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Abstract

Monte Carlo methods, in particular those based on Markov chains and

on interacting particle systems, are by now tools that are routinely

used in machine learning. These methods have had a profound impact

on statistical inference in a wide range of application areas where

probabilistic models are used. Moreover, there are many algorithms

in machine learning which are based on the idea of processing the data

sequentially, first in the forward direction and then in the backward

direction. In this tutorial, we will review a branch of Monte Carlo

methods based on the forward–backward idea, referred to as backward

simulators. These methods are useful for learning and inference in prob-

abilistic models containing latent stochastic processes. The theory and

practice of backward simulation algorithms have undergone a signifi-

cant development in recent years and the algorithms keep finding new

applications. The foundation for these methods is sequential Monte

Carlo (SMC). SMC-based backward simulators are capable of address-

ing smoothing problems in sequential latent variable models, such as
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general, nonlinear/non-Gaussian state-space models (SSMs). However,

we will also clearly show that the underlying backward simulation idea

is by no means restricted to SSMs. Furthermore, backward simulation

plays an important role in recent developments of Markov chain Monte

Carlo (MCMC) methods. Particle MCMC is a systematic way of using

SMC within MCMC. In this framework, backward simulation gives us

a way to significantly improve the performance of the samplers. We

review and discuss several related backward-simulation-based methods

for state inference as well as learning of static parameters, both using

a frequentistic and a Bayesian approach.
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1

Introduction

A basic strategy to address many inferential problems in machine

learning is to process data sequentially, first in the forward direc-

tion and then in the backward direction. Examples of this approach

are the well-known forward–backward algorithm for hidden Markov

models (HMMs) and the Rauch–Tung–Striebel smoother [119] for lin-

ear Gaussian state-space models. Moreover, two decades of research on

sequential Monte Carlo and Markov chain Monte Carlo have enabled

inference in increasingly more challenging models. Many developments

have been made in order to make use of the forward–backward idea

together with these Monte Carlo methods, providing inferential tech-

niques collectively referred to as backward simulation. This tutorial

provides a unifying view of these methods. In this introductory section

we review some relevant background materials and also derive a first

backward simulator for the special case of linear Gaussian state-space

models.

1.1 Background and Motivation

For over half a century, Monte Carlo methods have been recog-

nized as potent tools for statistical inference in complex probabilistic

1
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2 Introduction

models; see [103] for an early discussion. A continuous development

and refinement of these methods have enabled inference in increasingly

more challenging models. A key milestone in this development was the

introduction of Markov chain Monte Carlo (MCMC) methods through

the inventions of the Metropolis–Hastings algorithm [71, 102] and the

Gibbs sampler [58]. Parallel to this, sequential importance sampling

[70] and sampling/importance resampling [122] laid the foundation of

sequential Monte Carlo (SMC). In its modern form, SMC was first

introduced in [64, 129]. During the 1990s, several independent develop-

ments were made by, among others, [77, 83]. Recently, SMC and MCMC

have been combined in a systematic manner through the developments

of pseudo-marginal methods [6, 11] and particle MCMC [3].

Backward simulation is a strategy which is useful as a Monte Carlo

method for learning of probabilistic models containing latent stochastic

processes. In particular, we will consider inference in dynamical sys-

tems, i.e., systems that evolve over time. Dynamical systems play a

central role in a wide range of scientific fields, such as signal pro-

cessing, automatic control, epidemiology and econometrics, to mention

a few.

One of the most widely used models of a dynamical system is the

state-space model (SSM), reviewed in more detail in Sections 1.4–1.6.

The structure of an SSM can be seen as influenced by the notion of

a physical system. At each time t, the system is assumed to be in a

certain state xt. The state contains all relevant information about the

system, i.e., if we would know the state of the system we would have

full insight into its internal condition. However, the state is typically

not known. Instead, we measure some quantity yt which depend on the

state in some way. Given a sequence of observations y1:T , (y1, . . . , yT ),

we seek to draw inference about the latent state process x1:T (state

inference), as well as about unknown static parameters of the model

(parameter inference).

The class of SSMs will play a central role in this tutorial. Indeed,

many of the inferential methods that we will review have been

developed explicitly for SSMs. However, as will become apparent in

Sections 4 and 5, most of the methods are more general and can be

used for learning interesting models outside the class of SSMs.
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1.2 Notation and Definitions 3

Backward simulation is based on the forward–backward idea. That

is, the data is processed first in the forward direction and then in the

backward direction. In the backward pass, the state process is simu-

lated backward in time, i.e., by first simulating xT , then xT−1 etc., until

a complete state trajectory x1:T is generated. This procedure gives us

a tool to address the state smoothing problem in models for which no

closed form solution is available. This is done by simulating multiple

backward trajectories from the smoothing distribution, i.e., condition-

ally on the observations y1:T , which can then be used for Monte Carlo

integration. State smoothing is of key relevance, e.g., to obtain refined

state estimates in offline settings. Furthermore, it lies at the core of

many parameter inference methods (see Section 1.5) and it can be used

to address problems in optimal control (see Section 4.1).

Backward simulation is also useful in MCMC, as a way of grouping

variables to improve the mixing of the sampler. A common way to con-

struct an MCMC sampler for an SSM is to sample the state variables xt,

for different t, one at a time (referred to as single-state sampling). How-

ever, since the states are often strongly dependent across time, this can

lead to poor performance. Backward simulation provides a mean of

grouping the state variables and sampling the entire trajectory x1:T

as one entity. As we will illustrate in Section 1.3, this can lead to a

considerable improvement upon the single-state sampler.

In Section 1.7 we will derive a first backward simulator for the

class of linear Gaussian state-space (LGSS) models. Apart from LGSS

models, exact backward simulation is tractable, basically only for finite

state-space HMMs (see also Section 4.1.1). The main focus in this tuto-

rial will be on models outside these restricted classes, for which exact

backward simulation is not possible. Instead, we will make use of SMC

(and MCMC) to enable backward simulation in challenging probabilis-

tic models, such as nonlinear/non-Gaussian SSMs, as well as more gen-

eral non-Markovian latent variable models.

1.2 Notation and Definitions

For any sequence {xk}k∈N and integers m ≤ n we write xm:n ,
(xm, . . . , xn). We let ∧ be the minimum operator, i.e., a ∧ b , min(a,b).

Full document details: IEEE Backward Simulation Methods for Monte Carlo Statistical Inference

http://www.avadocuments.com/doc/ieee-backward-simulation-methods-for-monte-carlo-statistical-inference
http://www.avadocuments.com/doc/ieee-backward-simulation-methods-for-monte-carlo-statistical-inference


4 Introduction

For a matrix A, the matrix transpose is written as AT. For two prob-

ability distributions µ1 and µ2, the total variation distance is given

by ‖µ1 − µ2‖TV , supA |µ1(A) − µ2(A)|. A Dirac point-mass located

at some point x′ is denoted as δx′(dx). We write X ∼ µ to mean that

the random variable X is either distributed according to µ, or sam-

pled from µ. The uniform probability distribution on the interval [a,b]

is written as U([a,b]). Cat({pi}ni=1), with
∑n

i=1 pi = 1, is the categor-

ical (i.e., discrete) probability distribution on the set {1, . . . , n}, with

probabilities {pi}ni=1. Finally, N (m,Σ) and N (x;m,Σ) are the Gaus-

sian (i.e., normal) probability distribution and density function, respec-

tively, with mean vector m, covariance matrix Σ and argument x.

1.3 A Preview Example

Before we continue with this section on background theory, we con-

sider an example to illustrate the potential benefit of using backward

simulation. A simple stochastic volatility SSM is given by,

xt+1 = axt + vt, vt ∼ N (0, q), (1.1a)

yt = et exp
(

1
2xt
)
, et ∼ N (0,1), (1.1b)

where the state process {xt}t≥1 is latent and observations are made

only via the measurement process {yt}t≥1. Similar models have been

used to generalize the Black–Scholes option pricing equation to allow

for the variance to change over time [27, 101]. The same model was used

by [30] to illustrate the poor mixing of a single-state Gibbs sampler; an

example which is replicated here.

For simplicity, we assume that the parameters a = 0.99 and q = 0.01

are known. We seek the density p(x1:T | y1:T ), i.e., the conditional den-

sity of the state process x1:T given a sequence of observations y1:T

for some fixed final time point T . This conditional density is referred

to as the joint smoothing density (JSD). For the model under study,

the JSD is not available in closed form due to the nonlinear measure-

ment Equation (1.1b). To remedy this, we construct an MCMC method

to approximately sample from it. MCMC will be reviewed in more

detail in Section 2.2. However, the basic idea is to simulate a Markov

chain which is constructed in such a way that it admits the target
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1.3 A Preview Example 5

distribution as limiting distribution. The sample path from the Markov

chain can then be used to draw inference about the target density

p(x1:T | y1:T ).

As an initial attempt, we try a single-state Gibbs sampler. That is,

we sample each state xt conditionally on {x1:t−1,xt+1:T } (and the obser-

vations y1:T ). At each iteration of the Gibbs sampler we thus simulate

according to,

x′1 ∼ p(x1 | x2:T ,y1:T );

...

x′t ∼ p(xt | x′1:t−1,xt+1:T ,y1:T );

...

x′T ∼ p(xT | x′1:T−1,y1:T ).

This procedure will leave p(x1:T | y1:T ) invariant (see Section 2.2 for

more on Gibbs sampling) and it results in a valid MCMC sampler.

The conditional densities p(xt | x1:t−1,xt+1:T ,y1:T ) are not available in

closed form. However, for this model (Equation (1.1)), they are log-

concave and we can employ the efficient rejection sampling strategy by

[145] to sample exactly from these distributions.

The single-state Gibbs sampler will indeed converge to samples from

p(x1:T | y1:T ). However, it is well recognized that single-state samplers

can suffer from poor mixing, due to the often strong dependencies

between consecutive state variables. That is, the convergence can be

slow in the sense that we need to iterate the above sampling scheme a

large number of times to get reliable samples.

To analyze this, we generate T = 100 samples from the model

(Equation (1.1)) and run the Gibbs sampler for 100000 iterations (in

each iteration, we loop over all the state variables for t = 1, . . . , T ). The

first 10000 iterations are discarded, to avoid transient effects. We then

compute the empirical autocorrelation function (ACF) of the state x50,

which is given in Figure 1.1. As can be seen, the ACF decreases very

slowly, indicating a poorly mixing Gibbs kernel. This simply reflects

the fact that, when the state variables are highly correlated, the single-

state sampler will be inefficient at exploring the state-space. This is a
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6 Introduction

Fig. 1.1 (Top left) Part of sample path for the single-state Gibbs sampler; (Top right)
Part of sample path for PGBS; (Bottom) Empirical ACF for x50 for the single-state Gibbs

sampler and for PGBS using N = 15 particles.

common and well-recognized problem when addressing the state infer-

ence problem for SSMs.

One way to remedy this is to group the variables and sample a full

state trajectory x1:T jointly. This is what a backward simulator aims

to accomplish. Grouping variables in a Gibbs sampler will in general

improve upon the mixing of the single-state sampler [97, Section 6.7],

and in practice the improvement can be quite considerable.

To illustrate this, we have included the ACF for a backward-

simulation-based method in Figure 1.1. Since the model (Equa-

tion (1.1)) is nonlinear, exact backward simulation is not possible.

Instead, the results reported here are from a backward simulator based

on SMC, using (only) N = 15 particles. The specific method that

we have used is denoted as particle Gibbs with backward simulation

(PGBS), and it will be discussed in detail in Section 5.4. For the PGBS,
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1.4 State-Space Models 7

the ACF drops off much more rapidly, indicating a more efficient sam-

pler. Furthermore, a key property of PGBS is that, despite the fact

that it relies on a crude SMC approximation, it does not alter the sta-

tionary distribution of the Gibbs sampler, nor does it introduce any

additional bias. That is, PGBS will, just as the single-state Gibbs sam-

pler, target the exact JSD p(x1:T | y1:T ). This property is known as

exact approximation, a concept that we will return to in Section 5.

1.4 State-Space Models

State-space models (SSMs) are commonly used to model time series and

dynamical systems. Additionally, many models that are not sequential

“by nature” can also be written on state-space form. It is a compre-

hensive and important class of models, and it serves as a good starting

point for introducing the concepts that will be discussed throughout

this tutorial.

We consider here discrete-time SSMs on a general state-space X.

The system state is a Markov process {xt}t≥1 on X, evolving according

to a Markov transition kernel F (dxt+1 | xt) and with initial distribution

ν(dx1). The state xt is assumed to summarize all relevant information

about the system at time t. However, the state process is latent and it is

observed only implicitly through the observations {yt}t≥1, taking values

in some set Y. Given xt, the measurement yt is conditionally indepen-

dent of past and future states and observations, and it is distributed

according to a kernel G(dyt | xt). A graphical model, illustrating the

conditional dependencies in an SSM, is given in Figure 1.2.

Fig. 1.2 Graphical model of an SSM. The white nodes represent latent variables and the
gray nodes represent observed variables.
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8 Introduction

We shall assume that the observation kernel G admits a probability

density g w.r.t. some dominating measure, which we simply denote dy.

Such models are referred to as partially dominated. If, in addition,

the transition kernel F admits a density f and the initial distribution

ν admits a density µ, both w.r.t. some dominating measure dx, the

model is called fully dominated. In summary, a fully dominated SSM

can be expressed as,

xt+1 ∼ f(xt+1 | xt), (1.2a)

yt ∼ g(yt | xt), (1.2b)

and x1 ∼ µ(x1). Two examples of SSMs follow below.

Example 1.1 (Finite state-space hidden Markov model). A

finite state-space HMM, or simply HMM, is an SSM with X =

{1, . . . , K} for some finite K. The transition density (w.r.t. counting

measure) can be summarized in a K × K transition matrix Π, where

the (i, j)th entry is given by,

Πi,j = P (xt+1 = j | xt = i) = f(j | i).

Hence, f(j | i) denotes the probability of moving from state i at time

t, to state j at time t + 1.

Example 1.2(Additive noise model). In engineering applications,

SSMs are often expressed on functional form with additive noise,

xt+1 = a(xt) + vt,

yt = c(xt) + et,

for some functions a and c. Here, the noises vt and et are commonly

referred to as process noise and measurement noise, respectively. If the

noise distributions admit densities w.r.t. dominating measures, then

the model is fully dominated. The transition density is then given

by f(xt+1 | xt) = pvt(xt+1 − a(xt)) and similarly for the observation

density.
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1.5 Parameter Learning in SSMs 9

Throughout this tutorial, we will mostly be concerned with fully

dominated SSMs and therefore do most of our derivations in terms of

probability densities. There are, however, several examples of interest-

ing models that are degenerate, i.e., that are not fully dominated. We

will return to this in the sequel and discuss how it affects the methods

presented in here.

1.5 Parameter Learning in SSMs

The basic inference problem for SSMs is typically that of state

inference, i.e., to infer the latent states given measurements from the

system. In fact, even when the actual task is to learn a model of the

system dynamics, state inference tends to play a crucial role as an inter-

mediate step of the learning algorithm. To illustrate this, assume that

the SSM (Equation (1.2)) is parameterized by some unknown parame-

ter θ ∈ Θ,

xt+1 ∼ fθ(xt+1 | xt), (1.3a)

yt ∼ gθ(yt | xt), (1.3b)

and x1 ∼ µθ(x1). Given a batch of measurements y1:T , we wish to draw

inference about θ. In the Bayesian setting, a prior distribution π(θ) is

assigned to the parameter and the learning problem amounts to com-

puting the posterior distribution p(θ | y1:T ).

A complicating factor is that the likelihood p(y1:T | θ) in general

cannot be computed in closed form. To address this difficulty, it is

common to make use of data augmentation [136, 132]. That is, we target

the joint state and parameter posterior p(θ,x1:T | y1:T ), rather than

the marginal posterior p(θ | y1:T ). The latent states are thus viewed

as auxiliary variables. This opens up for using Gibbs sampling (see

Section 2.2), for instance by initializing θ[0] ∈ Θ and iterating;

(i) Draw x1:T [r] ∼ p(x1:T | θ[r − 1],y1:T );

(ii) Draw θ[r] ∼ p(θ | x1:T [r],y1:T ).

Under weak assumptions, this procedure will generate a Markov chain

{θ[r],x1:T [r]}r≥1 with stationary distribution p(θ,x1:T | y1:T ). Conse-

quently, the stationary distribution of the subchain {θ[r]}r≥1 will be the
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marginal parameter posterior distribution p(θ | y1:T ). Note that Step (i)

of the above sampling scheme requires the computation of the JSD, for

a fixed value of the parameter θ. That is, we need to address an inter-

mediate smoothing problem in order to implement this Gibbs sampler.

Data augmentation is commonly used also in the frequentistic

setting. Assume that we, instead of the posterior distribution, seek

the maximum likelihood estimator (MLE),

θ̂ML = argmax
θ∈Θ

logpθ(y1:T ), (1.4)

where pθ(y1:T ) is the likelihood of the observed data for a given value

of the system parameter θ. Again, since the log-likelihood logpθ(y1:T )

is not available in closed form, direct maximization in Equation (1.4) is

problematic. Instead, we can make use of the expectation maximization

(EM) algorithm [33] (see also [100]). The EM algorithm is an iterative

method, which maximizes pθ(y1:T ) by iteratively maximizing an auxil-

iary quantity,

Q(θ,θ′) =

∫
logpθ(x1:T ,y1:T )pθ′(x1:T | y1:T )dx1:T . (1.5)

The EM algorithm is useful when maximization of θ 7→ Q(θ,θ′), for

fixed θ′, is simpler than direct maximization of the log-likelihood,

θ 7→ logpθ(y1:T ). The procedure is initialized at some θ[0] ∈ Θ and then

iterates between two steps, expectation (E) and maximization (M);

(E) Compute Q(θ,θ[r − 1]);

(M) Compute θ[r] = argmaxθ∈ΘQ(θ,θ[r − 1]).

The resulting sequence {θ[r]}r≥0 will, under weak assumptions, con-

verge to a stationary point of the likelihood pθ(y1:T ) [148].

Using the conditional independence properties of an SSM, we can

write the complete data log-likelihood as

logpθ(x1:T ,y1:T )

= logµθ(x1) +

T∑
t=1

loggθ(yt | xt) +

T−1∑
t=1

logfθ(xt+1 | xt). (1.6)
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1.6 Smoothing Recursions 11

From Equation (1.5), we note that the auxiliary quantity is defined as

the expectation of expression (1.6) under the JSD. Hence, to carry out

the E-step of the EM algorithm, we again need to address an interme-

diate smoothing problem for fixed values of the system parameters.

1.6 Smoothing Recursions

As noted above, the JSD is a quantity of central interest for learning and

inference problems in SSMs. It summarizes all the information about

the latent states which is available in the observations. Many densities

that arise in various state inference problems are given as marginals

of the JSD. There are a few that are of particular interest, which we

summarize in Table 1.1. To avoid a cluttered notation, we now drop the

(possible) dependence on an unknown parameter θ from the notation

and write the JSD as p(x1:T | y1:T ).

As in Equation (1.6), the conditional independence properties of an

SSM implies that the complete data likelihood can be written as,

p(x1:T ,y1:T ) = µ(x1)

T∏
t=1

g(yt | xt)
T−1∏
t=1

f(xt+1 | xt). (1.7)

The JSD is related to the above expression by Bayes’ rule,

p(x1:T | y1:T ) =
p(x1:T ,y1:T )∫

p(x1:T ,y1:T )dx1:T
. (1.8)

Despite the simplicity of this expression, it is of limited use in practice

due to the high-dimensional integration needed to compute the nor-

malization factor in the denominator. Instead, most practical methods

Table 1.1 Filtering and smoothing densities of particular interest.

Density

Filteringa p(xt | y1:t)
Joint smoothing p(x1:T | y1:T )
Marginal smoothing (t ≤ T ) p(xt | y1:T )

Fixed-interval smoothing (s < t ≤ T ) p(xs:t | y1:T )

Fixed-lag smoothing (` fixed)a p(xt−`+1:t | y1:t)

a The filtering and fixed-lag smoothing densities are marginals of

the JSD at time t, p(x1:t | y1:t).
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(and in particular the ones discussed in this tutorial) are based on a

recursive evaluation of the JSD.

Again by using Bayes’ rule, we get the following two-step procedure,

p(x1:t | y1:t) =
g(yt | xt)p(x1:t | y1:t−1)

p(yt | y1:t−1)
, (1.9a)

p(x1:t+1 | y1:t) = f(xt+1 | xt)p(x1:t | y1:t). (1.9b)

The above equations will be denoted as the forward recursion for the

JSD, since they evolve forward in time. Step (1.9a) is often referred

to as the measurement update, since the current measurement yt is

taken into account. Step (1.9b) is known as the time update, moving

the density forward in time, from t to t + 1.

An interesting fact about SSMs is that, conditioned on y1:T , the

state process {xt}Tt=1 is an inhomogeneous Markov process. Under weak

assumptions (see [23, Section 3.3.2] for details), the same holds true for

the time-reversed chain, starting at time T and evolving backward in

time according to the so-called backward kernel,

Bt(A | xt+1) , P (xt ∈ A | xt+1,y1:T ). (1.10)

Note that the backward kernel is time inhomogeneous. In the general

case, it is not possible to give an explicit expression for the backward

kernel. However, for a fully dominated model, this can always be done,

and its density is given by

p(xt | xt+1,y1:T ) =
f(xt+1 | xt)p(xt | y1:t)∫
f(xt+1 | xt)p(xt | y1:t)dxt

. (1.11)

From the conditional independence properties of an SSM, it also holds

that p(xt | xt+1,y1:T ) = p(xt | xt+1,y1:t).

Using the backward kernel, we get an alternative recursion for the

JSD, evolving backward in time,

p(xt:T | y1:T ) = p(xt | xt+1,y1:t)p(xt+1:T | y1:T ), (1.12)

starting with the filtering density at time T , p(xT | y1:T ). This is known

as the backward recursion. At time t = 1, the JSD for the time interval

1, . . . , T is obtained.
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The backward kernel density at time t depends only on the

transition density f(xt+1 | xt) and on the filtering density p(xt | y1:t), a

property which is of key relevance. Hence, to utilise the backward recur-

sion (Equation (1.12)) for computing the JSD, the filtering densities

must first be computed for t = 1, . . . , T . Consequently, this procedure

is generally called forward filtering/backward smoothing.

1.7 Backward Simulation in Linear Gaussian SSMs

An important special case of Equation (1.2) is the class of linear Gaus-

sian state-space models. A functional representation of an LGSS model

is given by,

xt+1 = Axt + vt, vt ∼ N (0,Q), (1.13a)

yt = Cxt + et, et ∼ N (0,R). (1.13b)

Here, yt is an ny-dimensional vector of observations, xt is an

nx-dimensional state vector and the system matrices A and C are of

appropriate dimensions. The process and measurement noises are multi-

variate Gaussian with zero means and covariancesQ andR, respectively.

Example 1.3 (Partially or fully dominated SSM). Assume that

the measurement noise covariance R in Equation (1.13b) is full rank.

Then, the observation kernel is Gaussian and dominated by Lebesgue

measure. Hence, the model is partially dominated. If, in addition, the

process noise covariance Q in Equation (1.13a) is full rank, then the

transition kernel is also Gaussian and dominated by Lebesgue measure.

In this case, the model is fully dominated.

However, for singular Q the model is degenerate (i.e., not fully dom-

inated). Rank deficient process noise covariances arise in many appli-

cations, for instance if there is a physical connection between some of

the states (such as between position and velocity).

A fully dominated LGSS model can equivalently be expressed as in

Equation (1.2) with,

f(xt+1 | xt) = N (xt+1;Axt,Q), (1.14a)

g(yt | xt) = N (yt;Cxt,R). (1.14b)
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LGSS models are without doubt one of the most important and

well-studied classes of SSMs. There are basically two reasons for this.

First, LGSS models provide sufficiently accurate descriptions of many

interesting dynamical systems. Second, LGSS models are one of the few

model classes, simple enough to allow for a fully analytical treatment.

When addressing inferential problems for SSMs, we are often asked

to generate samples from the JSD, typically as part of an MCMC sam-

pler used to learn a model of the system dynamics, as discussed above.

For an LGSS model, the JSD is Gaussian and it can be computed using

Kalman filtering and smoothing techniques (see e.g., [80]). Hence, we

can make use of standard results for Gaussian distributions to gener-

ate a sample from p(x1:T | y1:T ). This is possible for small T , but for

increasing T it soon becomes infeasible due to the large matrix inver-

sions involved.

To address this issue, it was recognized by [24, 56] that we can

instead use the backward recursion (Equation (1.12)). It follows that

the JSD can be factorized as,

p(x1:T | y1:T ) =

(
T−1∏
t=1

p(xt | xt+1,y1:t)

)
p(xT | y1:T ). (1.15)

Initially, we generate a sample from the filtering density at time T ,

x̃T ∼ p(xT | y1:T ). (1.16a)

We then, successively, augment this backward trajectory by generating

samples from the backward kernel,

x̃t ∼ p(xt | x̃t+1,y1:t), (1.16b)

for t = T − 1, . . . , 1. After a complete backward sweep, the back-

ward trajectory x̃1:T is (by construction) a realization from the JSD

(Equation (1.15)).

To compute the backward kernel, we first run a forward filter to find

the filtering densities p(xt | y1:t) for t = 1, . . . , T . For an LGSS model,

this is done by a standard Kalman filter [81]. It follows that the filtering

densities are Gaussian according to,

p(xt | y1:t) = N (xt; x̂t|t,Pt|t), (1.17)
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for some tractable sequences of mean vectors {x̂t|t}t≥1 and covariance

matrices {Pt|t}t≥1, respectively. From Equation (1.14a), we note that

the transition density function is Gaussian and affine in xt. Using Equa-

tions (1.11) and (1.17) and standard results on affine transformations

of Gaussian variables, it then follows that

p(xt | xt+1,y1:t) = N (xt;µt,Mt), (1.18a)

with

µt = x̂t|t + Pt|tA
T(Q + APt|tA

T)−1(xt+1 − Ax̂t|t), (1.18b)

Mt = Pt|t − Pt|tAT(Q + APt|tA
T)−1APt|t. (1.18c)

Note that, if more than one sample is desired, multiple backward tra-

jectories can be generated independently, without having to rerun the

forward Kalman filter. We illustrate the backward simulator in the

example below.

Example 1.4. To illustrate the possibility of generating samples from

the JSD using backward simulation, we consider a first-order LGSS

model,

xt+1 = 0.9xt + vt, vt ∼ N (0,0.1),

yt = xt + et, et ∼ N (0,1),

and x1 ∼ N (x1;0,10). We simulate T = 50 samples y1:T from the model.

Since the model is linear Gaussian, the marginal smoothing densities

p(xt | y1:T ) can be computed by running a Kalman filter followed by

a Rauch–Tung–Striebel smoother [119]. However, we can also gener-

ate samples from the JSD p(x1:T | y1:T ) by running a backward simula-

tor. We simulate M = 5000 independent trajectories {x̃j1:T }Mj=1, by first

running a Kalman filter and then repeating the backward simulation

procedure given by Equations (1.16) and (1.18) M times. Histograms

over the simulated states at three specific time points, t = 1, t = 25 and

t = 50, are given in Figure 1.3. As expected, the histograms are in close

agreement with the true marginal smoothing distributions.

The strategy given by Equation (1.16), i.e., to sequentially sample

(either exactly or approximately) from the backward kernel to gen-

erate a realization from the JSD, is what we collectively refer to as
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16 Introduction

Fig. 1.3 Histograms of {x̃jt}Mj=1 for t = 1, t = 25 and t = 50 (from left to right). The true

marginal smoothing densities p(xt | y1:T ) are shown as black lines.

backward simulation. We will now leave the world of LGSS models.

In the remainder of this tutorial we address backward simulation for

general nonlinear/non-Gaussian models. In these cases, the backward

kernels will in general not be available in closed form. Instead, we will

rely on SMC approximations of the kernels to carry out the backward

simulation.

Before we leave this section, it should be noted that the backward

simulator for LGSS models derived here is provided primarily to illus-

trate the concept. For LGSS models, more efficient samplers exist, e.g.,

based on disturbance simulation. See [30, 47, 146] for further details

and extensions.

1.8 Outline

The rest of this tutorial is organized as follows. Section 2 reviews the

two main Monte Carlo methods that are used throughout SMC and

MCMC. The section is self-contained, but for obvious reasons it does

not provide an in-depth coverage of these methods. Several references

which may be useful for readers with no background in this area are

given in Section 2.

Section 3 addresses SMC-based backward simulation for SSMs.

The focus in this section is on smoothing in general nonlinear/non-

Gaussian SSMs. More precisely, we discuss algorithms for generating
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state trajectories, approximately distributed according to the joint

smoothing distribution. These algorithms can be categorized as par-

ticle smoothers. Hence, readers with particular interest in smoothing

problems may want to focus their attention on this section. However,

smoothing is also addressed in Section 5 (see in particular Section 5.7),

and the methods presented there can be useful alternatives to the par-

ticle smoothers discussed in Section 3.

Section 4 generalizes the backward simulation idea to latent vari-

able models outside the class of SSMs. A general backward simulator

is introduced and we discuss its properties and the type of models for

which it is applicable. As a special case of the general backward simula-

tor, we derive a Rao–Blackwellized particle smoother for conditionally

linear Gaussian SSMs.

In Section 5, we discuss backward simulation in the context of so-

called particle MCMC (PMCMC) methods. The focus in this section

is on parameter inference, primarily in the Bayesian setting, but we

also discuss PMCMC for maximum-likelihood-based inference. As men-

tioned above, the smoothing problem is also addressed. Finally, in

Section 6 we conclude with a discussion about the various methods

reviewed throughout this tutorial and outline possible directions for

future work.
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2

Monte Carlo Preliminaries

In this section, we review the two main Monte Carlo tools on which

the subsequent development is based; sequential Monte Carlo (SMC)

and Markov chain Monte Carlo (MCMC).

2.1 Sequential Monte Carlo

For general nonlinear non-Gaussian SSMs the backward kernel (Equa-

tion (1.10)) is not available on closed form. To address this issue, the

basic idea that will be employed is to use an SMC approximation of the

backward kernel. In this section, we review the basics of SMC applied

to SSMs, also referred to as particle filtering.

Since the focus of this tutorial is on backward simulation, and not

SMC, we will only present a basic SMC sampler and discuss some

of its important properties. For a more in-depth treatment, we refer

to one of the many tutorials and textbooks on the topic, see e.g.,

[10, 22, 38, 41, 66, 126]. A comprehensive collection of convergence

results for SMC can be found in [31]. It should be emphasized that the

backward simulators that are derived in the subsequent sections indeed

rely on SMC approximations of the backward kernels, but not directly

19
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20 Monte Carlo Preliminaries

on how these approximations are generated. Hence, it is straightforward

to replace the basic sampler presented here with a more advanced SMC

method, if desired.

2.1.1 The Particle Filter

SMC methods are based on importance sampling and resampling tech-

niques to sequentially sample from a sequence of target densities. They

can be seen as combinations of the sequential importance sampling [70]

and the sampling/importance resampling [122] algorithms. The name

particle filter (PF) is often used interchangeably with SMC, though

here we reserve it for the case when the sequence of target densities is

given by p(x1:t | y1:t) for t = 1, 2, . . . .

In a standard importance sampler, targeting p(x1:t | y1:t), we gen-

erate N independent samples {xi1:t}Ni=1 from some proposal density

rt(x1:t | y1:t). These samples are then assigned importance weights,

wit =
p(xi1:t | y1:t)

rt(xi1:t | y1:t)
, (2.1)

for i = 1, . . . , N . The weights can only be computed up to proportional-

ity, since the normalization constant for the target density is unknown.

However, this is easily coped with by normalizing the weights to sum

to one. That is, we first compute the unnormalized importance weights

w̄it =
p(xi1:t,y1:t)

rt(xi1:t | y1:t)
, (2.2)

and then set wit = w̄it/
∑

l w̄
l
t.

Now, to allow for a sequential method, we construct the proposal

density so that it factorizes according to,

rt(x1:t | y1:t) = rt(xt | xt−1,yt)rt−1(x1:t−1 | y1:t−1)

= r1(x1 | y1)
t∏

s=2

rs(xs | xs−1,ys). (2.3)

Hence, we can draw a sample from the proposal xi1:t ∼ rt(x1:t | y1:t)

by first generating xi1 ∼ r1(x1 | y1), then xi2 ∼ r2(x2 | xi1,y2), etc. This
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2.1 Sequential Monte Carlo 21

implies that the importance weights are given by,

wit =
p(xi1:t | y1:t)

rt(xi1:t | y1:t)
∝
g(yt | xit)f(xit | xit−1)

rt(xit | xit−1,yt)

p(xi1:t−1 | y1:t−1)

rt−1(xi1:t−1 | y1:t−1)
. (2.4)

Hence, if we define the weight function

Wt(xt−1,xt;yt) =
g(yt | xt)f(xt | xt−1)

rt(xt | xt−1,yt)
, (2.5)

the importance weights can be computed as

w̄it = Wt(x
i
t−1,x

i
t;yt)w

i
t−1, (2.6)

and wit = w̄it/
∑

l w̄
l
t. We thus obtain a sequential updating formula also

for the importance weights. The initial weight function at time t = 1

is given by W1(x1;y1) = g(y1 | x1)p(x1)/r1(x1 | y1). As indicated by the

notation, the proposal at time t is allowed to depend on both the pre-

vious state xt−1 and on the current observation yt. This is important

in practice, to be able to make good use of the available information

when designing the proposal.

In the SMC literature, the samples {xi1:t}Ni=1 are called particles

and the collection {xi1:t,w
i
t}Ni=1 is referred to as a weighted particle sys-

tem. This weighted sample defines an empirical point-mass distribution

on Xt,

p̂N (dx1:t | y1:t) ,
N∑
i=1

witδxi1:t
(dx1:t), (2.7)

which is an approximation of the target distribution. Equivalently, for

any test function ϕ : XT → R we can construct the estimator

ϕ̂Nt|t ,
N∑
i=1

witϕ(xi1:t) ≈ E[ϕ(x1:t) | y1:t]. (2.8)

This estimator is consistent, as N →∞, and a central limit theorem

holds (see e.g., [31, 87, 36]).

The procedure resulting from sampling according to Equation (2.3)

and computing the weights (Equation (2.6)) is the sequential impor-

tance sampler [70], dating back to the late 60’s. Though applicable for

short data lengths, a serious drawback with this method is that the
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22 Monte Carlo Preliminaries

weight update (Equation (2.6)) is unstable. More precisely, the vari-

ance of the normalized importance weights increases over time [23,

p. 232], typically at an exponential rate. This has the effect that all

but one of the weights decreases to zero, and all emphasis is thus put

on one of the particles (recall that the weights are normalized to sum

to one). This does not come as a surprise, since we are in fact applying

an importance sampler in a space with dimension increasing with t. In

high dimensions, even what appears to be a small discrepancy between

the proposal and the target densities will result in poor performance of

the sampler (see e.g., [41] for an illustrative example).

A way to mitigate this problem was proposed by [129, 64], result-

ing in the first functional SMC sampler. The idea is to rejuvenate the

sample by replicating particles with high weights and discarding parti-

cles with low weights. This is done by resampling the particle system,

similar to the sampling/importance resampling method [122]. Since the

weighted particle system {xi1:t,w
i
t}Ni=1 approximates the target accord-

ing to Equation (2.7), we can generate a new, unweighted set of par-

ticles by sampling independently from Equation (2.7). That is, we set

x̌j1:t = xi1:t with probability wit, for j = 1, . . . , N . The equally weighted

particle system {x̌j1:t,
1
N }

N
j=1 can then be used to construct an estimator

similar to Equation (2.8),

ϕ̌Nt|t ,
1

N

N∑
j=1

ϕ(x̌j1:t) ≈ E[ϕ(x1:t) | y1:t]. (2.9)

It should be noted that the resampling introduces some additional vari-

ance, so the estimator in Equation (2.9) will be dominated by the

estimator in Equation (2.8). However, when applied sequentially, the

resampling is critical since it allows us to put focus on the promising

particles and discard the improbable ones. We summarize the PF in

Algorithm 1.

A common choice in practice is to run the PF with rt(xt | xt−1,yt) =

f(xt | xt−1), i.e., we propose samples according to the transition density

function. This results in a vanilla method referred to as the bootstrap

filter. If possible, it is recommended to use a proposal density which

takes the current observation yt into account. The optimal proposal is

given by the conditional density rt(xt | xt−1,yt) = p(xt | xt−1,yt). This
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Algorithm 1 Particle filter (all operations are for i = 1, . . . , N)

1: Draw xi1 ∼ r1(x1 | y1).

2: Compute w̄i1 = W1(xi1;y1).

3: Normalize: set wi1 = w̄i1/
∑

l w̄
l
1.

4: for t ≥ 2 do

5: Resample with P (x̌it−1 = xjt−1) = wjt−1.

6: Draw xit ∼ rt(xt | x̌it−1,yt) and set xi1:t = {x̌i1:t−1,x
i
t}.

7: Compute w̄it = Wt(x
i
t, x̌

i
t−1;yt).

8: Normalize: set wit = w̄it/
∑

l w̄
l
t.

9: end for

choice of proposal density will minimize the variance of the incremental

importance weights at time t [41]. Unfortunately, it is often the case

that this density is not available in practice, but various approximations

can be used instead.

The resampling scheme outlined above is known as multinomial

resampling. Alternative methods that introduce less variance exist, e.g.,

residual resampling [144, 98] and stratified resampling [83]. Further-

more, instead of resampling at every iteration, it is recommended to do

so only when there is need for it. For this cause, it is common to intro-

duce a measure of imbalance of the importance weights, such as the

effective sample size (ESS) [97, Section 2.5]. Resampling is then only

carried out when the ESS drops below some prespecified threshold.

Another modification of the resampling step is used in the auxiliary

particle filter (APF) by [116]. The idea is to use an adjusted proposal

distribution in the resampling step. This is accomplished by computing

a set of weights {witνit}Ni=1, and using these (after normalization) as

probabilities in the resampling. Here, the adjustment weights νit are

user defined. They allow us to, for instance, take the observation yt+1

into account when resampling the particles at time t. The fact that

we modify the proposal for the resampling is compensated for in the

importance weight computation. If the APF is run with an optimal

proposal kernel and with adjustment weights given by νit = p(yt+1 | xit),
the importance weights will be identically equal to one. In this case, the

filter is said to be fully adapted. See [116, 79, 37] for more information

about the APF and how the adjustment weights can be chosen.
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2.1.2 Path Degeneracy

As pointed out in the previous section, the PF targets the sequence

of JSDs, p(x1:t | y1:t). By keeping track of the genealogy of the particle

filter, i.e., the ancestral dependence of the particles, we obtain weighted

particle trajectories {xi1:t,w
i
t}Ni=1. These provide an approximation, not

only of the filtering distribution, but of the complete joint smoothing

distribution as in Equation (2.7) [83]. It thus appears as if the PF solves

the general state inference problem, since any smoothing density can

be attained from p(x1:t | y1:t) by marginalization. However, this is not

truly the case.

To see why, let s be some fixed time point and assume that we

apply a PF to approximate the marginal smoothing density p(xs | y1:t)

for t ≥ s. This is given straightforwardly from Equation (2.7) by simply

discarding everything except the sth time point from the particle trajec-

tories {xi1:t}Ni=1. Now, if t = s (i.e., we are in fact looking at the filtering

density) we have N unique particles in the point-mass approximation.

However, each time we resample the particle system, the unique num-

ber of particles at time s will decrease. This is in fact the purpose of the

resampling, to remove particles with small weights and duplicate par-

ticles with large weights. Consequently, for large enough t� s, all the

particles {xi1:t}Ni=1 will share a common ancestor at time s, due to the

consecutive resampling steps. This problem, known as path degeneracy,

is further illustrated in the example below.

Example 2.1 (Path degeneracy). A PF with N = 30 particles is

applied to a one-dimensional Gaussian random walk process measured

in Gaussian noise. At time t = 50 the JSD is targeted by a weighted

particle system {xi1:50,w
i
50}30

i=1. Figure 2.1 depicts the particle trajec-

tories. As can be seen, all particles share a common ancestor at time

s = 32.

Assume, for instance, that we are interested in the smoothed esti-

mate of the initial state, E[x1 | y1:50]. We thus construct an estimator,

x̂1|50 =

30∑
i=1

wi50x
i
1,
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Fig. 2.1 Particle trajectories at time t = 50. For any time s ≤ 32, all trajectories coincide.

but since xi1 are identical for all i = 1, . . . , 30, this is in effect a Monte

Carlo integration using a single sample. Hence, due to the path degen-

eracy, we cannot expect to obtain an accurate estimate of E[x1 | y1:50]

from the PF.

Path degeneracy arises as an effect of resampling, but it should

rather be thought of as a manifestation of a deeper problem, namely

the degeneracy of the importance weights. In the sequential importance

sampler, all weight will be put on a single sample for large enough t,

having a similar effect as path degeneracy. This issue is in fact to a

large extent mitigated by introducing resampling.

Due to path degeneracy, the PF is in practice used mostly for filter-

ing (hence the name) and fixed-lag smoothing. At time t or s . t, the

particle diversity is in general high, leading to accurate approximations

of the filtering and fixed-lag smoothing distributions. How SMC can be

used to address the marginal and joint smoothing problems will be the

topic of Section 3.
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2.2 Markov Chain Monte Carlo

Another comprehensive class of Monte Carlo methods is MCMC. In

this section, we review some of the basic concepts of MCMC that are

of key relevance. For further reading, see the tutorial papers [2, 128] or

one of the many textbooks, e.g., [20, 97, 120].

2.2.1 Markov Chains and Limiting Distributions

MCMC methods allow us to approximately generate samples from an

arbitrary target distribution f(z) on some space Z. More precisely,

an MCMC sampler will simulate a Markov chain, or Markov process,

{z[r]}r≥0 which is constructed in such a way that the limiting distribu-

tion of the chain is given by f(z). The sample path of the Markov chain

can then be used to draw inference about the target distribution. For

instance, the target can be the JSD p(x1:T | y1:T ), which means that

MCMC can be used as an alternative to SMC for addressing the state

inference problem. However, we will primarily make use of MCMC in

a different way, either as a component of SMC or vice versa. Hence, in

this section, the methods are presented in a general setting, which is

specialized to different scenarios in the consecutive sections.

A Markov chain {z[r]}r≥0 is completely specified by its initial distri-

bution µ(z) and its transition kernel K(z′ | z) (for simplicity, we assume

that there exists a dominating measure and express all distributions in

terms of their probability densities). Here, K(z′ | z) encodes the prob-

ability density for the consecutive state of the chain, denoted as z′,

given that the current state is z. That is, the chain can be simulated

according to z[0] ∼ µ(z) and z[r] ∼K(z′ | z[r − 1]) for r = 1, 2, . . . . As

an example, the state process {xt}t≥1 of the SSM (Equation (1.2)) is a

Markov chain. However, the view on this process is quite different, as

{xt}t≥1 is thought of as the internal state of a physical system evolving

over time. On the contrary, the Markov chain {z[r]}r≥0 generated in

an MCMC sampler is simulated as part of an inferential method, and

it does not have a physical interpretation in the same sense.

The Markov chains encountered in MCMC have, by construction,

a special stability property, namely that of a stationary distribution.

That is, there exist some distribution g such that, if z[r] is marginally
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2.2 Markov Chain Monte Carlo 27

distributed according to g, then so is z[r + 1] (and therefore all z[m]

for m ≥ r). If g is a stationary distribution for the Markov kernel K,

then we say that K leaves g invariant. Furthermore, if the marginals

of the chain approach the stationary distribution (in total variation),

it is referred to as the limiting distribution of the chain. An impor-

tant consequence of this convergence property is that the sample path

average,

1

R

R∑
r=0

ϕ(z[r]), (2.10)

converges almost surely to the expectation Eg[ϕ(z)] =
∫
ϕ(z)g(z)dz.

This result, known as the ergodic theorem (see e.g., [120, Section 6.6]),

ensures that the Markov chain can be used to compute Monte Carlo

estimators of expectations under the stationary distribution.

There are two properties of the chain that are sufficient for a sta-

tionary distribution to be also a limiting distribution; irreducibility and

aperiodicity. The Markov chain is said to be g-irreducible if, for any ini-

tial state, it has positive probability of entering any set which has a

positive probability under g. The chain is periodic if, with probability 1,

certain subsets only can be visited at regularly spaced intervals. If the

chain is not periodic, it is said to be aperiodic. For an irreducible and

aperiodic chain with stationary distribution g, the marginals converge

to the stationary distribution.

Theorem 2.1. Let {z[r]}r≥0 be a g-irreducible and aperiodic Markov

chain with stationary distribution g. Then, for g-almost all starting

points,

‖L(z[r] ∈ ·) − g(·)‖TV→ 0,

as r→∞, where L(z[r] ∈ ·) is the marginal distribution of z[r] and

‖ · ‖TV is the total variation norm.

Proof. See [134, Theorem 1].

Stronger forms of convergence are also common in the MCMC

literature, such as geometric ergodicity and uniform ergodicity. It is
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also possible to establish central limit theorems for the estimator in

Equation (2.10). There is by now a well-developed theory on Markov

chains, safeguarding the theoretical validity of MCMC methods, see

e.g., [104, 120, 134].

2.2.2 Metropolis–Hastings Algorithm

A sample path from a Markov chain with a specific limiting distribu-

tion can be used to compute estimators according to Equation (2.10).

However, since we are interested in computing expectations under a

given target distribution f(z), it remains to construct the chain so that

f(z) is its limiting distribution. To accomplish this, we have freedom in

the choice of transition kernel K(z′ | z), as long as the kernel is chosen

in such a way that it is possible to simulate the Markov chain.

A property which is sufficient for f(z) to be a stationary distribution

of the chain is that the kernel satisfies detailed balance,

f(z)K(z′ | z) = f(z′)K(z | z′) for (z,z′) ∈ Z2. (2.11)

Based on this criterion, it is possible to construct a Markov kernel

with the correct stationary distribution using an accept/reject proce-

dure. This results in the Metropolis–Hastings (MH) algorithm [102, 71],

which is the main tool in the MCMC toolbox.

The idea behind the MH algorithm is to generate samples from

some arbitrary proposal kernel q(z′ | z). The simulation is followed by

an accept/reject decision to make sure that detailed balance holds for

the given target distribution. The MH acceptance probability, for a

move from z to z′, is given by

ρ(z,z′) = 1 ∧ f(z′)

f(z)

q(z | z′)
q(z′ | z)

, (2.12)

where a ∧ b = min(a,b). That is, with z[r − 1] being the previous state

of the Markov chain at iteration r, we proceed by sampling a candidate

value z′ ∼ q(z′ | z[r − 1]). With probability ρ(z[r − 1],z′), the sample is

accepted and we set z[r] = z′. Otherwise, the sample is rejected and we

set z[r] = z[r − 1]. It is interesting to note that the acceptance proba-

bility depends on the target density only through the ratio f(z′)/f(z).
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Algorithm 2 Metropolis–Hastings sampler

1: Set z[0] arbitrarily.

2: for r ≥ 1 do

3: Draw z′ ∼ q(z′ | z[r − 1]).

4: With probability

ρ(z[r − 1],z′) = 1 ∧ f(z′)

f(z[r − 1])

q(z[r − 1] | z′)
q(z′ | z[r − 1])

,

set z[r] = z′, otherwise set z[r] = z[r − 1].

5: end for

Hence, it is possible to run the MH algorithm even when the normaliz-

ing constant of the target density is unknown, which is key to its appli-

cability in practice. The MH sampler is summarized in Algorithm 2.

The transition kernel given by the sampling procedure above is,

K(dz′ | z) = ρ(z,z′)q(dz′ | z) + (1 − η(z))δz(dz
′), (2.13)

with η(z) =
∫
ρ(z,z′)q(z′ | z)dz′. It can be verified that this kernel sat-

isfies the detailed balance condition (Equation (2.11)). Consequently,

f(z) is a stationary distribution of the chain. Under additional, mild,

assumptions (basically, positivity of the proposal kernel), it can also

be verified that the chain is irreducible and aperiodic, which by

Theorem 2.1 implies that f(z) is the limiting distribution of the Markov

chain.

In practice, the choice of the proposal kernel is critical. If the pro-

posal is not chosen appropriately, the average acceptance probability

can be very low. This results in that the chain gets “stuck” at the

same value for many iterations. We say that the chain suffers from

poor mixing. Furthermore, a high acceptance probability does not nec-

essarily imply good mixing. Indeed, a proposal kernel which only makes

small, local moves can yield a high acceptance probability, but at the

same time a very poor exploration of the state-space. To construct

a proposal kernel with good mixing properties is particularly chal-

lenging in high dimensions. To address this issue, sophisticated pro-

posal mechanisms have been developed for the MH algorithm. One

approach is to construct a proposal kernel based on the simulation of
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a Hamiltonian dynamical system, leading to the so-called Hamiltonian

Monte Carlo method [44] (see also [109]). See [61, 78, 124] for applica-

tions and extensions of this method. Another approach is to make use

of SMC within MCMC, which is the idea that underlies the particle

MCMC framework [3]. These methods will be discussed in more detail

in Section 5.

2.2.3 Gibbs Sampling

The Gibbs sampler [58, 57] is an MCMC method of particular interest.

It can be seen as a special case of the MH algorithm. However, it differs

both in terms of basic methodology and historical motivation. Assume

that the random variable of interest can be partitioned according to

z = {z1, . . . , zp}, where the zis can be either uni- or multidimensional.

A Markov kernel is then constructed by sampling each component from

its full conditional under f , i.e.,

z′i | z1, . . . , zi−1, zi+1, . . . , zp ∼ fi(zi | z1, . . . , zi−1, zi+1, . . . , zp). (2.14)

The sampling procedure given above leaves f(z) invariant, i.e., if z

is distributed according to f , then so is {z1, . . . , zi−1, z
′
i zi+1, . . . , zp}.

Hence, sampling each of the components in this manner, either in a

deterministic or in a random order, defines a Markov kernel on Z, with

stationary distribution f(z). Since only the conditionals f1, . . . , fp are

used in the sampling procedure, all of the simulations can be univari-

ate (or low-dimensional), even for high-dimensional problems, which

is a key property of the Gibbs sampler. We summarize the method in

Algorithm 3.

The specific parameterization that is used in the construction of

a Gibbs sampler can have very significant effects on its performance,

see e.g., [72, 121]. If the individual components z1, . . . , zp are strongly

dependent, sampling from the full conditionals can lead to insignificant

updates of the components, resulting in a poorly mixing Gibbs sampler.

An example of this phenomena, which is of particular interest to the

present work, is single-state Gibbs sampling for SSMs. Assume that the

target distribution is the JSD p(x1:T | y1:T ). A natural parameterization

for a Gibbs sampler is to draw the individual states at different time
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Algorithm 3 Gibbs sampler (deterministic scan)

1: Set z[0] arbitrarily.

2: for r ≥ 1 do

3: Sample according to

z1[r] ∼ f1(z1 | z2[r − 1], . . . , zp[r − 1]).

...

zi[r] ∼ fi(zi | z1[r], . . . , zi−1[r], zi+1[r − 1], . . . , zp[r − 1]).

...

zp[r] ∼ fp(zp | z1[r], . . . , zp−1[r]).

4: end for

points from their full conditional, i.e.,

x′t ∼ p(xt | x1:t−1,xt+1:T ,y1:T ), (2.15)

for t = 1, . . . , T . This leads to the single-state sampler which was used

in the illustrating example in Section 1.3. As was experienced in this

example, the resulting Gibbs sampler can suffer from very poor mixing.

The reason is that there is often a strong dependence between consec-

utive states in an SSM. Hence, when x′t is sampled, the resulting value

will be in close agreement with the conditioning on xt−1 and xt+1,

resulting in small updates at each iteration.

Two important techniques, used to improve the mixing of the Gibbs

sampler, are grouping and collapsing. To illustrate these concepts,

assume that the variable of interest is partitioned into three parts,

z = {z1,z2,z3}. The basic Gibbs sampler would then, at each iteration,

simulate according to

z′1 ∼ f1(z1 | z2,z3), z′2 ∼ f2(z2 | z′1,z3), z′3 ∼ f3(z3 | z′1,z′2).

Grouping, or blocking, amounts to sample a group of variable, say

{z2,z3}, jointly. That is, we simulate according to

z′1 ∼ f1(z1 | z2,z3), {z′2,z′3} ∼ f2,3(z2,z3 | z′1).
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This corresponds to a reparameterization of the Gibbs sampler, with

only two components instead of three. If z2 and z3 are strongly

dependent, sampling them jointly can result in much larger updates,

improving the mixing of the basic Gibbs sampler.

Collapsing is another word for marginalization. In the simplest case,

one component of the model, say z3, is marginalized in all the steps of

the sampler. That is, we simulate according to

z′1 ∼ f̄1(z1 | z2), z′2 ∼ f̄2(z2 | z′1),

where f̄i, i = 1, 2, are the full conditionals under the marginal distribu-

tion f̄(z1,z2) =
∫
f(z1,z2,z3)dz3. This corresponds to a standard Gibbs

sampler, targeting the marginal distribution f̄ instead of f .

Perhaps more interestingly, the Gibbs sampler does not have to be

fully collapsed, as above, to attain an improvement in mixing. In a par-

tially collapsed Gibbs sampler, we marginalize a certain variable only in

some of the Gibbs steps. For instance, we could simulate according to

z′1 ∼ f1(z1 | z2,z3), z′2 ∼ f̄2(z2 | z′1), z′3 ∼ f3(z3 | z′1,z′2).

This partially collapsed Gibbs sampler results in a valid MCMC

method, with stationary distribution f(z1,z2,z3). Again, if z2 and z3

are strongly dependent, sampling z2 unconditionally on z3 enables a

larger update, which in turn results in a larger update also of z3.1

However, care needs to be taken when constructing a partially col-

lapsed sampler, since the order of the Gibbs steps in fact can affect

the stationary distribution. If, for instance, we would collapse all the

Gibbs steps to a maximum degree and sample each of the variables z1,

z2 and z3 from their respective marginals under f , then we would lose

all correlation between the variables. A more intricate example of an

improperly collapsed sampler is,

z′1 ∼ f̄1(z1 | z2), z′2 ∼ f2(z2 | z′1,z3), z′3 ∼ f3(z3 | z′1,z′2).

This sampling scheme is seemingly similar to the one above, but this

latter scheme does not leave f(z1,z2,z3) invariant. Again, the reason is

1 In fact, in this specific example, the partially collapsed Gibbs sampler is equivalent to the
grouped Gibbs sampler.
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that the sampler does not take the dependences between the variables

into account in a correct way. To see why this is the case and how to

construct a properly collapsed Gibbs sampler, see [137].

Grouping and collapsing will in general improve the mixing prop-

erties of the Gibbs sampler (see [97, Section 6.7]). In practice, the gain

can be quite considerable. In the motivating example in Section 1.3,

we pointed out that a backward simulator aims at sampling the state

sequence x1:T jointly from the JSD, instead of resorting to single-state

sampling of the individual state components. In light of the above dis-

cussion, we see that the backward simulator thus is a way of grouping

the state variables to alleviate the strong dependencies between con-

secutive states.

A different technique which can also be useful is to reparameter-

ize the model by making a change of variables. If the new variables

are chosen in a way which decreases the posterior interdependence,

then the mixing of the Gibbs sampler can be improved; see [114] and

Section 4.6.3.

To be able to implement the Gibbs samplers described above, we

need to be able to sample from all the involved conditionals under the

target distribution f . While this is indeed possible for many interesting

problems, it is not always the case. To alleviate this, one possibility is to

use a mixed strategy, in which Gibbs steps are used whenever possible

and MH steps are used for the intractable conditionals. Since the MH

sampler leaves its target distribution invariant, each step of the mixed

sampler will leave f invariant, resulting in a valid MCMC kernel. This

approach is sometimes referred to as Hastings-within-Gibbs.
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3

Backward Simulation for State-Space Models

SMC provides an approximation of the joint smoothing distribu-

tion, given by Equation (2.7). However, as discussed in Section 2.1.2,

path degeneracy makes this approximation unreliable for anything but

filtering or fixed-lag smoothing with a short enough lag. In the present

section, we will see how the joint smoothing problem can be addressed

by complementing the forward filter with a second recursion, evolv-

ing in the time-reversed direction. In particular, we will make use of

SMC to enable backward simulation for general SSMs, allowing us to

generate samples approximately distributed according to the JSD.

A related approach is the two-filter smoother [17], which is based

on one filter moving forward in time and one filter moving backward

in time. When the two filters meet “in the middle”, the information is

merged, enabling computation of smoothed estimates. This approach

will not be considered here, and for further reading on SMC implemen-

tations of the two-filter smoother we refer to [18, 51].
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36 Backward Simulation for State-Space Models

3.1 Forward Filter/Backward Simulator

As was recognized in Section 1.7, it is possible to make use of the back-

ward recursion (Equation (1.12)) to generate samples from the JSD.

The key ingredient is the backward kernel. Let us assume that the

model under study is fully dominated. The backward kernel density is

then given by Equation (1.11). As previously pointed out, this expres-

sion depends explicitly on the filtering density p(xt | y1:t). The basic

idea, underlying the particle-based forward filter/backward simulator

(FFBSi) [62, 40], is to make use of a PF to approximate the backward

kernel.

Assume that we have recorded a sequence of observations y1:T up

to some final time point T . Assume also that we have applied a PF to

this batch of data. For each time t = 1, . . . , T we thus have a weighted

particle system {xit,wit}Ni=1 approximating the filtering distribution at

time t,

p̂N (dxt | y1:t) ,
N∑
i=1

witδxit(dxt). (3.1)

These approximations are given by marginalization of Equation (2.7),

or, put differently, by discarding everything from the particle trajec-

tories except for the last time point. Using Equation (3.1) in Equa-

tion (1.11), we obtain an approximation of the backward kernel,

B̂N
t (dxt | xt+1) ,

N∑
i=1

witf(xt+1 | xit)∑
lw

l
tf(xt+1 | xlt)

δxit(dxt). (3.2)

It is important to note that the particles {xit,wit}Ni=1 that are used to

approximate the filtering distribution in Equation (3.1) are those that

were generated at time t in the PF. Hence, there is in general a rich

diversity of particles in this system, and the approximations in Equa-

tions (3.1) and (3.2) do not suffer (directly) from path degeneracy. This

is also the reason for why FFBSi can succeed where the PF fails. Even

though the PF results in a degenerate approximation of the JSD, it

can generally provide accurate approximations of the filtering distribu-

tions, which is all that is needed to compute an approximation of the

backward kernel.
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3.1 Forward Filter/Backward Simulator 37

We can now make use of Equations (3.1) and (3.2) to generate a

backward trajectory by sampling (cf. Equation (1.16)),

x̃T ∼ p̂N (dxT | y1:T ), (3.3a)

x̃t ∼ B̂N
t (dxt | x̃t+1), (3.3b)

for t = T − 1, . . . , 1. The backward trajectory x̃1:T is an approximate

realization from p(x1:T | y1:T ). How close the distribution of x̃1:T is to

the JSD, clearly depends on how accurate the PF approximations in

Equations (3.1) and (3.2) are. The convergence properties of FFBSi

will be the topic of Section 3.2.2.

Sampling according to Equation (3.3a) simply consists of drawing

among the filter particles at time T with P (x̃T = xiT ) = wiT . Similarly,

the empirical backward kernel has finite support and it can be writ-

ten as

B̂N
t (dxt | x̃t+1) =

N∑
i=1

w̃it|T δxit(dxt), (3.4)

where we have defined the smoothing weights

w̃it|T =
witf(x̃t+1 | xit)∑
lw

l
tf(x̃t+1 | xlt)

. (3.5)

Hence, to sample according to Equation (3.3b), we evaluate the smooth-

ing weights {w̃it|T }
N
i=1 and draw among the forward filter particles at

time t with P (x̃t = xit) = w̃it|T . Note that, in general, x̃t will differ from

the ancestor particle of x̃t+1, resulting in an increased particle diversity.

We emphasize that Equation (3.2) relies on the assumption that the

model under study is fully dominated. Applying backward simulation

to degenerate (non fully dominated) models, turns out to be much more

tricky. We will return to this issue in Section 4.

When using FFBSi to address the smoothing problem, we typically

generate multiple backward trajectories {x̃j1:T }Mj=1, by repeating the

backward simulation (Equation (3.3)) M times. Hence, conditionally on

the forward filter particles, the collection {x̃j1:T }Mj=1 are i.i.d. samples.

The conditional distribution of these samples will be given explic-

itly in Section 3.2.1. The backward trajectories define an unweighted
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