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Abstract

The principle of coding in the signal space follows directly from Shan-
non’s analysis of waveform Gaussian channels subject to an input
constraint. The early design of communication systems focused sep-
arately on modulation, namely signal design and detection, and error
correcting codes, which deal with errors introduced at the demodu-
lator of the underlying waveform channel. The correct perspective of
signal-space coding, although never out of sight of information theo-
rists, was brought back into the focus of coding theorists and system
designers by Imai’s and Ungerböck’s pioneering works on coded modu-
lation. More recently, powerful families of binary codes with a good
tradeoff between performance and decoding complexity have been
(re-)discovered. Bit-Interleaved Coded Modulation (BICM) is a prag-
matic approach combining the best out of both worlds: it takes advan-
tage of the signal-space coding perspective, whilst allowing for the use
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of powerful families of binary codes with virtually any modulation for-
mat. BICM avoids the need for the complicated and somewhat less
flexible design typical of coded modulation. As a matter of fact, most
of today’s systems that achieve high spectral efficiency such as DSL,
Wireless LANs, WiMax and evolutions thereof, as well as systems based
on low spectral efficiency orthogonal modulation, feature BICM, mak-
ing BICM the de-facto general coding technique for waveform channels.

The theoretical characterization of BICM is at the basis of efficient
coding design techniques and also of improved BICM decoders, e.g.,
those based on the belief propagation iterative algorithm and approxi-
mations thereof. In this text, we review the theoretical foundations of
BICM under the unified framework of error exponents for mismatched
decoding. This framework allows an accurate analysis without any par-
ticular assumptions on the length of the interleaver or independence
between the multiple bits in a symbol. We further consider the sensi-
tivity of the BICM capacity with respect to the signal-to-noise ratio
(SNR), and obtain a wideband regime (or low-SNR regime) charac-
terization. We review efficient tools for the error probability analysis
of BICM that go beyond the standard approach of considering infi-
nite interleaving and take into consideration the dependency of the
coded bit observations introduced by the modulation. We also present
bounds that improve upon the union bound in the region beyond the
cutoff rate, and are essential to characterize the performance of mod-
ern randomlike codes used in concatenation with BICM. Finally, we
turn our attention to BICM with iterative decoding, we review extrin-
sic information transfer charts, the area theorem and code design via
curve fitting. We conclude with an overview of some applications of
BICM beyond the classical coherent Gaussian channel.
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2
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QAM Quadrature-amplitude modulation
RA Repeat-accumulate (code)
SNR Signal-to-noise ratio
TCM Trellis-coded modulation
TSB Tangential sphere bound
Ad Weight enumerator at Hamming distance d
Ad,ρN Weight enumerator at Hamming distance d and

pattern ρN
A′d Bit weight enumerator at Hamming distance d
b Bit in codeword
b̄ Binary complement of bit b
bj(x) Inverse labeling (mapping) function
C Channel capacity
Cbicm
X BICM capacity over set X
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∆P Power expansion ratio
∆W Bandwidth expansion ratio
E[U ] Expectation (of a random variable U)
Eb Average bit energy
Eb
N0

Ratio between average bit energy and noise spectral
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Eb
N0 lim

Eb
N0

at vanishing SNR
Es Average signal energy
E(R) Reliability function at rate R
Ebicm

0 (ρ,s) BICM random coding exponent
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0 (ρ) CM random coding exponent
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3

Eq0(ρ,s) Generalized Gallager function
Eqr (R) Random coding exponent with mismatched decoding
exitdec(y) Extrinsic information at decoder
exitdem(x) Extrinsic information at demapper
hk Fading realization at time k
I(X;Y ) Mutual information between variables X and Y

Icm(X;Y ) Coded modulation capacity (Ccm
X )

Igmi(X;Y ) Generalized mutual information
Igmi
s (X;Y ) Generalized mutual information (function of s)
I ind(X;Y ) BICM capacity with independent-channel model
K Number of bits per codeword log2 |M|
κ(s) Cumulant transform
κ′′(s) Second derivative of cumulant transform
κ1(s) Cumulant transform of bit score
κv(s) Cumulant transform of symbol score with weight v
κpw(s) Cumulant transform of pairwise score
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m Message
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N Number of channel uses
N0 Noise spectral density (one-sided)
N (·) Neighborhood around a node (in factor graph)
νf→ϑ Function-to-variable message
νϑ→f Variable-to-function message
O
(
f(x)

)
Term vanishing as least as fast as af(x), for a > 0

o
(
f(x)

)
Term vanishing faster than af(x), for a > 0

P Signal power
Pb Average probability of bit error
Pe Average probability of message error
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4

Pj(y|b) Transition probability of output y for jth bit
Pj(y|b) Output transition probability for bits b at j

positions
PBj |Y (b|y) jth a posteriori marginal
P·· Probability distribution
PY |X(y|x) Channel transition probability (symbol)
PY |X(y|x) Channel transition probability (sequence)
PEP(d) Pairwise error probability
PEP1(d) Pairwise error probability (infinite interleaving)
PEP(xm′ ,xm) Pairwise error probability
πn Interleaver of size n
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q(x,y) Symbol decoding metric
q(x,y) Codeword decoding metric
qj(b,y) Bit decoding metric of jth bit
R Code rate, R = log2 |M|/N
r Binary code rate, r = log2 |C|/n = R/m

R0 Cutoff rate
Rav

0 Cutoff rate for average-channel model
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0 Cutoff rate for independent-channel model
Rq0 Generalized cutoff rate (mismatched decoding)
ρN Bit distribution pattern over codeword∑
∼x Summary operator — excluding x —

ŝ Saddlepoint value
σ2
X Variance

σ̂2
X Pseudo-variance, σ2

X
∆= E

[
|X|2

]
− |E[X]|2

ζ0 Wideband slope
snr Signal-to-noise ratio
W Signal bandwidth
X Input signal set (constellation)
X jb Set of symbols with bit b at jth label
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5

xk Channel input at time k
x Vector of all channel inputs; input codeword
xm Codeword corresponding to message m

Ξm(k−1)+j Bit log-likelihood of jth bit in kth symbol
yk Channel output at time k
y Vector of all channel outputs
Y Output signal set
zk Noise realization at time k
Ξpw Pairwise score
Ξs
k Symbol score for kth symbol

Ξb
k,j Bit score at jth label of kth symbol
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Ξdec→dem
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Ξdec→dem
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Ξdem→dec
m(k−1)+j Demodulator LLR for jth bit of kth symbol

Ξdem→dec Demodulator LLR vector
Ξdem→dec
∼i Demodulator LLR vector, excluding the ith

component
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1

Introduction

Since Shannon’s landmark 1948 paper [105], approaching the capacity
of the Additive White Gaussian Noise (AWGN) channel has been one
of the more relevant topics in information theory and coding theory.
Shannon’s promise that rates up to the channel capacity can be reliably
transmitted over the channel comes together with the design challenge
of effectively constructing coding schemes achieving these rates with
limited encoding and decoding complexity.

The complex baseband equivalent model of a bandlimited AWGN
channel is given by

yk =
√

snrxk + zk, (1.1)

where yk,xk,zk are complex random variables and snr denotes the
Signal-to-Noise Ratio (SNR), defined as the signal power over the noise
power. The capacity C (in nats per channel use) of the AWGN channel
with signal-to-noise ratio snr is given by the well-known

C = log(1 + snr). (1.2)

The coding theorem shows the existence of sufficiently long codes
achieving error probability not larger than any ε > 0, as long as the

7
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8 Introduction

coding rate is not larger than C. The standard achievability proof of
(1.2) considers a random coding ensemble generated with i.i.d. compo-
nents according to a Gaussian probability distribution.

Using a Gaussian code is impractical, as decoding would require an
exhaustive search over the whole codebook for the most likely candi-
date. Instead, typical signaling constellations like Phase-Shift Keying
(PSK) or Quadrature-Amplitude Modulation (QAM) are formed by a
finite number of points in the complex plane. In order to keep the mod-
ulator simple, the set of elementary waveforms that the modulator can
generate is a finite set, preferably with small cardinality. A practical
way of constructing codes for the Gaussian channel consists of fixing
the modulator signal set, and then considering codewords obtained as
sequences over the fixed modulator signal set, or alphabet. These coded
modulation schemes are designed for the equivalent channel resulting
from the concatenation of the modulator with the underlying wave-
form channel. The design aims at endowing the coding scheme with
just enough structure such that efficient encoding and decoding is pos-
sible while, at the same time, having a sufficiently large space of possible
codes so that good codes can be found.

Driven by Massey’s consideration on coding and modulation as
a single entity [79], Ungerböck in 1982 proposed Trellis-Coded Mod-
ulation (TCM), based on the combination of trellis codes and dis-
crete signal constellations through set partitioning [130] (see also [17]).
TCM enables the use of the efficient Viterbi algorithm for optimal
decoding [138] (see also [35]). An alternative scheme is multilevel
coded modulation (MLC), proposed by Imai and Hirakawa in 1977
[56] (see also [140]). MLC uses several binary codes, each protect-
ing a single bit of the binary label of modulation symbols. At the
receiver, instead of optimal joint decoding of all the component binary
codes, a suboptimal multi-stage decoding, alternatively termed succes-
sive interference cancellation, achieves good performance with limited
complexity. Although not necessarily optimal in terms of minimiz-
ing the error probability, the multi-stage decoder achieves the channel
capacity [140].

The discovery of turbo codes [11] and the re-discovery of low-density
parity-check (LDPC) codes [38, 69] with their corresponding iterative
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9

decoding algorithms marked a new era in coding theory. These modern
codes [97] approach the capacity of binary-input channels with low com-
plexity. The analysis of iterative decoding also led to new methods for
their efficient design [97]. At this point, a natural development of coded
modulation would have been the extension of these powerful codes to
nonbinary alphabets. However, iterative decoding of binary codes is by
far simpler.

In contrast to Ungerböck’s findings, Zehavi proposed bit-interleaved
coded modulation (BICM) as a pragmatic approach to coded modula-
tion. BICM separates the actual coding from the modulation through
an interleaving permutation [142]. In order to limit the loss of infor-
mation arising in this separated approach, soft information about the
coded bits is propagated from the demodulator to the decoder in the
form of bit-wise a posteriori probabilities or log-likelihood ratios. Zehavi
illustrated the performance advantages of separating coding and mod-
ulation. Later, Caire et al. provided in [29] a comprehensive analysis
of BICM in terms of information rates and error probability, show-
ing that in fact the loss incurred by the BICM interface may be very
small. Furthermore, this loss can essentially be recovered by using iter-
ative decoding. Building upon this principle, Li and Ritcey [65] and
ten Brink [122] proposed iterative demodulation for BICM, and illus-
trated significant performance gains with respect to classical nonit-
erative BICM decoding [29, 142] when certain binary mappings and
convolutional codes are employed. However, BICM designs based on
convolutional codes and iterative decoding cannot approach the coded
modulation capacity, unless the number of states grows large [139].
Improved constructions based on iterative decoding and on the use of
powerful families of modern codes can, however, approach the channel
capacity for a particular signal constellation [120, 121, 127].

Since its introduction, BICM has been regarded as a pragmatic yet
powerful scheme to achieve high data rates with general signal constel-
lations. Nowadays, BICM is employed in a wide range of practical com-
munication systems, such as DVB-S2, Wireless LANs, DSL, WiMax,
the future generation of high data rate cellular systems (the so-called
4th generation). BICM has become the de-facto standard for coding
over the Gaussian channel in modern systems.
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10 Introduction

In this text, we provide a comprehensive study of BICM. In
particular, we review its information-theoretic foundations, and review
its capacity, cutoff rate and error exponents. Our treatment also cov-
ers the wideband regime. We further examine the error probability of
BICM, and we focus on the union bound and improved bounds to the
error probability. We then turn our attention to iterative decoding of
BICM; we also review the underlying design techniques and introduce
improved BICM schemes in a unified framework. Finally, we describe
a number of applications of BICM not explicitly covered in our treat-
ment. In particular, we consider the application of BICM to orthogonal
modulation with noncoherent detection, to the block-fading channel, to
the multiple-antenna channel as well as to less common channels such
as the exponential-noise or discrete-time Poisson channels.
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2

Channel Model and Code Ensembles

This section provides the reference background for the remainder of
the text, as we review the basics of coded modulation schemes and
their design options. We also introduce the notation and describe the
Gaussian channel model used throughout this text. Section 6 briefly
describes different channels and modulations not explicitly covered by
the Gaussian channel model.

2.1 Channel Model: Encoding and Decoding

Consider a memoryless channel with input xk and output yk, respec-
tively drawn from the alphabets X and Y. Let N denote the number
of channel uses, i.e., k = 1, . . . ,N . A block code M⊆XN of length N

is a set of |M| vectors x = (x1, . . . ,xN ) ∈ XN , called codewords. The
channel output is denoted by y

∆= (y1, . . . ,yN ), with yk ∈ Y.
We consider memoryless channels, for which the channel transition

probability PY |X(y|x) admits the decomposition

PY |X(y|x) =
N∏
k=1

PY |X(yk|xk). (2.1)

11
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12 Channel Model and Code Ensembles

With no loss of generality, we limit our attention to continuous output
and identify PY |X(y|x) as a probability density function. We denote
by X,Y the underlying random variables. Similarly, the corresponding
random vectors are

X
∆= (X1, . . . ,XN ) and Y

∆= (Y1, . . . ,YN ), (2.2)

respectively drawn from the sets XN and YN .
At the transmitter, a message m drawn with uniform probability

from a message set is mapped onto a codeword xm, according to the
encoding schemes described in Sections 2.2 and 2.3. We denote this
encoding function by φ, i.e., φ(m) = xm. Often, and unless strictly nec-
essary, we drop the subindex m in the codeword xm and simply write
x. Whenever |X | <∞, we respectively denote the cardinality of X and
the number of bits required to index a symbol by M and m,

M
∆= |X |, m

∆= log2M. (2.3)

The decoder outputs an estimate of the message m̂ according to a
given codeword decoding metric, denoted by q(x,y), so that

m̂ = ϕ(y) = argmax
m∈{1,...,|M|}

q(xm,y). (2.4)

The decoding metrics considered in this text are given as products of
symbol decoding metrics q(x,y), for x ∈ X and y ∈ Y, namely

q(x,y) =
N∏
k=1

q(xk,yk). (2.5)

For equally likely codewords, this decoder finds the most likely code-
word as long as the metric q(x,y) is a bijective (thus strictly increasing)
function of the transition probability PY |X(y|x) of the memoryless
channel. Instead, if the decoding metric q(x,y) is not a bijective func-
tion of the channel transition probability, we have a mismatched decoder
[41, 59, 84].

2.1.1 Gaussian Channel Model

A particularly interesting, yet simple, case is that of complex-plane
signal sets (X ⊂ C, Y = C) in Additive White Gaussian Noise (AWGN)
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2.1 Channel Model: Encoding and Decoding 13

with fully interleaved fading,

yk = hk
√

snrxk + zk, k = 1, . . . ,N (2.6)

where hk are fading coefficients with unit variance, zk are the zero-
mean, unit-variance, circularly symmetric complex Gaussian samples,
and snr is the signal-to-noise ratio (SNR). In Appendix 2.A we relate
this discrete-time model to an underlying continuous-time model with
AWGN. We denote the fading and noise random variables by H and Z,
with respective probability density functions PH(h) and PZ(z). Exam-
ples of input set X are unit energy PSK or QAM signal sets.1

With perfect channel state information (coherent detection), the
channel coefficient hk is part of the output, i.e., it is given to the
receiver. From the decoder viewpoint, the channel transition proba-
bility is decomposed as PY,H|X(y,h|x) = PY |X,H(y|x,h)PH(h), with

PY |X,H(y|x,h) =
1
π

e−|y−h
√

snr x|2 . (2.7)

Under this assumption, the phase of the fading coefficient becomes irrel-
evant and we can assume that the fading coefficients are real-valued.
In our simulations, we will consider Nakagami-mf fading, with density

PH(h) =
2mmf

f h2mf−1

Γ(mf )
e−mfh

2
. (2.8)

Here Γ(x) is Euler’s Gamma function, Γ(x) =
∫∞

0 tx−1e−t dt, and mf >

0. In this fading model, we recover the AWGN (h = 1) with mf →
+∞, the Rayleigh fading by letting mf = 1 and the Rician fading with
parameter K by setting mf = (K + 1)2/(2K + 1).

Other cases are possible. For example, hk may be unknown to
the receiver (noncoherent detection), or only partially known, i.e., the
receiver knows ĥk such that (H,Ĥ) are jointly distributed random vari-
ables. In this case, (2.7) generalizes to

P
Y |X,Ĥ(y|x, ĥ) = E

[
1
π

e−|y−H
√

snr x|2
∣∣∣Ĥ = ĥ

]
. (2.9)

1 We consider only one-dimensional complex signal constellations X ⊂ C, such as QAM or

PSK signal sets (alternatively referred to as two-dimensional signal constellations in the

real domain). The generalization to “multidimensional” signal constellations X ⊂ CN′
, for

N ′ > 1, follows immediately, as briefly reviewed in Section 6.
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14 Channel Model and Code Ensembles

The classical noncoherent channel where h = ejθ, with θ denoting a
uniformly distributed random phase, is a special case of (2.9) [18, 95].

For simplicity of notation, we shall denote the channel transition
probability simply as PY |X(y|x), where the possible conditioning with
respect to h or any other related channel state information ĥ, is implic-
itly understood and will be clear from the context.

2.2 Coded Modulation

In a coded modulation (CM) scheme, the elements xk ∈ X of the code-
word xm are in general nonbinary. At the receiver, a maximum metric
decoder ϕ (as in Equation (2.4)) generates an estimate of the trans-
mitted message, ϕ(y) = m̂. The block diagram of a coded modulation
scheme is illustrated in Figure 2.1.

The rate R of this scheme in bits per channel use is given by R =
K
N , where K

∆= log2 |M| denotes the number of bits per information
message. We define the average probability of a message error as

Pe
∆=

1
|M|

|M|∑
m=1

Pe(m), (2.10)

where Pe(m) is the conditional error probability when message m was
transmitted. We also define the probability of bit error as

Pb
∆=

1
K|M|

K∑
k=1

|M|∑
m=1

Pe(k,m), (2.11)

where Pe(k,m) ∆= Pr{kth bit in error|message m was transmitted} is
the conditional bit error probability when message m was transmitted.

Fig. 2.1 Channel model with encoding and decoding functions.
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2.3 Bit-Interleaved Coded Modulation 15

2.3 Bit-Interleaved Coded Modulation

2.3.1 BICM Encoder and Decoders

In a bit-interleaved coded modulation scheme, the encoder is restricted
to be the serial concatenation of a binary code C of length n ∆= mN and
rate r = log2 |C|

n = R
m , a bit interleaver, and a binary labeling function

µ : {0,1}m→X which maps blocks of m bits to signal constellation
symbols. The codewords of C are denoted by c. The block diagram of
the BICM encoding function is shown in Figure 2.2.

We denote the inverse mapping function for labeling position j as
bj : X → {0,1}, that is, bj(x) is the jth bit of symbol x. Accordingly,
we now define the sets

X jb
∆= {x ∈ X : bj(x) = b} (2.12)

as the set of signal constellation points x whose binary label has value
b ∈ {0,1} in its jth position. More generally, we define the sets X ji1 ,...,jivbi1 ,...,biv
as the sets of constellation points having the v binary labels bi1 , . . . , biv
in positions ji1 , . . . , jiv ,

X ji1,...,jivbi1,...,biv

∆= {x ∈ X : bji1 (x) = bi1 , . . . , bjiv (x) = biv}. (2.13)

For future reference, we define the random variables B,Xj
b as a ran-

dom variables taking values on {0,1} or X jb with uniform probability,
respectively. The bit b̄ = b ⊕ 1 denotes the binary complement of b.
The above sets prove key to analyze the BICM system performance.
For reference, Figure 2.3 depicts the sets X 1

b and X 4
b for a 16-QAM

signal constellation with the Gray labeling described in Section 2.3.3.

Fig. 2.2 BICM encoder model.
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16 Channel Model and Code Ensembles

Fig. 2.3 Binary labeling sets X 1
b and X 4

b for 16-QAM with Gray mapping. Thin dots

correspond to points in X i0 while thick dots correspond to points in X i1.

The classical BICM decoder proposed by Zehavi [142] treats each
of the m bits in a symbol as independent and uses a symbol decod-
ing metric proportional to the product of the a posteriori marginals
PBj |Y (b|y). More specifically, we have the (mismatched) symbol metric

q(x,y) =
m∏
j=1

qj
(
bj(x),y

)
, (2.14)

where the jth bit decoding metric qj(b,y) is given by

qj
(
bj(x) = b,y

)
=
∑
x′∈X jb

PY |X(y|x′). (2.15)

We will refer to this metric as BICM Maximum A Posteriori (MAP)
metric. This metric is proportional to the transition probability of the
output y given the bit b at position j, which we denote for later use by
Pj(y|b),

Pj(y|b)
∆= PY |Bj (y|b) =

1∣∣X jb ∣∣
∑
x′∈X jb

PY |X(y|x′). (2.16)
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2.3 Bit-Interleaved Coded Modulation 17

In practice, due to complexity limitations, one might be interested
in the following lower-complexity version of (2.15),

qj(b,y) = max
x∈X jb

PY |X(y|x). (2.17)

In the log-domain this is known as the max-log approximation. Either
of the symbol metrics corresponding to Equations (2.14) or (2.17) are
mismatched and do not perform maximum likelihood decoding. Sum-
marizing, the decoder of C uses a metric of the form given in Equa-
tion (2.5) and outputs a binary codeword ĉ according to

ĉ = argmax
c∈C

N∏
k=1

m∏
j=1

qj
(
bj(xk),yn

)
. (2.18)

2.3.2 BICM Classical Model

The m probabilities Pj(y|b) were used by Caire et al. in [29] as starting
point to define an equivalent BICM channel model. This equivalent
BICM channel is the set of m parallel channels having bit bj(xk) as
input and the bit log-metric (log-likelihood) ratio for the kth symbol

Ξm(k−1)+j = log
qj
(
bj(xk) = 1,y

)
qj
(
bj(xk) = 0,y

) (2.19)

as output, for j = 1, . . . ,m and k = 1, . . . ,N . We define the log-metric
ratio vectors for each label bit as Ξj = (Ξj , . . . ,Ξm(k−1)+j) for j =
1, . . . ,m. This channel model is schematically depicted in Figure 2.4.

With infinite-length interleaving, the m parallel channels were
assumed to be independent in [29, 140], or in other words, the correla-
tions among the different subchannels are neglected. We will see later
that this “classical” representation of BICM as a set of parallel channels
gives a good model, even though it can sometimes be optimistic. The
alternative model which uses the symbol mismatched decoding metric
achieves a higher accuracy at a comparable modeling complexity.

2.3.3 Labeling Rules

As evidenced in the results of [29], the choice of binary labeling is criti-
cal to the performance of BICM. For the decoder presented in previous
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18 Channel Model and Code Ensembles

Fig. 2.4 Parallel channel model of BICM.

sections, it was conjectured [29] that binary reflected Gray mapping
was optimum, in the sense of having the largest BICM capacity. This
conjecture was supported by some numerical evidence, and was further
refined in [2, 109] to possibly hold only for moderate-to-large values of
SNR. Indeed, Stierstorfer and Fischer [110] have shown that a different
labeling — strictly regular set partitioning — is significantly better for
small values of SNR. A detailed discussion on the different merits of
the various forms of Gray labeling can be found in [2].

Throughout the text, we use for our simulations the labeling rules
depicted in Figure 2.5, namely binary reflected Gray labeling [95] and
set partitioning labeling [130]. Recall that the binary reflected Gray
mapping for m bits may be generated recursively from the mapping for
m − 1 bits by prefixing a binary 0 to the mapping for m − 1 bits, then
prefixing a binary 1 to the reflected (i.e., listed in reverse order) map-
ping for m − 1 bits. For QAM modulations, the symbol mapping is the
Cartesian product of Gray mappings over the in-phase and quadrature
components. For PSK modulations, the mapping table is wrapped so
that the first and last symbols are contiguous.

Appendix 2.A. Continuous- and Discrete-Time Gaussian
Channels

We follow closely the review paper by Forney and Ungerböck [36]. In
the linear Gaussian channel, the input x(t), additive Gaussian noise
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Continuous- and Discrete-Time Gaussian Channels 19

Fig. 2.5 Binary labeling rules (Gray, set partitioning) for QPSK, 8-PSK, and 16-QAM.
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20 Channel Model and Code Ensembles

component z(t), and output y(t) are related as

y(t) =
∫
h(t;τ)x(τ − t)dτ + z(t), (A.1)

where h(t;τ) is a (possibly time-varying) channel impulse response.
Since all functions are real, their Fourier transforms are Hermitian and
we need consider only the positive-frequency components.

We constrain the signal x(t) to have power P and a frequency con-
tent concentrated in an interval (fmin,fmax), with the bandwidth W

given by W = fmax − fmin. Additive noise is assumed white in the fre-
quency band of interest, i.e., noise has a flat power spectral density
N0 (one-sided). If the channel impulse response is constant with unit
energy in (fmin,fmax), we define the signal-to-noise ratio snr as

snr =
P

N0W
. (A.2)

In this case, it is also possible to represent the received signal by its
projections onto an orthonormal set,

yk = xk + zk, (A.3)

where there are only WT effective discrete-time components when the
transmission time lasts T seconds (T � 1) [39]. The signal components
xk have average energy Es, which is related to the power constraint as
P = EsW . The quantities zk are circularly symmetric complex Gaus-
sian random variables of variance σ2

Z = N0. We thus have snr = Es/σ
2
Z .

Observe that we recover the model in Equation (2.6) (with hk = 1) by
dividing all quantities in Equation (A.3) by σZ and incorporating this
coefficient in the definition of the channel variables.

Another channel of interest we use in the text is the frequency-
nonselective, or flat fading channel. Its channel response h(t;τ) is such
that Equation (A.1) becomes

y(t) = h(t)x(t) + z(t). (A.4)

The channel makes the signal x(t) fade following a coefficient h(t).
Under the additional assumption that the coefficient varies quickly, we
recover a channel model similar to Equation (2.6),

yk = hkxk + zk. (A.5)
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Continuous- and Discrete-Time Gaussian Channels 21

With the appropriate normalization by σZ we obtain the model in
Equation (2.6). Throughout the text, we use the Nakagami-mf fading
model in Equation (2.8), whereby coefficients are statistically indepen-
dent from one another for different values of k. The squared fading
coefficient g = |h|2 has density

PG(g) =
m
mf
f gmf−1

Γ(mf )
e−mfg. (A.6)
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3

Information-Theoretic Foundations

In this section, we review the information-theoretic foundations of
BICM. As suggested in the previous section, BICM can be viewed as
a coded modulation scheme with a mismatched decoding metric. We
study the achievable information rates of coded modulation systems
with a generic decoding metric [41, 59, 84] and determine the so-called
generalized mutual information. We also provide a general coding the-
orem based on Gallager’s analysis of the error probability by means of
the random coding error exponent [39], thus giving an achievable rate
and a lower bound to the random coding error exponent.

We compare these results (in particular, the mutual information, the
cutoff rate, and the overall error exponent) with those derived from the
classical BICM channel model as a set of independent parallel chan-
nels [29, 140]. Whereas the BICM mutual information coincides for
both models, the error exponent of the mismatched-decoding model is
always upper bounded by that of coded modulation, a condition which
is not verified in the independent parallel-channel model mentioned in
Section 2.3. We complement our analysis with a derivation of the error
exponents of other variants of coded modulation, namely multi-level
coding with successive decoding [140] and with independent decoding

23
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24 Information-Theoretic Foundations

of all the levels. As is well known, the mutual information attained by
multi-level constructions can be made equal to that of coded modula-
tion. However, this equality is attained at a non-negligible cost in error
exponent, as we will see later.

For Gaussian channels with binary reflected Gray labeling, the
mutual information and the random coding error exponent of BICM
are close to those of coded modulation for medium-to-large signal-to-
noise ratios (SNRs). For low SNRs — or low spectral efficiency — we
give a simple analytic expression for the loss in mutual information or
received power compared to coded modulation. We determine the mini-
mum energy per bit necessary for reliable communication when BICM
is used. For QAM constellations with binary reflected Gray labeling,
this energy is at most 1.25 dB from optimum transmission methods.
BICM is therefore a suboptimal, yet simple transmission method valid
for a large range of SNRs. We also give a simple expression for the first
derivative of the BICM mutual information with respect to the SNR,
in terms of Minimum Mean-Squared Error (MMSE) for estimating the
input of the channel from its output, and we relate this to the findings
of Guo et al. [51] and Lozano et al. [67].

3.1 Coded Modulation

3.1.1 Channel Capacity

A coding rate1 R is said achievable if, for all ε > 0 and all sufficiently
large N there exists codes of length N with rate not smaller than R

(i.e., with at least deRNe messages) and error probability Pe < ε [31].
The capacity C is the supremum of all achievable rates. For memoryless
channels, Shannon’s theorem yields the capacity formula:

Theorem 3.1 (Shannon 1948). The channel capacity C is given by

C = sup
PX(·)

I(X;Y ), (3.1)

1 Capacities and information rates will be expressed using a generic logarithm, typically the
natural logarithm. However, all charts in this text are expressed in bits.
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3.1 Coded Modulation 25

where I(X;Y ) denotes the mutual information of between X and Y ,
defined

I(X;Y ) = E
[
log

PY |X(Y |X)
PY (Y )

]
. (3.2)

For the maximum-likelihood decoders considered in Section 2.1,2

Gallager studied the average error probability of randomly generated
codes [39, Chapter 5]. Specifically, he proved that the error probability
decreases exponentially with the block length according to a parameter
called the reliability function. Denoting the error probability attained
by a coded modulation scheme M of length N and rate R by Pe(M),
we define the reliability function E(R) as

E(R) ∆= lim
N→∞

− 1
N

log inf
M
Pe(M), (3.3)

where the optimization is carried out over all possible coded modu-
lation schemes M. Since the reliability function is often not known
exactly [39], upper and lower bounds to it are given instead. We are
specially interested in a lower bound, known as the random coding error
exponent, which gives an accurate characterization of the average error
performance of the ensemble of random codes for sufficiently high rates.
In particular, this lower bound is known to be tight for rates above a
certain threshold, known as the critical rate [39, Chapter 5].

When the only constraint to the system is E[|X|2] ≤ 1, then the
channel capacity of the AWGN channel described in (2.6) (letting
H = 1 with probability 1) is given by [31, 39, 105]

C = log(1 + snr) . (3.4)

In this case, the capacity given by (3.4) is achieved by Gaussian
codebooks [105], i.e., randomly generated codebooks with compo-
nents independently drawn according to a Gaussian distribution, X ∼
NC(0,1).

From a practical point of view, it is often more convenient to con-
struct codewords as sequences of points from a signal constellation X

2 Decoders with a symbol decoding metric q(x,y) that is a bijective (increasing) function of
the channel transition probability PY |X(y|x).
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26 Information-Theoretic Foundations

of finite cardinality, such as PSK or QAM [95], with a uniform input
distribution, PX(x) = 1

2m for all x ∈ X . While a uniform distribution is
only optimal for large snr, it is simpler to implement and usually leads
to more manageable analytical expressions. In general, the probability
distribution PX(x) that maximizes the mutual information for a given
signal constellation depends on snr and on the specific constellation
geometry. Optimization of this distribution has been termed in the lit-
erature as signal constellation shaping (see for example [34, 36] and
references therein). Unless otherwise stated, we will always consider
the uniform distribution throughout this text.

For a uniform input distribution, we refer to the corresponding
mutual information between channel input X and output Y as the
coded modulation capacity, and denote it by Ccm

X or Icm(X;Y ), that is

Ccm
X = Icm(X;Y ) ∆= E

[
log

PY |X(Y |X)
1

2m
∑

x′∈X PY |X(Y |x′)

]
. (3.5)

Observe that the finite nature of these signal sets implies that they can
only convey a finite number of bits per channel use, i.e., Ccm

X ≤m bits.
Figure 3.1 shows the coded modulation capacity for multiple signal

constellations in the AWGN channel, as a function of snr.

3.1.2 Error Probability with Random Codes

Following in the footsteps of Gallager [39, Chapter 5], this section pro-
vides an achievability theorem for a general decoding metric q(x,y)
using random coding arguments. The final result, concerning the error
probability, can be found in Reference [59].

We consider an ensemble of randomly generated codebooks, for
which the entries of the codewords x are i.i.d. realizations of a random
variable X with probability distribution PX(x) over the set X , i.e.,
PX(x) =

∏N
k=1PX(xk). We denote by P̄e(m) the average error proba-

bility over the code ensemble when message m is transmitted and by
P̄e the error probability averaged over the message choices. Therefore,

P̄e =
1
|M|

|M|∑
m=1

P̄e(m). (3.6)
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3.1 Coded Modulation 27

Fig. 3.1 Coded modulation capacity in bits per channel use for multiple signal constella-

tions with uniform inputs in the AWGN channel. For reference, the channel capacity with
Gaussian inputs (3.4) is shown in thick lines.

The symmetry of the code construction makes P̄e(m) independent of
the index m, and hence P̄e = P̄e(m) for any m ∈M. Averaged over the
random code ensemble, we have that

P̄e(m) =
∑
xm

PX(xm)
∫

y
PY |X(y|xm)Pr{ϕ(y) 6= m|xm,y}dy, (3.7)

where Pr{ϕ(y) 6= m|xm,y} is the probability that, for a channel output
y, the decoder ϕ selects a codeword other than the transmitted xm.

The decoder ϕ, as defined in (2.4), chooses the codeword xm̂

with largest metric q(xm̂,y). The pairwise error probability Pr{ϕ(y) =
m′|xm,y} of wrongly selecting message m′ when message m has been
transmitted and sequence y has been received is given by

Pr{ϕ(y) = m′|xm,y} =
∑

xm′ :q(xm′ ,y)≥q(xm,y)

PX(xm′). (3.8)
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28 Information-Theoretic Foundations

Using the union bound over all possible codewords, and for
all 0 ≤ ρ ≤ 1, the probability Pr{ϕ(y) 6= m|xm,y} can be bounded
by [39, p. 136]

Pr{ϕ(y) 6= m|xm,y} ≤ Pr

 ⋃
m′ 6=m

{ϕ(y) = m′|xm,y}


≤

∑
m′ 6=m

Pr{ϕ(y) = m′|xm,y}

ρ

. (3.9)

Since q(xm′ ,y) ≥ q(xm,y) and the sum over all xm′ upper bounds the
sum over the set {xm′ : q(xm′ ,y) ≥ q(xm,y)}, for any s > 0, the pair-
wise error probability in Equation (3.8) can be bounded by

Pr{ϕ(y) = m′|xm,y} ≤
∑
xm′

PX(xm′)
(
q(xm′ ,y)
q(xm,y)

)s
. (3.10)

As m′ is a dummy variable, for any s > 0 and 0 ≤ ρ ≤ 1 it holds that

Pr{ϕ(y) 6= m|xm,y} ≤

(|M| − 1
) ∑

xm′

PX(xm′)
(
q(xm′ ,y)
q(xm,y)

)sρ

.

(3.11)
Therefore, Equation (3.7) can be written as

P̄e ≤
(
|M| − 1

)ρ E

∑
xm′

PX(xm′)
(
q(xm′ ,Y )
q(Xm,Y )

)sρ . (3.12)

For memoryless channels, we have a per-letter characterization [39]

P̄e ≤ (|M| − 1
)ρ (E

[(∑
x′

PX(x′)
(
q(x′,Y )
q(X,Y )

)s)ρ])N
. (3.13)

Hence, for any input distribution PX(x), 0 ≤ ρ ≤ 1 and s > 0,

P̄e ≤ e−N(Eq0(ρ,s)−ρR), (3.14)

where

Eq0(ρ,s) ∆= − logE

[(∑
x′

PX(x′)
(
q(x′,Y )
q(X,Y )

)s)ρ]
(3.15)
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3.1 Coded Modulation 29

is the generalized Gallager function. The expectation is carried out
according to the joint distribution PX,Y (x,y) = PY |X(y|x)PX(x).

We define the mismatched random coding exponent as

Eqr (R) ∆= max
0≤ρ≤1

max
s>0

(
Eq0(ρ,s) − ρR

)
. (3.16)

This procedure also yields a lower bound on the reliability function,
E(R) ≥ Eqr (R). Further improvements are possible by optimizing over
the input distribution PX(x).

According to (3.14), the average error probability P̄e goes to zero if
Eq0(ρ,s) > ρR for a given s. In particular, as ρ vanishes, rates below

lim
ρ→0

Eq0(ρ,s)
ρ

(3.17)

are achievable. Using that Eq0(ρ,s) = 0 for ρ = 0, and in analogy to the
mutual information I(X;Y ), we define the quantity Igmi

s (X;Y ) as

Igmi
s (X;Y ) ∆=

∂Eq0(ρ,s)
∂ρ

∣∣∣∣
ρ=0

= lim
ρ→0

Eq0(ρ,s)
ρ

= −E

[
log
∑
x′

PX(x′)
(
q(x′,Y )
q(X,Y )

)s]

= E
[
log

q(X,Y )s∑
x′∈X PX(x′)q(x′,Y )s

]
. (3.18)

By maximizing over the parameter s we obtain the generalized mutual
information for a mismatched decoder using metric q(x,y) [41, 59, 84],

Igmi(X;Y ) = max
s>0

Igmi
s (X;Y ). (3.19)

The preceding analysis shows that any rate R < Igmi(X;Y ) is achiev-
able, i.e., we can transmit at rate R < Igmi(X;Y ) and have P̄e→ 0.

For completeness and symmetry with classical random coding anal-
ysis, we define the generalized cutoff rate as

R0
∆= Eqr (R = 0) = max

s>0
Eq0(1,s). (3.20)
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30 Information-Theoretic Foundations

For a maximum likelihood decoder, Eq0(ρ,s) is maximized by letting
s = 1

1+ρ [39], and we have

E0(ρ) ∆= − logE

(∑
x′

PX(x′)
(
PY |X(Y |x′)
PY |X(Y |X)

) 1
1+ρ

)ρ
= − log

∫
y

(∑
x

PX(x)PY |X(y|x)
1

1+ρ

)1+ρ

dy, (3.21)

namely the coded modulation exponent. For uniform inputs,

Ecm
0 (ρ) ∆= − log

∫
y

(
1

2m
∑
x

PY |X(y|x)
1

1+ρ

)1+ρ

dy. (3.22)

Incidentally, the argument in this section proves the achievability of
the rate Ccm

X = Icm(X;Y ) with random codes and uniform inputs, i.e.,
there exist coded modulation schemes with exponentially vanishing
error probability for all rates R < Ccm

X .
Later, we will use the following data-processing inequality, which

shows that the generalized Gallager function of any mismatched
decoder is upperbounded by the Gallager function of a maximum like-
lihood decoder.

Proposition 3.2 (Data-Processing Inequality [59, 78]). For
s > 0, 0 ≤ ρ ≤ 1, and a given input distribution we have that

Eq0(ρ,s) ≤ E0(ρ). (3.23)

The necessary condition for equality to hold is that the metric q(x,y)
is proportional to a power of the channel transition probability,

PY |X(y|x) = c′q(x,y)s
′

for all x ∈ X (3.24)

for some constants c′ and s′.

3.2 Bit-Interleaved Coded Modulation

In this section, we study the BICM decoder and determine the general-
ized mutual information and a lower bound to the reliability function.
Special attention is given to the comparison with the classical analysis
of BICM as a set of m independent parallel channels (see Section 2.3).
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3.2 Bit-Interleaved Coded Modulation 31

3.2.1 Achievable Rates

We start with a brief review of the classical results on the achievable
rates for BICM. Under the assumption of an infinite-length interleaver,
capacity and cutoff rate were studied in [29]. This assumption (see Sec-
tion 2.3) yields a set of m independent parallel binary-input channels,
for which the corresponding mutual information and cutoff rate are the
sum of the corresponding rates of each subchannel, and are given by

I ind(X;Y ) ∆=
m∑
j=1

E

[
log

∑
x′∈X jB

PY |X(Y |x′)
1
2

∑
x′∈X PY |X(Y |x′)

]
, (3.25)

and

Rind
0

∆= m log2 −
m∑
j=1

log

1 + E


√√√√∑x′∈X j

B̄

PY |X(Y |x′)∑
x′∈X jB

PY |X(Y |x′)

 , (3.26)

respectively. An underlying assumption behind Equation (3.26) is that
the m independent channels are used the same number of times. Alter-
natively, the parallel channels may be used with probability 1

m , and the
cutoff rate is then m times the cutoff rate of an averaged channel [29],

Rav
0

∆= m

log2 − log

1 +
1
m

m∑
j=1

E


√√√√√
∑

x′∈X j
B̄j

PY |X(Y |x′)∑
x′∈X jBj

PY |X(Y |x′)



 .

(3.27)

The expectations are over the joint probability PBj ,Y (b,y) = 1
2Pj(y|b).

From Jensen’s inequality one easily obtains that Rav
0 ≤ Rind

0 .
We will use the following shorthand notation for the BICM capacity,

Cbicm
X

∆= I ind(X;Y ). (3.28)

The following alternative expression [26, 77, 140] for the BICM mutual
information turns out to be useful,

Cbicm
X =

m∑
j=1

1
2

1∑
b=0

(
Ccm
X − Ccm

X jb

)
, (3.29)
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32 Information-Theoretic Foundations

where Ccm
A is the mutual information for coded modulation over a

general signal constellation A.
We now relate this BICM capacity with the generalized mutual

information introduced in the previous section.

Theorem 3.3 ([78]). The generalized mutual information of the
BICM decoder is given by the sum of the generalized mutual infor-
mations of the independent binary-input parallel channel model of
BICM,

Igmi(X;Y ) = sup
s>0

m∑
j=1

E

[
log

qj(b,Y )s
1
2

∑1
b′=0 qj(b′,Y )s

]
. (3.30)

There are a number of interesting particular cases of the above theorem.

Corollary 3.1 ([78]). For the metric in Equation (2.15),

Igmi(X;Y ) = Cbicm
X . (3.31)

Expression (3.31) coincides with the BICM capacity above, even
though we have lifted the assumption of infinite interleaving. When
the suboptimal metrics (2.17) are used, we have the following.

Corollary 3.2 ([78]). For the metric in Equation (2.17),

Igmi(X;Y ) = sup
s>0

m∑
j=1

E

log

(
maxx∈XBj p(y|x)

)s
1
2

∑1
b=0

(
max

x′∈X jb
p(y|x′)

)s
 . (3.32)

The information rates achievable with this suboptimal decoder have
been studied by Szczecinski et al. [112]. The fundamental difference
between their result and the generalized mutual information given in
(3.32) is the optimization over s. Since both expressions are equal when
s = 1, the optimization over s may induce a larger achievable rate.

Figure 3.2 shows the BICM mutual information for some signal
constellations, different binary labeling rules and uniform inputs for
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3.2 Bit-Interleaved Coded Modulation 33

Fig. 3.2 Coded modulation and BICM capacities (in bits per channel use) for multiple

signal constellations with uniform inputs in the AWGN channel. Gray and set partitioning
labeling rules correspond to dashed and dash-dotted lines, respectively. In thick solid lines,

the capacity with Gaussian inputs (3.4); with thin solid lines the CM channel capacity.

the AWGN channel, as a function of snr. For the sake of illustration
simplicity, we have only plotted the information rate for the Gray and
set partitioning binary labeling rules from Figure 2.5. Observe that
binary reflected Gray labeling pays a negligible penalty in information
rate, being close to the coded modulation capacity.

3.2.2 Error Exponents

Evaluation of the generalized Gallager function in Equation (3.15) for
BICM with a bit metric qj(b,y) yields a function Ebicm

0 (ρ,s) of ρ and s,

Ebicm
0 (ρ,s) ∆= − logE

 1
2m

∑
x′∈X

m∏
j=1

qj(bj(x′),Y )s

qj(bj(X),Y )s

ρ . (3.33)
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34 Information-Theoretic Foundations

Moreover, the data processing inequality for error exponents in Propo-
sition 3.2 shows that the error exponent (and in particular the cutoff
rate) of the BICM decoder is upperbounded by the error exponent (and
the cutoff rate) of the ML decoder, that is Ebicm

0 (ρ,s) ≤ Ecm
0 (ρ).

In their analysis of multilevel coding and successive decoding,
Wachsmann et al. [140] provided the error exponents of BICM modeled
as a set of independent parallel channels. The corresponding Gallager’s
function, which we denote by Eind

0 (ρ), is given by

Eind
0 (ρ) ∆= −

m∑
j=1

logE

[(
1∑

b′=0

PBj (b
′)
Pj(Y |b′)

1
1+ρ

Pj(Y |B)
1

1+ρ

)ρ]
. (3.34)

This quantity is the random coding exponent of the BICM decoder
if the channel output y admits a decomposition into a set of parallel
and independent subchannels. In general, this is not the case, since all
subchannels are affected by the same noise — and possibly fading —
realization, and the parallel-channel model fails to capture the statistics
of the channel.

Figures 3.3(a), 3.3(b), and 3.4 show the error exponents for coded
modulation (solid), BICM with independent parallel channels (dashed),
BICM using metric (2.15) (dash-dotted), and BICM using metric (2.17)
(dotted) for 16-QAM with the Gray labeling in Figure 2.5, Rayleigh
fading and snr = 5,15,−25 dB, respectively. Dotted lines labeled with
s = 1

1+ρ correspond to the error exponent of BICM using metric (2.17)
letting s = 1

1+ρ . The parallel-channel model gives a larger exponent
than the coded modulation, in agreement with the cutoff rate results
of [29]. In contrast, the mismatched-decoding analysis yields a lower
exponent than coded modulation. As mentioned in the previous section,
both BICM models yield the same capacity.

In most cases, BICM with a max-log metric (2.17) incurs a marginal
loss in the exponent for mid-to-large SNR. In this SNR range, the
optimized exponent and that with s = 1

1+ρ are almost equal. For low
SNR, the parallel-channel model and the mismatched-metric model
with (2.15) have the same exponent, while we observe a larger penalty
when metrics (2.17) are used. As we observe, some penalty is incurred
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3.2 Bit-Interleaved Coded Modulation 35

Fig. 3.3 Error exponents for coded modulation (solid), BICM with independent parallel

channels (dashed), BICM using metric (2.15) (dash-dotted), and BICM using metric (2.17)

(dotted) for 16-QAM with Gray labeling, Rayleigh fading.

Full document details: IEEE Bit-Interleaved Coded Modulation

http://www.avadocuments.com/doc/ieee-bit-interleaved-coded-modulation
http://www.avadocuments.com/doc/ieee-bit-interleaved-coded-modulation


36 Information-Theoretic Foundations

Fig. 3.4 Error exponents for coded modulation (solid), BICM with independent parallel

channels (dashed), BICM using metric (2.15) (dash-dotted), and BICM using metric (2.17)
(dotted) for 16-QAM with Gray labeling, Rayleigh fading and snr = −25 dB. Crosses cor-

respond to (from right to left) coded modulation, BICM with metric (2.15), BICM with

metric (2.17) and BICM with metric (2.17) and s = 1.

at low SNR for not optimizing over s. We denote with crosses the
corresponding achievable information rates.

An interesting question is whether the error exponent of the parallel-
channel model is always larger than that of the mismatched-decoding
model. The answer is negative, as illustrated in Figure 3.5, which
shows the error exponents for coded modulation (solid), BICM with
independent parallel channels (dashed), BICM using metric (2.15)
(dash-dotted), and BICM using metric (2.17) (dotted) for 8-PSK with
Gray labeling in the AWGN channel.

3.3 Comparison with Multilevel Coding

Multilevel codes (MLC) combined with multistage decoding (MSD)
have been proposed [56, 140] as an efficient method to attain the
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3.3 Comparison with Multilevel Coding 37

Fig. 3.5 Error exponents for coded modulation (solid), BICM with independent parallel

channels (dashed), BICM using metric (2.15) (dash-dotted), and BICM using metric (2.17)
(dotted) for 8-PSK with Gray labeling, AWGN and snr = 5 dB.

channel capacity by using binary codes. In this section, we compare
BICM with MLC in terms of error exponents and achievable rates. In
particular, we elaborate on the analogy between MLC and the multiple-
access channel to present a general error exponent analysis of MLC with
MSD. The error exponents of MLC have been studied in a somewhat
different way in [12, 13, 140].

For BICM, a single binary code C is used to generate a binary code-
word, which is used to select modulation symbols by a binary labeling
function µ. A uniform distribution over the channel input set induces
a uniform distribution over the input bits bj , j = 1, . . . ,m. In MLC,
the input binary code C is the Cartesian product of m binary codes
of length N , one per modulation level, i.e., C = C1 × ·· · × Cm, and the
input distribution for the symbol x(b1, . . . , bj) has the form:

PX(x) = PB1,...,BM (b1, . . . , bm) =
m∏
j=1

PBj (bj). (3.35)
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38 Information-Theoretic Foundations

Fig. 3.6 Block diagram of a multi-level encoder.

Denoting the rate of the jth level code by Rj , the resulting total rate
of the MLC scheme is R =

∑m
j=1Rj . We denote the codewords of Cj

by cj . The block diagram of MLC is shown in Figure 3.6.
The multi-stage decoder operates by decoding the m levels sepa-

rately. The symbol decoding metric is thus of the form:

q(x,y) =
m∏
j=1

qj(bj(x),y). (3.36)

A crucial difference with respect to BICM is that the decoders are
allowed to pass information from one level to another. Decoding oper-
ates sequentially, starting with code C1, feeding the result to this
decoder to C2, and proceeding across all levels. We have that the jth
decoding metric of MLC with MSD is given by

qj
(
bj(x) = b,y

)
=

1∣∣∣X 1,...,j
b1,...,bj−1,b

∣∣∣
∑

x′∈X 1,...,j
b1,...,bj−1,b

PY |X(y|x′). (3.37)

Conditioning on the previously decoded levels reduces the number of
symbols remaining at the jth level, so that only 2m−j symbols remain
at the jth level in Equation (3.37). Figure 3.7 depicts the operation of
an MLC/MSD decoder.

The MLC construction is very similar to that of a multiple-access
channel, as noticed by Wachsmann et al. [140]. An extension of
Gallager’s random coding analysis to the multiple-access channel was
carried out by Slepian and Wolf in [108] and Gallager in [40], and
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3.3 Comparison with Multilevel Coding 39

Fig. 3.7 Block diagram of a multi-stage decoder for MLC.

we now review it for a simple 2-level case. Generalization to a larger
number of levels is straightforward.

As in our analysis of Section 3.1.2, we denote by P̄e the error prob-
ability averaged over an ensemble of randomly selected codebooks,

P̄e =
1

|C1||C2|

|C1|∑
m1=1

|C2|∑
m2=1

P̄e(m1,m2), (3.38)

where P̄e(m1,m2) denotes the average error probability over the code
ensemble when messages m1 and m2 are chosen by codes C1 and C2,
respectively. Again, the random code construction makes the error
probability independent of the transmitted message and hence P̄e =
P̄e(m1,m2) for any messages m1,m2. If m1,m2 are the selected messages,
then xm1,m2 denotes the sequence of modulation symbols corresponding
to these messages.

For a given received sequence y, the decoders ϕ1 and ϕ2 choose
the messages m̂1,m̂2 with largest metric q(xm1,m2 ,y). Let (1,1) be the
selected message pair. In order to analyze the MSD decoder, it proves
convenient to separately consider three possible error events,
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(1) The decoder for C1 fails (ϕ1(y) 6= 1), but that for C2 is suc-
cessful (ϕ2(y) = 1): the decoded codeword is xm1,1, m1 6= 1.

(2) The decoder for C2 fails (ϕ2(y) 6= 1), but that for C1 is suc-
cessful (ϕ1(y) = 1): the decoded codeword is x1,m2 , m2 6= 1.

(3) Both decoders for C1 and C2 fail (ϕ1(y) 6= 1,ϕ2(y) 6= 1): the
decoded codeword is xm1,m2 , m1 6= 1, m2 6= 1.

We respectively denote the probabilities of these three alternative
events by P(1), P(2), and P(1,2). Since the alternatives are not disjoint,
application of the union bound to the error probability Pr{error|x1,1,y}
for a given choice of transmitted codeword x1,1 yields

Pr{error|x1,1,y} ≤ P(1) + P(2) + P(1,2). (3.39)

We next examine these summands separately. The probability in the
first summand is identical to that of a coded modulation scheme with
|C1| − 1 candidate codewords of the form xm1,1. Observe that the error
probability is not decreased if the decoder has access to a genie giving
the value of c2 [98]. As in the derivation of Equation (3.11), we obtain
that

P(1) ≤ (|C1| − 1)ρ

∑
xm1,1

PX(xm1,m2)
q(xm1,1,y)s

q(x1,1,y)s

ρ

. (3.40)

Following exactly the same steps as in Section 3.1.2, we can express the
average error probability in terms of a per-letter characterization, as

P̄(1) ≤ e−N
(
Eq

0,(1)
(ρ,s)−ρR1

)
, (3.41)

where Eq0,1(ρ,s) is the corresponding generalized Gallager function,

Eq0,(1)(ρ,s)
∆= − logE

∑
b′1

PB1(b′1)
q(µ(b′1,B2),Y )s

q(µ(B1,B2),Y )s

ρ . (3.42)

Similarly, for the second summand, the probability satisfies

P̄(2) ≤ e−N
(
Eq

0,(2)
(ρ,s)−ρR2

)
, (3.43)
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