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ABSTRACT

This monograph covers some recent advances in a range of ac-
celeration techniques frequently used in convex optimization.
We first use quadratic optimization problems to introduce
two key families of methods, namely momentum and nested
optimization schemes. They coincide in the quadratic case
to form the Chebyshev method.

We discuss momentum methods in detail, starting with
the seminal work of Nesterov [1] and structure convergence
proofs using a few master templates, such as that for op-
timized gradient methods, which provide the key benefit
of showing how momentum methods optimize convergence
guarantees. We further cover proximal acceleration, at the
heart of the Catalyst and Accelerated Hybrid Proximal Ez-
tragradient frameworks, using similar algorithmic patterns.

Common acceleration techniques rely directly on the knowl-
edge of some of the regularity parameters in the problem at
hand. We conclude by discussing restart schemes, a set of
simple techniques for reaching nearly optimal convergence
rates while adapting to unobserved regularity parameters.

Alexandre d’Aspremont, Damien Scieur and Adrien Taylor (2021), “Acceleration
Methods”, Foundations and Trends® in Optimization: Vol. 5, No. 1-2, pp 1-245. DOL:
10.1561,/2400000036.
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1

Introduction

Optimization methods are a core component of the modern numerical
toolkit. In many cases, iterative algorithms for solving convex opti-
mization problems have reached a level of efficiency and reliability
comparable to that of advanced linear algebra routines. This is largely
true for medium scale-problems where interior point methods reign
supreme, but less so for large-scale problems where the complexity of
first-order methods is not as well understood and efficiency remains a
concern.

The situation has improved markedly in recent years, driven in
particular by the emergence of a number of applications in statistics,
machine learning, and signal processing. Building on Nesterov’s path-
breaking algorithm from the 80’s, several accelerated methods and
numerical schemes have been developed that both improve the efficiency
of optimization algorithms and refine their complexity bounds. Our
objective in this monograph is to cover these recent developments using
a few master templates.

The methods described in this manuscript can be arranged in roughly
two categories. The first, stemming from the work of Nesterov [1],
produces variants of the gradient method with accelerated worst-case
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convergence rates that are provably optimal under classical regularity
assumptions. The second uses outer iteration (a.k.a. nested) schemes to
speed up convergence. In this second setting, accelerated schemes run
both an inner loop and an outer loop, with the inner iterations being
solved by classical optimization methods, and the outer loop containing
the acceleration mechanism.

Direct acceleration techniques. Ever since the original algorithm by
Nesterov [1], the acceleration phenomenon was regarded as somewhat of
a mystery. While accelerated gradient methods can be seen as iteratively
building a model for the function and using it to guide gradient compu-
tations, the argument is essentially algebraic and is simply an effective
exploitation of regularity assumptions. This approach of collecting in-
equalities induced by regularity assumptions and cleverly chaining them
to prove convergence was also used in e.g., [2], to produce an optimal
proximal gradient method. There too, however, the proof yielded little
evidence as to why the method is actually faster.

Fortunately, we are now better equipped to push the proof mech-
anisms much further. Recent advances in the programmatic design of
optimization algorithms allow us to design and analyze algorithms by
following a more principled approach. In particular, the performance
estimation approach, pioneered by Drori and Teboulle [3], can be used to
design optimal methods from scratch, selecting algorithmic parameters
to optimize worst-case performance guarantees [3], [4]. Primal dual
optimality conditions on the design problem then provide a blueprint
for the accelerated algorithm structure and for its convergence proof.

Using this framework, acceleration is no longer a mystery: it is the
main objective in the design of the algorithm. We recover the usual
“soup of regularity inequalities” that forms the template of classical
convergence proofs, but the optimality conditions of the design problem
explicitly produce a method that optimizes the convergence guarantee.
In this monograph, we cover accelerated first-order methods using this
systematic template and describe a number of convergence proofs for
classical variants of the accelerated gradient method, such as those of
Nesterov (1983, 2003), Beck and Teboulle [2] and Tseng [6] as well as
more recent ones [4].
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4 Introduction

Nested acceleration schemes. The second category of acceleration
techniques that we cover in this monograph is composed of outer it-
eration schemes, in which classical optimization algorithms are used
as a black-box in the inner loop and acceleration is produced by an
argument in the outer loop. We describe three acceleration results of
this type.

The first scheme is based on nonlinear acceleration techniques. Based
on arguments dating back to [7]-[9], these techniques use a weighted
average of iterates to extrapolate a better candidate solution than the
last iterate. We begin by describing the Chebyshev method for solving
quadratic problems, which interestingly qualifies both as a gradient
method and as an outer iteration scheme. It takes its name from the use
of Chebyshev polynomial coefficients to approximately minimize the
gradient at the extrapolated solution. The argument can be extended
to non-quadratic optimization problems provided the extrapolation
procedure is regularized.

The second scheme, due to [10]-[12] relies on a conceptual acceler-
ated proximal point algorithm, and uses classical iterative methods to
approximate the proximal point in an inner loop. In particular, this
framework produces accelerated gradient methods (in the same sense
as Nesterov’s acceleration) when the approximate proximal points are
computed using linearly converging gradient-based optimization meth-
ods, taking advantage of the fact that the inner problems are always
strongly convex.

Finally, we describe restart schemes. These techniques exploit reg-
ularity properties called Holderian error bounds, which extend strong
convexity properties near the optimum and hold almost generically,
to improve the convergence rates of most first-order methods. The
parameters of the Holderian error bounds are usually unknown, but the
restart schemes are robust: that is, they are adaptive to the Hélderian
parameters and their empirical performance is excellent on problems
with reasonable precision targets.

Content and organization. We present a few convergence acceleration
techniques that are particularly relevant in the context of (first-order)
convex optimization. Our summary includes our own points of view on
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the topic and is focused on techniques that have received substantial
attention since the early 2000’s, although some of the underlying ideas
are much older. We do not pretend to be exhaustive, and we are aware
that valuable references might not appear below.

The sections can be read nearly independently. However, we be-
lieve the insights of some sections can benefit the understanding of
others. In particular, Chebyshev acceleration (Section 2) and nonlinear
acceleration (Section 3) are clearly complementary readings. Similarly,
Chebyshev acceleration (Section 2) and Nesterov acceleration (Sec-
tion 4), Nesterov acceleration (Section 4) and proximal acceleration
(Section 5), as well as Nesterov acceleration (Section 4) and restart
schemes (Section 6) certainly belong together.

Prerequisites and complementary readings. This monograph is not
meant to be a general-purpose manuscript on convex optimization, for
which we refer the reader to the now classical references [13]-[15]. Other
directly related references are provided in the text.

We assume the reader to have a working knowledge of base linear
algebra and convex analysis (such as of subdifferentials), as we do
not detail the corresponding technical details while building on them.
Classical references on the latter include [16]-[18].
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2

Chebyshev Acceleration

While “Chebyshev polynomials are everywhere dense in numerical anal-
ysis,” we would like to argue here that Chebyshev polynomials also
provide one of the most direct and intuitive explanations for acceleration
arguments in first-order methods. That is, one can form linear combi-
nations of past gradients for optimizing a worst-case guarantee on the
distance to an optimal solution. In quadratic optimization, these linear
combinations emerge from a Chebyshev minimization problem, whose
solution can also be computed iteratively, thereby yielding an algorithm
called the Chebyshev method [19]. The Chebyshev method traces its
roots to at least Flanders and Shortley [20], who credit Tuckey and
Grosch. Its recurrence matches asymptotically the one of the heavy-ball
method and is detailed below.

2.1 Introduction

In this section, we demonstrate basic acceleration results on quadratic
minimization problems. In such problems, optimal points are the solu-
tions of a linear system, and the basic gradient method can be seen as
a simple iterative solver for this linear system. In this context, accel-
eration methods can be obtained using a classical argument involving
Chebyshev polynomials.
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2.1. Introduction 7

Analyzing this simple scenario is useful in two ways. First, recursive
formulations of the Chebyshev argument yield a basic algorithmic
template for designing accelerated methods and provide first approach
to their structures, such as the presence of a momentum term. Second,
the arguments are robust to perturbations of the quadratic function
f and hence apply in more generic contexts. This property enables
acceleration in a wider range of applications, which we cover later in
the Section 3 and Section 4.

For now, consider the following unconstrained quadratic minimiza-
tion problem

minimize {f(:v) = %(ZL‘, Hzx) — (b;x}} (2.1)

in the variable x € R, where H € Sy (the set of symmetric matrices of
size d x d) is the Hessian of f. We further assume that f is both smooth
and strongly convex, i.e., that there exist some L > p > 0 such that
uI < H < LI. The reasoning of this section readily extends to the case
where p is the smallest nonzero eigenvalue of H. We start by analyzing
the convergence of the fixed step gradient method (Algorithm 1) for
solving (2.1).

Algorithm 1 Gradient method
Input: A differentiable convex function f, initial point xg, step size
v > 0, budget N.
1: fork=1,...,N do
2w =Tp1 — YV f(Tr-1)
3: end for

Output: Approximate solution x .

For problem (2.1), the iteration reads
zpi1 = (T=vH)zp + b,

and calling x, the optimum of problem (2.1) (satisfying Hzx, = b) yields

Tpr1 — Tx = (I — yH) (2 — 24). (2.2)
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8 Chebyshev Acceleration

This means the iterates of gradient descent xj—x, can be computed from

To — Ty Via 1 — 74 = PS4 (H) (29 — 24) using the matrix polynomial
PEm(H) = (I—yH)". (2.3)

Suppose we set the step size v to ensure

where || - ||2 stands for the operator ¢5 norm. Then, (2.2) controls the
convergence with
|2k — z4ll2 < ||IT—vH|5 |z — 24]]2, for k> 0. (2.4)

Because the matrix H is symmetric and hence diagonalizable in an
orthogonal basis, given v > 0, we obtain

[T—~H[z < max |T—~H|2

pI<H=LI
< 1—9A

< max 1=

< A—=1;1—~A
< max max{y ; 1— A}
< max{yL—1; 1—~yu}.

To get the best possible worst-case convergence rate, we now minimize
this quantity in ~ by solving

L—p

i L—-1,1- = —. 2.5
min max {7y =T . (2.5)
The optimal step size is obtained when both terms in the max are equal,
reaching:
2
= — 2.6
Ll (2.6)

Denoting by x = % > 1 the condition number of the function f, the
bound in (2.4) finally becomes

k—1
k+1

k
2k — 2412 < ( > 2o — 2ulla, for k>0,  (2.7)

which is a worst-case guarantee for the gradient method when minimizing
smooth strongly convex quadratic functions.
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2.2. Optimal Methods and Minimax Polynomials 9

N — |1 — A
0.8 &~~~ — 1= AP =
1 —AP

0 pu L
A€ [p, L]

Figure 2.1: We plot |PF™4()\)| (for the optimal « in (2.6)) for k € {1,3,5}, p =1,
L = 10. Note that the polynomials satisfy PS4(0) = 1. The rate is equal to the
largest value of |PS™4())| on the interval, which is achieved at the boundaries (where
A is either equal to p or to L).

2.2 Optimal Methods and Minimax Polynomials

In Equation (2.4) above, we saw that the worst-case convergence rate
of the gradient method on quadratic functions can be controlled by the
spectral norm of a matrix polynomial. Figure 2.1 plots the polynomial
PkGrad for several degrees k. We can extend this reasoning further to
produce methods with accelerated worst-case convergence guarantees.

2.2.1 First-Order Methods and Matrix Polynomials

The bounds derived above for gradient descent can be extended to a
broader class of first-order methods for quadratic optimization. We
consider first-order algorithms in which each iterate belongs to the span
of previous gradients, i.e.

Tpy1 € zo +span{V f(xo), Vf(z1), ..., Vf(zr)}, (2.8)

and show that the iterates can be written using matrix polynomials as
in (2.3) above.
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10 Chebyshev Acceleration

Proposition 2.1. Let 2o € R? and f be a quadratic function defined
as in (2.1) with uI <= H < LI for some L > p > 0. The sequence
{2k k=01, satisfies

Trr1 € zo + span {V f(xo), Vf(x1), ..., Vf(zk)}, (2.9)
for all & = 0,1,..., if and only if the errors {z} — =, }r—01,.. can be
written as

xp — e = Py (H) (20 — 24), (2.10)
for all K =0,1..., for some sequence of polynomials {P}r=01,.. with

Py, of degree at most k and P (0) = 1.

Proof. Since V f(z) is the gradient of a quadratic function, it reads
Vf(x)=Hzx —b=H(x — z,)
for any z, satisfying Hz, = b, where H is symmetric. We have

:L’o—l’*:1'($()—$*)
= PO(H) (l‘o — SU*).
We now show recursively that z; — x, = Py(H)(zo — z4), where Py is a

residual polynomial of degree at most k. Our assumption about the iter-
ates (2.9) implies that, for some sequence of coefficients {aﬁkﬂ)}izoywk,

k
k
T4l — T = To — Tx + ZOJZ( +1)Vf(azz)
=0

Assuming recursively that (2.10) holds for all indices i < k,

k
Tkl — T = To — Tx + Z a§k+1)HPi(H)(.Z‘0 — 1'*)
=0

- <I +H Zk: aE’““)B-(H)> (20 — Tu).
1=0

(k+1)

Then, by writing P1(z) =1+ 2% ya;" " Pi(z), we have

Try1 — Tx = Pry1 (H) (20 — 24)

with P,11(0) = 1 and deg(Py+1) < k + 1. Since the proof is a sequence
of equalities, the equivalence readily follows. [ |
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2.3. The Chebyshev Method 11

Given a class M of problem matrices H, Proposition 2.1 provides a
way to design algorithms. Indeed, we can extract a first-order method
from a sequence of polynomials { Py }r—o, .. n. We can therefore use tools
from approximation theory to find optimal polynomials and extract
corresponding methods from them. Given a matrix class M, this involves
minimizing the worst-case convergence bound over H € M by solving

. .
Py = argmin  max [ P(H)[2 (2.11)

P(0)=1
where Py is the set of polynomials of degree at most k. The polynomial
Py is an optimal polynomial for M and yields a (worst-case) optimal
algorithm for the class M. In terms of the notation used in the proof of
Proposition 2.1, we are by construction looking for coefficients {0%(] )}Z-
depending only on the problem class M, but not on a specific instance

of H.

2.3 The Chebyshev Method

In the case where M is the set of positive definite matrices with a
bounded spectrum, namely

M={HeS;:0<pul <H=LI},

the optimal polynomial can be found by solving

P =argmin  max _|P()\)] (2.12)
PePy, A€[p, L]
P(0)=1

Polynomials that solve (2.12) are derived from Chebyshev polynomials
of the first kind in approximation theory and can be formed explicitly
to produce an optimal algorithm called the Chebyshev method. This
section describes this method and provides its corresponding worst-case
convergence guarantees.

2.3.1 Shifted Chebyshev Polynomials

We now explicitly introduce the Chebyshev polynomials. A more com-
plete treatment of these polynomials is available in, e.g., Mason and
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12 Chebyshev Acceleration

Handscomb [21]. Chebyshev polynomials of the first kind are defined
recursively as follows

To()

Ti(z)
T(l‘) 21377€ 1( ) E_Q(SL‘), for k > 2.

1,
x,

(2.13)

There exists a compact explicit solution for Chebyshev polynomials
that involves trigonometric functions:

cos(k acos(x)) x € [—-1,1],
Ti(x) = { cosh(k acosh(x)) x> 1, (2.14)
(—1)*cosh(kacosh(—z)) = < 1.

It is possible to show that Chebyshev polynomials satisfy the minimax

property
1

2k_1ﬁ = argmin max |P(x)|,

deg(P)<k [(-1.1]
P is monic

where a monic polynomial is a polynomial whose coefficient associated
with the highest power is equal to one. From this minimax definition,
that defines the minimal polynomial over [—1, 1], we can transform it by
shifting it to the interval [u, L], then rescaling it to obtain a polynomial

such that P(0) = 1. More precisely, using a simple linear mapping from
1, L] to [—1, 1],
2z — (L
z — D (g) = M)
L—p

we obtain shifted Chebyshev polynomials:

T (t1H(2))

[, L] _
) = 7 @)

(2.15)

where we have enforced the normalization constraint C’,E“ 4 (0) = 1.
Under these transformations, the shifted Chebyshev polynomials keep
some minimax property, and can be shown to be solutions to (2.12).
More formally, Golub and Varga [22] characterize the ¢+, optimality
on the interval [u, L] using an equi-oscillation argument (see, e.g.,
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2.3. The Chebyshev Method 13

b, oIl
| |G
0.8F

206}

}L,L](

Toat

0.2

A€ [, L]

Figure 2.2: We plot the absolute value of CI""(z), Cg”’L](x) and Cé"’L] (z) for
A € [, L], where = 1 and L = 10. Note that the polynomials satisfy C’,[C“’L] (0) =1.

The maximum value of the image of [u, L] by CIL“ 1 decreases rapidly as k grows,
implying an accelerated rate of convergence.

[23]); i.e., they show that the solution of (2.12) is P} = C,[C“’L]. The
equioscillation property of the shifted Chebyshev polynomial is clearly
visible on Figure 2.2, where the polynomial hits its maximum value
k 4+ 1 times on the interval [u, L].

2.3.2 Chebyshev Algorithm

The following recursion follows from (2.13) together with (2.15) and a
few simplifications:

@) = 1,
[11,L] L
Ci ' (z) =1 T qu, (2.16)
L 20y, .
C’[f ](x) L—u(L+M_2$)CI[£1]($)
2(5k(L + N) b
" (1 B L—,u> CIE:IiQ}(x), for k > 2,
where §; = % and
_ t[M,L] 0 1
o Ty
E(t[“’ ](0)) QT_Z S
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14 Chebyshev Acceleration

The sequence J;, ensures C,[C’L 4 (0) = 1. We present this recursion for
simplicity, but one should note that it might present some numerical sta-
bility issues in practice. There exist numerically more stable first-order
methods based on Chebyshev polynomials, see, e.g., [24, Algorithm 1].

We plot C'£ 7L}(§c), Cg“’L] (x) and C’é”’L] (z) in Figure 2.2 for illustration.

Computational details for the shifted Chebyshev. Let us quickly
detail how to arrive to (2.16) using (2.13) and (2.15). We first expand
Tr. (tH (2)) using (2.13),

Ta(t1 ) (@) = 2609 () Ty (#19) (2)) — Tia (108 (),

2L () - Tiea (D 0).

B ﬁ(t[u,L] (x))
- ’Tk(t[MvL](O))
C’,[f 4 (z) in the equation above and obtain
202z -L—p
L—p

= Tz (t(0)) - O (),
L, 22z — L — p) Te—a (t9951(0)) AL
O @) ===~ [ T (t-21(0)) Cr1
_ T2 (H0) gy

Since C’,E“’L} (x) , we substitute Ty, (t#-11(2)) by Ty (¢#11(0))-

Te(tb1(0) - (@) = Tema (4 H(0)) - O ()

()

Te(tleLl(0)) k2 @),
2(2z — L —
et = - R L2 P W s tw)

— Sk 16,C ().

For obtaining a simple recursion on Jy, note that C’,[C“ 4 (0) =1 for all
k > 0 by construction. It follows that

2(L
o) = (Lﬂ%’“ P10y =818, 5 (0) = 1,
— U —_—— ——
=1 =1
and thereby

L+p 1

o 16 =1—26 and dp = :

k—10k L7 F 2%—5#1

Documents

Document Sharing Hub

Full document details: IEEE Acceleration Methods


http://www.avadocuments.com/doc/ieee-acceleration-methods
http://www.avadocuments.com/doc/ieee-acceleration-methods

2.3. The Chebyshev Method 15

2.3.3 Chebyshev and Polyak’s Heavy-Ball Methods

We now present the resulting algorithm, called Chebyshev semi-iterative
method [25]. We define iterates using C,E,“ = (x) as follows,

Ty — Ty = CIEN’L}(H)(QCO — Ty).

The recursion in (2.16) then yields

2
Tp— T, = kp«L+uﬂ—2Hﬂm4—wQ

L —

L+
+ (1 — 25kL — Z) (Th—2 — Ty).

Since the gradient of the function reads
Vf(zr) = H(zy — ),

we can simplify away x4 to get the following recursion:

25,
-

Ty, (L + p)zp—1 — 2V f(xp-1)) + (1 - 25kL i M) Tp_2,

L—p

which describes iterates of the Chebyshev method. We summarize it as
Algorithm 2. By construction, the Chebyshev method is a worst-case
optimal first-order method for minimizing quadratics whose spectrum
lies in [u, L]. Surprisingly, its iteration structure is simple and somewhat
intuitive: it involves a gradient step with variable step size 49y /(L — u),
combined with a variable momentum term.

Algorithm 2 Chebyshev’s method

Input: An L-smooth p-strongly convex quadratic f, initial point xg
and budget N.

1: Set 1 = %, 1 =T — %ﬂv!}e(.’ﬁo)

2: for k=2,...,N do

) _ 1

3: Set 0 = 2%5—51@—1’

4 T =Tpo — fikuvf(xk—l) + (1 - 25k%ﬁ) (Tp—2 — Tp—1).
5: end for

Output: Approximate solution xy.
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16 Chebyshev Acceleration

Perhaps more surprisingly, the Chebyshev method has a stationary
regime that is even simpler. Indeed, when k — oo, the coefficients of the
recursion from Algorithm 2 converge to the ones of Polyak’s heavy-ball
method,

4 (VL - yp)?
(\E+\/ﬂ)2vf( D+ (VL + /)2

To see this, it suffices to compute the limit of §;, written as 0o, by

T = Tp_1 — (Th—1 — Tp—2).

solving
1

Y=

reaching

VI~ Vi
VL + /i
We obtain Polyak’s heavy-ball method by replacing dr with d., in
Algorithm 2.

(2.17)

0o —

2.3.4 Worst-case Convergence Bounds

The shifted Chebyshev polynomials are solutions to (2.12). Therefore,
using the same trick as for gradient descent, we can obtain the following
worst-case bound for the Chebyshev method

,L L
|z — x|z < [CFH (H) (w0 — 2)l2 < |20 — 2|2 max |CFH ().

z€[p, L]
(2.18)
The maximum value is determined by evaluating the polynomial at one
of the extremities of the interval [21, Chapter 2] (see also Figure 2.2),

i.e,
[, L] [, L]
max |C} =C L).
ma [ )| = o)
Using (2.15) and (2.14) successively,
1 1
() = = .
(1, L] L
‘ﬂc(t " (O))‘ cosh (k: acosh (L—J_rl’j))

We obtain the worst-case convergence guarantee of the Chebyshev
method, as stated in the following theorem.
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2.3. The Chebyshev Method 17

Theorem 2.1. Let zp € R? and f be a quadratic function defined as
in (2.1) with uI < H < LI for some L > pu > 0. For any N € N, the
iterates of the Chebyshev method (Algorithm 2) satisfy

L
\/:Jr ! (2.19)

2
[zn — 242 < WHH} — x|l where £ = \/Z_ 1.

Proof. We bound (2.18) as follows,

L
oy —2ulls < |lzo — 24lla max |CHH (a)]
z€[p,L]

1
cosh (N acosh (f—fﬁ)) '

= [lzo — zu2
First, we evaluate the acosh term,
L 2
L—pu L—pu L—pu

JE+1
= In(€), where ¢ =YE :

L_q
I

~

After plugging this result into the cosh, we get

1 2 2
cosh (N In (£))  eNI() 4 e—~NnE) EN 4 ¢—N?

thereby reaching the desired result. |

It may be difficult to compare the convergence rate of the Chebyshev
method with that of gradient descent, due to its more complex expression.
However, by neglecting the denominator term ¢, we obtain the
following upper bound:

N
k—1
o — s < 2 (:ﬂ 1) o — 2]

Note that the convergence rate of Polyak’s heavy-ball method
matches (up to a multiplicative factor) that of Chebyshev’s method

Documents

Document Sharing Hub

Full document details: IEEE Acceleration Methods


http://www.avadocuments.com/doc/ieee-acceleration-methods
http://www.avadocuments.com/doc/ieee-acceleration-methods

18 Chebyshev Acceleration

asymptotically, which is better than that of gradient descent in (2.7),

which reads
k—1\Y
[zn — 2ul2 < 1 2o — 24l|2-

We summarize this result in the following corollary, which compares

the number of iterations required to reach a target accuracy e.

Corollary 2.2. Let 29 € R? and f be a quadratic function defined as
in (2.1) with I < H < LI for some L > p > 0. After respectively

« N> i log (M) iterations of gradient descent (Algorithm 1
with (2.6)), or

« N > \/% log (M) iterations of Chebyshev’s method (Al-
gorithm 2),
we have that
[zn — @]z < e

Proof. For gradient descent, a sufficient condition on the number of
iterations required to reach an accuracy of € reads

k—1
k+1
Taking the log on both sides, we get

] G
o(3)

) > 2z, the above condition can be simplified

N
lox — all2 < ( ) 7o — all2 < e.

. 21
Using the bound log —

to the following stronger condition on N
N>E log <||$0 — x*H2>
— 2 € '

This gives the desired result for gradient descent. With the same ap-
proach, we also get the result for the Chebyshev algorithm. |

This corollary shows that the Chebyshev method can be \/k faster
than gradient descent. This translate to a speedup factor of 100 in
problems with a (reasonable) condition number of 10%, which is very
significant.
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2.3. The Chebyshev Method 19

Worst-case optimality of Chebyshev’'s method. When the dimension
d of the ambient space is sufficiently large, and without further assump-
tions on the spectrum of H, the worst-case guarantee on Chebyshev’s
method is essentially unimprovable. Informally, given a budget N, a
problem class M and some R > 0, the best worst-case guarantee on the
distance to optimality ||zn — z4||2 that can be achieved by a first-order
method is given by

s s R VPO =l 220
zo—z.]l2<R  P(0)=1
which corresponds to the worst-case performance of the best performing
method on any problem of the class. More precisely, for any first-order
method satisfying z3, € xo + span{V f(zo), Vf(z1), ..., Vf(zr_1)}
for all £ > 1 (the “span assumption”) applied on the quadratic prob-
lem (2.1), it holds that:

span{V f(zo), ..., Vf(zr—1)}
C span {H(xo —Ty)y ey Hk(:co - m*)} ,

and therefore, the conjugate gradient-like method

T = argmin ||z — 4|2
e (2.21)
st. & € x4+ span{H (zg — ), ..., H*(xo — z,)},

is instance-optimal: it achieves the best worst-case performance on any
problem instance. It follows that the worst-case performance of any
first-order method satisfying the span assumption can only be worse
than that of (2.21). The worst-case performance of (2.21) being given
by (2.20), we have that for any initialization zp € R? any first-order
method satisfying the span assumption in Equation (2.8), there exists
at least one problem on which
|ty — 24l]2 >  max min ||P(H)(xo — x4)||2, (2.22)
HeM, z,eRe PEPN,
|zo—z.|l2<R P(0)=1
where zx € R is the output of the first-order method under considera-
tion, and x4 is the optimal point of the problem.
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20 Chebyshev Acceleration

In other words, the max term in (2.22) searches for the “most
difficult” quadratic function, while the min term represents the best
first-order method for a specific quadratic function. Of course, the
method (2.21) is much more powerful than the Chebyshev method,
since it is optimal for any specific function. However, it is possible to
show that despite being more powerful, this optimal algorithm has the
same worst-case performance as that of Chebyshev’s method when the
dimension d of the ambient space is large enough. The lower bound
result is summarized by the next theorem.

Theorem 2.3. [26, Proposition 12.3.2] Let N, d € N such that d > N+1,
and let 2o € R%. There exists H € Sy : pI <=H < LT and z, € R? such
that any sequence {zj}r—o,. n generated by any first-order method
satisfying (2.8), and initiated at ¢ for minimizing the quadratic function
f in the form (2.1) satisfies

2
_ > _ - _
lzy =@l 2 [lzo — 24[l2 min Agﬁ}f\ (A)] §N+§_NHUCO Tull2,
POy
L
. W
with € = T,
m

More details on this topic can be found in [26, Section 12.3].

2.4 Notes and References

The Chebyshev method presented in this section is worst-case optimal for
the class of quadratic functions with Hessians H satisfying uI < H < LI.
More detailed discussions and developments on the topic of Chebyshev
polynomials, for quadratic minimization, are provided in [5], [27], [28],
as well as in the lecture notes [26, Chapter 10]. Those references include
the treatment of the case where the smallest eigenvalue is p = 0. Finally,
one should note that the optimal convergence bounds achieved by the
Chebyshev method requires knowledge of the problem class parameters,
@ and L, which might or might not be an issue, depending on the
problem at hand.
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2.4. Notes and References 21

Probably the most celebrated method for unconstrained quadratic
optimization problems is the conjugate gradient (CG) method. Its origin
is usually attributed to Stiefel [29] and Straeter [30]. As for the setup of
this section, it turns out that CG methods are instance-optimal, in the
sense that they are the best performing first-order methods on every
particular problem instance in the range of unconstrained quadratic
minimization problems (in particular, the CG variant presented in (2.21)
achieves the lower bound from Theorem 2.3). The classical CG produces
iterates {xj }r>0 such that

Tpr1 € argmin f(x)
€T
s.t. x € xo 4+ span{H (zg — ), ..., H*(zo — )},

which admits efficient formulation; see, e.g., [15]. Another variant of
CG is often referred to as MINRES, which produces iterates {xj }x>0
in the form

T41 € argmin ||V (z) |2
€T
s.t. x € xg +span{H (zg — ), ..., H*(zo — z.)}.

Its generalization GMRES [31] is popular for solving linear systems of
the form Hx = b when H is not required to be either symmetric or
invertible.

Yet another alternative for dealing with quadratic minimization
is to resort on Anderson-type acceleration schemes. As for conjugate
gradient methods, those schemes do not readily extend beyond quadratic
minimization with the same nice theoretical guarantees. This is the
topic of the next section.

Beyond quadratic optimization, properties of Chebyshev polynomials
is the focus of [21]. The use of Chebyshev polynomials in the context
of solving linear systems is covered at length in [32]. In particular, the
theory of [32] can be instantiated for the convex quadratic minimization
in average-case analyses, where Chebyshev polynomials (along with
their heavy-ball limits) also naturally appear [33]-[35].
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3

Nonlinear Acceleration

In this section, we see that the main argument used in the Chebyshev
method can be adapted beyond quadratic problems. The extension
that we present here, called nonlinear acceleration, follows a pattern
that is known in numerical analysis as vector extrapolation methods: it
seeks to accelerate the convergence of sequences by extrapolation using
nonlinear averages. Different such strategies are known under various
names, starting with Aitken’s A2 [7], Wynn’s epsilon algorithm [8], and
Anderson acceleration [36]; a survey of these techniques can be found
in [37]. The vector extrapolation techniques, generic by nature, can be
applied to optimization, as explained in what follows.

3.1 Introduction
This section focuses on the convex minimization problem:
minimize f(x) (3.1)

in the variable z € R?. We assume f to be twice continuously differen-
tiable in a neighborhood of its minimizer x,, and denote by f, = f(z4)
the minimum of f.
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3.1. Introduction 23

We aim at adapting some of the ideas behind Chebyshev’s accelera-
tion (see Section 2) to a broader class of convex minimization problems
beyond quadratic minimization. These adaptations stems from a local
quadratic approximation of the objective:

f@) = fot g o= e H =) +olle — ], (32

where H = V2f(z,) € Sy (the set of symmetric d x d matrices) is the
Hessian of f at xz,, which we assume to satisfy uI < H < LI for some
0 < pu < L. Of course, neglecting the second-order term in (3.2) allows
recovering a quadratic minimization problem for which one could apply
Chebyshev’s method as is.

We recall that the Chebyshev method is the first-order method
associated with the best worst-case polynomial. In short, the kth iteration
of Chebyshev’s method consists in combining previous gradients for
minimizing a worst-case convergence bound over all p-strongly convex L-
smooth quadratic problems in R? (in the form (2.1) and with d > k+1):

, |z — 213
o = argmin Jmax 70— 2.2
1, piZHZ= 0—
{ot)s T0,..., Tk, Tr ,HERF T 2
k—1 0
s.t. o =z — Zoz UV f(xi),

= (3.3)

Hz, =0,

k—1
Ty = To — Z a](j)Vf(xi),

i=0
so that aj does not depend on the particular problem instance (H, zy)
and on the initialization xg, but only on the problem class described
by p and L (we note that in Section 2, (3.3) was expressed in terms of
optimizing a polynomial (2.12)). A natural alternative to Chebyshev’s
method consists in choosing those weights adaptively. That is, depending
on the particular instance of the problem at hand. For doing so, we have
to choose another way to measure performance (because minimizing
|xx — z4]|2 would require knowledge of x,); one such possibility is to rely
on function values or gradient norms. One could then rely on conjugate
gradient-type methods which are very attractive for unconstrained
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24 Nonlinear Acceleration

quadratic minimization (see, e.g., discussions in Section 2.4). In this
section, we consider the case where a first-order optimization method
provided us with a sequence of pairs {(x;, V f(2;) }i=o,... 1 satisfying (for
i=1,...,k)

x; € xg +span{V f(xo), Vf(x1), ..., Vf(zi=1)}, (3.4)

and we study methods producing approximations of x, as linear combi-
nations Zf:o c;x; of the previous iterates {x;}i—o . 1. For choosing the
corresponding weights, we minimize the norm of the gradient at the
approximated point. In unconstrained convex quadratic minimization
problems, this approach is closely related to the so-called MINRES [38]
and GMRES [31] methods (conjugate gradient-type methods minimiz-
ing gradient norms; see discussions by Walker and Ni [39] and Section
2.4). That is, when f is quadratic, we choose the weights {c¢;}i=o,.. & by
solving

¢, = argmin {HVf (Zfzo Cz‘l’z‘)

Whereas the new approximation is a linear combination of previous

E :17¢c = 1} . (3.5)

iterates {x;}i—o,. k, the coefficients {¢;}i—o, 1 depend nonlinearly on
both Vf and on {x;}i—o, % This technique is known under a few
different names including those of Anderson acceleration and minimal
polynomial extrapolation (see discussions and references in Section 3.6
for more details). In this section, we refer to all these methods as
“nonlinear acceleration” techniques.

3.2 Nonlinear Acceleration for Quadratic Minimization

In this section, we present the simplest form of nonlinear acceleration,
which is often referred to as the offiine nonlinear acceleration mechanism.
We start with the main arguments underlying the technique, and present
a few variants later in this section.

The core idea of the mechanism is to use a sequence of iterates
{x;}i=0,... 1 provided by a first-order method for solving (3.1). On this
basis, we generate a new approximation of a solution to (3.1) as a
linear combination of past iterates, in the form Teyir = Zf:o c;z;. The
point Zextr is commonly referred to as the extrapolation and can be
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3.2. Nonlinear Acceleration for Quadratic Minimization 25

chosen in different ways. In classical nonlinear acceleration mechanisms,
it is chosen for making ||V f(Zextr)||2 small, as in (3.5). In general,
solving (3.5) is just as costly as solving (3.1), but the mechanism turns
out to have an efficient formulation when minimizing quadratic functions

of the form 1
f(2) = 5o — 2 Hlz = 2.)) + fo (36)

In this case, it is possible to find an explicit formula for (3.5). Indeed,
the gradient of f is then a linear function, and because the coefficients
{¢i}i=0,....x sum to one, the gradient of the linear combination is equal
to a linear combination of gradients:

k k k k
Vf (Z cixi> =H (Z CiTi — :1:*> = Z cH (z; — ) = Z iV f(x;).
i=0 i=0 i=0 i=0
(3.7)
It follows that (3.5) reduces to a simple quadratic program involving
gradients of the past iterates. It can be formulated as

. k 2T
¢, = argmin {szo iVf(x;) ¢ 1= 1} . (3.8)

For convenience, we use the following more compact form in the sequel

¢, = argmin ||Ge||3, (3.9)
cr'1=1
where G = [V f(20), ..., Vf(zg)] is the matrix formed by concatenating
past gradients. This quadratic subproblem requires solving a small
linear system of (k + 1) equations. When GTG is invertible, an explicit
solution is provided by

Cx = %, where z = (GTG)7'1.
2li=0 %

This mechanism is summarized in Algorithm 3.

3.2.1 Worst-case Convergence Bounds

In this section, we quantify the accuracy of nonlinear acceleration. In
particular, we show that it is instance-optimal and achieves the same
worst-case convergence rate as that Chebyshev’s method (see Theo-
rem 2.1 and Theorem 2.3) in the worst-case, as soon as the sequence
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26 Nonlinear Acceleration

Algorithm 3 Nonlinear acceleration (offline version)

Input: Sequence of pairs {(z;, Vf(x;))}izo,.. k-
1: Form the matrix G = [V f(xo), ..., Vf(z})], and compute GT G.
2: Solve the linear system (GTG)z = 1, and set ¢ = -
3: Form the extrapolated point Texty = Z?:o Ci%i.

Output: Approximate solution Zextr.

{x;}i=o,... 1 is generated by a reasonable first-order method. Before
going into the analysis, we introduce a few technical ingredients speci-
fying what is a reasonable first-order method. In short, we require that
{2 }i=o0,... k is obtained from a “nondegenerate” first-order method. That
is, we assume that the method uses V f(x;) non-trivially for generating
ziy1 (foralli=0,...,k—1).

Definition 3.1 (Nondegenerate first-order method). Let z9 € R? be an
initial point, and f : R? — R be a continuously differentiable convex
function. A first-order method generates sequences of iterates {z;}i—o 1,...
such that for all i =1,2,...

x; € xo + span{V f(zo),..., Vf(xi—1)}.

A first-order method is nondegenerate if for all continuously differentiable
convex function f : R? - R, alli=0,1,...,and all z9 € R? there exists
some {Oé‘g-l)}j:(]"”’i C R with agl) = 0 such that
i
Tiy1 = o+ Z agl)Vf(xj) (310)
§=0
The proposition below shows that when the sequence {z;}i=0,1,... is
generated by a nondegenerate first-order method, the gradient of any
iterate x; can be written using a polynomial of degree exactly i.

Proposition 3.1. Let 29 € R? be an initial point, f : R? — R be
a quadratic function in the form (3.6) with uI < H < LI, and let
{z;}i=0,1,... be generated by a nondegenerate first-order method. Then,
for all  =0,1,..., there exists a polynomial P; of degree exactly ¢ such
that P;(0) =1 and

Vf(zi) = P(H)V f(z0).
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Proof. We proceed by induction. First, we have Py = 1 (Py has degree
0 and Py(0) = 1) and hence

Vf(zo) = Po(H)V f(z0),

thereby trivially reaching the desired conclusion for ¢ = 0.

We proceed with the induction hypothesis, assuming that the desired
result holds for x;. By Definition 3.1 (nondegenerate first-order method),
and because f is a quadratic function (3.6), we have

Vf(zit1) =Vf (550 +> aﬁi)Vf(l’j))

=0

J=0

=H (l’o — Ty + i ay)Vf(xj))

=H(xg — x,) + Z aéi)HVf(xj)
=0

=V f(zo) + Z ay)HVf(:cj).
j=0
Thanks to the induction hypothesis, we have V f(z;) = P;(H)V f(z0)
with P;(0) = 1 and deg(P;) = j for j < i. For showing that P;;
satisfies the desired claim, we start by expressing V f(x;41) in terms of
a polynomial:

V(zis1) = (PO(H) + iay)HPj(H)) V f(20).

J=0

=P;11(H)

It is relatively straightforward to verify P;;1(0) = 1 using the previous
expression:

Pra(0) = Ro(0) + 3" 0l -0+ By(0) = By(0) = 1.
=0
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Finally, a minor reorganization of the expression of P;;; allows writing

i—1 ) )
P1(H) = Ry(H) + Y o\ "HP;(H) +o! HP;(H).
j=0

degree<i

Nondegeneracy of the first-order method implies that there exists some
agi) # 0 such that the previous expression holds. Finally it follows from
deg(P;) = ¢ (induction hypothesis) that deg(HP;(H)) =i + 1, thereby
reaching the desired claim. |

Equipped with previous technical ingredients, one can show that
Algorithm 3 is “instance-optimal” when applied to a nondegenerate first-
order method. This means that the nonlinear acceleration algorithm
finds the best polynomial given a specific quadratic function f—in
opposition to the Chebyshev method that finds the best polynomial for
a class of functions (Theorem 2.1). In other words, nonlinear acceleration
adaptively looks for the best combination of previous iterates given the
information stored in the previous gradients, while Chebyshev’s method
uses the same worst-case optimal polynomial in all cases. Moreover,
Algorithm 3 does not require knowledge of the smoothness or strong
convexity parameters.

Theorem 3.1 (Instance-optimality of nonlinear acceleration). Let x¢ € R4
be an initial point, f be the quadratic function from (3.6) with puI <
H < LI, and {z;}i—0,. x be generated by a nondegenerate first-order
method initiated from xy. For any k > 0, it holds that
_ ; koo
|Vf (@exer)l2 = min ||V7 (Shoociai )|, -
. 3.11
= PH)V
Aoin [|P(H)Vf (0)ll2,
P(0)=1

where Texy is obtained from Algorithm 3 {(x;, V f(z;))}i=o,... k, and Py
is the set of polynomials of degree at most k.
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Proof. Since the coefficients ¢; sum to one, we have the following equal-

ities:
k k
Vf(a:extr) = Vf (Z Ci$i> =H (Z Ci(.Ii — l'*)>
i i=0
k
= (ch i — Ty) > :Zcin(afi).
i=0
Therefore,

IV (Zextr)|l2 =

2
> ciVif(zi)

1=0

2
We now use the definition of a first-order method, which yields iterates
x; such that

x; € ko + span{V f(x¢), ..., Vf(zi—1)}.
From Section 2.3, Proposition 2.1, it follows that x; can be written as
x; =y + P(H)(z0 —z.), P, €P;, Pi(0)=1
It also holds that its gradient can be written using the same polynomial:

Vi) = Hz—2.) = HP(H)(2o - 2.) = P(H)(H(xo — 2.)
—  P(H)V/(x0). (3.12)

By substituting this expression in the objective of (3.8), we obtain

(Z Cz z ) Vf((L'())

Since the iterates {x;};—o,. 1 are generated by a nondegenerate first-
order method, all polynomials P; have differents degrees. Therefore, the
polynomials {P;}i— . i are linearly independent, and hence {P;};—¢,..
is a basis for the space Py. Finally, because P;(0) =1 and ¢’'1 = 1, we

2 2

k

> iV f(x)

=0

(3.13)

cl'1=1

2 2

can rephrase the objective (3.13) as

(Z c; P z ) vf(:EO)

min
cr'1=1

= min [|PE)Vf(z0)]l;-

2 pO)=1
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The convergence rate is thus given by

V£ (@t Vi) = min [PE)V ),

2 P0)=1

This theorem shows that the worst-case convergence rate is essen-
tially controlled by the optimal value of a minimization problem. The
minimum in (3.11) can be bounded using a Chebyshev argument similar
to the main argument used in Section 2.

Corollary 3.2. Let 2o € R? be an initial point, f be the quadratic
function from (3.6) with uI < H < LI, and {z;};—0,. » be generated
by a nondegenerate first-order method initiated from xy. Then, for any

k > 0, it holds that
L
JE+
1

L
o

where Texir is the output of Algorithm 3 applied to {(z;, V f(x;))}izo,.. &

IV f (exir)[[2 < g § T IV (o)ll2, €=

Proof. We use the shifted Chebyshev polynomial from Theorem 2.1 as
a feasible solution of the minimization problem (3.11). [ |

As for the Chebyshev method, it is possible to show that the conver-
gence rate cannot be improved as it matches that of the corresponding
lower bound, which can be obtained by adapting Theorem 2.3 to gradient
norms; see e.g., [26, Proposition 12.3.2].

Remark 3.1 (Finite-time convergence). When {(z;, V f(x;))}i=o,. % is
generated by a nondegenerate first-order method and when £ is large
enough, nonlinear acceleration eventually converges ezactly to the mini-
mizer of the quadratic function f (this follows easily from analogies with
conjugate gradient-type methods; see, e.g.,Section 2.4). More formally,
for all £ > d it holds that

Textr = Ly, (3.14)

where Zexty is the output of Algorithm 3 applied to {(x;, V f(z;))}izo
This is a natural consequence of the fact that xeyt, is the best iterate
over the set zg + span{V f(zo),...,Vf(zr_1)}, as provided by (3.8).
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3.2.2 Computational Complexity

The computational complexity of Algorithm 3 is O(dk? + k3), where
k is the length of the sequence of gradients and d is the dimension of
the ambient space. The first term originates from the matrix-matrix
multiplication GT'G in step 1, and the second one comes from solving
a (k+1) x (k+ 1) matrix in step 2. The length k being often much
smaller than d, the resulting complexity is typically O(dk?).

Low-rank updates. When using the nonlinear acceleration method
in parallel with a first-order method generating a growing sequence of
iterates {x;}i—o, .k, an extrapolation step can be computed each time a
new iterate is produced. we can reduce the per iteration complexity up
to O(dk) by computing the matrix GTG and the coefficients ¢, using
low-rank updates [40].

Limited-memory. Because the iteration complexity of nonlinear accel-
eration grows with the length of the input sequence, it might become
costly to compute an extrapolation. It is therefore common to use
nonlinear acceleration only with the last few iterates produced by the
first-order method. More formally, if we impose a maximum memory
of m pairs, we compute the extrapolation as follow when k > m. More
formally, if we impose a maximum memory of m pairs, one can use
Algorithm 3 with input {(zx—m+i, Vf(Tk—m+i)) }i=1, .m-

3.2.3 Online Nonlinear Acceleration

So far, we have seen a post-processing procedure that generates an
extrapolated point Zext, from a sequence of pairs {x;, V f(z;) }i=o, . k- If
this sequence is generated by a nondegenerate first-order method, then
Corollary 3.2 shows that the gradient of the extrapolated point Text,
converges to zero at an optimal worst-case convergence rate, without
any hyper-parameters. Perhaps surprisingly, Algorithm 3 is itself not
a nondegenerate first-order method, and can therefore not be used
recursively as is.

In what follows, we introduce a mizring parameter. This parameter
transforms the nonlinear acceleration mechanism to a nondegenerate
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first-order method without hurting its worst-case performance. This
enables using nonlinear acceleration recursively for generating the whole
sequence {z;}i=12... This technique is often referred to as online non-
linear acceleration.

Mixing parameter. The idea underlying the mixing parameter is fairly
simple: instead of combining previous iterates, we combine gradient
steps as follows:

k
Tty &= Z ci (xz - th(aci)), (3.15)
i=0
as provided by Algorithm 4. Furthermore, the use of an appropriate
step size h can even slightly improve the worst-case convergence speed
of Algorithm 3.

Algorithm 4 Nonlinear acceleration (with mixing)

Input: Sequence of pairs {(z;, V f(x;))}i=0,. k, mixing parameter h.
1: Form the matrix G = [V f(xo), ..., Vf(zx)], and Compute GTG.
2: Solve the linear system (GTG)Z =1, and compute ¢ =
3: Form the extrapolated point Zeyir = Zk oCi(zi —hV f(x )

Output: Approximate solution Textr.

'—‘ ‘

Intuitively, this mizing between iterates and gradients emulates a
gradient step on the extrapolated point from Algorithm 3, that we call

offline __ k o
extr Zi:o Cig,

m1x1ng
Leoxtr E ciz; —h E ciVf(zi)

= Z Cil; — th (Z cixi>
1=0

i=0
:xoﬁ‘line _ hvf (xofﬁine)’

extr extr

here =

where the second equality comes from the fact that f is a quadratic
function, and that Y% o ¢; = 1.

This mixing parameter requires tuning one hyper-parameter s, which
can be chosen in various ways. Proposition 3.2 shows that the mixing
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3.2. Nonlinear Acceleration for Quadratic Minimization 33

strategy slightly improves the performance of nonlinear acceleration if
h is set properly.

Proposition 3.2. Let o € R? be an initial point, f be the quadratic
function from (3.6) with uI < H < LI, and {z;};=0,. » be generated
by a nondegenerate first-order method initiated from xy. Then, for any
k > 0, it holds that

IV £ (e "®)ll2 < CullV £ (228) |2,

extr extr

where 29in¢ s obtained from Algorithm 3 applied to {(x;, V. f(%:))}izo.. k>
mixing

extr s the extrapolation with mixing from (3.15), and

x
Cp =max {1l — ph; Lh—1}.

Moreover, the factor C} is guaranteed to be smaller than one if h €
2

(0, 2), and takes its minimal value at h = i

Proof. We start with the identity

mixing __ _ offline th(CCOfﬂine)

extr — “Yextr extr
Because f is the quadratic function (3.6), the gradient of mg(igfng reads
Vi (aha®) = H(zhn™ — 2,)
= H(a20"® — hV f(2200¢) — )
— Vf (a2 — HAV f (a0Hine)
= (I = Hh)V f(x20").
Therefore, we have the bound
IV £ (when ®)ll2 < 1T — HA|2[|V £ (2200 |12,
and the desired result follows from puI < H < LI. [ |

Online nonlinear acceleration method. As previously underlined, the
mixing parameter transforms the nonlinear acceleration method into a
nondegenerate first-order method. We can therefore use it recursively.
The online variant of the nonlinear acceleration technique, with limited
memory, is provided in Algorithm 5, using Algorithm 4 as a subroutine.
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One should note that when m = oo (no memory restriction), the worst-
case performance of offline version of nonlinear acceleration with mixing
(Algorithm 4) is also valid for its online variant (Algorithm 5). It follows
from Proposition 3.2 that the worst-case performance of Algorithm 4
and Algorithm 5 is no worse than that of offline version of nonlinear
acceleration (Algorithm 3), provided by Corollary 3.2.

Algorithm 5 Nonlinear acceleration (online version, limited memory)

Input: A differentiable function f, initial point xg, mixing parameter h,
maximum memory parameter m (optional, m = oo by default).
1: Initialize Empty sequence S of pairs iterate/gradient.
2: for k=0,...do
3:  Compute V f(zy); append the pair S + SU {(zx, Vf(xr))}.
4 if £ > m then
5 Discard the oldest pair from S.
6: end if
7. Compute the extrapolation xpq = [Algorithm 4|(S, h).
8: end for
Output: Approximate solution xyyq.

In the next section, we see that nonlinear acceleration technique
might suffer from serious instability issues when applied beyond quadratic
minimization. Perhaps luckily, a simple regularization technique allows
stabilizing the procedure beyond quadratics.

3.3 Regularized Nonlinear Acceleration Beyond Quadratics

Nonlinear acceleration suffers some serious drawbacks when used outside
the restricted setting of quadratic functions. In fact, Algorithm 3 and
Algorithm 4 are numerically highly unstable. This problem originates
from the conditioning of the matrix GTG, used to compute the coeffi-
cients {¢; }i=o,... k. To illustrate this statement, assume we run Algorithm
3 with a noisy sequence of gradients {(x;, V f(x;) + €;) }i=o,...r where
the sequence {e;}i—o, .k is such that ||e;||2 < € for some € > 0. Scieur,
d’Aspremont, and Bach [41, Proposition 3.1] show that the relative
distance between ¢ (the coefficients computed using the noisy sequence
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above) and its noise-free version ¢ satisfies

c— ¢ 2 _
o2 o (IBlk (G + B (G +B) ). (@10)
where E 2 [eg, ..., ;] is the noise matrix. In this bound, the per-

turbation impacts the solution proportionally to its norm and to the
conditioning of G + E.

Unfortunately, even for small perturbations, the condition number
of G + E and the norm of the vector ¢ are usually huge. In fact, G
has a Krylov matrix structure, which is notoriously poorly conditioned
[42]. Thereby, even a very small perturbation E might have a significant
impact on performance. For illustrating this, let us briefly illustrate the
link between G and Krylov matrices: consider using gradient descent
with step size v on a quadratic function; the iterates follow the rule

ppr — e = (L=yH) (w0 —a0) & Vf(zpe) = (1-7H)*V (o).

Thereby, a matrix G formed by these expressions has the form

G = [Vf(xo). (I~ yH)Vf(xo). (I~ 7H*V(z0). ... ],

which shows that G is in fact a Krylov matrix—by definition, a Krylov
matrix K associated with a matrix A and vector v is defined as K =
[v, Av, A%v,...].

In Figure 3.1, we show the norm of ¢ and the condition number of
the matrix GTG when it is formed from iterates of gradient descent,
accelerated gradient descent (see Section 4), and nonlinear acceleration
(in the online setting, see Algorithm 5) for minimizing some randomly
generated quadratic function. Figure 3.1a shows that even after 3
iterations, the system can already be considered singular (i.e., the
condition number exceeds 10'6).

For stabilizing the method, it is common to regularize the linear
system. The resulting algorithm is often referred to as regularized
nonlinear acceleration (RNA) [41]. The following section is devoted to
some theoretical properties of this method.
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Figure 3.1: Illustration of the sensitivity of nonlinear acceleration when applying
nonlinear acceleration to gradient descent, to Nesterov’s method (see Section 4), and
using its online variant (Algorithm 5) to minimize some random quadratic function.
Figure 3.1a: the condition number of the matrix GT G, which grows exponentially
with its size (the plateau on the right is caused by numerical errors). Figure 3.1b:
the norm of the vector of coefficients c.

3.3.1 Regularized Nonlinear Acceleration

Regularized nonlinear acceleration (RNA) consists of using Algorithm 3
with a regularization, thereby rendering the method less sensitive to
noise. In short, the base operation underlying RNA is to solve
2

argmin LGC”QQ + Ml = cretll3 (3.17)

=1 IG5
in the variable ¢ € R¥, where ¢t is some reference vector. The effect
of regularization is therefore to force c to be close to c.f. Of course,
it makes more sense to pick ¢ summing to one. A common choice
is to pick ¢ = 1/k, which would enforce the procedure to be “not
too far” from a simple averaging of the iterates. Another possibility
is ¢ref = [0g—1, 1], which puts more weight on the last iterate. The
division by ||G||3 is for scaling purposes, as it makes A dimensionless.
The resulting method is slightly more complicated than its previous
version without regularization and is provided in Algorithm 6. When
cref = 1/k, the procedure simplifies to Algorithm 7.

Online regularized nonlinear acceleration. As in the quadratic case,
Algorithm 6 and Algorithm 7 could be used as subroutines in the
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Algorithm 6 Regularized nonlinear acceleration (RNA)

Input: Sequence of pairs {(z;, Vf(z;))}i=0,. k, mixing parameter h,
regularization term A > 0, reference vector cpes.
1: Form G = [V f(xg), ..., Vf(zy)], compute G =
2: Solve the linear system (G 4+ AI)w = Acyet.
3: Solve the linear system (G + AI)z = 1.
4
5

GTa
IGTG2"

T
: Compute the coefficients ¢ = w + z(lﬂ#l)

: Form the extrapolated point Textr = Z?:o c¢i (x; — hV f(z;)).
Output: Approximate solution Zextr.

Algorithm 7 Regularized nonlinear acceleration (with ¢y = 1/k)

Input: Sequence of pairs {(x;, Vf(2;))}i=0,. k, mixing parameter h,
regularization term A\ > O

: Form G = [V f(xo), ..., Vf(zk)] and compute G = %

: Solve the linear system (g + AI )z =1/k.

: Compute the coefficients ¢ = _#7.

Form the extrapolated point Zeytr = 27{?:0 ci (x; — hV f(z;)).
Output: Approximate solution Zexir.

L

online nonlinear acceleration method (Algorithm 5), thereby forming
the regularized version of the online acceleration algorithm.

3.3.2 Perturbed Linear Gradients

In this section, we consider the problem of minimizing a twice contin-
uously differentiable convex function f, as in (3.1), beyond quadratic
problems. For doing that, we introduce perturbed linear gradients. As
before, we consider iterates {x;}i—o,1,.. originating from a first-order
method satisfying

Tpt1 € mo+span{Vf(zo), Vf(z1), ..., Vf(zk)}.

However, V f(z) is now no longer the gradient of a quadratic function.
Instead, gradients of f can be written as a sum of the gradients of a
quadratic function with a perturbation term e(x), as follows:

Vilx)=H(r —z,) +e(z), withH:0<uI<H=<LI. (3.18)
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Indeed, it follows from twice continuous differentiability of f that

1
f(@) = ot (V@) o)+ (1 =20 V2 (2:) (@-2.)) +O(||lz —2.][3).
—— 2
=0
Therefore, f(z) can be approximated by the quadratic function (3.18)
with H = V2 f(z,). Similarly, its gradient reads

Vi(x) = Vi(ze) +V2f(z)(z — ) +e(x) = H(x — z,) + e(x),
=0
where e(z) is the first-order Taylor remainder of the gradient. Thus,

minimizing a non-quadratic function is equivalent to minimizing a
perturbed quadratic one with a second-order error on its gradient:

e(wy) = V() —Hz—2) (= llel@)ls = Oz — z.3))
(3.19)
where H = V2f(x,).

3.3.3 Convergence Bound

Using a perturbation argument, it is possible to derive a convergence
guarantee for RNA. We state here a simplified version of [43, Theorem
3.2], which describes how regularization balances acceleration and sta-
bility in Algorithm 7. We discuss convergence rates in greater detail in
what follows.
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Theorem 3.3. Let 29 € R?, f be a twice continuously differentiable
function with minimum z, and whose gradient V f follows (3.18) with
lle(xi)||2 < €. Let {z;}i=0,. k be generated by a nondegenerate first-order
method initiated from xy. Then, for any & > 0, it holds that

[H(Zextr — 24) |2

1
< 1= hH]y | VM) [H(wo 2]z +0 <\/1 + Ae> ,
N——————

acceleration

stability

where 2y, is the output of Algorithm 7 applied to {(z;, V f(x:))}i=o,.. &
with parameters h, A > 0, and Vk[“ ’L]()\) is a constant that corresponds
to the maximum value on the interval [, L] of the regularized Chebyshev

polynomial, i.e,

V() = max (0P P (@),

z€(p,L]
with O — argmin max PA(z) + AIGTG | P, (2
P(G;Dk, QEE[/L,L]
P(0)=1

where || P||2 is the norm of the vector of coefficients of the polynomial P.

This theorem states that regularization helps stabilizing the al-
gorithm while slowing down the convergence rate. The regularized
Chebyshev polynomial is somehow a mid-point between the classical
shifted Chebyshev polynomial C,[f 4 (from (2.15)) and the polynomial
whose coefficients are defined by 1/k (the polynomial that averages
the iterates {z;};—o,. r). By construction, its maximum value is always
larger than that of the Chebyshev polynomial, but the norm of its
coefficients is smaller. Unfortunately, there is as yet no known explicit
expression of the regularized Chebyshev polynomial. To the best of our
knowledge, its value can nevertheless be computed numerically [44].

This mid-point between Chebyshev coefficients and the simple aver-
aging of iterates is also natural in the context of noisy iterations. When
the noise is negligible, a small regularization parameter combines the
iterates {z;};—o, . r using nearly the classical Chebyshev weights. When
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the noise is more substantial, a larger regularization parameter brings
the vector of coefficients ¢ closer to the average 1/k, thereby improving
the “stability term” while rendering the “acceleration” less effective.

3.3.4 Asymptotic Convergence Rate

We briefly discuss the behavior of RNA when the initial point xg
approaches the solution x,. In particular, the next proposition shows
that if the perturbation magnitude e decreases faster than ||H(xo—x.)||2,
the parameter A can be adjusted to ensure an asymptotic convergence
rate comparable to that of the Chebyshev method on quadratic problems
(see Section 2).

Informally, the theorem exploits the fact that as xg approaches x,, f
gets closer to its quadratic approximation around x,. Thereby, an appro-
priate tuning of RNA allows matching (asymptotically) the convergence
rate of nonlinear acceleration on quadratics (see Theorem 3.1).

Proposition 3.3. Let 2o € R?, f be a twice continuously differentiable
function with minimum z,, whose gradient Vf follows (3.18) with
lle(x;)]l2 < e. Let {z;}i=0,. 1 be generated by a nondegenerate first-
order method initiated from xzg. If we have

€ =O(zo — 2[2), a>1,

and if we set A o ||xg — z4||5 (proportional to ||zg — x,||5), where
0 < s <2(a—1), then it holds that

L
H _ 9 = +1
i e = 2)le gy 2 e o Vit ,
TO— T ||H(£CO — IE*)”Q g —{—ff \/% _1

where Zextr is the output of Algorithm 7 applied to the sequence
{(xi, Vf(2))}izo,.. 1 With parameters h, A > 0.

Proof. To simplify the notation, set R = ||[H(xg — x4)||2. We start from
the result of Theorem 3.3 and divide both sides by R:

[ H(@extr — @) |2 [,L] 1e
<|I- ’ Jie=S).
7 <|I-rH|2 |V, (A\)+ 0O 1+ V:
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Since A  R* and € = O(R®),

B (Zextr — 242
R

< T —hH||2 (Vk[“’L](A) + \/0(32(a—1)) N O(R2(a—1>—s)) .

When z¢y — x4, we have R — 0 and

R¥e=1) 0 (since a > 1),

R¥@=1)=s 4 g (since s < 2(av — 1)).

Finally, in (3.20) the regularization parameter \||GT G||; = O(R?) — 0.

Since the (non-regularized) shifted Chebyshev polynomial C,E,“ -

C’,[f 119 45 a feasible solution of (3.20), we have the following bounds:

[1,L] 2 [, L], 2
V A = max |C T
( k ( )) celpl)] | k ( )| )

IN

LA L]\
max |CH A @) 2L 4+ A|GTGo ) M2,
z€lu,L)

= min max PQ(ZL') + )\HGTG’HQHP”%,
PePy, =z€[p,L]
P(0)=1

IN

L L
max_|CFH(@)] § + A|GT G| CI M 3.
z€[u,L]

As A — 0 we have that the upper bound on (V,C[“’L]()\) converges to the
maximum value of the regular (shifted) Chebyshev polynomial, thereby
reaching the desired claim. |

In short, the previous theorem states that the asymptotic con-
vergence rate matches the rate of Chebyshev’s method as soon as
A x ||zg — z4]|5 is decreasing (condition s > 0), but not too quickly
compared to the perturbation magnitude € = O(||zo — z4||$) (condition
s < 2(av — 1)), which is achievable only when a > 1. This condition is
met, for instance, when accelerating twice continuously differentiable
functions with gradient descent: the error decreases as O(||xg — x4|3),
see (3.19), and therefore « = 2 > 1.
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