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Abstract

Bayesian methods for machine learning have been widely investigated,
yielding principled methods for incorporating prior information into
inference algorithms. In this survey, we provide an in-depth review
of the role of Bayesian methods for the reinforcement learning (RL)
paradigm. The major incentives for incorporating Bayesian reasoning
in RL are: 1) it provides an elegant approach to action-selection (explo-
ration/exploitation) as a function of the uncertainty in learning; and
2) it provides a machinery to incorporate prior knowledge into the al-
gorithms. We first discuss models and methods for Bayesian inference
in the simple single-step Bandit model. We then review the extensive
recent literature on Bayesian methods for model-based RL, where prior
information can be expressed on the parameters of the Markov model.
We also present Bayesian methods for model-free RL, where priors are
expressed over the value function or policy class. The objective of the
paper is to provide a comprehensive survey on Bayesian RL algorithms
and their theoretical and empirical properties.

M. Ghavamzadeh, S. Mannor, J. Pineau, and A. Tamar. Bayesian Reinforcement
Learning: A Survey. Foundations and Trends® in Machine Learning, vol. 8,

no. 5-6, pp. 359483, 2015.

DOI: 10.1561,/2200000049.
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1

Introduction

A large number of problems in science and engineering, from robotics to
game playing, tutoring systems, resource management, financial port-
folio management, medical treatment design and beyond, can be char-
acterized as sequential decision-making under uncertainty. Many inter-
esting sequential decision-making tasks can be formulated as reinforce-
ment learning (RL) problems [Bertsekas and Tsitsiklis, 1996, Sutton
and Barto, 1998]. In an RL problem, an agent interacts with a dy-
namic, stochastic, and incompletely known environment, with the goal
of finding an action-selection strategy, or policy, that optimizes some
long-term performance measure.

One of the key features of RL is the focus on learning a con-
trol policy to optimize the choice of actions over several time steps.
This is usually learned from sequences of data. In contrast to su-
pervised learning methods that deal with independently and iden-
tically distributed (i.i.d.) samples from the domain, the RL agent
learns from the samples that are collected from the trajectories gen-
erated by its sequential interaction with the system. Another impor-
tant aspect is the effect of the agent’s policy on the data collec-
tion; different policies naturally yield different distributions of sam-
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pled trajectories, and thus, impacting what can be learned from the
data.

Traditionally, RL algorithms have been categorized as being ei-
ther model-based or model-free. In the former category, the agent uses
the collected data to first build a model of the domain’s dynamics
and then uses this model to optimize its policy. In the latter case,
the agent directly learns an optimal (or good) action-selection strat-
egy from the collected data. There is some evidence that the first
method provides better results with less data [Atkeson and Santa-
maria, 1997], and the second method may be more efficient in cases
where the solution space (e.g., policy space) exhibits more regular-
ity than the underlying dynamics, though there is some disagreement
about this,.

A major challenge in RL is in identifying good data collection strate-
gies, that effectively balance between the need to explore the space of
all possible policies, and the desire to focus data collection towards tra-
jectories that yield better outcome (e.g., greater chance of reaching a
goal, or minimizing a cost function). This is known as the exploration-
exploitation tradeoff. This challenge arises in both model-based and
model-free RL algorithms.

Bayesian reinforcement learning (BRL) is an approach to RL that
leverages methods from Bayesian inference to incorporate information
into the learning process. It assumes that the designer of the system can
express prior information about the problem in a probabilistic distri-
bution, and that new information can be incorporated using standard
rules of Bayesian inference. The information can be encoded and up-
dated using a parametric representation of the system dynamics, in
the case of model-based RL, or of the solution space, in the case of
model-free RL.

A major advantage of the BRL approach is that it provides a prin-
cipled way to tackle the exploration-exploitation problem. Indeed, the
Bayesian posterior naturally captures the full state of knowledge, sub-
ject to the chosen parametric representation, and thus, the agent can
select actions that maximize the expected gain with respect to this
information state.
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4 Introduction

Another major advantage of BRL is that it implicitly facilitates reg-
ularization. By assuming a prior on the value function, the parameters
defining a policy, or the model parameters, we avoid the trap of letting
a few data points steer us away from the true parameters. On the other
hand, having a prior precludes overly rapid convergence. The role of
the prior is therefore to soften the effect of sampling a finite dataset,
effectively leading to regularization. We note that regularization in RL
has been addressed for the value function [Farahmand et al., 2008b]
and for policies [Farahmand et al., 2008a]. A major issue with these
regularization schemes is that it is not clear how to select the regu-
larization coefficient. Moreover, it is not clear why an optimal value
function (or a policy) should belong to some pre-defined set.

Yet another advantage of adopting a Bayesian view in RL is the
principled Bayesian approach for handling parameter uncertainty. Cur-
rent frequentist approaches for dealing with modelling errors in sequen-
tial decision making are either very conservative, or computationally
infeasible [Nilim and El Ghaoui, 2005]. By explicitly modelling the dis-
tribution over unknown system parameters, Bayesian methods offer a
promising approach for solving this difficult problem.

Of course, several challenges arise in applying Bayesian methods to
the RL paradigm. First, there is the challenge of selecting the correct
representation for expressing prior information in any given domain.
Second, defining the decision-making process over the information state
is typically computationally more demanding than directly considering
the natural state representation. Nonetheless, a large array of models
and algorithms have been proposed for the BRL framework, leverag-
ing a variety of structural assumptions and approximations to provide
feasible solutions.

The main objective of this paper is to provide a comprehensive
survey on BRL algorithms and their theoretical and empirical proper-
ties. In Chapter 2, we provide a review of the main mathematical con-
cepts and techniques used throughout this paper. Chapter 3 surveys the
Bayesian learning methods for the case of single-step decision-making,
using the bandit framework. This section serves both as an exposition of
the potential of BRL in a simpler setting that is well understood, but is
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also of independent interest, as bandits have widespread applications.
The main results presented here are of a theoretical nature, outlin-
ing known performance bounds for the regret minimization criteria.
Chapter 4 reviews existing methods for model-based BRL, where the
posterior is expressed over parameters of the system dynamics model.
Chapter 5 focuses on BRL methods that do not explicitly learn a model
of the system, but rather the posterior is expressed over the solution
space. Chapter 6 focuses on a particular advantage of BRL in dealing
with risk due to parameter-uncertainty, and surveys several approaches
for incorporating such risk into the decision-making process. Finally,
Chapter 7 discusses various extensions of BRL for special classes of
problems (PAC-Bayes model selection, inverse RL, multi-agent RL, and
multi-task RL). Figure 1.1 outlines the various BRL approaches cov-
ered throughout the paper.

An Example Domain

We present an illustrative domain suitable to be solved using the BRL
techniques surveyed in this paper. This running example will be used
throughout the paper to elucidate the difference between the various
BRL approaches and to clarify various BRL concepts.

Example 1.1 (The Online Shop). In the online shop domain, a retailer
aims to maximize profit by sequentially suggesting products to online
shopping customers. Formally, the domain is characterized by the fol-
lowing model:

e A set of possible customer states, X'. States can represent intrinsic
features of the customer such as gender and age, but also dynamic
quantities such as the items in his shopping cart, or his willingness
to shop;

e A set of possible product suggestions and advertisements, A;
e A probability kernel, P, defined below.

An episode in the online shop domain begins at time ¢t = 0, when
a customer with features zg € X enters the online shop. Then, a se-
quential interaction between the customer and the online shop begins,
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Bandits
(Sec3)

Model-based

BRL (Sec 4)

Bayesian _|
RL

Model-free
BRL (Sec 5)

Risk Aware
BRL (Sec 6)

—

Introduction

Bayes UCB
Thompson sampling

Offline value approximation
- Finite state controllers
- BEETLE
Online near-myopic value approximation
- Bayesian DP
- VOI heuristic
Online tree search approximation
- Forward search
- Bayesian sparse sampling
- HMDP
- BFS3
- Branch-and-bound search
- BAMCP
Exploration bonus approximation
- BOSS
- BEB
- VBRB
- BOLT

Value function algos
- GPTD
- GPSARSA
Policy gradient algos
- Bayesian Quadrature
- Two Bayesian models for
estimating the policy gradient
Actor-Critic algos
- GPTD + Bayesian policy gradient

Bias variance approximation

Percentile criterion
J

Min-max criterion
Percentile measures criteria

Figure 1.1: Overview of the Bayesian RL approaches covered in this survey.
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where at each step ¢ = 0,1,2,..., an advertisement a; € A is shown
to the customer, and following that the customer makes a decision to
either (i) add a product to his shopping cart; (ii) not buy the product,
but continue to shop; (iii) stop shopping and check out. Following the
customers decision, his state changes to x441 (reflecting the change in
the shopping cart, willingness to continue shopping, etc.). We assume
that this change is captured by a probability kernel P(zy 1|2y, at).

When the customer decides to check out, the episode ends, and a
profit is obtained according to the items he had added to his cart. The
goal is to find a product suggestion policy, + — a € A, that maximizes
the expected total profit.

When the probabilities of customer responses P are known in ad-
vance, calculating an optimal policy for the online shop domain is basi-
cally a planning problem, which may be solved using traditional meth-
ods for resource allocation [Powell, 2011]. A more challenging, but real-
istic, scenario is when P is not completely known beforehand, but has
to be learned while interacting with customers. The BRL framework
employs Bayesian methods for learning P, and for learning an optimal
product suggestion policy.

There are several advantages for choosing a Bayesian approach for
the online shop domain. First, it is likely that some prior knowledge
about P is available. For example, once a customer adds a product of
a particular brand to his cart, it is likely that he prefers additional
products of the same brand over those of a different one. Taking into
account such knowledge is natural in the Bayesian method, by virtue
of the prior distribution over P. As we shall see, the Bayesian ap-
proach also naturally extends to more general forms of structure in the
problem.

A second advantage concerns what is known as the exploitation—
exploration dilemma: should the decision-maker display only the most
profitable product suggestions according to his current knowledge
about P, or rather take exploratory actions that may turn out to
be less profitable, but provide useful information for future deci-
sions? The Bayesian method offers a principled approach to deal-
ing with this difficult problem by explicitly quantifying the value
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8 Introduction

of exploration, made possible by maintaining a distribution over
P.

The various parameter configurations in the online shop domain
lead to the different learning problems surveyed in this paper. In par-
ticular:

e For a single-step interaction, i.e., when the episode terminates
after a single product suggestion, the problem is captured by the
multi-armed bandit model of Chapter 3.

e For small-scale problems, i.e., a small number of products and
customer types, P may be learnt explicitly. This is the model-
based approach of Chapter 4.

e For large problems, a near-optimal policy may be obtained with-
out representing P explicitly. This is the model-free approach of
Chapter 5.

e When the customer state is not fully observed by the decision-
maker, we require models that incorporate partial observability;
see §2.3 and §4.9.

Throughout the paper, we revisit the online shop domain, and spec-
ify explicit configurations that are relevant to the surveyed methods.
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2

Technical Background

In this section we provide a brief overview of the main concepts and
introduce the notations used throughout the paper. We begin with a
quick review of the primary mathematical tools and algorithms lever-
aged in the latter sections to define BRL models and algorithms.

2.1 Multi-Armed Bandits

As was previously mentioned, a key challenge in sequential decision-
making under uncertainty is the exploration/exploitation dilemma: the
tradeoff between either taking actions that are most rewarding accord-
ing to the current state of knowledge, or taking exploratory actions,
which may be less immediately rewarding, but may lead to better in-
formed decisions in the future.

The stochastic multi-armed bandit (MAB) problem is perhaps the
simplest model of the exploration/exploitation tradeoff. Originally for-
mulated as the problem of a gambler choosing between different slot
machines in a casino (‘one armed bandits’), the stochastic MAB model
features a decision-maker that sequentially chooses actions a; € A,
and observes random outcomes Yi(a;) € ) at discrete time steps

9
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10 Technical Background

=1,2,3,.... A known function r : ) — R associates the random
outcome to a reward, which the agent seeks to maximize. The out-
comes {Y;(a)} are drawn i.i.d. over time from an unknown probability
distribution P(-la) € P(Y), where P(Y) denotes the set of probability
distributions on (Borel) subsets of ) (see Bubeck and Cesa-Bianchi
[2012] for reference).

Model 1 (Stochastic K-Armed Bandit) Define a K-MAB to be
a tuple (A, Y, P,r) where

e A is the set of actions (arms), and |A| = K,

e ) is the set of possible outcomes,

e P(:la) € P(Y) is the outcome probability, conditioned on action
a € A being taken,

e 7(Y) € R represents the reward obtained when outcome Y € Y is
observed.

A rule that prescribes to the agent which actions to select, or policy, is
defined as a mapping from past observations to a distribution over the
set of actions. Since the probability distributions are initially unknown,
the decision-maker faces a tradeoff between exploitation, i.e., selecting
the arm she believes is optimal, or making exploratory actions to gather
more information about the true probabilities. Formally, this tradeoff
is captured by the notion of regret:

Definition 2.1 (Regret). Let a* € argmax,c 4 Eyp(|o)[7(y)] denote
the optimal arm. The T-period regret of the sequence of actions

ai,...,ar is the random variable
T
Regret(T) =) [T(Yt(a*)) — r(Yt(at))}.
t=1

Typically, MAB algorithms focus on the ezpected regret, E[Regret(T)],
and provide policies that are guaranteed to keep it small in some sense.

As an illustration of the MAB model, let us revisit the online shop
example.

Example 2.1 (Online shop — bandit setting). Recall the online shop do-
main of Example 1.1. In the MAB setting, there is no state information
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2.1. Multi-Armed Bandits 11

about the customers, i.e., X = (). In addition, each interaction lasts a
single time step, after which the customer checks out, and a profit is
obtained according to his purchasing decision. The regret minimization
problem corresponds to determining which sequence of advertisements
ai,...,ar to show to a stream of T" incoming customers, such that the
total revenue is close to that which would have been obtained with the
optimal advertisement stream.

In some cases, the decision-maker may have access to some addi-
tional information that is important for making decisions, but is not
captured in the MAB model. For example, in the online shop domain of
Example 2.1, it is likely that some information about the customer, such
as his age or origin, is available. The contextual bandit model (a.k.a.
associative bandits, or bandits with side information) is an extension
of the MAB model that takes such information into account.

The decision-making process in the contextual bandit model is sim-
ilar to the MAB case. However, at each time step ¢, the decision maker
first observes a context s; € S, drawn i.i.d. over time from a probability
distribution Pg(-) € P(S), where P(S) denotes the set of probability
distributions on (Borel) subsets of S. The decision-maker then chooses
an action a; € A and observes a random outcome Y;(a¢, s¢) € )V, which
now depends both on the context and the action. The outcomes {Y;(a)}
are drawn i.i.d. over time from an unknown probability distribution
P(la,s) € P(Y), where P()) denotes the set of probability distribu-
tions on (Borel) subsets of ).

Model 2 (Contextual Bandit) Define a contextual bandit to be a
tuple (S, A, Y, Ps, P,r) where

e S is the set of contexts,

o A is the set of actions (arms),

e ) is the set of possible outcomes,

e Pg(-) € P(S) is the context probability,

e P(-|a,s) € P(Y) is the outcome probability, conditioned on action
a € A being taken when the context is s € S,

e 7(Y) € R represents the reward obtained when outcome Y € Y is
observed.
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12 Technical Background

The Markov decision process model, as presented in the following
section, may be seen as an extension of the contextual bandit model to
a sequential decision-making model, in which the context is no longer
i.i.d., but may change over time according to the selected actions.

2.2 Markov Decision Processes

The Markov Decision Process (MDP) is a framework for sequential
decision-making in Markovian dynamical systems [Bellman, 1957, Put-
erman, 1994]. It can be seen as an extension of the MAB framework
by adding the notion of a system state, that may dynamically change
according to the performed actions and affects the outcomes of the
System.

Model 3 (Markov Decision Process) Define an MDP M to be a
tuple (S, A, P, Py, q) where

e S is the set of states,

e A is the set of actions,

e P(|s,a) € P(S) is the probability distribution over next states, con-
ditioned on action a being taken in state s,

e ) € P(S) is the probability distribution according to which the ini-
tial state is selected,

e R(s,a) ~ q(-|s,a) € P(R) is a random variable representing the re-
ward obtained when action a is taken in state s.

Let P(S), P(A), and P(R) be the set of probability distributions
on (Borel) subsets of S, A, and R respectively.! We assume that P,
Py and ¢ are stationary. Throughout the paper, we use upper-case and
lower-case letters to refer to random variables and the values taken
by random variables, respectively. For example, R(s,a) is the random
variable of the immediate reward, and r(s, a) is one possible realization
of this random variable. We denote the expected value of R(s,a), as

7(s,a) = [rq(dr|s,a).

Assumption A1 (MDP Regularity) We assume that the random
immediate rewards are bounded by Ry.x and the expected immediate

IR is the set of real numbers.
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2.2. Markov Decision Processes 13

rewards are bounded by Ripax. Note that Rpax < Rmax-

A rule according to which the agent selects its actions at each possible
state, or policy, is defined as a mapping from past observations to a
distribution over the set of actions. A policy is called Markov if the
distribution depends only on the last state of the observation sequence.
A policy is called stationary if it does not change over time. A stationary
Markov policy pu(:|s) € P(A) is a probability distribution over the
set of actions given a state s € S. A policy is deterministic if the
probability distribution concentrates on a single action for all histories.
A deterministic policy is identified by a mapping from the set of states
to the set of actions, i.e., u : S — A. In the rest of the paper, we use
the term policy to refer to stationary Markov policies.

The MDP controlled by a policy u induces a Markov chain M#*
with reward distribution ¢#(:|s) = ¢( - |s,u(s)) such that RF(s) =
R(s,pu(s)) € ¢*(+]s), transition kernel P¥(-|s) = P( - |s, u(s)), and sta-
tionary distribution over states 7# (if it admits one). In a Markov
chain M*, for state-action pairs z = (s,a) € Z = § x A, we de-
fine the transition density and the initial (state-action) density as
PH(Z'|2) = P(s'|s,a)u(d’|s") and Pf'(z0) = Po(so)u(ao|so), respectively.
We generically use £ = {z0,21,...,27} € E, T € {0,1,...,00}, to de-
note a path (or trajectory) generated by this Markov chain. The prob-
ability (density) of such a path is given by

T
Pr(¢|p) = Pl (20) H H(z¢|ze-1)

We define the (possibly discounted, v € [0, 1]) return of a path as a
function p : & — R, p(&) = SI_7'R(2). For each path &, its (dis-
counted) return, p(§), is a random variable with the expected value
p€) = S F 4*(2).2 Here, v € [0,1] is a discount factor that de-
termines the exponential devaluation rate of delayed rewards.® The

*When there is no randomness in the rewards, i.e., r(s, a) = 7(s, a), then p(¢) =

p(&)-
3When v = 1, the policy must be proper, i.e., guaranteed to terminate, see Put-
erman [1994] or Bertsekas and Tsitsiklis [1996] for more details.
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14 Technical Background

expected return of a policy p is defined by

1) = Blp(©)] = [ #(©) Pr(cluyd 1)

The expectation is over all possible trajectories generated by policy u
and all possible rewards collected in them.

Similarly, for a given policy pu, we can define the (discounted) return
of a state s, D*(s), as the sum of (discounted) rewards that the agent
encounters when it starts in state s and follows policy u afterwards

[e.e]
DH(s) = S 4'R(Z1) | Zo = (s, u(1s)),  with Sy ~ PECIS)). (2.2)
t=0
The expected value of D* is called the value function of policy u

Vi(s) = B[DH(s)] = B [ivfz%(zt)
t=0

Zo— (s,uus»] )

Closely related to value function is the action-value function of a policy,
the total expected (discounted) reward observed by the agent when it
starts in state s, takes action a, and then executes policy u

Q"(z) = B[DH(z)] = B [im@

t=0

ZQZZ‘|,

where similarly to D*(s), D#(z) is the sum of (discounted) rewards
that the agent encounters when it starts in state s, takes action a, and
follows policy u afterwards. It is easy to see that for any policy u, the
functions V* and Q* are bounded by Rpax/(1— 7). We may write the
value of a state s under a policy p in terms of its immediate reward
and the values of its successor states under p as

VE(s) = R™(s) + 7 /S Pr(s|s) V() ds, (2.4)

which is called the Bellman equation for VH.

Given an MDP, the goal is to find a policy that attains the best
possible values, V*(s) = sup, V#(s), for all states s € S. The function
V* is called the optimal value function. A policy is optimal (denoted by
p*) if it attains the optimal values at all the states, i.e., V" (s) = V*(s)

Documents

Document Sharing Hub

Full document details: IEEE Bayesian Reinforcement Learning: A Survey


http://www.avadocuments.com/doc/ieee-bayesian-reinforcement-learning-a-survey
http://www.avadocuments.com/doc/ieee-bayesian-reinforcement-learning-a-survey

2.2. Markov Decision Processes 15

for all s € S. In order to characterize optimal policies it is useful to
define the optimal action-value function

Q'(2) = sp Q*(2). (2.5)

Further, we say that a deterministic policy p is greedy with respect
to an action-value function @Q, if for all s € S and a € A, u(s) €
arg max,c 4 Q(s,a). Greedy policies are important because any greedy
policy with respect to @Q* is optimal. Similar to the value function of a
policy (Eq. 2.4), the optimal value function of a state s may be written
in terms of the optimal values of its successor states as

V*(s) = max {R(s,a) +’y/ P(s']s,a)V*(s")ds'| (2.6)
acA S

which is called the Bellman optimality equation. Note that, similar to

Egs. 2.4 and 2.6, we may define the Bellman equation and the Bellman

optimality equation for action-value function.

It is important to note that almost all methods for finding the
optimal solution of an MDP are based on two dynamic programming
(DP) algorithms: wvalue iteration and policy iteration. Value iteration
(VI) begins with a value function Vj and at each iteration i, generates
a new value function by applying Eq. 2.6 to the current value function,
ie.,

V*(s) = max [R(s,a) + 7/ P(s|s,a)Vi* 1 (s")ds'| , Vs e S.
acA S

Policy iteration (PI) starts with an initial policy. At each iteration, it
evaluates the value function of the current policy, this process is referred
to as policy evaluation (PE), and then performs a policy improvement
step, in which a new policy is generated as a greedy policy with respect
to the value of the current policy. Iterating the policy evaluation — pol-
icy improvement process is known to produce a strictly monotonically
improving sequence of policies. If the improved policy is the same as
the policy improved upon, then we are assured that the optimal policy
has been found.
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16 Technical Background

2.3 Partially Observable Markov Decision Processes

The Partially Observable Markov Decision Process (POMDP) is an
extension of MDP to the case where the state of the system is not
necessarily observable [Astrom, 1965, Smallwood and Sondik, 1973,
Kaelbling et al., 1998].

Model 4 (Partially Observable Markov Decision Process) De-
fine a POMDP M to be a tuple (S, A, O, P,Q, Py, q) where

e S is the set of states,

e A is the set of actions,

e O is the set of observations,

e P(:|s,a) € P(S) is the probability distribution over next states, con-
ditioned on action a being taken in state s,

o ((:|s,a) € P(O) is the probability distribution over possible obser-
vations, conditioned on action a being taken to reach state s where the
observation is perceived,

e Py € P(S) is the probability distribution according to which the ini-
tial state is selected,

e R(s,a) ~ q(-|s,a) € P(R) is a random variable representing the re-
ward obtained when action a is taken in state s.

All assumptions are similar to MDPs, with the addition that P(QO) is
the set of probability distributions on (Borel) subsets of O, and {2 is
stationary. As a motivation for the POMDP model, we revisit again
the online shop domain.

Example 2.2 (Online shop — hidden state setting). Recall the online
shop domain of Example 1.1. In a realistic scenario, some features of
the customer, such as its gender or age, might not be visible to the
decision maker due to privacy, or other reasons. In such a case, the MDP
model, which requires the full state information for making decisions
is not suitable. In the POMDP model, only observable quantities, such
as the items in the shopping cart, are used for making decisions.

Since the state is not directly observed, the agent must rely on
the recent history of actions and observations, {0411, at,0,...,01,a0}
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2.3. Partially Observable Markov Decision Processes 17

to infer a distribution over states. This belief (also called information
state) is defined over the state probability simplex, b € A, and can be
calculated recursively as:

_ Q(or1]8",ar) Js P(s]s, at)bi(s)ds
Js Qors1]s",ar) g P(s"|s, as)be(s)dsds"

biy1(s') (2.7)

where the sequence is initialized at by := Py and the denominator
can be seen as a simple normalization function. For convenience, we
sometimes denote the belief update (Eq. 2.7) as by11 = 7(by, a, 0).

In the POMDP framework, the action-selection policy is defined as
i A(s) — A. Thus, solving a POMDP involves finding the optimal
policy, u*, that maximizes the expected discounted sum of rewards for
all belief states. This can be defined using a variant of the Bellman
equation

V*(b;) = max [/ R(s,a)bi(s)ds + 7/ Pr(olbs, a)V* (7 (bt, a, 0))do
acA |Js o0

(2.8)
The optimal value function for a finite-horizon POMDP can be shown
to be piecewise-linear and convex [Smallwood and Sondik, 1973, Porta
et al., 2006]. In that case, the value function V; at any finite plan-
ning horizon t can be represented by a finite set of linear segments
'y = {ap,01,...,an}, often called a-vectors (when S is discrete) or
a-functions (when § is continuous). Each defines a linear function over
the belief state space associated with some action a € A. The value of
a given «o; at a belief b; can be evaluated by linear interpolation

i(by) = / i (5)be (s)ds. (2.9)
S

The value of a belief state is the maximum value returned by one of
the a-functions for this belief state

Vi (by) = max/soz(s)bt(s) . (2.10)

a€l

In that case, the best action, p*(b;), is the one associated with the
a-vector that returns the best value.

The belief as defined here can be interpreted as a state in a particu-
lar kind of MDP, often called the belief-MDP. The main intuition is that
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18 Technical Background

for any partially observable system with known parameters, the belief
is actually fully observable and computable (for small enough state
spaces and is approximable for others). Thus, the planning problem is
in fact one of planning in an MDP, where the state space corresponds
to the belief simplex. This does not lead to any computational advan-
tage, but conceptually, suggests that known results and methods for
MDPs can also be applied to the belief-MDP.

2.4 Reinforcement Learning

Reinforcement learning (RL) [Bertsekas and Tsitsiklis, 1996, Sutton
and Barto, 1998] is a class of learning problems in which an agent
(or controller) interacts with a dynamic, stochastic, and incompletely
known environment, with the goal of finding an action-selection strat-
egy, or policy, to optimize some measure of its long-term performance.
The interaction is conventionally modeled as an MDP, or if the envi-
ronment state is not always completely observable, as a POMDP [Put-
erman, 1994].

Now that we have defined the MDP model, the next step is to solve
it, i.e., to find an optimal policy.? In some cases, MDPs can be solved
analytically, and in many cases they can be solved iteratively by dy-
namic or linear programming (e.g., see Bertsekas and Tsitsiklis [1996]).
However, in other cases these methods cannot be applied because ei-
ther the state space is too large, a system model is available only as
a simulator, or no system model is available at all. It is in these cases
that RL techniques and algorithms may be helpful.

Reinforcement learning solutions can be viewed as a broad class of
sample-based methods for solving MDPs. In place of a model, these
methods use sample trajectories of the system and the agent interact-
ing, such as could be obtained from a simulation. It is not unusual
in practical applications for such a simulator to be available when an
explicit transition-probability model of the sort suitable for use by dy-
namic or linear programming is not [Tesauro, 1994, Crites and Barto,

4Tt is not possible to find an optimal policy in many practical problems. In such
cases, the goal would be to find a reasonably good policy, i.e., a policy with large
enough value function.
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2.4. Reinforcement Learning 19

1998|. Reinforcement learning methods can also be used with no model
at all, by obtaining sample trajectories from direct interaction with the
system [Baxter et al., 1998, Kohl and Stone, 2004, Ng et al., 2004].

Reinforcement learning solutions can be categorized in different
ways. Below we describe two common categorizations that are relevant
to the structure of this paper.

Model-based vs. Model-free Methods: Reinforcement learning
algorithms that explicitly learn a system model and use it to solve
an MDP are called model-based methods. Some examples of these
methods are the Dyna architecture [Sutton, 1991] and prioritized
sweeping [Moore and Atkeson, 1993]. Model-free methods are those
that do not explicitly learn a system model and only use sample
trajectories obtained by direct interaction with the system. These
methods include popular algorithms such as Q-learning [Watkins,
1989], SARSA [Rummery and Niranjan, 1994], and LSPI [Lagoudakis
and Parr, 2003].

Value Function vs. Policy Search Methods: An important
class of RL algorithms are those that first find the optimal value func-
tion, and then extract an optimal policy from it. This class of RL al-
gorithms contains value function methods, of which some well-studied
examples include value iteration [Bertsekas and Tsitsiklis, 1996, Sut-
ton and Barto, 1998]), policy iteration [Bertsekas and Tsitsiklis, 1996,
Sutton and Barto, 1998]), Q-learning [Watkins, 1989], SARSA [Rum-
mery and Niranjan, 1994], LSPI [Lagoudakis and Parr, 2003], and fitted
Q-iteration [Ernst et al., 2005]. An alternative approach for solving an
MDP is to directly search in the space of policies. These RL algo-
rithms are called policy search methods. Since the number of policies
is exponential in the size of the state space, one has to resort to meta-
heuristic search [Mannor et al., 2003] or to local greedy methods. An
important class of policy search methods is that of policy gradient al-
gorithms. In these algorithms, the policy is taken to be an arbitrary
differentiable function of a parameter vector, and the search in the
policy space is directed by the gradient of a performance function with
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respect to the policy parameters [Williams, 1992, Marbach, 1998, Bax-
ter and Bartlett, 2001]). There is a third class of RL methods that use
policy gradient to search in the policy space, and at the same time esti-
mate a value function. These algorithms are called actor-critic [Konda
and Tsitsiklis, 2000, Sutton et al., 2000, Bhatnagar et al., 2007, Pe-
ters and Schaal, 2008, Bhatnagar et al., 2009]). They can be thought
of as RL analogs of dynamic programming’s policy iteration method.
Actor-critic methods are based on the simultaneous online estimation
of the parameters of two structures, called the actor and the critic. The
actor and the critic correspond to conventional action-selection policy
and value function, respectively. These problems are separable, but are
solved simultaneously to find an optimal policy.

2.5 Bayesian Learning

In Bayesian learning, we make inference about a random variable X
by producing a probability distribution for X. Inferences, such as point
and interval estimates, may then be extracted from this distribution.
Let us assume that the random variable X is hidden and we can only
observe a related random variable Y. Our goal is to infer X from the
samples of Y. A simple example is when X is a physical quantity and
Y is its noisy measurement. Bayesian inference is usually carried out
in the following way:

1. We choose a probability density P(X), called the prior distri-
bution, that expresses our beliefs about the random variable X
before we observe any data.

2. We select a statistical model P(Y'|X) that reflects our belief about
Y given X. This model represents the statistical dependence be-
tween X and Y.

3. We observe data Y = y.

4. We update our belief about X by calculating its posterior distri-
bution using Bayes rule

o PP
PR =9 = g pocax
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2.5. Bayesian Learning 21

Assume now that P(X) is parameterized by an unknown vector of
parameters 0 in some parameter space ©; we denote this as Py(X). Let
X1,..., X, be a random i.i.d. sample drawn from Pp(X). In general,
updating the posterior Pp(X|Y = y) is difficult, due to the need to
compute the normalizing constant [o P(y|X")Ps(X")d6. However, for
the case of conjugate family distributions, we can update the posterior
in closed-form by simply updating the parameters of the distribution.
In the next two sections, we consider three classes of conjugate distribu-
tions: Beta and Dirichlet distributions and Gaussian Processes (GPs).

2.5.1 Beta and Dirichlet Distributions

A simple example of a conjugate family is the Beta distribution, which
is conjugate to the Binomial distribution. Let Beta(a, ) be defined
by the density function f(p|a, 8) o p*~1(1 — p)?~! for p € [0,1], and
parameters «, > 0. Let Binomial(n,p) be defined by the density
function f(k|n,p) o pF(1 —p)"~* for k € {0,1,...,n}, and parameters
p € [0,1] and n € N. Consider X ~ Binomial(n,p) with unknown
probability parameter p, and consider a prior Beta(q, 3) over the un-
known value of p. Then following an observation X = z, the posterior
over p is also Beta distributed and is defined by Beta(a+x, 5 +n—x).

Now let us consider the multivariate extension of this conjugate
family. In this case, we have the Multinomial distribution, whose con-
jugate is the Dirichlet distribution. Let X ~ Multinomialy(p, N)
be a random variable with unknown probability distribution p =
(p1,...,pk). The Dirichlet distribution is parameterized by a count vec-
tor ¢ = (¢1,...,Pr), where ¢; > 0, such that the density of probability
distribution p = (p1,...,px) is defined as f(p|p) Hlepf.)"_l. The
distribution Dirichlet(¢,...,¢x) can also be interpreted as a prior
over the unknown Multinomial distribution p, such that after observ-
ing X = n, the posterior over p is also Dirichlet and is defined by
Dirichlet(¢pr +nq, ..., ¢ + nk).

2.5.2 Gaussian Processes and Gaussian Process Regression

A Gaussian process (GP) is an indexed set of jointly Gaussian ran-
dom variables, i.e., F(x), x € X is a Gaussian process if and only
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if for every finite set of indices {z1,...,z7} in the index set X,
(F(x1),...,F(zr)) is a vector-valued Gaussian random variable. The
GP F may be thought of as a random vector if X is finite, as a ran-
dom series if X is countably infinite, and as a random function if X
is uncountably infinite. In the last case, each instantiation of F' is a
function f : X — R. For a given z, F'(x) is a random variable, nor-
mally distributed jointly with the other components of F. A GP F
can be fully specified by its mean f : X — R, f(z) = E[F(z)]
and covariance k : X x X — R, k(z,2') = Cov|[F(z), F(2')], i.e.,
F() ~ N(f(-),k(-,-)). The kernel function k(-,-) encodes our prior
knowledge concerning the correlations between the components of F
at different points. It may be thought of as inducing a measure of
proximity between the members of X. It can also be shown that k de-
fines the function space within which the search for a solution takes
place (see Scholkopf and Smola [2002] and Shawe-Taylor and Cristian-
ini [2004] for more details).
Now let us consider the following generative model:

Y(z) = HF (z) + N(z), (2.11)

where H is a general linear transformation, F' is an unknown function,
x is the input, N is a Gaussian noise and independent of F', and Y is the
observable process, modeled as a noisy version of HF'. The objective
here is to infer F' from samples of Y. Bayesian learning can be applied
to this problem in the following way.

1. We choose a prior distribution for F' in the form of a GP, F'(-) ~
N(f(-),k(-,-)). When F and N are Gaussian and independent
of each other, the generative model of Eq. 2.11 is known as the
linear statistical model [Scharf, 1991].

2. The statistical dependence between F' and Y is defined by the
model-equation (2.11).

3. We observe a sample in the form of Dy = {(z¢,v:)}/—;.

4. We calculate the posterior distribution of F' conditioned on the
sample Dy using the Bayes rule. Below is the process to calculate
this posterior distribution.
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Figure 2.1: A directed graph illustrating the conditional independencies between
the latent F'(z.) variables (bottom row), the noise variables N(z:) (top row), and
the observable Y (x:) variables (middle row), in GP regression (when H = I). All
of the F(z:) variables should be interconnected by arrows (forming a clique), due
to the dependencies introduced by the prior. To avoid cluttering the diagram, this
was marked by the dashed frame surrounding them.

Figure 2.1 illustrates the GP regression setting (when H = I) as a
graphical model in which arrows mark the conditional dependency re-
lations between the nodes corresponding to the latent F'(x;) and the
observed Y (z;) variables. The model-equation (2.11) evaluated at the
training samples may be written as

Yr=HFr+ Nr, (212)

T
where Fp = (F(z1),...,F(z7)) , Yr = (y1,...,yr)", and Np ~
N(0,X). Here [X]; ; is the measurement noise covariance between the
tth and jth samples. In the linear statistical model, we then have
- Z f 7 T

Fr ~N(f,K), where f = (f(z1),..., f(zr)) and [K];; = k(z;,x;)
is a T x T kernel matrix. Since both F7p and Np are Gaussian and
independent from each other, we have Yy ~ N(Hf, HKH' + X).
Consider a query point z, we then have

F(z) f(jn) k(z,z) k(z)T 0
FT = N f ) k(x) K 0 )
N 0 0 0 b))

where k(z) = (k(xl,x),...,k(xT,x))T. Using Eq. 2.12, we have the
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following transformation:

F(z) 1 0 0| (F(z)
Frl=0o 1 ol| Fr |, (2.13)
Y 0 H I Nt

where I is the identity matrix. From Eq. 2.13, we have

F(z) F@)\ [k(z,2) k(@)" k@) H'
Fr | =N f |, | k() K KH'
Y1 Hf) |Hk(z) HK HKH' +%

Using the Gauss-Markov theorem [Scharf, 1991], we know that
F(z)|Yr (or equivalently F(z)|Dr) is Gaussian, and obtain the fol-
lowing expressions for the posterior mean and covariance of F(z) con-
ditioned on the sample Drp:

E[F(2)/Dr] = f(z) + k(z) H (HKH' +3) ' (yy — HY),
Cov[F(z), F(z')|Dr] = k(z,2') —k(z) 'TH (HKH' + %) 'HE(z'),
(2.14)

where y; = (y1,...,yr) " is one realization of the random vector Y.

It is possible to decompose the expressions in Eq. 2.14 into input de-

pendent terms (which depend on z and 2’) and terms that only depend

on the training samples, as follows:

E[F(2)|Dr] = f(z) + k(z) e,
Cov[F(x), F(«')|Dr] = k(x,2') — k(z)" Ck(a'), (2.15)

where
a=H (HKH' +3) " (y, - HF),

2.16
C=H' (HKH' +%)"'H. (2.16)

From Eqgs. 2.15 and 2.16, we can conclude that o and C' are sufficient
statistics for the posterior moments.

If we set the transformation H to be the identity and assume that
the noise terms corrupting each sample are i.i.d. Gaussian, i.e., Np ~
N(0,02I), where o2 is the variance of each noise term, the linear sta-
tistical model is reduced to the standard linear regression model. In this
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case, the posterior moments of F'(x) can be written as

E[F(2)|Dr] = f(x) + k(z) " (K +0*I) " (yp — f)
= f(z ) o
o e @17
Cov |[F(z), F(z")|Dr] = k(z,2") — k(z) ' (K +0°I)" k(2)
= k(z,2') — k(z) " Ck(z),
with
a= (K -+ ) Y yp — f), C=(K+51) L. (2.18)

The GP regression described above is kernel-based and non-
parametric. It is also possible to employ a parametric representation
under very similar assumptions. In the parametric setting, the GP F
is assumed to consist of a linear combination of a finite number n of
basis functions p; : X = R, ¢ =1,...,n. In this case, F' can be written
as F() = Y0y @i()W; = ¢()TW, where () = (¢1(), .., n() | is
the feature vector and W = (W, ..., W,) " is the weight vector. The
model-equation (2.11) now becomes

Y (x) = Hp(x)"W + N(x).

In the parametric GP regression, the randomness in F' is due to W
being a random vector. Here we consider a Gaussian prior over W,
distributed as W ~ N (w, Sy ). By applying the Bayes rule, the pos-
terior (Gaussian) distribution of W conditioned on the observed data
Dr can be computed as

E[W|Dr] =w+ Sw®H ' (H® ' SW®H' +X) 'y - H®'w),
Cov[W|Dr] = Sw — Sw®H ' (H®'S,®H' +X) 'H®'S,,
(2.19)

where ® = [¢(z1),...,¢(zr)] is a n x T feature matrix. Finally, since
F(z) = ¢(x) " W, the posterior mean and covariance of F' can be easily
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26 Technical Background
computed as

E[F(z)|Dr] = o(z) W
+¢(z)" SWw®H (H® 'S, ®H %) (y, — H® 'w),
(

o(z) Sy ®H' (H® S, @H ) 'H® ' S, ¢(z').
(2.20)

Similar to the non-parametric setting, for the standard linear regression
model with the prior W ~ N(0, I), Eq. 2.19 may be written as

E[W|Dr] = (@' ® + oI) 'y,

2.21
Cov[W|Dr| =1—-®(®'® +oI)'®". (2:21)

To have a smaller matrix inversion when T > n, Eq. 2.21 may be
written as

E[W|Dr] = (2@ + o*I) '@y, (2.22)
Cov[W|Dr] = o?(®@® " + o21)~ . '

For more details on GPs and GP regression, see Rasmussen and
Williams [2006].
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3

Bayesian Bandits

This section focuses on Bayesian learning methods for regret mini-
mization in the multi-armed bandits (MAB) model. We review classic
performance bounds for this problem and state-of-the-art results for
several Bayesian approaches.

In the MAB model (§2.1), the only unknown quantities are the
outcome probabilities P(:|a). The idea behind Bayesian approaches to
MAB is to use Bayesian inference (§2.5) for learning P(-|a) from the
outcomes observed during sequential interaction with the MAB. Follow-
ing the framework of §2.5, the outcome probabilities are parameterized
by an unknown vector €, and are henceforth denoted by Py(:|a). The
parameter vector @ is assumed to be drawn from a prior distribution
Pprior- As a concrete example, consider a MAB with Bernoulli arms:

Example 3.1 (Bernoulli K-MAB with a Beta prior). Consider a K-MAB
where the set of outcomes is binary J = {0,1}, and the reward is
the identity 7(Y) = Y. Let the outcome probabilities be parameter-
ized by @ € R¥ such that Y (a) ~ Bernoulli[d,]. The prior for each
0, is Beta(ag, 8,). Following an observation outcome Y (a) = y, the
posterior for 8, is updated to Beta(ag, + y, 8, + y — 1). Also note
that the (posterior) expected reward for arm a is now E [r(Y(a))] =
E[E[Y(0) 0a]) = E[0.] = -2

27
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28 Bayesian Bandits

The principal challenge of Bayesian MAB algorithms, however, is
to utilize the posterior @ for selecting an adequate policy that achieves
low regret.

Conceptually, there are several reasons to adopt a Bayesian ap-
proach for MABs. First, from a modelling perspective, the prior for 6
is a natural means for embedding prior knowledge, or structure of the
problem. Second, the posterior for 8 encodes the uncertainty about the
outcome probabilities at each step of the algorithm, and may be used
for guiding the exploration to more relevant areas.

A Bayesian point of view may also be taken towards the perfor-
mance measure of the algorithm. Recall that the performance of a MAB
algorithm is measured by its expected regret. This expectation, how-
ever, may be defined in two different ways, depending on how the pa-
rameters @ are treated. In the frequentist approach, henceforth termed
‘frequentist regret’ and denoted Eg[Regret(T)], the parameter vector
0 is fixed, and treated as a constant in the expectation. The expec-
tation is then computed with respect to the stochastic outcomes and
the action selection policy. On the other hand, in ‘Bayesian regret’,
a.k.a. Bayes risk, 0 is assumed to be drawn from the prior, and the
expectation E[Regret(T')] is over the stochastic outcomes, the action
selection rule, and the prior distribution of 8. Note that the optimal ac-
tion a* depends on 6. Therefore, in the expectation it is also considered
a random variable.

We emphasize the separation of Bayesian MAB algorithms and
Bayesian regret analysis. In particular, the performance of a Bayesian
MAB algorithm (i.e., an algorithm that uses Bayesian learning tech-
niques) may be measured with respect to a frequentist regret, or a
Bayesian one.

3.1 Classical Results

In their seminal work, Lai and Robbins [1985] proved asymptotically
tight bounds on the frequentist regret in terms of the Kullback-Leibler
(KL) divergence between the distributions of the rewards of the dif-
ferent arms. These bounds grow logarithmically with the number of
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3.1. Classical Results 29

steps T', such that regret is O (InT"). Mannor and Tsitsiklis [2004] later
showed non-asymptotic lower bounds with a similar logarithmic depen-
dence on T'. For the Bayesian regret, the lower bound on the regret is
O (\/ﬁ) (see, e.g., Theorem 3.5 of Bubeck and Cesa-Bianchi [2012]).

In the Bayesian setting, and for models that admit sufficient statis-
tics, Gittins [1979] showed that an optimal strategy may be found by
solving a specific MDP planning problem. The key observation here is
that the dynamics of the posterior for each arm may be represented by
a special MDP termed a bandit process [Gittins, 1979].

Definition 3.1 (Bandit Process). A bandit process is an MDP with two
actions A = {0, 1}. The control 0 freezes the process in the sense that
P(s" = s|s,0) = 1, and R(s,0) = 0. Control 1 continues the process,
and induces a standard MDP transition to a new state with probability
P(-|s,1), and reward R(s,1).

For example, consider the case of Bernoulli bandits with a Beta
prior as described in Example 3.1. We identify the state s, of the
bandit process for arm a as the posterior parameters s, = (g, Sq)-
Whenever arm a is pulled, the continuation control is applied as fol-
lows: we draw some 8, from the posterior, and then draw an outcome
Y ~ Bernoulli[f,]. The state subsequently transitions to an updated
posterior (cf. Example 3.1) s/, = (aq, + Y, 3, +Y — 1), and a reward of
E [r(Y)] is obtained, where the expectation is taken over the posterior.

The K-MAB problem, thus, may be seen as a particular instance
of a general model termed simple family of alternative bandit processes
(SFABP) [Gittins, 1979].

Model 5 (Simple Family of Alternative Bandit Processes)
A simple family of alternative bandit processes is a set of K ban-
dit processes. For each bandit process i € 1,..., K we denote by s;,
Pi(-|s;, 1), and R;(s;,1) the corresponding state, transition probabili-
ties, and reward, respectively. At each time ¢t = 1,2,..., a single bandit
iy € 1,..., K that is in state s;, () is activated, by applying to it the
continuation control, and all other bandits are frozen. The objective
is to find a bandit selection policy that maximizes the expected total
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30 Bayesian Bandits

~v-discounted reward

B [i VR (s, 1), 1)] .
t=0

An important observation is that for the K-MAB problem, as de-
fined above, the SFABP performance measure captures an expectation
of the total discounted reward with respect to the prior distribution
of the parameters 6. In this sense, this approach is a full Bayesian
K-MAB solution (cf. the Bayesian regret vs. frequentist regret discus-
sion above). In particular, note that the SFABP performance measure
implicitly balances exploration and exploitation. To see this, recall the
Bernoulli bandits example, and note that the reward of each bandit pro-
cess is the posterior expected reward of its corresponding arm. Since
the posterior distribution is encoded in the process state, future re-
wards in the SFABP performance measure depend on the future state
of knowledge, thereby implicitly quantifying the value of additional
observations for each arm.

The SFABP may be seen as a single MDP, with a state
(s1,82,...,5K) that is the conjunction of the K individual bandit pro-
cess states. Thus, naively, an optimal policy may be computed by solv-
ing this MDP. Unfortunately, since the size of the state space of this
MDP is exponential in K, such a naive approach is intractable. The
virtue of the celebrated Gittins index theorem [Gittins, 1979], is to
show that this problem nevertheless has a tractable solution.

Theorem 3.1. [Gittins, 1979] The objective of SFABP is maximized
by following a policy that always chooses the bandit with the largest
Gittins index

o] byt tRi(si(t) 1)] 5:(0) = si]
5i(0) = i

where 7 is any (past measurable) stopping time.

Gi(s;) = sup
T>1 [

9

The crucial advantage of Theorem 3.1, is that calculating G; may
be done separately for each arm, thereby avoiding the exponential com-
plexity in K. The explicit calculation, however, is technically involved,

Documents

Document Sharing Hub

Full document details: IEEE Bayesian Reinforcement Learning: A Survey


http://www.avadocuments.com/doc/ieee-bayesian-reinforcement-learning-a-survey
http://www.avadocuments.com/doc/ieee-bayesian-reinforcement-learning-a-survey

3.2. Bayes-UCB 31

and beyond the scope of this survey. For reference see Gittins [1979],
and also Tsitsiklis [1994] for a simpler derivation, and Nifo-Mora [2011]
for a finite horizon setting.

Due to the technical complexity of calculating optimal Gittin’s
index policies, recent approaches concentrate on much simpler algo-
rithms, that nonetheless admit optimal upper bounds (i.e., match the
order of their respective lower bounds up to constant factors) on the
expected regret.

3.2 Bayes-UCB

The upper confidence bound (UCB) algorithm [Auer et al., 2002] is a

popular frequentist approach for MABs that employs an ‘optimistic’

policy to reduce the chance of overlooking the best arm. The algorithm

starts by playing each arm once. Then, at each time step ¢, UCB plays
2Int

the arm a that maximizes < rq > +4/ 5", where < r, > is the average

reward obtained from arm a, and ¢, is the number of times arm a

2Int
t

guarantees that the empirical average does not underestimate the best
arm due to ‘unlucky’ reward realizations.

The Bayes-UCB algorithm of Kaufmann et al. [2012a] extends the
UCB approach to the Bayesian setting. A posterior distribution over
the expected reward of each arm is maintained, and at each step, the
algorithm chooses the arm with the maximal posterior (1—3;)-quantile,
where 3; is of order 1/t. Intuitively, using an upper quantile instead of

has been playing so far. The optimistic upper confidence term

the posterior mean serves the role of ‘optimism’, in the spirit of the
original UCB approach. For the case of Bernoulli distributed outcomes
and a uniform prior on the reward means, Kaufmann et al. [2012a]
prove a frequentist upper bound on the expected regret that matches
the lower bound of Lai and Robbins [1985].

3.3 Thompson Sampling

The Thompson Sampling algorithm (TS) suggests a natural Bayesian
approach to the MAB problem using randomized probability match-
ing [Thompson, 1933]. Let Ppost denote the posterior distribution of
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6 given the observations up to time t. In TS, at each time step ¢, we
sample a parameter 6 from the posterior and select the optimal action
with respect to the model defined by 6. Thus, effectively, we match the
action selection probability to the posterior probability of each action
being optimal. The outcome observation is then used to update the
posterior Ppost.

Algorithm 1 Thompson Sampling
: TS(Pprior)

® Pyior prior distribution over 6

—_

Ppost = Pprior

:for t=1,2,... do

Sample 6 from Bt

Play arm a; = argmax,e 4 Eywp,(ja) [T (y)]
Observe outcome Y; and update Pyt

end for

Recently, the TS algorithm has drawn considerable attention due to
its state-of-the-art empirical performance [Scott, 2010, Chapelle and Li,
2011], which also led to its use in several industrial applications [Grae-
pel et al., 2010, Tang et al., 2013]. We survey several theoretical studies
that confirm TS is indeed a sound MAB method with state-of-the-art
performance guarantees.

We mention that the TS idea is not limited to MAB problems,
but can be seen as a general sampling technique for Bayesian learn-
ing, and has been applied also to contextual bandit and RL problems,
among others [Strens, 2000, Osband et al., 2013, Abbasi-Yadkori and
Szepesvari, 2015]. In this section, we present results for the MAB and
contextual bandit settings, while the RL related results are given in
Chapter 4.

Agrawal and Goyal [2012] presented frequentist regret bounds for
TS. Their analysis is specific to Bernoulli arms with a uniform prior, but
they show that by a clever modification of the algorithm it may also be
applied to general arm distributions. Let A, = Eg[r(Y (a*)) —7 (Y (a))]
denote the difference in expected reward between the optimal arm and
arm a, when the parameter is 6.
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Theorem 3.2. [Agrawal and Goyal, 2012] For the K-armed stochastic
bandit problem, the TS algorithm has (frequentist) expected regret

2
Eg[Regret(T)] < 0(( > A12) 1nT>.
a#ta* TG

Improved upper bounds were later presented [Kaufmann et al.,
2012b] for the specific case of Bernoulli arms with a uniform prior.
These bounds are (order) optimal, in the sense that they match the
lower bound of [Lai and Robbins, 1985]. Let KLg(a,a*) denote the
Kullback-Leibler divergence between Bernoulli distributions with pa-
rameters Eg[r(Y (a))] and Eg[r(Y (a*))].

Theorem 3.3. [Kaufmann et al., 2012b] For any € > 0, there exists a

problem-dependent constant C'(e, 8) such that the regret of TS satisfies

Ay(In(T) 4+ Inln(T))
KLg (a,ax)

Eg[Regret(T)] < (1+¢€) Y
a#a*

+ C(e,0).

More recently, Agrawal and Goyal [2013a] showed a problem inde-
pendent frequentist regret bound of order O (\/ KTIn T), for the case
of Bernoulli arms with a Beta prior. This bound holds for all 6, and
implies that a Bayesian regret bound with a similar order holds; up to
the logarithmic factor, this bound is order-optimal.

Liu and Li [2015] investigated the importance of having an in-
formative prior in TS. Consider the special case of two-arms and
two-models, ie., K = 2, and 0 € {fiye,btalse}, and assume that
Otrue is the true model parameter. When Pprior (frue) is small, the
frequentist regret of TS is upper-bounded by (9( m), and
when Pprior (Gtrue) is sufficiently large, the regret is upper-bounded by

@ (\/(1 — Pprior (Htrue))T) [Liu and Li, 2015]. For the special case of
two-arms and two-models, regret lower-bounds of matching orders are
also provided in Liu and Li [2015]. These bounds show that an infor-

mative prior, i.e., a large Pprior (ftrue), significantly impacts the regret.

One appealing property of TS is its natural extension to cases with
structure or dependence between the arms. For example, consider the
following extension of the online shop domain:
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