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ABSTRACT

The Hadamard semidifferential is more general than the
Fréchet differential now dominant in undergraduate mathe-
matics education. By slightly changing the definition of the
forward directional derivative, the Hadamard semidifferen-
tial rescues the chain rule, enforces continuity, and permits
differentiation across maxima and minima. It also plays well
with convex analysis and naturally extends differentiation to
smooth embedded submanifolds, topological vector spaces,
and metric spaces of shapes and geometries. The current
elementary exposition focuses on the more familiar territory
of analysis in Euclidean spaces and applies the semidiffer-
ential to some representative problems in optimization and
statistics. These include algorithms for proximal gradient
descent, steepest descent in matrix completion, and variance
components models.
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1
Introduction

In line with earlier authors [19], [31], [34], [38], Hadamard in
1923 [23] gave a geometric definition of the differential of a function
f : Rp → Rq. The geometric definition depends on tangent curves
v: R → Rn through x and defines df(x) as the q × p Jacobi matrix
satisfying

df(x)v′(0) = (f ◦ v)′(0).

Here v(0) = x, and the tangent vector v′(0) must exist. In 1937, Fréchet
[21] extended this geometric definition from Euclidian spaces to function
spaces and emphasized that the geometric definition is more general
than his earlier 1925 analytic definition [20] of the differential. In normed
vector spaces the analytic definition reads

lim
v→0

f(x+ v)− f(x)− df(x)v
‖v‖

= 0.

This is the standard textbook-definition widely taught today. Hadamard
always insisted that the directional derivative be linear with respect
to the direction. But in his 1937 paper, Fréchet relaxed the linearity
requirement and gave an example of a class of non-differentiable func-
tions for which all the rules of the differential calculus hold, including

2
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3

the chain rule. Yet, he was unable to handle the Euclidean norm at
the origin and continuous but non-differentiable convex functions. This
further step involves replacing tangent curves by half-tangent curves and
ultimately half-tangent curves by tangent sequences. These successive
generalizations emphasize forward directional derivatives rather than
two-sided directional derivatives.

The Hadamard semidifferentiable functions as defined in Section 3
constitute the largest known class of nondifferentiable functions that
retain all of the features of classical differential calculus, including
the chain rule and automatic continuity. Norms, continuous convex
functions, and semiconvex functions are all Hadamard semidifferentiable.
The Hadamard semidifferential readily extends to functions defined on
embedded submanifolds, topological vector spaces, and even metric
spaces of shapes and geometries [13], [16], [30].

Given these advantages and the simplicity of the underlying the-
ory, it seems that the time is ripe for the adoption of semidifferentials
in advanced undergraduate and beginning graduate courses in the
mathematical sciences. The current tutorial provides a brief survey of
semidifferentials in the familiar context of finite-dimensional Euclidean
space. This restriction exposes the most critical ideas, important connec-
tions to convexity and optimization, and a few novel applications. The
text [12] delves more deeply into these topics and is highly recommended
for a systematic course and self study.

Our table of contents provides a roadmap to the remainder of this tu-
torial. Section 2 briefly reviews relevant topics from convexity, Euclidean
distance functions, and projection operators. After our presentation
of semidifferentials in Section 3, Section 4 takes up the intertwined
concepts of tangent vectors and tangent cones. We stress adjacent cones
rather than contingent tangent cones and Clarke tangent cones. The
notion of tangency underlying adjacent cones has a direct connection
to semidifferentiability through Euclidean distance functions. Further-
more, adjacent cones enjoy a wide range of useful properties that are
relatively easy to prove. Fortunately, adjacent and contingent tangent
cones coincide for points in convex sets and embedded submanifolds.

Sections 5–7 demonstrate the strong ties between local optimal-
ity and semidifferentiability. The usual necessary conditions become
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4 Introduction

sufficient in the presence of convexity. Local optimality then becomes
global as well. Local optimality is encoded algebraically by the KKT
multiplier conditions, which extend to a subclass of semidifferentiable
functions [25].

Section 8 showcases connections to convex optimization and com-
putational statistics. Our statistical examples illustrate the value of
directional derivatives in extracting first and second differentials. Opti-
mization on manifolds has risen to prominence in the past few decades.
Section 9 takes up this subtle subject through the lense of classical
mathematical analysis. Fortunately, the most important manifolds in
practice are embedded submanifolds situated firmly in Euclidean spaces.
We contend that at least some of the vocabulary and apparatus of
differential geometry can be ignored if optimization on manifolds is
approached through classical analysis. Whether this is a good thing
or not depends on one’s background. Differential geometry requires
intense effort to master. The route through classical analysis potentially
allows more individuals to enter the field of constrained optimization at
the risk of losing the important geometric insights and analytic tools
afforded by differential geometry.

Section 10 concludes our treatment of Hadamard semidifferentials.
We briefly mention there numerical methods and applications to infinite
dimensional spaces. This tutorial is a snapshot in time of an incredibly
rich subject. The efforts to understand and extend the range of the dif-
ferential calculus have gone on for centuries and will doubtless continue
for decades, if not centuries, more. For workers in the mathematical
sciences, it is crucial to reach the right balance between generality
and ease of use. In our view, Hadamard semidifferentials achieve that
balance.

For the record, here are some notation conventions used in the
sequel. All vectors and matrices appear in boldface. The entries of the
vector 0 consist of 0’s, and the vector ei has all entries 0 except a 1 in
entry i. The > superscript indicates a vector or matrix transpose. The
Euclidean norm of a vector x is denoted by ‖x‖ and the spectral and
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5

Frobenius norms of a matrix M = (mij) by

‖M‖ = sup
x6=0

‖Mx‖
‖x‖

and ‖M‖F =
√∑

i

∑
j

m2
ij ,

respectively. All positive semidefinite matrices are symmetric by defi-
nition. For a smooth real-valued function f(x), we write its gradient
(column vector of partial derivatives) as ∇f(x), its first differential
(row vector of partial derivatives) as df(x) = ∇f(x)>, and its second
differential (Hessian matrix) as d2f(x). If g(x) is vector-valued with
ith component gi(x), then the differential (Jacobi matrix) dg(x) has
ith row dgi(x); for a scalar-valued function, d2f(x) = d∇f(x). The
transpose dg(x)> is termed the gradient of g(x).
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2
Background on Convexity

We assume that the reader is familiar with the basic notions of convexity.
Here the emphasis is on a few results pertinent to our subsequent theory.
Projection onto a closed convex set S ⊂ Rd is key. The Euclidean
distance function dist(y, S) = infx∈S ‖y − x‖ achieve its infimum at
a unique point PS(y) called the projection of y onto S. Our first
proposition collects some relevant facts about distance functions and
their corresponding projections.

Proposition 2.1. If S is a nonempty closed set, then the following
properties hold:

(a) For each y the minimum distance dist(y, S) is attained by one or
more points x ∈ S.

(b) The Lipschitz bound

|dist(y, S)− dist(z, S)| ≤ ‖y − z‖

holds for all y and z in Rn; consequently, dist(y, S) is continuous.

(c) The distance function dist(y, S) is convex if and only if the set S
is convex.

6
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(d) The projection set PS(y) = {x ∈ S: ‖y − x‖ = dist(y, S)} is
compact.

(e) The projection set PS(y) reduces to a single point for all y if and
only if S is convex.

(f) The projection PS(y) onto a convex set S is uniquely characterized
by the obtuse angle criterion

(y − x)>(z − x) ≤ 0

for x = PS(y) and all z ∈ S.

(g) If a + S is an affine subspace, then [y − PS(y)]>v = 0 for all
v ∈ S.

Proof: Choose any point z ∈ S. Because we can confine x to the
compact sublevel set

S ∩ {x: ‖x− y‖ ≤ ‖z − y‖},

part (a) follows from the fact that a continuous function achieves its
minimum on a compact set. For part (b) take the infimum over x ∈ S
of both sides of the triangle inequality

‖y − x‖ ≤ ‖y − z‖+ ‖z − x‖.

This demonstrates that dist(y, S) ≤ dist(z, S) + ‖y− z‖. Reversing the
roles of y and z then leads to the Lipschitz inequality

|dist(y, S)− dist(z, S)| ≤ ‖y − z‖.

For part (c) suppose S is convex and take y and z in C. Then for
α ∈ [0, 1]

α dist(y, S) + (1− α) dist(z, S)
= α‖y − PS(y)‖+ (1− α)‖z − PS(z)‖
≥ ‖αy + (1− α)z − αPS(y)− (1− α)PS(z)‖
≥ dist[αy + (1− α)z, S].
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8 Background on Convexity

Conversely, if the function dist(y, S) is convex, then the sublevel set

S = {y: dist(y, S) ≤ 0}

is convex. For part (d) it suffices to prove that PS(x) is closed and
bounded. Suppose xm ∈ PS(y) converges to x. Since S is closed, x ∈ S.
Taking limits in the equality ‖y − xm‖ = dist(y, S) demonstrates the
required equality ‖y − x‖ = dist(y, S). The boundedness of PS(y) is
obvious from the coerciveness condition lim‖x‖→∞ ‖y − x‖ =∞. The
first claim of part (e) succumbs to Proposition 5.2. The converse of this
claim is more subtle, and its proof is omitted. Part (f) is taken up in
Example 5.5. Finally for part (g), PS(y) + v ∈ a+ S for every v ∈ S.
It follows that

[y − PS(y)]>[PS(y) + v − PS(y)] = [y − PS(y)]>v ≤ 0.

Replacing v by −v now entails [y − PS(y)]>v = 0.
The separation properties of convex sets are crucial in advanc-

ing convex analysis. The most basic result is summarized in the next
proposition.

Proposition 2.2. Consider a nonempty closed convex set C of Rd and
a point y outside C. There exist a unit vector v and real number c such
that

v>y > c ≥ v>x (2.1)

for all x ∈ C. If y is a boundary point of a nonempty convex set C,
then there exists a unit vector v such that v>y ≥ v>x for all x ∈ C.

Proof: In view of the obtuse angle criterion, take v = y − PC(y).
It then follows that c = v>PC(y) ≥ v>x for all x ∈ C. Furthermore,
v>y > v>PC(y) = c because v>v = ‖v‖2 > 0. One can replace v by
the unit vector ‖v‖−1v without invalidating the separation inequalities
(2.1).

If y is a boundary point of C, then there exists a sequence of points
yi outside C that converge to x. Let vi be the unit vector defining
the hyperplane separating yi from C. Since the unit sphere is compact,
we can assume that the vi converge to a unit vector v. Taking limits
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in the strict inequality v>i yi > v>i x for x ∈ C then yields the result
v>y ≥ v>x.

The next technical proposition [18] is instrumental in proving a
general Lagrange multiplier rule for semidifferentiable functions.

Proposition 2.3. For n finite convex functions fi(x), suppose

max
1≤i≤n

fi(x) ≥ 0

for all x in a convex set C. Then some convex combination
∑n
i=1 λifi(x)

is nonnegative throughout C.

Proof: Define the nonempty set

Sx = {y: yi > fi(x), 1 ≤ i ≤ n}

for each x ∈ C [18]. It is straightforward to check that S = ∪x∈CSx
is convex. By hypothesis S excludes the point y = 0. According to
Proposition 2.2, there exists a unit vector λ such that λ>y ≥ λ>0 = 0
for all y ∈ S. If any component λi < 0, then choose y ∈ S, fix all yj
with j 6= i, and send yi to ∞. These actions contradict the inequality
λ>y ≥ 0. The unit vector λ can clearly be normalized so that its
components sum to 1.

In the subsequent sections we will discuss the applications of pro-
jection operators. It turns out that projections play a crucial role in
constrained optimization over well-behaved sets. We now state a few
projection operators without proof. For instance, let A be a matrix with
full row rank, and let S = {x ∈ Rd: Ax = b} be an affine subspace.
The closest point to y in S is

PS(y) = y −A>(AA>)−1(Ay − b).

The matrix P = I −A>(AA>)−1A is an orthogonal projection sat-
isfying P 2 = P , P> = P , and Px = x for x ∈ S. Projection onto a
rectangle [a, b] simply clamps each coordinate yi of y to [ai, bi]. Projec-
tion onto the sphere {x: ‖x‖ ≤ c} maps y into itself when ‖y‖ ≤ c and
into c

‖y‖y when ‖y‖ > c. Other convex sets and their projections are
explored in the references [3], [5], [25].

For matrix sets under the Frobenius inner product and norm, the
singular value decomposition (svd) is key. If A is a square matrix with
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10 Background on Convexity

full svd A = UΣV >, then the nearest orthogonal matrix to A is
UV >. This is also the closest rotation matrix to A if det(UV >) = 1.
If det(UV >) = −1, the closest rotation matrix can be constructed
by replacing the last column u of U by −u. For p < d the Stiefel
manifold St(p) consists of d× p matrices X satisfying X>X = Ip. The
closest matrix X in the Stiefel manifold to a given d× p matrix A with
thin svd UΣV > is UV >. The Eckart–Young theorem says that the
best rank r approximation of the matrix A with full svd UΣV > is∑r
j=1 σjujv

>
j . Here the σj are singular values, and the uj and vj are

singular vectors. The Grassmann manifold G(d, r) can be viewed as the
set of d× d orthogonal projection matrices of rank r. If the symmetric
matrix 1

2(A+A>) has ordered spectral decomposition UΛU>, then
the closest matrix to A in G(d, r) is

∑r
j=1 uju

>
j .
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3
Basic Properties of Semidifferentials

A function f(y) mapping an open set U of Rp into Rq is said to be
Hadamard semidifferentiable at x ∈ U in the direction v if the limit

lim
t↓0,w→v

f(x+ tw)− f(x)
t

= dvf(x) (3.1)

exists [12], [32]. If this limit exists for all directions v, then f(x) is said
to Hadamard semidifferentiable at x. Taking w identically equal to
v shows that dvf(x) coincides with the forward directional derivative
of f(y) at x in the direction v. Gateaux semidifferentiability at x
postulates the existence of all possible forward directional derivatives.
Hadamard’s definition is more restrictive and yields a richer theory. For
the sake of brevity, we will omit the prefix Hadamard in discussing
semidifferentials. It is also convenient to restate the definition in terms
of sequences. Thus, semidifferentiabilty requires the limit

lim
n→∞

f(x+ tnwn)− f(x)
tn

= dvf(x)

to exist and to be independent of the sequences tn ↓ 0 and wn → v.
Implicit in the definition (3.1) is the fact that f(y) is semidifferen-

tiable at x if and only if each of its components is semidifferentiable
at x. The left and right ith partial semiderivative of f(x) is recovered

11
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12 Basic Properties of Semidifferentials

by taking v = ±ei. If f(x) = Mx, then dvf(x) = Mv. Finally, the
positive homogeneity rule dcvf(x) = cdvf(x) for c > 0 follows from the
representation

f(x+ tcw)− f(x)
t

= c
f(x+ tcw)− f(x)

ct
.

More importantly, virtually all of the standard rules of differentiation
remain intact in a broader setting than the class of differentiable func-
tions. In addition, new rules for differentiating minima and maxima
make their appearance, and many connections with convexity can be
profitably pursued.

The function

f(x) =


x6

1
(x2 − x2

1)2 + x8
1

x 6= 0

0 x = 0

illustrates the difference between Hadmard semidifferentiabiity at a
point and the mere existence of all forward directional derivatives
at the point. One can prove that the forward directional derivative
dvf(0) = 0 for all v, but f(x) is discontinuous at 0, and the Hadamard
semidifferential d(1,0)f(0) does not exist. The last assertion follows from
contrasting the convergence of the relevant difference quotient for the
scalar sequence tn = 1

n → 0 and the two vector sequences wn = (1, 0)>
and wn = (1, 1

n)> → (1, 0)>.
The relation between differentiability and semidifferentiability is

spelled out in our next proposition.

Proposition 3.1. A function f(y) differentiable at x is also semidiffer-
entiable at x, and the identity dvf(x) = df(x)v holds, where df(x) is
the Jacobi matrix of partial derivatives. If f(y) is semidifferentiable at
x, and the map v 7→ dvf(x) is linear, then f(y) is differentiable at x.

Proof: If f(y) is differentiable at x, then

f(y)− f(x) = df(x)(y − x) + o(‖y − x‖)

as y approaches x. Choosing y = x + tw for t > 0 and ‖w − v‖
small shows that the difference quotient approaches dvf(x) = df(x)v.
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To prove the partial converse, define

g(u) = f(x+ u)− f(x)− duf(x)
‖u‖

.

It suffices to prove that c = lim sup‖u‖→0 ‖g(u)‖ = 0. Choose a sequence
un 6= 0 such that tn = ‖un‖ converges to 0 and ‖g(un)‖ converges to c.
Because the unit sphere is compact, some subsequence of the sequence
wn = ‖un‖−1un converges to a unit vector v. Without loss of generality,
take the subsequence to be the original sequence. Linearity then implies
that

lim
n→∞

g(un) = lim
n→∞

f(x+ tnwn)− f(x)− dtnwnf(x)
tn

= lim
n→∞

[
f(x+ tnwn)− f(x)

tn
− df(x)wn

]
= dvf(x)− dvf(x)

and that c = 0.
Our next proposition highlights an important implication of Hada-

mard’s definition of semidifferentiability.

Proposition 3.2. A function f(y) semidifferentiable at a point x is
continuous at x. Furthermore, the map v 7→ dvf(x) is continuous.

Proof: Suppose xn tends to x, but f(xn) does not tend to f(x).
Then there exists an ε > 0 such that ‖f(xn)− f(x)‖ ≥ ε for infinitely
many n. Without loss of generality, we may assume that the entire
sequence possesses this property. Now write

xn = x+ xn − x = x+ tn
xn − x
‖xn − x‖

by taking tn = ‖xn − x‖. Again some subsequence of the sequence

wn = xn − xn
‖xn − x‖

of unit vectors converges to a unit vector v. Passing to the subsequence
where this occurs if necessary, we have

f(x+ tnwn)− f(x) = tndvf(x) + o(tn), (3.2)

contrary to the assumption that ‖f(xn)− f(x)‖ ≥ ε for all large n.
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14 Basic Properties of Semidifferentials

To prove the second assertion, suppose that vn tends to v. For each
n choose tn and wn so that 0 < tn ≤ 1

n , ‖wn − vn‖ ≤ 1
n , and∥∥∥∥f(x+ tnwn)− f(x)

tn
− dvnf(x)

∥∥∥∥ ≤ 1
n
.

Taking limits in the identity
f(x+ tnwn)− f(x)

tn
− dvf(x)

= f(x+ tnwn)− f(x)
tn

− dvnf(x) + dvnf(x)− dvf(x)

now implies that dvnf(x) tends to dvf(x).
The approximate equality (3.2) has an important consequence in

minimization of real-valued functions. Suppose we can find a direction v
with dvf(x) < 0. Then v is a descent direction from x in the sense that
f(x+ tv) < f(x) for all sufficiently small t > 0. Thus, back-tracking is
bound to produce a decrease in f(y).

Here is a simple test for establishing semidifferentiability.

Proposition 3.3. Suppose f(y) is locally Lipschitz around x and pos-
sesses all possible forward directional derivatives there. Then f(y) is
semidifferentiable at x.

Proof: Consider the expansion
f(x+ tw)− f(x)

t
= f(x+ tw)− f(x+ tv)

t
+ f(x+ tv)− f(x)

t
.

As t ↓ 0, the second fraction on the right of this equation tends to
the forward directional derivative of f(y) at x in the direction v. If
c is a Lipschitz constant for f(y) in a neighborhood of x, then the
first fraction on the right of the equation is locally bounded in norm
by c‖w − v‖, which can be made arbitrarily small by taking w close
to v.

Example 3.1. Euclidean norm excluding the origin.

Suppose x 6= 0. Taking limits in the identity

‖x+ tw‖ − ‖x‖
t

= ‖x+ tw‖2 − ‖x‖2

t(‖x+ tw‖+ ‖x‖) = 2x>w + t‖w‖2

‖x+ tw‖+ ‖x‖
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