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Abstract

A Markov Decision Process (MDP) is a natural framework for formulating
sequential decision-making problems under uncertainty. In recent years, re-
searchers have greatly advanced algorithms for learning and acting in MDPs.
This article reviews such algorithms, beginning with well-known dynamic
programming methods for solving MDPs such as policy iteration and value
iteration, then describes approximate dynamic programming methods such as
trajectory based value iteration, and finally moves to reinforcement learning
methods such as Q-Learning, SARSA, and least-squares policy iteration. We
describe algorithms in a unified framework, giving pseudocode together with
memory and iteration complexity analysis for each. Empirical evaluations of
these techniques with four representations across four domains, provide in-
sight into how these algorithms perform with various feature sets in terms of
running time and performance.

A. Geramifard, T. J. Walsh, S. Tellex, G. Chowdhary, N. Roy, and J. P. How. A Tutorial on
Linear Function Approximators for Dynamic Programming and Reinforcement Learning.
Foundations and Trends R© in Machine Learning, vol. 6, no. 4, pp. 375–454, 2013.
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1
Introduction

Designing agents to act near-optimally in stochastic sequential domains is
a challenging problem that has been studied in a variety of settings. When
the domain is known, analytical techniques such as dynamic programming
(DP) [Bellman, 1957] are often used to find optimal policies for the agent.
When the domain is initially unknown, reinforcement learning (RL) [Sutton
and Barto, 1998] is a popular technique for training agents to act optimally
based on their experiences in the world. However, in much of the literature
on these topics, small-scale environments were used to verify solutions. For
example the famous taxi problem has only 500 states [Dietterich, 2000]. This
contrasts with recent success stories in domains previously considered unas-
sailable, such as 9×9 Go [Silver et al., 2012], a game with approximately 1038

states. An important factor in creating solutions for such large-scale problems
is the use of linear function approximation [Sutton, 1996, Silver et al., 2012,
Geramifard et al., 2011]. This approximation technique allows the long-term
utility (value) of policies to be represented in a low-dimensional form, dra-
matically decreasing the number of parameters that need to be learned or
stored. This tutorial provides practical guidance for researchers seeking to
extend DP and RL techniques to larger domains through linear value func-
tion approximation. We introduce DP and RL techniques in a unified frame-

2
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3

work and conduct experiments in domains with sizes up to ∼ 150 million
state-action pairs.

Sequential decision making problems with full observability of the states
are often cast as Markov Decision Processes (MDPs) [Puterman, 1994]. An
MDP consists of a set of states, set of actions available to an agent, rewards
earned in each state, and a model for transitioning to a new state given the
current state and the action taken by the agent. Ignoring computational limita-
tions, an agent with full knowledge of the MDP can compute an optimal pol-
icy that maximizes some function of its expected cumulative reward (which
is often referred to as the expected return [Sutton and Barto, 1998]). This
process is known as planning. In the case where the MDP is unknown, re-
inforcement learning agents learn to take optimal actions over time merely
based on interacting with the world.

A central component for many algorithms that plan or learn to act in an
MDP is a value function, which captures the long term expected return of a
policy for every possible state. The construction of a value function is one of
the few common components shared by many planners and the many forms of
so-called value-based RL methods1. In the planning context, where the under-
lying MDP is known to the agent, the value of a state can be expressed recur-
sively based on the value of successor states, enabling dynamic programming
algorithms [Bellman, 1957] to iteratively estimate the value function. If the
underlying model is unknown, value-based reinforcement learning methods
estimate the value function based on observed state transitions and rewards.
However, in either case, maintaining and manipulating the value of every state
(i.e., a tabular representation) is not feasible in large or continuous domains.
In order to tackle practical problems with such large state-action spaces, a
value function representation is needed that 1) does not require computation
or memory proportional to the size of the number of states, and 2) general-
izes learned values from data across states (i.e., each new piece of data may
change the value of more than one state).

One approach that satisfies these goals is to use linear function approx-
imation to estimate the value function. Specifically, the full set of states is

1There are other MDP solving techniques not covered here (such as direct policy search)
that do not directly estimate a value function and have been used successfully in many ap-
plications, including robotics [Williams, 1992, Sutton et al., 2000, Peters and Schaal, 2006,
Baxter and Bartlett, 2000].
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4 Introduction

projected into a lower dimensional space where the value function is repre-
sented as a linear function. This representational technique has succeeded at
finding good policies for problems with high dimensional state-spaces such
as simulated soccer [Stone et al., 2005b] and Go [Silver et al., 2012]. This
tutorial reviews the use of linear function approximation algorithms for de-
cision making under uncertainty in DP and RL algorithms. We begin with
classical DP methods for exact planning in decision problems, such as policy
iteration and value iteration. Next, we describe approximate dynamic pro-
gramming methods with linear value function approximation and “trajectory
based” evaluations for practical planning in large state spaces. Finally, in the
RL setting, we discuss learning algorithms that can utilize linear function
approximation, namely: SARSA, Q-learning, and Least-Squares policy itera-
tion. Throughout, we highlight the trade-offs between computation, memory
complexity, and accuracy that underlie algorithms in these families.

In Chapter 3, we provide a more concrete overview of practical linear
function approximation from the literature and discuss several methods for
creating linear bases. We then give a thorough empirical comparison of the
various algorithms described in the theoretical section paired with each of
these representations. The algorithms are evaluated in multiple domains, sev-
eral of which have state spaces that render tabular representations intractable.
For instance, one of the domains we examine, Persistent Search and Track
(PST), involves control of multiple unmanned aerial vehicles in a complex
environment. The large number of properties for each robot (fuel level, loca-
tion, etc.) leads to over 150 million state-action pairs. We show that the linear
function approximation techniques described in this tutorial provide tractable
solutions for this otherwise unwieldy domain. For our experiments, we used
the RLPy framework [Geramifard et al., 2013a] which allows the reproduc-
tion of our empirical results.

There are many existing textbooks and reviews of reinforcement learn-
ing [Bertsekas and Tsitsiklis, 1996, Szepesvári, 2010, Buşoniu et al., 2010,
Gosavi, 2009, Kaelbling et al., 1996, Sutton and Barto, 1998]. This tutorial
differentiates itself by providing a narrower focus on the use of linear value
function approximation and introducing many DP and RL techniques in a
unified framework, where each algorithm is derived from the general concept
of policy evaluation/improvement (shown in Figure 2.1). Also, our extensive

Full document details: IEEE A Tutorial on Linear Function Approximators for Dynamic Programming and Reinforcement Learning

http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning
http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning


5

empirical evaluation covers a wider range of domains, representations, and
algorithms than previous studies. The lessons from these experiments pro-
vide a guide to practitioners as they apply DP and RL methods to their own
large-scale (and perhaps hitherto intractable) domains.

Full document details: IEEE A Tutorial on Linear Function Approximators for Dynamic Programming and Reinforcement Learning

http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning
http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning


2
Dynamic Programming and Reinforcement

Learning

This chapter provides a formal description of decision-making for stochastic
domains, then describes linear value-function approximation algorithms for
solving these decision problems. It begins with dynamic programming ap-
proaches, where the underlying model is known, then moves to reinforcement
learning, where the underlying model is unknown. One of the main goals of
this chapter is to show that approximations and sampling restrictions pro-
vide a path from exact dynamic programming methods towards reinforcement
learning algorithms shown in Figure 2.1 (the terms used in the figure will be
explained throughout this chapter). We give pseudocode together with mem-
ory and computation complexity analysis. The list of discussed algorithms
and their computational complexities are available in Tables 2.2 and 2.3.

2.1 Markov Decision Processes (MDPs)

Following the convention of Sutton and Barto [1998], a Markov Decision
Process (MDP) [Puterman, 1994] is a tuple (S,A,Pas·,Rass′ , γ, S0) where S
is a set of states, A is a set of actions, s, s′ ∈ S, and a ∈ A. Pas· is a prob-
ability distribution over next states if action a is executed at state s. In what
follows, for the sake of simplifying the presentation, we restrict our atten-

6
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2.1. Markov Decision Processes (MDPs) 7

Value Iteration

Policy Iteration

Q-Learning

TBVI

SARSA LSPI
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|S|
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Reinforcement 
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Approximate 
Dynamic 

Programming

❶

❷

❸ ❹

❺

❻

❼

❽

Dynamic 
Programming

Figure 2.1: The roadmap we use to introduce various DP and RL techniques in a unified
framework.

tion to MDPs with countable state spaces. For such MDPs, we denote the
probability of getting to state s′ by taking action a in state s as Pass′ . Corre-
spondingly, Rass′ is the reward the agent receives when the sequence s, a, s′

occurs. The discount factor, γ ∈ [0, 1), balances current and future rewards.
The distribution over initial states is governed by S0. Together, Pas· and Rass′
constitute the model of an MDP. A trajectory is a sequence (s0, a0, r0, s1, a1,

r1, s2, . . .), where s0 ∼ S0. Each state following the initial state in a trajec-
tory is generated by the domain according to the transition model (i.e., for
t ≥ 1, st+1 ∼ Pat

st·). Similarly, each reward rt = Rat
stst+1 for the selected

action. Each action at ∈ A in the trajectory is chosen according to policy
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8 Dynamic Programming and Reinforcement Learning

π : S → A. The policy maps each state to an action.1 Given a policy π, the
state-action value function, Qπ(s, a) of each state-action pair is the expected
sum of the discounted rewards for an agent starting at state s, taking action a,
and then following policy π thereafter (denoted Eπ) :

Qπ(s, a) = Eπ

[ ∞∑
t=0

γtrt

∣∣∣∣s0 = s, a0 = a

]
. (2.1)

The discount factor bounds the summation and reduces the desirability of
future rewards.2 Similarly the state value function, (or called simply the value
function), for a given policy π is defined as:

V π(s) , Qπ (s, π(s)) (2.2)

= Eπ

[ ∞∑
t=0

γtrt

∣∣∣∣s0 = s

]
. (2.3)

The goal of solving an MDP is to, given the MDP model, find an optimal
policy, one of which always exists [Puterman, 1994], that maximizes the ex-
pected cumulative discounted rewards in all states:

π∗ = argmax
π

V π(s), ∀s ∈ S. (2.4)

The optimal value function is defined accordingly as:

V ∗(s) , V π∗(s).

Similarly:

Q∗(s, a) , Qπ
∗(s, a).

The optimal value function satisfies the Bellman Equation [Puterman, 1994]:

V ∗(s) = max
a∈A

∑
s′∈S
Pass′

[
Rass′ + γV ∗(s′)

]
s ∈ S. (2.5)

From a practical perspective, calculating the right hand side of the Bellman
Equation for MDPs with infinite state and action spaces is challenging be-
cause 1) a unique value has to be stored for each state and 2) the maximiza-
tion in the Equation 2.5 is over all actions. For the rest of the tutorial, we

1More generally policies can be based on histories of states but in this work we consider
only Markovian policies.

2From an economical prospective, one can think that a dollar today is worth more than a
dollar tomorrow.
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2.2. MDP Solvers at a Glance 9

focus our attention on MDPs with finite state and action spaces. However
Chapter 3 introduces approximation techniques that can be used for MDPs
with continuous state spaces.

2.2 MDP Solvers at a Glance

The rest of this chapter provides an overview of some popular algorithms for
solving MDPs. These algorithms are categorized either as planning, where
the MDP model is known, or learning, where the MDP model is not known.3

This tutorial focuses on dynamic programming methods in the planning cat-
egory and value-function based reinforcement learning techniques for the
learning category. Throughout, we show these techniques are actually ex-
tremes on a spectrum: as one decreases the per-iteration complexity of DP
methods and forces them to use samples in place of exact parameters, RL
techniques naturally emerge. Since the common thread for all of these tech-
niques is that they use a value function, we refer to them as value-based
solvers.

As shown in Figure 2.2, value-based solvers tackle an MDP in two
phases: 1) policy evaluation and 2) policy improvement. In the policy eval-
uation phase, the solver calculates the value function for some or all states
given the fixed policy.4 In the policy improvement step, the algorithm im-
proves the previous policy based on values obtained in the policy evaluation
step. The process of iteratively evaluating and improving the policy continues
until either the policy remains unchanged, a time limit has been reached, or
the change to the value function is below a certain threshold. Of course, Fig-
ure 2.2 does not prescribe exactly how these phases are completed or when
an algorithm switches between them. For instance, we will see that some al-
gorithms (like policy iteration) spend significant time in the evaluation phase
while others (like value iteration) oscillate more quickly between the phases.

The chapter proceeds as follows: Section 2.3 explains dynamic program-
ming techniques that have access to the MDP model (i.e.,R and P ). Sections
2.4-2.6 introduce approximate dynamic programming techniques by elimi-

3Mausam and Kolobov [2012] provide a broader overview of MDP solving methods.
4Sometime the policy evaluation step only improves the previous value estimates rather

than calculating the exact values, known as truncated policy evaluation [see Sections 4.4 and
4.6 Sutton and Barto, 1998].
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10 Dynamic Programming and Reinforcement Learning

Policy Evaluation

Policy Improvement

π Qπ or V π

Figure 2.2: Policy evaluation/improvement loop: The convergent policy is guaranteed to be
optimal, if the Q or V value functions are exact.

nating all |S| dependent memory and computation operators of dynamic pro-
gramming techniques. Finally Section 2.7 shows how reinforcement learning
techniques that do not have access to the MDP model can follow naturally
from approximate dynamic programming techniques. These connections and
the broad outline of the algorithm derivations of this tutorial are illustrated in
Figure 2.1.

2.3 Dynamic Programming

Dynamic programming (DP) refers to a class of algorithms that solve com-
plex problems by combining solutions from their subproblems. DP tech-
niques can be used in the planning setting to solve a known MDP by finding
the optimal value function and its corresponding optimal policy [Bellman,
1957, Bertsekas and Tsitsiklis, 1996, Sutton and Barto, 1998]. First, let us
observe that given an MDP, policy evaluation (i.e., finding the value function
under a fixed policy) can be done in closed form. Looking back at the Equa-
tion 2.3, the value function can be derived recursively as explained by Sutton
and Barto [1998]:
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V π(s) = Eπ

[ ∞∑
t=0

γtrt

∣∣∣∣s0 = s

]

= Eπ

[
r0 +

∞∑
t=1

γtrt

∣∣∣∣s0 = s

]

= Eπ

[
Rπ(s)
ss′ + γ

∞∑
t=1

γt−1rt

∣∣∣∣s0 = s

]
=
∑
s′∈S
Pπ(s)
ss′

[
Rπ(s)
ss′ + γV π(s′)

]
. (2.6)

Notice the difference between Equations 2.5 and 2.6. The former is the Bell-
man optimality equation, which is independent of the policy, while the latter
is the recursive form of the value function given a fixed policy. Since S is
assumed to be finite, the state values can be calculated by solving |S| linear
equations each specified by writing Equation 2.6 for every state of the MDP.
The solution for a finite state MDP with S = {s1, s2, ..., s|S|} for which the
vector V π

|S|×1 represents the value function of the policy π, can be calcu-
lated in closed form (our notation may exclude the π superscript for brevity,
yet the policy dependency is always assumed). To write Equation 2.6 in the
matrix form, let matrix P be defined using P ij = Pπ(si)

sisj , and let vector R
be defined usingRi =

∑
j P

π(si)
sisj R

π(si)
sisj . Then Equation 2.6 takes the form:

V = R+ γPV .

Let us define

T(V ) , R+ γPV , (2.7)

where T is known as the Bellman operator applied to the value function.
The output of T is a vector with the same size as the input vector (i.e., T :
R|S| → R|S|). With the help of operator T, we can write Equation 2.6 as
V = T(V ). Thus, the problem of evaluating policy π translates into finding
the fixed-point of operator T. Solving this equation for V yields:

V = (I − γP )−1R, (2.8)
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where I is the identity matrix. Expanding the right hand side using the Neu-
mann series [see e.g., Barto and Duff, 1994], we obtain:

(I − γP )−1 =
∞∑
k=0

(γP )k.

Note that the series converges, hence the inverse exists, because ‖P ‖∞ ≤ 1,
where ‖P ‖∞ = maxi

∑
j |P ij | is the `∞ operator norm of matrix P .

As for policy improvement, the new policy is updated by selecting the
action that is “greedy” with respect to the calculated values:

π(s) = argmax
a∈A

∑
s′∈S
Pass′

[
Rass′ + γV π(s′)

]
. (2.9)

Notice the V π values on the right hand side are the calculated ones from
the policy evaluation step. Moreover, ties are broken in a systematic fashion,
such as uniform random selection amongst the best available actions. Putting
Equations 2.8 and 2.9 together, we arrive at the policy iteration algorithm (see
Algorithm 1) [Howard, 1960].

While policy iteration is guaranteed to stop in a polynomial number of
iterations in |S|×|A| for a fixed value of gamma [Ye, 2011] and reach the op-
timal solution [Howard, 1960], from a practical standpoint, this algorithm is
not scalable because storing P requires O(|S|2) memory and solving Equa-
tion 2.8 takes O(|S|3) time.5 Hence the exact policy evaluation step is often
done iteratively within a given threshold η, as is done in Algorithm 1 (akin
to Figure 4.3 of Sutton and Barto [1998]). Lines 1-2 initialize the policy and
its corresponding value function. Without any prior domain knowledge, the
policy can be selected to be uniformly random among possible actions, while
state values are set initially to zero. There are other initialization schemes
possible, such as optimistic initialization, where all values are set to (or near)
the maximum value [see e.g., Szita and Szepesvári, 2010]. Lines 6-11 solve
Equation 2.8 approximately with complexityO(N |S|2), whereN is the num-
ber of sweeps through the states (i.e., lines 7-10). Smaller values of η pro-
vide better approximation at the cost of more computation (i.e., larger values
of N ). Note that Algorithm 1 does not store P explicitly to avoid O(|S|2)

5There are advanced techniques for matrix inversion withO(|S|2.373) computational com-
plexity, but most open-source math packages use common methods [e.g., Golub and Loan,
1996] for matrix decomposition, amounting to O(|S|3) complexity.
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Algorithm 1:Policy Iteration Complexity
Input: MDP, η
Output: π

1 π(s)← Initialize arbitrary for s ∈ S
2 V π(s)← Initialize arbitrarily for s ∈ S
3 changed← True
4 while changed do
5 ∆← 0
6 repeat
7 for s ∈ S do
8 v ← V π(s)
9 V π(s)←

∑
s′ Pπ(s)

ss′ (Rπ(s)
ss′ + γV π(s′)) O(|S|)

10 ∆← max(∆, |v − V π(s)|)
11 until ∆ < η
12 for s ∈ S do
13 π+(s)← argmaxa∈A

∑
s′∈S Pass′ [Rass′ + γV π(s′)] O(|A||S|)

14 changed← (π+ 6= π)
15 π ← π+

16 return π

memory requirement. Instead lines 9 and 13 access transition probabilities
on demand and store the value and the policy for each state, incurringO(|S|)
memory. Line 13 can be executed in memory size independent of O(|A|) as
maximization can be done incrementally. The algorithm also shows the com-
putational complexity of selected lines for each iteration on the right side.
Algorithm 1 requires O(|S|) memory6 and O((N + |A|)|S|2) computation
per iteration.

The loop shown in Figure 2.2 still converges to the optimal solution if
policy improvement is executed before accurately evaluating the policy, as
long as the value function gets closer to its optimal value after each policy
evaluation step [Howard, 1960, Sutton and Barto, 1998]. This idea motivates
a process that can potentially save substantial computation while still finding
good policies: update the policy after every single “Bellman backup” (line
9 of Algorithm 1). Thus, the Bellman backup should use the best possible

6It is assumed that the transition probabilities and the rewards are not stored explicitly.
Rather they are stored in a functional form that can be probed for arbitrary inputs.

Full document details: IEEE A Tutorial on Linear Function Approximators for Dynamic Programming and Reinforcement Learning

http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning
http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning
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Algorithm 2:Value Iteration Complexity
Input: MDP, η
Output: π

1 V (s)← Initialize arbitrarily for s ∈ S
2 repeat
3 for s ∈ S do
4 v ← V (s)
5 V (s)← maxa∈A

∑
s′∈S Pass′ [Rass′ + γV (s′)] O(|A||S|)

6 π(s)← argmaxa∈A
∑
s′∈S Pass′ [Rass′ + γV (s′)] O(|A||S|)

7 ∆← max(∆, |v − V (s)|)
8 until ∆ < η
9 return π

action for backup rather than a fixed policy [Bellman, 1957]:

∀s ∈ S, V (s)← max
a∈A

∑
s′∈S
Pass′

[
Rass′ + γV (s′)

]
. (2.10)

Equation 2.10 implicitly unifies Equations 2.9 and 2.6, giving the value iter-
ation method shown in Algorithm 2 (akin to Figure 4.5 of Sutton and Barto
[1998]). Bertsekas [1976] has shown that if the `∞ difference of the value
function between two successive iterations of value iteration (the Bellman
residual) is less than η, then the `∞ difference between the value functions
of the greedy policy with respect to the current values and the optimal pol-
icy is no more than 2ηγ/(1−γ). Value iteration improves the policy much more
frequently than policy iteration and reduces the main loop complexity from
O((N+ |A|)|S|2) toO(|A||S|2). The memory requirement of value iteration
is the same as policy iteration (i.e., O(|S|)). While in theory value iteration
may require more iterations than policy iteration [Ye, 2011], in practice, value
iteration often requires less total time to find the optimal solution compared
to policy iteration; a finding that will be verified in Section 4.

2.4 Approximate Dynamic Programming

With the aim of scalability, we now describe ways to reduce the memory
and computational complexities of the algorithms above. Attention is focused
on MDPs with large, yet finite, state spaces with a small number of actions
(i.e., |A| � |S|). This assumption is often met in practice. For example in
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9× 9 Go, |S| = 1038 and |A| = 81. Hence the rest of Section 2.4 focuses on
eliminating |S| dependent memory sizes and computations (i.e., scaling ob-
stacles). These changes include moving away from the tabular representation
where a unique value is stored for every state-action pair to a more compact
representation. Looking back at Algorithm 2, there are four scaling problems:

1. π stores an action for each state (line 6).

2. There is a loop over all possible states (line 3).

3. Both the Bellman backup (line 5) and the policy update (line 6) con-
sider all possible next states, which in the worst case can be |S|.

4. V stores a unique parameter for every state of the MDP (line 5).

2.4.1 Solving Problem 1

The first problem can be solved by storing the policy implicitly through the
use of action-value functions. If for each state s, an action-value Q(s, a) is
available for all actions, then the greedy policy can be retrieved simply by:

π(s) = argmax
a∈A

Q(s, a), (2.11)

which is also known as the greedy policy with respect to the action-value
function Q. This change will eliminate the need for storing policies explic-
itly. Note that switching from V to Q increases the memory requirement for
storing the value function by factor of |A|. Yet, as long as the dependence of
the value function on the state space (problem 4) is removed, this increase is
not a major concern because |A| is assumed to be small.

2.4.2 Solving Problem 2

For MDPs with large state spaces, sweeping through all states and perform-
ing Bellman backups on each one is infeasible. Consequently, more advanced
techniques have been proposed to focus Bellman backups in parts of the state-
space that are more promising [Singh, 1992, Moore and Atkeson, 1993, Barto
et al., 1995, Kuvayev and Sutton, 1996]. Currently, the best comprehensive
source for these techniques is by Mausam and Kolobov [2012]. In this paper,
we focus on the work of Barto et al. [1995] in which they proposed sampling

Full document details: IEEE A Tutorial on Linear Function Approximators for Dynamic Programming and Reinforcement Learning

http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning
http://www.avadocuments.com/doc/ieee-a-tutorial-on-linear-function-approximators-for-dynamic-programming-and-reinforcement-learning


16 Dynamic Programming and Reinforcement Learning

trajectories 〈s0, a0, r0, s1, a1...〉 based on promising policies while perform-
ing Bellman backups on visited states. The core idea of this trajectory-based
sampling is to execute Bellman backups on states that are visited under good
policies. In practice, a form of exploration is required in producing these tra-
jectories to ensure all states are visited infinitely often in the limit of infi-
nite samples, so that Equation 2.6 holds for all states asymptotically. Here,
we adopt a simple but common approach to generate trajectories named ε-
greedy policy, which selects an action randomly with a small probability ε
every time, and acts greedily with respect to the Q function otherwise [Sutton
and Barto, 1998]:

πε(s) ,
{

argmaxaQπ(s, a), with probability 1− ε;
UniformRandom(A), with probability ε.

(2.12)

2.4.3 Solving Problem 3

In most practical problems, there is a locality property meaning that given
each state-action pair, the number of reachable next states is much smaller
than the total number of states:

|{s′|Pass′ 6= 0}| � |S| s ∈ S, a ∈ A.

This assumption naturally alleviates Problem 3. For problems where this as-
sumption does not hold, L1 samples can be used to approximate the expec-
tations on the next state. For example, line 5 of Algorithm 2 can be changed
to:

V (s)← max
a

1
L1

L1∑
j=1

[
Rass′j + γV (s′j)

]
, s′j ∼ Pπ(s)

s .

Notice that as L1 →∞, the estimate becomes exact with probability one.

2.4.4 Solving Problem 4

Addressing the fourth problem is more challenging than the previous 3 prob-
lems. In general, holding a tabular representation of the value function V (s),
or its state-action version, Q(s, a) (i.e., storing a unique value for each state-
action pair) is impractical for large state spaces. Even domains that are fairly
simple to describe, like a multi-robot control scenario with 30 robots that each
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can either be “busy” or “free” will require 230 state values to be stored. Since
it was shown that the Q function holds sufficient information for deriving a
policy without needing extra O(|S|) storage, what is needed is an approxi-
mate representation of Q(s, a) whose size is not polynomial in |S|. One such
approach that has been successful in a number of RL domains is to approxi-
mate Q(s, a) using a parametric function, where the savings comes from the
fact that the number of parameters to store and update is less than the num-
ber of states [Sutton, 1996, Silver et al., 2012, Geramifard et al., 2011]. For
instance, one could attempt to approximate the value function in the afore-
mentioned multi-robot control domain by using a weighted combination of
the “busy” and “free” state variables of each robot amounting to 30× 2 = 60
parameters (i.e., features). This representation might have lower fidelity to the
true value function in that it may not be able to capture the expected return of
specific combinations of the robot states. Often, the parametric form used is
linear in the parameters:

Qπ(s, a) = φ(s, a)>θ, (2.13)

with vectors φ(s, a) and θ are defined as follows: Each element of the vector
φ(s, a) is called a feature; φi(s, a) denotes the value of feature i for state-
action pair (s, a). The feature function φ : S × A → Rn maps each state-
action pair to a vector of feature values; θ ∈ Rn is the weight vector specify-
ing the contribution of each feature across all state-action pairs. Finding the
right feature function (φ) is an important step, but for the rest of this chap-
ter, it is assumed that φ is given. Various ways to build such functions are
discussed in Chapter 3.

As defined in Equation 2.11, finding the optimal policy requires the cor-
rect ranking of Q values in a given state. Practitioners often avoid approxi-
mating the value of one state-action pair based on the value of other actions
taken in the same state [Sutton, 1996, Lagoudakis and Parr, 2003, Buşoniu
et al., 2010]. In other words, features used to approximate Q(s, a) are differ-
ent from the features used to approximate Q(s, a′), ∀a ∈ A, a′ 6= a. Given
a state-action pair (s, a), this constraint is met by mapping s to a vector of
feature values (φ : S → Rm), and then using this feature vector in the corre-
sponding slot for action a while setting the feature values for the rest of the
actions to zero. While this approach is impractical for domains with a large
number of actions, it works well for domains with small |A|, which are the
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focus of this paper. Furthermore, based on our assumption of |A| � |S|,
m|A| = n is always maintainable in the memory. Notice that θ holds m
separate weights for each action, for a total of m|A| = n values.

The following example shows this mechanism for an MDP with 2 actions
and 3 features per action. Hence 3×2 = 6 features are used for linear function
approximation.

φ(s) =

 φ1(s)
φ2(s)
φ3(s)

⇒ φ(s, a1) =



φ1(s)
φ2(s)
φ3(s)

0
0
0


, φ(s, a2) =



0
0
0

φ1(s)
φ2(s)
φ3(s)


.(2.14)

For our empirical results, φ(s, a) is assumed to be generated from φ(s) fol-
lowing the above process, though a more general form of φ(s, a) could also
be used.

2.5 Trajectory Based Value Iteration

We now have all the building blocks to introduce a scalable DP technique
with memory and iteration computation independent of |S|. However there is
a caveat in putting all these blocks together. Looking back at Equation 2.10,
for every state, the new value is calculated using the Bellman backups and
stored in a separate location. Storing the value cannot be applied directly to
the linear function approximation case because changing the weight corre-
sponding to each feature can potentially change the value of multiple states.7

So the question becomes, given a new target value, Q+(s, a), and our current
approximate, Q(s, a) = φ(s, a)>θ, how can θ change to get Q(s, a) closer
toQ+(s, a)? The answer is to move θ in the opposite direction of the squared
difference between Q(s, a) and Q+(s, a):

C , (Q+(s, a)−Q(s, a))2

= (Q+(s, a)− φ(s, a)>θ)2

∂C

∂θ
= −2φ(s, a)(Q+(s, a)− φ(s, a)>θ).

7In the degenerate case where bases form the tabular representation, values can be stored
directly.
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Hence, the update rule takes the following form:

θ ← θ − β∂C
∂θ

← θ + αφ(s, a)(Q+(s, a)−Q(s, a)),

where β is the step size parameter and α = 2β. Combining the above gra-
dient approach and the solutions to problems 1–4 with value iteration result
in an algorithm we term trajectory based value iteration (TBVI) shown in
Algorithm 3. TBVI can be viewed as an extension of the algorithm men-
tioned in Section 9.6 of Sutton and Barto [1998] and the Real-Time dynamic
programming algorithm [Barto et al., 1995] to the linear function approxima-
tion setting. Problem 1 is addressed in line 3 by calculating the policy using
Equation 2.11. Problem 2 is resolved in line 3 where samples are generated
by following the ε-greedy policy instead of sweeping through the whole state
space. Problem 3 is addressed in lines 4 and 5 by using a sampling tech-
nique to approximate the expectation. Problem 4 is addressed by using linear
function approximation, specifically by calculating Q(·, ·) as φ(·, ·)>θ. An
interesting observation on the TBVI algorithm is that if L1 = 1, then in-
stead of executing line 4, the next state and reward along the trajectory can
be used to calculate the estimation on line 5. This special case is discussed
further in Section 2.7.1. TBVI has an O(n + L1) memory requirement, and
O(nTL1|A|) iteration complexity, where T is the maximum length of a tra-
jectory. One can follow the same steps to create a trajectory based policy
iteration algorithm from Algorithm 1, but finding a reasonable condition to
switch from policy evaluation to policy improvement is challenging because
not all states are visited on each iteration.

Compared to Algorithm 2, the stopping condition (line 2) is defined more
loosely based on a fixed planning time. In practice, more conditions can be
employed to force the algorithm to exit the loop on line 2 earlier than the
allocated planning horizon. For example, if through a certain number of con-
secutive trajectories the maximum δ value is less than a certain threshold, the
algorithm can exit. As for the end result, TBVI can diverge with linear func-
tion approximation for reasons similar to those that cause the divergence of
non-trajectory based dynamic programming methods with function approxi-
mation [see Tsitsiklis and Roy, 1997]. While this divergence was observed in
some of the empirical domains discussed later, the algorithm is successful in
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