to record events, called exceptional conditions,
in interval operations: e.g., evaluating a function at points where it is undefined.
NOTE—Details in Clause 8

(s) One of the five values com, dac, def, trv and ill.
NOTE—Details in Clause [1l

decorated interval: (AF) A pair (interval, decoration).
NOTE—Details in[8] see also [7.5.1

3The ultimate accolade to a mathematician is to be uncapitalized: cartesian, hamiltonian, noetherian, . ...
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domain: (AF) For a function with arguments taken from some set, the domain comprises those points
in the set at which the function has a value. The domain of a point operation is part of its definition.
E.g., the (point) operation of division x/y, in this standard, has arguments (z,y) in R?, and its domain is
{(z,y) € R? |y # 0}. See also natural domain.

elementary function: (AF) Synonymous with arithmetic operation.
enclose: (AF) Synonymous with contain.

exception, exceptional condition: (AF) An exception is an event that occurs, and may be signaled,
when an operation on some particular operands has no outcome suitable for every reasonable application. A
signaled exception is handled in a language- or implementation-defined way.

NOTE—Details in [0

An exceptional condition is one of the events handled by the decoration system; it is not an exception.
NOTE—Details in Clause Bl

(s) In the set-based standard, exceptions may occur in interval constructors and in the intervalPart oper-
ation.
NOTE—Details in[12.12.11] and in [12.1.3] [13.4] respectively.

expression: (AF) A symbolic form used to define a function. As used in this standard, it is a mathematical
construct extracted from a section of run-time dataflow of a program, from which statements about the
behavior of this function may be deduced by using the FTIA or FTDIA of a given flavor. It may be represented
by a computational graph, a code list or a normal algebraic expression. An arithmetic expression is one
whose operations are all arithmetic operations.

NOTE—Details in Clause [6l

explicit type: (S) An interval type that has a uniquely defined interval hull operation.

floating-point format: (AF) A number format like those of IEEE 754, whose numbers have the form
x =5 X do.dy...d, X b° where integer b > 2 is the fixed radix, integer p > 0 is the fixed precision, s = £1 is
the sign, do.d; . .. d, (aradix-b fraction) is the significand or mantissa, and e is an integer in a fixed exponent
range emin < e < emaz.

fma: (AF) Fused multiply-add operation, that computes z x y + z. One of the basic arithmetic operations.
NOTE—Details in [0:11

format: (Or number format.) (AF) One of the sets into which number datums are organized at Level 2,
usually regarded as a finite set F of extended-reals with possibly also —0, +0.

If F is a format, an F-datum means a member of F, and an F-number means a non-NaN member of F. The
value map Val maps F-numbers to the extended-reals they denote: Val(—0) = Val(+0) = 0 and Val(z) = =
for other F-numbers.

(s) A format is provided if the implementation provides a representation of it, and supported if also it
has properties specified in

FTIA, FTDIA: (AF) For a real function f defined by an arithmetic expression, and in a given flavor:

— The Fundamental Theorem of Interval Arithmetic (FTIA) gives relations between the result y of evaluating
the expression in interval mode over an input box and the behavior of f on the box. The basic property
is that y contains, in a flavor-defined sense, the range of f over the box; various extra conditions can give
extra conclusions, such as that f is continuous on the box.

— The Fundamental Theorem of Decorated Interval Arithmetic (FTDIA) describes how evaluating the ex-
pression in decorated interval mode enables the various conditions of the FTIA to be verified, making the
corresponding conclusions computable.

NOTE—Details in [6.4]
. Documents

. . Document Sharing Hub
Copyright (© 2015 IEEE. All rights reserved. g
Authorized licensed use limited to: Tsinghua University. Downloaded on February 25,2026 at 00:20:49 UTC from IEEE Xplore. Restrictions apply.

Full document details: IEEE 1788-2015


http://www.avadocuments.com/doc/ieee-1788-2015
http://www.avadocuments.com/doc/ieee-1788-2015

IEEE Std 1788-2015
IEEE Standard for Interval Arithmetic

function: (AF) Has the usual mathematical meaning of a (possibly partial, i.e., not everywhere defined)
function.
NOTE—Details in[6.1] Synonymous with map, mapping.

hull: (AF) (Or interval hull.) When not qualified by the name of an interval type, the hull of a subset s
of R is the Level 1 hull, namely the tightest interval containing s in a flavor’s sense of “contain.”
NOTE—Details in [7.5.21

(s) When T is an explicit type, the T-hull of s is the unique tightest T-interval containing s.

When T is an implicit type, the T-hull of s is a minimal T-interval containing s as specified in the definition
of the type.

implementation: (AF) When used without qualification, means a realization of an interval arithmetic
conforming to the specification of this standard.
NOTE—Details in Clause [l

implicit type: (s) An interval type that does not have a uniquely defined interval hull operation: the hull
must be specified as part of the definition of the type.

inf-sup: (AF) Describes a representation of an interval based on its lower and upper bounds.

interval: (AF) At Level 1 the entities of the abstract data type forming one part of the interval model of an
interval flavor. At Level 2 a T-interval is a member of the bare interval type T, or a non-Nal member of the
decorated interval type T.

NOTE—Details in

(s) A (bare) interval x, see is a closed connected subset of R. The set of all intervals is denoted IR. It
comprises the empty set ) and the nonempty intervals [z,7] = {z € R | z < 2 < T }. See also bounds.

interval extension: (S) At Level 1, an interval extension of a point function f is a function f from intervals
to intervals such that f(x) belongs to f(x) whenever = belongs to  and f(z) is defined. It is the natural
(or tightest) interval extension if f() is the interval hull of the range of f over x, for all .

NOTE—Details in [I0.4} For Level 2 interval extension, see [12.9]

A decorated interval extension of f is a function from decorated intervals to decorated intervals, whose
interval part is an interval extension of f, and whose decoration part propagates decorations as specified in
L 1.6l

interval vector: (AF) See box.

library: (AF) In a given flavor, the set of Level 1 operations (Level 1 library) or those provided by an
implementation (Level 2 library). Further classification may be made into the point library, bare interval
library and decorated interval library.

NOTE—Details in [ see also

literal: (AF) A text string that denotes a Level 1 value, typically within input to a constructor and (s) in
I/O. The standard uses integer, number, decoration, bare interval and decorated interval literals,
which denote values of the indicated kinds.

NOTE—Details in [9:7 Clause [[3]

map, mapping: (AF) See function.

mathematical interval of constructor: (AF) The arguments of an interval constructor, if valid, define
a mathematical interval . The actual interval returned by the constructor is the tightest interval of the

destination type that contains x, see 0.8 and

mid-rad: (AF) Describes a representation of an interval based on its midpoint and radius.

Nal, NaN: (AF) At Level 1 NaN is the function R® — R with empty domain. Nal is the natural interval
extension of NaN, the map from subsets of R® to subsets of R whose value is always the empty set.
NOTE—Details in including the meaning of R°.
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(s) At Level 2 NaN is the Not a Number datum, which is a member of every supported number format. Nal
is the Not an Interval datum, which is a member of every decorated interval type.
NOTE—Details in [11.3]

(AF) Other flavors may provide NaN and Nal.
NOTE—Details in [T.5.11

narrower: (AF) See wider.

natural domain: (AF) For an arithmetic expression f(zi,...,z,), the natural domain is the set of x =
(z1,...,2n) € R™, where the expression defines a value for the associated point function f(x), see Clause@

no value: (AF) A mathematical (Level 1) operation evaluated at a point outside its domain is said to have
no value. Used instead of “undefined,” which can be ambiguous. E.g., in this standard, real number division
2 /y has no value when y = 0.

NOTE—Details in [6.11

non-arithmetic operation: (AF) An operation on intervals that is not an interval version of a point
function; includes intersection and convex hull of two intervals.
NOTE—Details in [6.11

number: (AF) Any member of the set R U {—00, 400} of extended reals: a finite number if it belongs to
R, else an infinite number.
NOTE—Details in [I0.1]

number format: (AF) See format.
octet: (AF) Bit string of length 8, equivalently 8-bit byte.

An octet-encoding is a mapping from the conceptual bit string encodings of floating-point datums and of
decorations into an octet sequence.
NOTE—Details in [[4.4]

operation: (AF) In a given flavor, synonymous with supported function.

point function: (AF) A mathematical (Level 1) function of real variables.
NOTE—Details in [6.11

primary version: (AF) A Level 1 version of a generic function, from which all other versions are derived.
NOTE—Details in [6.11

provided operation: (AF) In a given implementation of a flavor, an operation for which the implementation
provides at least one Level 2 version.
NOTE—Details in [6.11

range: (AF) The range Rge(f|s) of a function f over a set s is the set of values f(z) at those points x of s
where f is defined.
NOTE—Details in 611

string, text: (AF) A text string, or just string, is a finite character sequence belonging to some alphabet,
see [I0.1] The term text is also used to mean strings generally; e.g., an operation having “numeric or text
input” means each input is a number or a string.

supported function: (AF) In a given flavor, a function for which the flavor defines the primary version.
NOTE—Details in [6.11

tightest: (AF) Smallest in the partial order of set containment, or in the “contains” relation of a flavor. The
tightest set (unique, if it exists) with a given property is contained in every other set with that property.

Also denotes one of the accuracy modes, see tightness.

tightness: (AF) The strongest accuracy mode (in (s) these are tightest, accurate, valid) that a given oper-
ation, in a given type, achieves for some input box, or uniformly over some set of inputs.

NOTE—Details in
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type: (AF) (Or interval type.) One of the sets into which bare and decorated interval datums are organized
at Level 2, usually regarded as a finite set T of Level 1 intervals, (a bare type) in the bare case; and of Level
1 decorated intervals together with the value Nal, (a decorated type) in the decorated case, see m Each
bare type has a corresponding decorated type, and vice versa.

(s) A type is provided if the implementation provides a representation of it, and supported if also it has
the properties specified in

(AF) If T is a type, a T-datum means a member of T. A T-interval for bare interval types means the same
as a T-datum, and for decorated types means a non-Nal member of T.

version: (AF) A version of an operation is any of the actual operations denoted by a generic operation name.
NOTE—Details in

wider, narrower: (AF) An interval type T’ is wider than a type T, and T is narrower than T', if T is a subset
of T when they are regarded as sets of Level 1 intervals, ignoring the type tags and possible decorations, see
12.5.1] Wider means having more precision (IEEE Std 754-2008).

4. Conformance

4.1 Conformance overview

This standard defines conformance for programming environments for interval arithmetic. A programming
environment is a collection of processes for developing and executing computer programs. An implementation,
in the following, is a programming environment that implements the Level 2 behavior of interval arithmetic
as specified in this standard. The implementation may include a programming language as well as extensions
in the form of libraries, classes, or packages that are necessary to satisfy the requirements for conformance.
Requirements are given for the whole implementation; whether they are satisfied by the language itself or by
an extension is irrelevant for conformance, see [L.7]

Conformance requirements in this standard follow the guidelines developed by OASIS, see [B11]. In particular
the OASIS concept of profiles is used to structure the requirements for a conforming implementation of a
flavor of interval arithmetic.

A conforming implementation shall provide at least one of the following profiles, defined in Clause [7] called
standard flavors of interval arithmetic in the context of this standard. A profile in this sense is a specific
subset of functionality and requirements of this standard that may be provided by an implementation, but
if it is provided shall be implemented exactly as specified in the corresponding section. A sub-profile is a
nested profile. If the main profile is provided, an implementation may also support the sub-profile. If it does,
it shall do so as specified.

An implementation may also provide additional flavors that shall conform to the core specification summarized
in [71] and detailed in the following subclauses of Clause [7] as well as Clause [§] Clause [0] The decoration
system of each additional flavor shall support FTIA sub-cases as described in [6.4

NOTE—Any person proposing a new flavor should submit it as a revision of this standard, see the item “Comments
on standards” in the front matter of this documentEl

In any flavor of interval arithmetic, a part of an implementation is specified by a subset of the implementation’s
interval types (and where necessary to remove ambiguity, of its number formats). It comprises those types
and formats, and associated operations of the implementation. It is a conforming part if it forms a conforming
implementation of that flavor in its own right. Note that this implies the full set of decorations of the flavor
shall be supported.

4Notes in text, tables, and figures of this standard are given for information only and do not contain requirements needed
to implement the standard.
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4.2 Set-based interval arithmetic
An implementation of the set-based flavor, Clause[I0]through Clause[T4] shall satisfy these requirements:
— provide the decorations specified in
— provide at least one supported bare interval type, see

— if multi-precision interval types are supported, define them as a parameterized sequence of interval types,

see T2}

— provide implementations of the required operations in [12.12} required and recommended accuracies for
these operations are in [12.10

— if any of the recommended operations referenced in[I2.13| are provided, provide them in a way that satisfies
the requirements specified in the same clause; and

— provide input and output functions to convert intervals from and to strings as well as a public representation
as specified in [13.2] [[3-3] and [T3.4} the string conversions shall satisfy containment in the general case and
satisfy accuracy requirements for IEEE 754 conforming types as described in [13.2] [13:3] [13:4]

In all these, the implementation shall follow the representation rules defined in essentially stating that
booleans, strings, and decorations are represented as given in the references listed in the preceding bullets
and that there is a one-to-one correspondence between the abstract number and interval formats in said
references and the concrete formats used in the implementation.

As states, each Level 2 datum shall be represented by at least one Level 3 object, and each Level 3
object shall represent at most one Level 2 datum.

4.2.1 IEEE 754 conformance

In addition to basic conformance of the set-based flavor, an implementation may claim IEEE 754 conformance
for all or part of the set-based flavor if the requirements of are satisfied.

4.2.2 Compressed decorated interval arithmetic

An implementation may support the compressed arithmetic sub-profile of the set-based flavor. If compressed
arithmetic is supported, it shall be as described in|11.10} in particular the implementation shall:

provide an inquiryﬂ function to distinguish between intervals and decorations;

— provide a constructor for compressed intervals for each threshold value;

— provide a conversion function from compressed intervals to decorated intervals of the parent type;
— follow a worst case semantic for all arithmetic operations on compressed intervals; and

— provide compressed arithmetic implementations of the required operations in [12.12

4.3 Conformance claim

An implementation may claim its conformance to this standard in the following way.

[Name of implementation and version] is conforming to IEEE Std 1788-2015 Standard for
Interval Arithmetic. It is conforming to the set-based flavor with IEEE 754 confor-mance
for [list of IEEE 754 conforming supported interval types] and [with / without] compressed
arithmetic. Additionally it provides [list of non-standard flavors].

Part of the conformance claim shall be the completion of the questionnaire in [{.4]

5In UK English “enquiry” is correct usage.
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4.4 Implementation conformance questionnaire
a) Implementation-defined behavior

1) What status flags or other means to signal the occurrence of certain decoration values in computations
does the implementation provide if any? (see [8.1)).

Does the implementation provide the set-based flavor? If so answer the following set of questions.
b) Documentation of behavior

1) If the implementation supports implicit interval types, how is the interval hull operation realized? The
answer may be given via an appropriate algorithm, see [12.8

2) What accuracy is achieved (i.e., tightest, accurate, or valid) for each of the implementation’s interval

operations? (see [12.10)).

3) Under what conditions is a constructor unable to determine whether a Level 1 value exists that corre-

sponds to the supplied inputs? (see [12.12.7]).

4) How are cases for rounding a Level 1 value to an F-number handled that are not covered by the rules
given in [12.12.8[? This includes: how is the distance to an infinity calculated when rounding a number?
how are ties broken in rounding numbers if multiple numbers qualify as the rounded result?

5) How are interval datums converted to their exact text representations? (see[13.4).
¢) Implementation-defined behavior

1) Does the implementation include the interval overlapping function? (see|10.6.4)). If so, how is it made
available to the user?

2) Does the implementation store additional information in a Nal? What functions are provided for the
user to set and read this information? (see|11.3).

3) What means if any does the implementation provide for an exception to be signaled when a Nal is
produced? (see|11.3).

4) What interval types are supported besides the required ones? (see(12.1.1]).

5) What mechanisms of exception handling are used in exception handlers provided by the implementa-
tion? (see|12.1.3)). What additional exception handling is provided by the implementation?

6) What is the tie-breaking method used in rounding of supported number formats F that are not IEEE

754 conforming? (see|12.12.8).

7) Does the implementation include different versions of the same operation for a given type and how are
these provided to the user? (see[12.12)).

8) What combinations of formats are supported in interval constructors? (see[12.12.7]).

9) What is the tightness of the result of constructor calls in cases where the standard does not specify it?

(see[12.12.7)).

10) What methods are used to read or write strings from or to character streams? (see [13.1). Does the
implementation employ variations in locales (such as specific character case matching)? This includes
the syntax used in the strings for reading and writing.

11) What is the tightness of the string to interval conversion for non IEEE 754 conforming interval types
and the tightness for the interval to string conversion for all interval types? (see 13.3).

12) What is the result of Level 3 operations for invalid inputs? (see [14.3]).

13) What are the interchange representations of the fields of the standard Level 3 representation listed in
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14) What decorations does the implementation provide and what is their mathematical definition? (see
8.2). How are these decorations mapped when converting an interval to the interchange format? (see
14.4]).

15) What interchange formats if any are provided for non IEEE 754 interval formats and on non IEEE
754 systems? (see|14.4). How are these provided to the user?

Does the implementation support the compressed arithmetic sub-profile of the set-based profile? If so
answer the following set of questions.

d) Implementation-defined behavior
1) Which compressed interval types are provided? (see [L1.10]).

Does the implementation provide non-standard flavors not defined in this standard? (see(7.1]). If so answer
the following questions for each additional flavor.

e) Flavor definition

1) What is the set § of intervals of the flavor? And what is the embedding map describing the relation
to the common intervals? (see .

2) What decorations does the flavor provide, and what is their mathematical definition?

3) What operations besides the required operations does the implementation provide? (see(7.2)). How are
the §-versions of all provided operations—required and flavor-specific—defined? (see [7.4)).

4) What interval types are provided for the intervals of F7 (see[7.5.1)).
5) What is the result of applying the flavor’s convertType operation to a non-interval datum? (see|7.5.2)).

6) For what interval types T of the flavor shall the implementation provide a T-version of the flavor-specific
operations? (see[7.5.3). For what interval types should the implementation provide a T-version?

7) If possible, give a recommendation or requirements on the relation between the Level 2 number format
F and the interval type T when passing from a Level 1 operation to a T-version, see [7.5.3]

8) How are exceptional cases in the evaluation of a T-version of an operation handled? (see|7.5.3)).

9) Does the flavor define accuracy modes in addition to valid and tightest? Where do these accuracy
modes apply? (see[7.5.4)).

5. Structure of the standard in levels

For each flavor, the standard is structured into four levels, matching those defined in IEEE Std 754-2008
Table 3.1. They are summarized in Table

Level 1, mathematics, defines the flavor’s underlying theory. The entities at this level are mathematical
intervals and operations on them. An implementation of the flavor shall implement this theory. In addition
to an ordinary (bare) interval, this level defines a decorated interval, comprising a bare interval and a decora-
tion. In all flavors, decorations implement the standard’s way of handling exceptional conditions in interval
operations.

Level 2, discretization, is the central part of the standard, approximating the mathematical theory by an
implementation-defined finite set of entities and operations. A Level 2 entity is called a dat@mﬁ

Interval datums are organized into finite sets called interval types. An interval datum is a mathematical
interval tagged by a symbol that indicates its type: an interval that “knows its type.” The type abstracts
a particular way of representing intervals (e.g., by storing their lower and upper bounds as IEEE binary64
numbers). Most Level 2 arithmetic operations act on intervals of a given type to produce an interval of the
same type.

6Plural “datums” in this standard, since “data” is often misleading.
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Table 5.1. Specification levels for interval arithmetic

Relationships between specification levels for interval arithmetic
for a given flavor § and a given finite-precision bare interval type T of §.
Number system used by flavor §.
Level 1 Set of mathematical §-intervals. Mathematical
Principles of how +, —, x, =+ and other interval model
arithmetic operations are extended to §-intervals.
4 T-interval hull identity map T
total, many-to-one E[) total, one-to-one @)
A finite subset T of the F-intervals—the . .
Level 2 T-interval datums—and operations on them. Discretization
representst
partial, many-to-one, onto @
Level 3 Representations of' ']I‘—intejrval datums, Representation
e.g., by two floating-point datums.
encodes?
partial, many-to-one, onto@)
Level 4 Bit strings 0111000. . . Encoding

Level 3 is about representation of interval datums—usually but not necessarily in terms of floating-point
values. A Level 3 entity is an interval object. Representations of decorations, hence of decorated intervals,
are also defined at this level.

Level 4 is about encoding of interval objects into bit strings.

The Level 3 and 4 requirements in this standard are few, and mainly concern mappings from internal repre-
sentations to external ones, such as interchange types.

The arrows in Table denote mappings between levels. The phrases in italics name these mappings.
Each phrase “total, many-to-one,” etc., labeled with a letter (a) to (d), is descriptive of the mapping and is
equivalent to the corresponding labeled fact below.

a) Ignoring the type-tag, an interval datum is a mathematical interval.

b) For each type T, each mathematical interval has a unique interval datum as its T-hull—a minimal enclosing
interval of that type. This is with respect to a meaning of “contain.” For the set-based flavor this is normal
set inclusion, but in other flavors, e.g., Kaucher, might not always mean the same as set inclusion.

¢) Not every interval object necessarily represents an interval datum, but when it does, that datum is unique.
Each interval datum has at least one representation and might have more than one.

d) Not every interval encoding necessarily encodes an interval object, but when it does, that object is unique.
Each interval object has at least one encoding and might have more than one.

NOTE—Items|c) and E[) are standard and necessary properties of representations. By contrast, the properties E[) and
E[) of the maps from Level 1 to Level 2, and back, are fundamental design decisions of the standard.

6. Functions and expressions

6.1 Function definitions

In this document the terms function, map and mapping are synonymous and have the usual mathematical
meaning (see for general considerations) while operation has a specialized meaning. The following
summarizes usage.

a) A (partial) function from a set X to a set Y associates to each point  in some subset of X, called the
domain D = Dom f of f, a unique point f(x) in Y called the value of f at xz. At points outside D the
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