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Abstract

The bilateral filter is a non-linear technique that can blur an image
while respecting strong edges. Its ability to decompose an image into
different scales without causing haloes after modification has made it
ubiquitous in computational photography applications such as tone
mapping, style transfer, relighting, and denoising. This text provides
a graphical, intuitive introduction to bilateral filtering, a practical
guide for efficient implementation and an overview of its numerous
applications, as well as mathematical analysis.
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1

Introduction

Bilateral filtering is a technique to smooth images while preserving
edges. It can be traced back to 1995 with the work of Aurich and
Weule [4] on nonlinear Gaussian filters. It was later rediscovered by
Smith and Brady [59] as part of their SUSAN framework, and Tomasi
and Manduchi [63] who gave it its current name. Since then, the use
of bilateral filtering has grown rapidly and is now ubiquitous in image-
processing applications Figure 1.1. It has been used in various contexts
such as denoising [1, 10, 41], texture editing and relighting [48], tone
management [5, 10, 21, 22, 24, 53|, demosaicking [56], stylization [72],
and optical-flow estimation [57, 74]. The bilateral filter has several qual-
ities that explain its success:

e [ts formulation is simple: each pixel is replaced by a weighted
average of its neighbors. This aspect is important because it
makes it easy to acquire intuition about its behavior, to adapt
it to application-specific requirements, and to implement it.

e [t depends only on two parameters that indicate the size and
contrast of the features to preserve.

® [t can be used in a non-iterative manner. This makes the
parameters easy to set since their effect is not cumulative
over several iterations.
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2 Introduction

(a) Input image (b) Output of the bilateral filter

Fig. 1.1 The bilateral filter converts any input image (a)to a smoothed version (b). It
removes most texture, noise, and fine details, but preserves large sharp edges without
blurring.

® [t can be computed at interactive speed even on large images,
thanks to efficient numerical schemes [21, 23, 55, 54, 50, 71],
and even in real time if graphics hardware is available [16].

In parallel to applications, a wealth of theoretical studies [6, 7, 13,
21, 23, 46, 50, 60, 65, 66] explain and characterize the bilateral filter’s
behavior. The strengths and limitations of bilateral filtering are now
fairly well understood. As a consequence, several extensions have been
proposed [14, 19, 23].

This paper is organized as follows. Section 2 presents linear
Gaussian filtering and the nonlinear extension to the bilateral filter.
Section 3 revisits several recent, novel and challenging applications
of bilateral filtering. Section 4 compares different ways to implement
the bilateral filter efficiently. Section 5 presents several links of bilat-
eral filtering with other frameworks and also different ways to inter-
pret it. Section 6 exposes extensions and variants of the bilateral
filter. We also provide a website with code and relevant pointers
(http://people.csail.mit.edu/sparis/bf_survey/).
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2

From Gaussian Convolution to Bilateral Filtering

To introduce bilateral filtering, we begin with a description of Gaussian
convolution in Section 2.2. This filter is simpler, introduces the notion
of local averaging, and is closely related to the bilateral filter but does
not preserve edges. Section 2.3 then underscores the specific features
of the bilateral filter that combine smoothing with edge preservation.
First, we introduce the notation used throughout this paper.

2.1 Terminology and Notation

For simplicity, most of the exposition describes filtering for a gray-
level image I although every filtering operation can be duplicated for
each component of a color image unless otherwise specified. We use the
notation I, for the image value at pixel position p. Pixel size is assumed
to be 1. F[I] designates the output of a filter F' applied to the image I.
We will consider the set & of all possible image locations that we name
the spatial domain, and the set R of all possible pixel values that we
name the range domain. For instance, the notation Zpe s denotes a
sum over all image pixels indexed by p. We use | - | for the absolute
value and || - || for the Lo norm, e.g., ||p — q|| is the Euclidean distance
between pixel locations p and q.
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4 From Gaussian Convolution to Bilateral Filtering

2.2 Image Smoothing with Gaussian Convolution

Blurring is perhaps the simplest way to smooth an image; each out-
put image pixel value is a weighted sum of its neighbors in the input
image. The core component is the convolution by a kernel which is the
basic operation in linear shift-invariant image filtering. At each output
pixel position it estimates the local average of intensities, and corre-
sponds to low-pass filtering. An image filtered by Gaussian Convolution
is given by:

GO, =Y Gollp - al) Ly, (1)

qes

where G, (x) denotes the 2D Gaussian kernel (see Figure 2.1):

o) = 2;02 exp <_2”“’;> . )

Gaussian filtering is a weighted average of the intensity of the
adjacent positions with a weight decreasing with the spatial distance to
the center position p. The weight for pixel q is defined by the Gaussian

Gs(|lp — d|), where o is a parameter defining the neighborhood size.
The strength of this influence depends only on the spatial distance
between the pixels and not their values. For instance, a bright pixel has
a strong influence over an adjacent dark pixel although these two pixel
values are quite different. As a result, image edges are blurred because
pixels across discontinuities are averaged together (see Figure 2.1).

The action of the Gaussian convolution is independent of the image
content. The influence that a pizel has on another one depends only
their distance in the image, not on the actual image values.

Remark. Linear shift-invariant filters such as Gaussian convolution
(Equation (1)) can be implemented efficiently even for very large o
using the Fast Fourier Transform (FFT) and other methods, but these
acceleration techniques do not apply to the bilateral filter or other
nonlinear or shift-variant filters. Fortunately, several fast numerical
schemes were recently developed specifically for the bilateral filter (see
Section 4).
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2.3 Edge-preserving Filtering with the Bilateral Filter 5

o=14 o=28 o=16

oc=232

Fig. 2.1 Example of Gaussian linear filtering with different o. Top row shows the profile of a
1D Gaussian kernel and bottom row the result obtained by the corresponding 2D Gaussian
convolution filtering. Edges are lost with high values of o because averaging is performed
over a much larger area.

2.3 Edge-preserving Filtering with the Bilateral Filter

The bilateral filter is also defined as a weighted average of nearby pixels,
in a manner very similar to Gaussian convolution. The difference is
that the bilateral filter takes into account the difference in value with
the neighbors to preserve edges while smoothing. The key idea of the
bilateral filter is that for a pixel to influence another pixel, it should
not only occupy a nearby location but also have a similar value.

The formalization of this idea goes back in the literature to
Yaroslavsky [77], Aurich and Weule [4], Smith and Brady [59] and
Tomasi and Manduchi [63]. The bilateral filter, denoted by BF|-], is
defined by:

1
BF[I], = 3 > Galllp = al) G (1 — Ig]) g (3)
P
q€eS
where normalization factor W}, ensures pixel weights sum to 1.0:
W= Gallp - al) Go(1p — Ig))- (4)
qeS

Parameters o5 and o; will specify the amount of filtering for the image
I. Equation (3) is a normalized weighted average where G, is a spatial
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6 From Gaussian Convolution to Bilateral Filtering

Bilateral filter weights at the central pixel

Spatial weight Range weight

Result

Input

Multiplication of range
and spatial weights

Fig. 2.2 The bilateral filter smooths an input image while preserving its edges. Each pixel
is replaced by a weighted average of its neighbors. Each neighbor is weighted by a spatial
component that penalizes distant pixels and range component that penalizes pixels with a
different intensity. The combination of both components ensures that only nearby similar
pixels contribute to the final result. The weights shown apply to the central pixel (under
the arrow). The figure is reproduced from [21].

Gaussian weighting that decreases the influence of distant pixels, G,
is a range Gaussian that decreases the influence of pixels q when their
intensity values differ from I;,. Figure 1.1 shows a sample output of the
bilateral filter and Figure 2.2 illustrates how the weights are computed
for one pixel near an edge.

2.3.1 Parameters

The bilateral filter is controlled by two parameters: o5 and o;. Figure 2.3
illustrates their effect.

e Asthe range parameter o; increases, the bilateral filter gradu-
ally approximates Gaussian convolution more closely because
the range Gaussian G, widens and flattens, i.e., is nearly
constant over the intensity interval of the image.

® Increasing the spatial parameter oz smooths larger features.
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2.3 Edge-preserving Filtering with the Bilateral Filter 7

Fig. 2.3 The bilateral filter’s range and spatial parameters provide more versatile control
than Gaussian convolution. As soon as either of the bilateral filter weights reaches values
near zero, no smoothing occurs. As a consequence, increasing the spatial sigma will not blur
an edge as long as the range sigma is smaller than the edge amplitude. For example, note
the rooftop contours are sharp for small and moderate range settings oy, and that sharpness
is independent of the spatial setting os. The original image intensity values span [0, 1].

In practice, in the context of denoising, Liu et al. [41] show that adapt-
ing the range parameter o; to estimates of the local noise level yields
more satisfying results. The authors recommend a linear dependence:
oy = 1.95 oy, where oy, is the local noise level estimate.

An important characteristic of bilateral filtering is that the weights
are multiplied: if either of the weights is close to zero, no smoothing
occurs. As an example, a large spatial Gaussian coupled with narrow
range Gaussian achieves limited smoothing despite the large spatial
extent. The range weight enforces a strict preservation of the contours.

2.3.2 Computational cost

At this stage of the presentation, skeptical readers may have already
decided that the bilateral filter is an unreasonably expensive algorithm
to compute when the spatial parameter oy is large, as it constructs
each output pixel from a large neighborhood, requires the calculation
of two weights, their products, and a costly normalizing step as well.
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8 From Gaussian Convolution to Bilateral Filtering

In Section 4 we will show some efficient approaches to implement the
bilateral filter.

2.3.3 Iterations

The bilateral filter can be iterated. This leads to results that are
almost piecewise constant as shown in Figure 2.4. Although this yields
smoother images, the effect is different from increasing the spatial
and range parameters. As shown in Figure 2.3, increasing the spatial
parameters oz has a limited effect unless the range parameter o; is also
increased. Although a large o, also produces smooth outputs, it tends
to blur the edges whereas iterating preserves the strong edges such as
the border of the roof in Figure 2.4 while removing the weaker details
such as the tiles. This type of effect is desirable for applications such
as stylization [72] that seek to abstract away the small details, while
computational photography techniques [5, 10, 21] tend to use a single
iteration to be closer to the initial image content.

2.3.4 Separation

The bilateral filter can split an image into two parts: the filtered image
and its “residual” image. The filtered image holds only the large-scale
features, as the bilateral filter smoothed away local variations without
affecting strong edges. The residual image, made by subtracting the
filtered image from the original, holds only the image portions that
the filter removed. Depending on the settings and the application,

1 Iteration 2 Iterations 4 Tterations

Fig. 2.4 Iterations: the bilateral filter can be applied iteratively, and the result progressively
approximates a piecewise constant signal. This effect can help achieve a limited-palette,
cartoon-like rendition of images [72]. Here, os = 8 and o = 0.1.
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2.3 Edge-preserving Filtering with the Bilateral Filter 9

(a) Input (b) Bilateral filter (c) Residual

Fig. 2.5 Separation: The residual image holds all input components (a) removed by the
bilateral filter (b), and some image structure is visible here (c). For denoising tasks, the
ideal residual image would contain only noise, but here the oy setting was large enough
to remove some fine textures that are nearly indistinguishable from noise, and still yields
acceptable results for many denoising tasks.

this removed small-scale component can be interpreted as noise or
texture, as shown in Figure 2.5. Applications such as tone management
and style transfer extend this decomposition to multiple layers (see
Section 3).

@ To conclude, bilateral filtering is an effective way to smooth
an image while preserving its discontinuities (see Sections 3.1 and
3.5) and also to separate image structures of different scales (see
Section 3.2). As we will see, the bilateral filter has many applications,
and its central notion of assigning weights that depend on both space
and intensity can be tailored to fit a diverse set of applications (see
Section 6).

Remark. The reader may know that the goal of edge-preserving
image restoration has been addressed for many years by partial differ-
ential equations (PDEs), and one may wonder about their relationship
with bilateral filters. Section 5.1 will explore those connections in detail.
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3

Applications

This section discusses the uses of the bilateral filter for a variety of
applications:

e Denoising (Section 3.1): This is the original, primary goal of
the bilateral filter, where it found broad applications that
include medical imaging, tracking, movie restoration, and
more. We discuss a few of these, and present a useful exten-
sion known as the cross-bilateral filter.

® Texture and Illumination Separation, Tone Mapping,
Retinex, and Tone Management (Section 3.2): Bilateral fil-
tering an image at several different settings decomposes
that image into large-scale /small-scale textures and features.
These applications edit each component separately to adjust
the tonal distribution, achieve photographic stylization, or
match the adjusted image to the capacities of a display
device.

e Data Fusion (Section 3.4): These applications use bilateral
filtering to decompose several source images into compo-
nents and then recombine them as a single output image that
inherits selected visual properties from each of the source
images.

11
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12 Applications

e 3D Fairing (Section 3.5): In this counterpart to image denois-
ing, bilateral filtering applied to 3D meshes and point clouds
smooths away noise in large areas and yet keeps all corners,
seams, and edges sharp.

e Other Applications (Section 3.6): New applications are
emerging steadily in the literature; we highlight several new
trends indicated by recently published papers.

3.1 Denoising

One of the first roles of bilateral filtering was image denoising.
Later, the bilateral filter became popular in the computer graphics
community because it is edge preserving, easy to understand and set
up, and because efficient implementations were recently proposed (see
Section 4).

The bilateral filter has become a standard interactive tool for image
denoising. For example, Adobe Photoshop® provides a fast and sim-
ple bilateral filter variant under the name “surface blur” (Figure 3.1).
Instead of Gaussian functions, it uses a square box function as its spa-
tial weight, and a “tent” (linear) function as the range weight. Unlike
Gaussian convolution that smooths images without respecting their
visual structures, the bilateral filter preserves the object contours and
produces sharp results. The surface blur tool is often used by portrait
photographers to smooth skin while preserving sharp edges and details

in the subject’s eyes and mouth.

(a) Input (b) Noisy image (c) “Surface blur” filter
Fig. 3.1 Denoising using the “surface blur” filter from Adobe Photoshop®): We added
noise (b) to the input image (a) and applied the “surface blur” filter. As the input image

was corrupted by noise, some signal loss is inevitable, but the filtered version is significantly
improved.
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3.1 Denoising 13

Qualitatively, the bilateral filter represents an easy way to decom-
pose an image into a cartoon-like component and a texture one. This
cartoon-like image is the denoised image which can be used in several
applications as shown in this section. Qualitatively, such a decomposi-
tion could be obtained by any simplifying filter. But this decomposition
is not trivial from a mathematical perspective if one considers the math-
ematical structure of images. In this respect, we refer to Meyer [44],
Vese and Osher [67], Aujol et al., [3] for more details about approaches
dedicated to precise texture-cartoon decompositions.

The cartoon-like effect can also be a drawback depending on the
application. Buades et al. [14] have shown that although bilateral filter-
ing preserves edges, the preservation is not perfect and some edges are
sharpened during process, introducing an undesirable “staircase effect”.
We discuss this effect in more detail in Section 6.1.3. In summary, the
bilateral filter can be the right approach for many applications, but it
is not always the best solution nor the best denoising filter available.

As a final comment, the bilateral filter is related to several
approaches and frameworks proposed in the literature. We revisit the
most important ones in Section 5. These analogies are interesting to
notice, as they give theoretical foundations to bilateral filtering and
show alternative formulations.

3.1.1 Medical Imagery

In the domain of medical imagery, Wong et al. [73] improved the struc-
ture preservation abilities of the bilateral filter by explicitly describing
the structure with an additional weight, one that depends on the local
shape and orientation of the sensed image data.

3.1.2 Videos

Bennett and McMillan [10] show that bilateral filtering can be used for
videos. In this context, the bilateral filter is applied along the time axis,
that is, pixels at the same location in successive frames are averaged
together. The fact that the bilateral filter does not average together
pixels of different colors prevents mixing data from different objects
that appear at the same location but at different times. For instance,
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(a) Input (b) Naive histogram (c) Output of Bennett and
stretching McMillan [9]

Fig. 3.2 Bennett and McMillan [10] describe how to combine spatial and temporal bilateral
filterings to achieve high-quality video denoising and exposure correction. Figure reproduced
from Bennett and McMillan [10].

if a red ball passes in front of green tree, the ball and tree pixels are
not mixed together, thanks to the range weight of the bilateral filter.
However, pixels that change color often, for instance due to a rapidly
moving object, may not have any similar neighbors along the time axis.
Bennett and McMillan compensate for this case by looking for spatial
neighbors when there are not enough temporal similar pixels. Figure 3.2
shows sample results.

3.1.3 Orientation Smoothing

Paris et al. [49] use the bilateral filter to smooth the 2D orientation
field computed from optical measurements for hairstyle modeling. Their
measuring scheme yields a per-pixel evaluation of the local orientation,
but these measures are noisy and at times ambiguous due to the com-
plex nature of hair images. Paris et al. evaluated the success of their
measurements at pixel p using the variance at V,, and incorporated it
into their filter. In Paris’ setup, several illumination conditions offer
orientation estimates for each pixel, and they use the maximum dif-
ference I" among all these estimates. As the orientation angle o varies
cyclically between 0 and 7, they map their averaging onto a complex
exponential: « € [0,7[— exp (2ia) € C, leading to the filter:

pexp(2i Fparis(®)p)
= ZGUS(HP —dq) Goy, (Vp/Va) Gor (F(p,q)) exp (2iaq) (5)
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L)

i)

(b) Orientations before bilateral filtering  (c¢) Orientations after bilateral filtering

Fig. 3.3 Paris et al. [49] smooth their orientation measurements using a variant of bilateral
filtering mapped to the complex plane C. Figure reproduced from Paris et al. [49].

This filter acts upon orientation mapped to the complex plane.
Although Paris’ application needs only the phase argument of the
result and discards the amplitude p, if needed it could act as the stan-
dard deviation in the scalar case Watson, [70]. This filter illustrates
how bilateral filtering can adapt to incorporate application-specific
knowledge.

3.1.4 Discussion and Practical Consideration

Denoising usually relies on small spatial kernels o5 and the range sigma
oy is usually chosen to match the noise level.

The bilateral filter might not be the most advanced denoising tech-
nique but its strength lies in its simplicity and flexibility. The weights
can be adjusted to take into account any metric on the difference
between two pixels and information about the reliability of a given
pixel can be included by reducing the weights assigned to it.

In the case of “salt-and-pepper” or impulse noise, the bilateral filter
may need to mollify the input image before use. Though the noise may
be sparse, the affected pixels’ intensity values may span the entire image
range (e.g., [0-1]), and their values might be too different from their
neighbors to be filtered out. To mollify these images, compute the range
Gaussian weights on a median-filtered version of the image [21]. If M
describes median filtering, this gives:

BFIT), = oo S Goullp — al) Go(IMITlp ~ MTlg) Ta, (6)
p q€eS
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W= Galllp —dl) Go (1ML — M[Iq)). (7)
qeS

This practice is commonplace in robust statistics: users apply a
very robust estimator such as the median filter first to obtain a suitable
initial estimate, then apply a more precise estimator (the bilateral filter)
to find the final result.

3.2 Contrast Management

Bilateral filtering has been particularly successful as a tool for con-
trast management tasks such as detail enhancement or reduction.
Oh et al. [48] describe how to use the bilateral filter to separate an
image into a large-scale component and a small-scale component by
subtracting filtered results. With this decomposition, they edit texture
in a photograph. Several earlier nonlinear coarse/fine decompositions
were already in use in various local tone mapping operators (e.g., Stock-
ham [62], Chiu et al. [17], Schlick [58], Pattanaik et al. [51], Tumblin
and Turk [64]) but Durand and Dorsey [21] were the first to apply
the method using the bilateral filter. Elad [24] followed the same strat-
egy to estimate the illumination and albedo of the photographed scene.
Bae et al. [5] extended this approach to manipulate the look of a photo-
graph, and Fattal et al. [25] describe a multi-scale image decomposition
that preserves edges and allows for combining multiple images to reveal
object details. We describe these applications in the next sections.

3.2.1 Texture and Illumination Separation

In the context of image-based modeling, Oh et al. [48] used the
structure-removal aspect of the bilateral filter. By using a sufficiently
large range parameter oy, the bilateral filter successfully removes the
variations due to reflectance texture while preserving larger disconti-
nuities stemming from illumination changes and geometry. Their tech-
nique is motivated by the fact that illumination variations typically
occur at a larger scale than texture patterns, as observed by Land in
his “Retinex” theory of lightness perception [39, 38]. To extract the illu-
mination component, they derive a variant of the iterated bilateral filter
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