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ABSTRACT

Caching refers to the act of replicating information at a
faster (or closer) medium with the purpose of improving
performance. This deceptively simple idea has given rise to
some of the hardest optimization problems in the fields of
computer systems, networking, and the Internet, many of
which remain unsolved several years after their conception.
While a wealth of research contributions exists from the top-
ics of memory systems, data centers, Internet traffic, CDNs,
and recently wireless networks, the literature is dispersed
and overlapping at times. In this monograph, we take a
unifying modeling view: by focusing on the fundamental un-
derlying mathematical models, we re-organize the available
material into a powerful framework for performing optimiza-
tion of caching systems. This way, we aspire to present a
solid background for the anticipated explosion in caching
research, but also provide a didactic view into how engineers
have managed to infuse mathematical models into the study
of caching over the last 40 years.

Georgios Paschos, George losifidis and Giuseppe Caire (2020), “Cache Optimiza-
tion Models and Algorithms”, Foundations and Trends® in Communications and
Information Theory: Vol. 16, No. 3—4, pp 156-345. DOI: 10.1561,/0100000104.
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1

Introduction

Storage resources and caching techniques permeate almost every area
of communication networks today. In the near future, caching is set
to play an important role in storage-assisted Internet architectures,
information-centric networks and wireless systems, reducing operating
and capital expenditures and improving the offered services. In light
of the remarkable data traffic growth and the increasing number of
rich-media applications, the impact of caching is expected to become
even more profound than it is today. Therefore, it is crucial to design
these systems in an optimal fashion, ensuring the maximum possible
performance and economic benefits from their deployment. To that end,
this monograph presents a collection of detailed models and algorithms,
which are synthesized to build a powerful analytical framework for
caching optimization.

1.1 Historical Background and Scope

The term cache was introduced in computer systems in 1970s to describe
a memory with very fast access but typically small capacity. In computer
applications, memory access often exhibits locality, i.e., most requests
are related to memory blocks in a specific area known as hot spot.
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1.1. Historical Background and Scope 3

By replicating these spots on a cache, it is possible to accelerate the
performance of the entire memory system. One of the most important
first problems in this context was to select which memory blocks to
replicate in order to maximize the expected benefits; and several key
results, e.g., the oracle MIN policy [26], were developed in that early era
of computer systems. Nevertheless, the design of such caching policies
remains one of the main challenges in caching systems.

The above caching idea was later applied to the Internet. As the pop-
ulation of users was growing fast in 1990s, the client-server connection
model became impractical since all content requests (for web pages, in
particular) were routed to few central servers. This was creating server
and network congestion, and motivated the idea of using Internet caches.
The latter are deployed closer to end users and host carefully selected
web pages. Given the content popularity skewness, i.e., the fact that
few web pages attract the majority of requests, even small caches can
bring impressive performance benefits. Indeed, it soon became clear that
web caching can significantly alleviate network congestion and improve
the content access time for users. In these interconnected caches the
problem of designing optimal caching policies is more intricate, as it
requires to decide which files to cache, how to route the content and
how to dimension each cache.

The last few years we witness a resurgence of interest in caching
in the domain of wireless networks. The expansive growth of mobile
video traffic in conjunction with exciting developments — like the use
of coding techniques — have placed caching at the forefront of research
in wireless communications. There is solid theoretical and practical
evidence that memory can be a game-changer in our efforts to increase
the effective throughput, and there are suggestions for deploying caches
at the network core, the base stations or even at the mobile devices.
Similarly, novel services that involve in-network computations, require
pre-stored information (e.g., machine learning services), or are bounded
by low latency constraints, can greatly benefit from caching. In fact,
many caching enthusiasts argue that such services can only be deployed
if they are supported by intelligent caching techniques.

Amidst these developments, it is more important than ever to
model, analyze and optimize the performance of caching systems. Quite
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4 Introduction

surprisingly, many existing caching solutions, albeit practical, have not
been designed using rigorous mathematical tools. Hence, the question
of whether they perform optimally remains open. At the same time,
the caching literature spans more than 40 years, different systems and
even different research communities, and there is lack of a much-needed
unified view on caching models and algorithms. This monograph aspires
to fill this gap by presenting the theoretical foundations of caching
and the latest conceptual and mathematical advances in this area. It
provides detailed technical arguments and proofs, aiming to create a
stable link between the past and future of caching analysis, and offer
a useful starting point for new researchers. In the remainder of this
section, we set the ground by discussing key caching systems and ideas,
and explain the organization of this monograph.

1.2 The Content Delivery Network

A milestone in the evolution of caching systems was the deployment
of Content Delivery Networks. CDNs typically consist of: (i) the origin
server; (ii) the dispersed caches; (iii) the backbone network; and (iv) the
points of ingress user traffic. The origin server is often deployed at a
remote location with enormous storage capabilities (e.g., a datacenter)
and stores all content files a user of this service might request, i.e., the
entire content catalog. The caches are smaller servers deployed near the
demand points, and are connected with the backbone network. Before
CDNs, the users would establish TCP connections with the origin server
in order to retrieve the content. In CDNs however, these connections are
redirected to caches which serve the requests for these locally replicated
files. Modern CDN systems have further evolved to optimize network
traffic, offer different levels of Quality of Service (QoS), and increase
the robustness of these services by, for example, protecting them from
Denial of Service (DoS) attacks. In this monograph we focus on the
aspect of content caching, and specifically on the intelligence involved
in orchestrating the caching operations.

An iconic CDN system is the “Akamai Intelligent Platform”, see [181]
for a detailed description. Akamai was one of the most prominent
CDN providers in the booming Internet era of 2000s, and by 2019 was
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1.2. The Content Delivery Network 5

responsible for delivering 20% approximately of the Internet traffic. Its
216 K caching servers are dispersed at network edges offering low-latency
content access around the globe. The Akamai model was designed to
intercept HT'TP traffic using a DNS redirect: when a user wants to open
a website with the HT'TP protocol, it would first contact the local DNS
server to retrieve the IP of the origin server. The intelligent platform
replaces the DNS entry with the IP of an Akamai cache containing the
requested content, and hence the HTTP request is eventually served
by that cache. The intelligent operations are handled by the mapping
system, which decides where to cache each content file, and accordingly
maps DNS entries to caches. Although the mapping system is effectively
deciding the placement of content, the local caches are also operated
with reactive policies such as the famous LRU and its variants.

Benefits of Caching

The replication of few popular contents can significantly reduce the
traffic at the backbone network. When a content is available at a nearby
cache, the respective requests are redirected to that cache instead of the
origin server (an event called hit). Therefore, caches are often scattered
around the network to minimize the geodesic distance, or network hops,
from the users. Previous research has investigated solutions for the
optimal placement of servers, e.g., [201], and the sizing of cache storage,
called cache dimensioning [135]. Since more hits mean less network
traffic, an important criterion for deploying caches is the increase of the
cache hit ratio. Pertinent optimization problems in this context include
the choice of eviction policies, i.e., the dynamic selection of the contents
that are evicted from an overflowing cache, and the strategic content
placement for enabling cache collaboration [24].

Another benefit of caching is latency reduction, i.e., the decrease of
elapsed time between the initiation of a request and content delivery.
Typically, the latency improvement is attributed to cutting down prop-
agation latency. Packets traversing a transcontinental link, for example,
experience latency up to 250 msec due to speed-of-light limitations [218].
Given that each TCP connection involves the exchange of several mes-
sages, it might actually take seconds before a requested content is
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6 Introduction

delivered over such links. These large latencies are very harmful for
e-commerce and other real-time applications, and their improvement
has been one of the main market-entry advantages of CDNs. Indeed,
when users retrieve contents from a nearby cache, the geodesic distance
is greatly reduced and so is the propagation time that hinders the
content delivery. Nevertheless, latency optimization in caching systems
is an intricate task and there are some notable misconceptions.

Firstly, in most applications latency effects smaller than 30 msec
do not impact the user experience. Hence, one needs to be cautious
in increasing the infrastructure costs in order to deliver content faster
than this threshold. In other words, when it comes to latency, a single
local cache often suffices to serve a large metropolitan area. Secondly,
regarding video content delivery, the latency requirements apply only
to the first video chunks and not to the entire file. Delivering fast the
first chunks and then exploiting the buffer capacity at the user side
is often adequate for ensuring smooth reproduction, even if the later
video segments are delivered with higher latency. Finally, several low
latency applications, such as reactive virtual reality, vehicular control,
or industrial automation, cannot typically benefit from caching since
their traffic is not reusable. However, we stress that there are scenarios
where one can exploit caching (e.g., using proactive caching policies) in
order to boost the performance of such demanding services.

Another important effect of web caching is that it balances the server
load. For example, the Facebook Photo CDN leverages web browser
caches on user devices, edge regional servers, and other caches in order
to reduce the traffic reaching the origin servers. Notably, browser caches
serve almost 60% of traffic requests, due to the fact that users view
the same content multiple times. Edge caches serve 20% of the traffic
(i.e., approximately 50% of traffic not served by browser caches), and
hence offer important off-network bandwidth savings by serving locally
the user sessions. The remaining 20% of content requests are served
at the origin, using a combination of slow back-end storage and a fast
origin-cache [116]. This CDN functionality shields the main servers
from high load and increases the scalability of the architecture. Note
that the server load is minimized when the cache hits are maximized,
and hence the problem of server load minimization is equivalent to
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1.3. Wireless Caching and Beyond 7

cache hit maximization. Therefore, in the remaining of this monograph
we will focus on hit maximization, as well as bandwidth and latency
minimization.

1.3 Wireless Caching and Beyond

Caching has also been considered for improving content delivery in
wireless networks, see [191] and references therein. There is consensus
that network capacity enhancements by means of improving physical
layer access rates or through denser deployment of base stations is a
costly approach and outpaced by the fast-increasing data traffic [60].
Caching techniques promise to fill this gap, and several interesting ideas
have been suggested to this end: (i) deep caching at the evolved packet
core (EPC) in order to reduce content delivery delay [242]; (ii) caching
at the base stations to alleviate congestion in their throughput-limited
backhaul links [103]; (iii) caching at the mobile devices to leverage device-
to-device communications [101]; and (iv) coded caching for accelerating
transmissions over a broadcast medium [163].

Furthermore, techniques that combine caching with coding demon-
strate revolutionary goodput scaling in bandwidth-limited cache-aided
networks. This has motivated researchers to revisit the fundamental
question of how memory “interacts” with other resources. The topic of
coded caching started as a powerful tool for broadcast mediums, and
led towards establishing an information theory for memory. Similarly,
an interesting connection between memory and processing has been
identified [154], creating fresh opportunities for improving the perfor-
mance of distributed and parallel computing systems. These lines of
research have re-stirred the interest in joint consideration of bandwidth,
processing and memory resources.

At the same time, the advent of technologies such as Software-
Defined Networking (SDN) and Network Function Virtualization (NFV)
create new opportunities for leveraging caching in wired and wireless
networks. Namely, they enable the fine-grained and unified control of
storage, computing and network bandwidth, and support the flexible
deployment of in-network caching services. This gives rise to the new
concept of content-centric network architectures that aim to use storage
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8 Introduction

and caching as a means to rethink the Internet operation. Similarly,
new business models are emerging as new players are entering the
content delivery market. Service providers like Facebook are acquiring
their own CDNs, network operators deploy in-network cache servers to
reduce their bandwidth expenditures, and content providers like Google,
Netflix, and Amazon use caches to replicate their content world-wide.
Interestingly, smaller content providers can buy caching resources on
the cloud market to instantiate their service just in time and space.
These novel concepts create, unavoidably, new research questions for
caching architectures and the caching economic ecosystem, and one
of our goals is to provide the fundamental underlying mathematical
theories that can support research in these exciting directions.

1.4 Structure

In this subsection we provide a quick summary of the monograph, serving
both as a warm-up for reading it, as well as a map with directions to
specific information.

We begin in Section 2 with a detailed treatment of content popularity
models, a crucial factor shaping the performance of caching policies.
We first explain the power-law popularity model and how we can infer
its parameters from a dataset, and then use it for the purpose of
cache dimensioning. We then define the Independence Reference Model
(IRM) for describing a request generation process. IRM is a widely used
model for caching analysis because of its tractability, but it has limited
accuracy since it fails to capture two observed correlation effects of
request processes, namely temporal and spatial locality. We discuss state-
of-the-art mathematical models which are more accurate than IRM in
that respect, but also more difficult to analyze. For the case of temporal
correlations, we provide the optimal rule for popular/unpopular content
classification that maximizes cache performance.

In Section 3 we explore the class of online eviction policies, also
known as replacement policies. A cache receives requests and a rule
must be employed for evicting a content when the cache overflows. The
design of such policies is an equally challenging and important problem,
and we present the main pertinent results. We begin with the case

Documents

Document Sharing Hub

Full document details: IEEE Cache Optimization Models and Algorithms


http://www.avadocuments.com/doc/ieee-cache-optimization-models-and-algorithms
http://www.avadocuments.com/doc/ieee-cache-optimization-models-and-algorithms

1.4. Structure 9

of arbitrary requests, for which an oracle policy, known as “Belady”,
achieves the maximum number of hits under any request sequence.
This policy requires knowledge of future requests, and therefore is
useful only as a benchmark. Using the Belady policy we prove that
the “Least Recently Used” (LRU) rule provides the best competitive
performance among all online policies, i.e., those that do not have
information about future requests. Then, for stationary IRM requests the
“Least Frequently Used” (LFU) rule is the optimal, as it estimates the
(assumed static) content popularity using the observed frequencies. We
also study the characteristic time approximation, with which we obtain
the performance of LRU for stationary requests, as well that of Time To
Live (TTL) caches which allow to optimally tune different content hit
probabilities. Last, we depart from the stationary assumption and take
a model-free approach inspired by the Machine Learning framework of
Online Convexr Optimization (OCO). We present an adaptation of the
Zinkevich’s online gradient policy to the caching problem, and show
that it achieves the optimal regret, i.e., the smallest possible losses with
respect to the best static cache configuration with future knowledge.

In Section 4 we study caching networks (CNs), i.e., systems where
multiple caches are interconnected via a network. We focus on proactive
caching policies which populate the caches based on estimated demand.
In CNs, the designer needs to decide where to cache each content file
(caching policy), how to route the contents from caches to the requesters
(routing policy), and also the capacity of the caches and network links.
Therefore, we start the section by explaining this general CN design and
management problem. This is a notoriously hard problem, that cannot
be solved optimally for large CNs and content catalogs. To gain a better
understanding into the available solution methodologies, we survey a
number of important subproblems: (i) the cache dimensioning problem
where we decide where to place storage in the network; (ii) the content
caching in bipartite and tree graphs; and (iii) the joint content caching
and routing problem in general graphs. Although these are all special
cases of the general CN problem, they are governed by significantly
different mathematical theories. Therefore, our exposition in this section
serves to clarify where each mathematical theory applies best, and how
to get a good approximate guarantee for each scenario.
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10 Introduction

In the following Section 5 we take an approach that combines the
two previous sections. We study a CN where the content popularity is
unknown, and therefore the goal is to design a joint caching and routing
policy which at the same time learns the content popularity, decides
in an online manner which files to cache, and in a reactive fashion
how to route the contents to requesters. These results generalize the
OCO-based policy that was introduced in Section 3 for a single cache.
We show that a policy that takes a step in the direction of a subgradient
of the previous slot’s utility function can provide “no regret” in the CN
scenario as well. This means that the designed policy gradually learns
to match the performance of the optimal static policy, a theoretical
result that is validated through trace-driven numerical experiments.
The analysis in this section is general enough to account for changes in
the network structure and cache reconfiguration costs.

In the last Section 6 we examine a very large (scaling) network of
caches, arranged in a square grid. For this special case, we show that
it is possible to relax the original combinatorial problem and obtain a
relaxed solution via convex optimization. Then it can be shown that
the relaxed solution is of the same order of performance with the actual
integral, hence we can use it to understand the scaling performance of
a large caching network. The section includes detailed results about the
sustainability of networks aiming to deliver content in different regimes
of: (i) network size; (ii) catalog size; and (iii) cache size.
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2

Content Popularity

Managing a cache effectively requires deep understanding of content
popularity and the principles underlying the content request sequences.
This section introduces basic concepts, presents the important IRM
request model with power law popularities, and then proceeds with
more detailed models that capture time and space correlations.

2.1 Introduction to Caching-Related Terms

We begin with a few terms that will be useful across the entire mono-
graph. A piece of reusable information is called a content. Examples of
contents in the Internet include YouTube videos, Netflix movies, music
files, Facebook pictures, HI'TP web pages, documents, news feeds, etc.
On the other hand, examples of non-reusable information include VoIP
calls, teleconference, sms, and control signaling which are not relevant
to caching. Fortunately, reusable contents account approximately for
the 80% of total Internet traffic [60]. This makes caching extremely
relevant for communication networks and content delivery platforms.

Definition 2.1 (Content Catalog). We consider a set of contents N =
{1,2,..., N} called the catalog, with size N = |N|.

We will also be using the term file instead of content. For sim-
plicity we assume that all contents are of equal size, unless otherwise
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12 Content Popularity

Table 2.1: Catalog and cache sizes (TB) of popular applications (retrieved in 2019)

Application Catalog Size N Cache Size M v=M/N
Small CDN 10 1 0.1
Netflix 314 >200 0.63
P2P file sharing 1.5 x 103 40 2.6 x 1072
Youtube 3 x 10° >200 0.5x 1073
Facebook (photos) 1.5 x 103 300 0.2
Facebook (total) 3 x 10° 300 1073
The Internet 3 x 108 - -

stated.! Sometimes we measure the catalog size in Bytes (B), with the
understanding that N can be recovered if we divide with the file size.
The catalog and its size depend on the application. For instance, the
catalog of videos in a Video-on-Demand (VoD) application is in the
order of TBs (10'2Bs), while it is estimated that the total catalog of
the Internet has surpassed 10*Bs [113, 187].

Due to memory limitations, a cache can typically store only a
subset of the catalog M C N, and we denote with M = |M]| the
total number of contents that fit in the cache. The relative cache size
v = M/N € [0,1] is the fraction of catalog that can be cached, and
its value affects significantly the cache performance. Ideally, we would
prefer v to be as large as possible, since with v = 1 we can cache the
entire catalog and thus satisfy all requests.

Nonetheless, parameter « is very small in most applications. For
example, YouTube’s catalog grows by roughly 30 PB/year, and the
standing estimate is 300 PB. On the other hand, the Global Google
Cache system — used to cache YouTube videos — is based on disk
arrays with estimated size 200 TB. The pertinent figures for Facebook
catalog,? Facebook photos [116], and Netflix® are shown in Table 2.1.
We see that the cache size is in most cases much smaller than the catalog.
Nevertheless, even a small cache may be useful since some contents are

! Capturing varying sizes in the analysis is possible and interesting, see [45, 86];
and we present some examples in Section 4.

https://techcrunch.com/2012/08/22 /how-big-is-facebooks-data-2-5-billion-
pieces-of-content-and-500-terabytes-ingested-every-day/.

3https://medium.com /netflix-techblog/content-popularity-for-open-connect-
b86d56{613b.
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2.2. Power Law Popularity 13

very popular and thus more frequently requested than others. To shed
more light into this possibility, this section studies the properties of
content popularity that is defined as follows.

Definition 2.2 (Content Popularity). Consider the probability distribu-
tion p = (pn,n € N) over the set N, where p,, expresses how likely it is
that a request is issued for content n. The probability p,, is called the
popularity of content n.

2.2 Power Law Popularity

In this subsection we ask the question: what is a “good model” for
the distribution p? Where a good model should capture reality and
facilitate mathematical analysis and optimization.

2.2.1 Zipf’'s Law

The frequency of words appearing in text is a well-studied topic in the
field of statistical linguistics [166]. Zipf’s law specifies that given a text
of natural language, the probability we encounter a word is inversely
proportional to its rank in the frequency table. We write:

pnocn_l, n=1,...,N,

which means that p; is the popularity of the most frequent word, po that
of the second most frequent, and so on; and the Zipf law governs the
relation between all popularities, i.e., the distribution p. For example,
the popularity ratio of the most frequent word “the” over the second
most frequent “be” is exactly pj/p2 = 2.

The reason why power laws appear in natural systems has been
a topic of extensive study. Links have been made to: mixtures of ex-
ponential distributions [78], scale-invariance [53] and invariance under
aggregation [78], random division of elements into groups [15], and
others mentioned in [194]. Sometimes the connection between the rules
of the underlying system and the formation of power laws remains
unexplained [172, 194]. However, the frequency with which power laws
appear in experimental data is too striking to be ignored. Thus, it is
not surprising that Zipf models are used to emulate content requests
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14 Content Popularity

and perform mathematical optimization. Besides, as statistician George
Box once said, “All models are wrong, but some models are useful” [42].

2.2.2 Evidence of Zipf's Law in the Internet

Extensive traffic measurements have revealed that the popularity of
requests for Internet content (web pages, video, etc.) exhibit a Zipf
behavior [43]. A significant difference from word frequencies in texts is
that the content popularity p is not always inversely proportional to
rank, but a different exponent may be observed: the elements of p are

T where T sets the rate of popularity decline. For T — 0, we

Pp X N
recover the discrete uniform distribution, where all contents are equally
popular. For T = 1, we recover the Zipf’s law. Taking the logarithm in
both sides produces log p, x —tlogn, hence a log-log popularity /rank
plot is a line with slope equal to —t. Larger T values yield steeper slopes,
and thus more skewed distributions. One can observe evidence of power
law in a dataset by looking at the log—log plot of the observed empirical
frequencies, as in Figure 2.1.
Since p is a probability distribution, the power law distribution is:
n~"
pnzw, n=1,...,N, (2.1)
where the denominator is the truncated zeta function H(N) = évzl J-
evaluated at T, also called the Nth t-order generalized harmonic number.
Although this sum does not have a closed form, we provide below a

T

useful approximation.

Approximation of generalized harmonic number. Forn >m >0
we bound Z;L:mjf = H (n) — H (m) using integrals:

/mn(x—i—l)_ dxgH(n)_H(m)gH/n @ do,=

m—+1

n+1)'~ —(m+1)'- n'= —(m4+ 1)~

<H —H < 1
1-7 =20 (m) = 1-7 +5
if t#1,
b B ) — () < 2T el
m4+1— - T m+2’ o
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Figure 2.1: Datasets with power-law popularity. Log—log plots of number of re-
quests versus content rank, showing evidence of power law popularity in: (a) WWW
documents [43] (1999); (b) YouTube videos [56] (2008); (c) P2P torrents [206] (2013);
and (d) HTTP requests in a cellular network [18] (2015).

Also, setting m = 0,n = N we obtain:

(N+1D'" -1 N —1

< < i . .
L <H (N)S—/——+1, ift#l (2.2)

If N is large, we then have the following approximation:

1—
N , ifr<1,
1—1
H (N)=~{loghN, ift=1, (2.3)
1 if T> 1.

The approximation error is very small for all T and large N, and is larger

near T = 1; also, as N increases this error diminishes, Figure 2.2.
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Figure 2.2: Examples of approximation (2.3). Plots of the approximation versus
the actual generalized harmonic number, with parameters: v = 0.1 and (a) M =
10%, N = 10%; (b) M = 10*, N = 10°.

2.2.3 Hit Probability Maximization

We present here a toy single cache optimization problem and its solution,
in order to understand how the popularity model affects the analysis of
caching systems. We draw one request for a content randomly from the
catalog, and define the hit probability as follows.

Definition 2.3 (Hit Probability). The random event A = “the requested
content is cached” is called a hit. The probability of A is called hit
probability.

The hit probability is indicative of the fraction of requests that is
served by the cache. Since we would like to serve as many requests from
the cache as possible, one way to optimize the system performance is
to decide which contents should be cached in order to maximize hit
probability. This procedure is described next.

We introduce decision variables y = (y, € {0,1}: n = 1,...,N),
where y, = 1 if we decide to cache content n, and y,, = 0 otherwise.
Due to the limited cache size M < N, a feasible decision must satisfy
the cache size constraint Z,Ijzl yn < M. Conditioning on the request
of content n, the hit probability is computed by h(y, M) = 25:1 YnPn,
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2.2. Power Law Popularity 17

when the decision y is taken. Overall, we are interested in the ques-
tion: which feasible decision y will maximize hit probability? This is
answered by solving the following optimization problem.

Hit Probability Maximization (HPM)

h(y*, M) = max Zynpn

y€{0 13N n:
s.t. Z yn < M.
=il

We may solve (HPM) by inspection: set y, = 1 for the M contents
with greatest probability, and zero otherwise. This solution is also
known as “cache the most popular” contents. Assuming w.l.o.g. that the
files are ordered in non-increasing popularity, i.e., p1 > --- > py, the
maximum hit probability is h(y*, M) = Zﬁ/[:l Pn- When popularities
are power-law with exponent T, it is:

Zé‘\rzlj_ N nT  He(N)’

M M -1 M T
n Z n H.(M
SIS o et
n=1 n=1
and we may employ the approximation of H(-) in (2.3) to obtain an
approximation of the maximum hit probability:

1—-7
(M> =47 ifo<Tt<1

N
h(y*, M) =~ < In M 1 Iny~t P (2.4)
In N In N
1 ift>1.

Figure 2.3 shows the maximum hit probability comparing the actual
value (found numerically by evaluating the sums) with the closed-form
approximation of (2.4). We see that the approximation is very accurate,
while the error introduced when T &~ 1 decreases as M or N increase.
Observe that in the typical case T < 1, the maximum hit probability
can be approximated by the expression v'~7. The cache performance
depends on the relative cache size v and the power law exponent T. We
discuss next how these parameters can be estimated in real systems.
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Figure 2.3: Examples of approximation (2.4). Approximation versus actual value
of maximum hit probability, with v = 0.1, (a) M = 100; (b) M = 10000.

2.2.4 Fitting the Power Law Model to Data

One of the most important design problems in caching is the cache
dimensioning, where we must decide the cache size M for a specific
system. For given storage and data transfer costs, and expected traffic,
the cache dimensioning problem aims to tune the cache size for cost
minimization. In the example of one cache, this can be done via h(y*, M)
which provides an estimate of the cache efficiency for a certain value
of M. As we saw above, this estimation requires knowledge of the
Zipf law exponent. Namely, we would like to determine the value t*
that reproduces accurately the observed system behavior in terms of
requests. Inferring the parameters of a distribution from data is known as
statistical inference, and in this subsection we focus on highlighting some
subtle points that appear in the inference of the power law exponent.
In practice, engineers sample a dataset with requests from the said
system during peak-demand and then analyze it statistically. We discuss
here how T* can be extracted from such a dataset. Throughout the
subsection we assume that the samples are drawn independently from

a distribution p = (p, x n~", n € N') with unknown 7, and we explain

*
MLE

how to compute the parameter T that best fits the samples in a

maximum likelihood sense.
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2.2. Power Law Popularity 19

A few remarks are in order. First, we note that in general the
popularity distribution changes over time. Our assumption of static
distribution is meaningful only when the dataset is collected in a reason-
ably small time interval. If we knew there are time correlations, we could
use this knowledge to improve our estimate; this approach is explained
in Subsection 2.3.2. Second, in practice it is common to fit data to a
power law using a graphical method, where one simply plots the log—log
requests versus rank and sets a value for T that approximates the curve.
Unfortunately, such graphical analysis can be grossly erroneous [62, 100],
and wrong estimates for T may lead to wrong decisions about cache
dimensioning. For this reason, we present a rigorous approach of fitting
the data to a power law by means of maximizing the log-likelihood
function [100]. We mention that similar conclusions can be reached
using the linear least squares method, albeit at a higher error [22].

We begin with a dataset X = (z; e N: i =1,..., K), where the ith
datum z; is the id of one of the contents in catalog; for instance we
have in mind the YouTube dataset from [251]. For a single datum z;
we denote with £(z;;T) the likelihood that z; is generated from a power
law model with exponent T, and

Ux;t) =n""/He(N), iff x; =n.

The likelihood function is multiplicative over the data in the dataset.
And for X with K samples, we can write:

K
UX;T) = H (z457T).
i=1

Definition 2.4 (Empirical Frequency). For a sequence of requests, the
empirical frequency of content n is the ratio:

_ Number of requests for content n

fn =

Total number of requests

Disregarding the constant of total number of requests, we can write:

UX;T) = p{1p£2 . .p{\}v, where p, =n""/H(N).
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20 Content Popularity
The log-likelihood function A(T) = log /(X ;1) is:

N N
AD) = 3 fulog(n"/He(N)) = 3 fo(logn™™ — log H(N))
n=1 n=1

N
=T Z fnlogn —log Hy(N).
n=1

The log-likelihood function is preferred from likelihood because it simpli-
fies the calculations. Since the logarithm is a strictly increasing function,
the maximization of either function leads to the same solution. The MLE
we are seeking can be recovered by solving the optimization problem:

Ty, = argmax A(T). (2.5)

>0

The maximum likelihood estimator is efficient, meaning that as the
sample size increases, K — 00, it achieves the Cramér—Rao bound [203],
and therefore has the smallest mean squared error among all unbiased
estimators. Problem (2.5) can be solved in closed-form using the approx-
imation (2.3) and computing the stationary point of A(T). Alternatively,
we may solve it numerically. Figure 2.4 presents the results of the
described method applied to the YouTube dataset of [251].

7
ga X10 10

AT) = YouTube data
-1.845 B MLLE fit
3L
-1.85 Tye =0 .6082 PR BN
2 .
-1.855 %
3 10
-1.86 o~
5
-1.865 !
-1.87 -
<
-1.875 - 10°L - -
0.4 05 0.6 0.7 038 10 10 10 106
T
Rank
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Figure 2.4: Example of power-law fitting with MLE. Experiments on the 2008
YouTube dataset [251]: (a) log-likelihood function A(T); (b) log-log plot of ranked
requests and MLE power-law vs rank.
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2.2. Power Law Popularity 21

Unknown Labels

A typical complication that arises in caching is the unavailability of
content labels. Here, we use the term label to refer to the actual index of
a content in the underlying popularity distribution p. For instance, the
content with popularity p, has label n. When working with real traces
we observe how many times a specific content is requested, but its actual
label remains unknown. The content with label 100 and popularity p1gg
might appear fewer times than the content with label 99 and popularity
Pog, due to limited size of our sample. Therefore, although pgg > p1g0,
it may be that fo9 < fi00. When the dataset is unlabeled with respect
to the underlying popularity distribution one possibility is to adapt the
maximum likelihood estimation as follows: (i) we rank the empirical
frequencies in decreasing order such that fuq) > -+ > fyv); (ii) we
assume that the ranked frequency fy4,) corresponds to label n; and
(iii) we infer the power law exponent with the above MLE method.
Nevertheless, the implicit assumption ¢(n) = n does not always hold in
practice, and so the known guarantees for maximum likelihood do not
apply. We provide an example below.

Fitting unlabeled data with MLE. We create 1.46 - 10° samples
from a power law distribution with exponent T = 0.6082, and catalog
size N = 566 - 10° (same parameters as in the YouTube dataset but
fictitiously generated data). Then we extract from the samples three
different empirical frequency vectors:

o (fn) is ranked according to the actual labels of p,,
e (f/) is permuted so that fi > --- > fr, and

e (f/') is same as (f}) but limited to the first 103 elements (head of

n
ranked frequencies).

The vectors are then used to produce the maximum log-likelihood

estimates of the power law exponent; we find T, , = 0.6078 (0.06%

relative error), 12, = 0.6406 (5.32% rel. error), T3, = 0.6050 (0.52%
rel. error). Figure 2.5 shows log-log requests vs rank plots in all cases.

While the labeled MLE has a very small relative error (0.06%) as
expected, the example shows that the ranking of frequencies leads to
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Figure 2.5: MLE fitting of unlabeled data. Generated power law data with T =
0.6082, catalog N = 566 - 10° and 1.46 - 10° samples. (left) MLE fit with the correct
labels, (middle) MLE fit with ranked frequencies, (right) MLE fit of the head with
ranked frequencies.

erroneous estimation (5.32% error). This is due to the permutation
of the labels at the distribution tail. We can improve the accuracy if
we restrict the fitting to the head of the ranked empirical frequencies
(0.52% error), an approach known as “trust your body” in [174]. Indeed,
while the tail is very noisy, the head and body of the labeled frequencies
and the ranked frequencies are similar. A different approach to inference
of unlabeled data is given in [183], which considers the popularity of
each file as a random variable with the same power-law distribution.

Observed Values of T

Table 2.2 lists publicly available datasets for experimentation with
request sequences and power-law popularity, and we summarize available
measurements of T in Table 2.3. Evidently, the power law model is fitted

Table 2.2: Publicly available datasets for caching experimentation

Dataset Ref. Number of Time
Requests Span

Web proxy accesses [45] 24 M accesses 8/96-9/96

Netflix movie ratings [29] 100 M movie ratings ~ 10/98-12/05

Anonymized URL requests [170] 25 B requests 9/06-3/08

YouTube traces, UMass [251] 1.5 M requests 6/07-3/08

Top-1000 Wikipedia pages [241] 34 M requests 10/15-11/15
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Table 2.3: List of T values from datasets

Reference Value of T Year Application

[66] 1 1995 Web traffic

[43] 0.64-0.83 1999 Web traffic

[205] 0.64-0.91 1999 Web traffic (univ. proxy)
[186] 1.39-1.81 2000 Web traffic (MSNBC news)
[8] 1.16 2000 Web traffic (1998 world cup)
[165] 0.74-0.84 2000 Web traffic

(3] 1 2002 Web traffic (AOL)

[59] 0.58-0.64 2003 P2P (Gnutella & Napster)
[49] 1 2004 Web pages (Japanese)
[240] 1 2004 P2P (FastTrack)

[138] 0.92-1.09 2006 Web traffic (Russian)

[244] 1-1.5 2006 Mobile web

[247] 0.6 2006 VoD (China Telecom)

[94] 0.56 2007 Video (YouTube)

[57] 0.54 2007 Video (YouTube)

[112] 0.6-0.78 2008 P2P

[230] 0.53 2009 Wikipedia

[131] 0.85 2009 Video (Yahoo)

[69] 0.6-0.86 2010 P2P (BitTorrent)

[228] 0.7-0.85 2012 Video (YouTube)

[116] 0.7-1 2013 Photos (Facebook)

[117] 0.83 2014 Web traffic (French)

[253] 1.09-1.87 2015 Web traffic (Spanish)

(18] 1.36 2015 Mobile web (Turkish)
[109] 0.5-0.75 2015 Wikipedia

in many different scenarios over the years, but each application (or, even
each dataset) fits a different value of T. Therefore, our mathematical

analysis should be parametric to the power law exponent, and adjustable
to the dataset at hand. An important question is: what should be our
choice for T when data are not available? For visualizing results, it is
customary to take T € {0.6,0.8,1}, which are the most depictive values.

2.2.5 Catalog Estimation

The problem of cache dimensioning requires additionally the knowledge
of catalog size N. While estimation of T is commonly encountered in
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the literature, the catalog size estimation is often overlooked.* For a
dataset X with K samples, the number of different observed contents
is called the wvisible catalog and has size:

Nk = {n e N'| fu(X) > 0}

which clearly depends on X and its length. Using this notation, the
true catalog size is N, and we have Ny, > Ni.

Let E; be the number of contents observed exactly j times in X,
and let e; denote its mean. We have:

Nk

Ej = E ]]-{content n is requested j times}»
n=1

with 1,y being the indicator of event . Taking the expectations, yields:

Nk
ej(X) = Z Pr [content n is requested j times]
n=1
Ng
(a) K\ —j
= Z ( )p{l(l—pn)K ]7
n=1 J

where in (a) we have assumed that the samples are i.i.d. A mean
estimator N of the actual catalog N can be thus obtained by

Noo = NK + eo(X),
where recall that Nk is the size of the visible catalog and therefore
easy to find by enumerating the unique ids in the dataset, and eq is the
mean number of contents that are never requested:

Ng K Nk

eo(X) =) <0>p2(1 o) 0= (L)t
n=1 n=1

In summary, combining the calculation of eg(X') with the observable Ny,

one can obtain an unbiased estimate of the true catalog size ]\Afoo, which

subsequently determines our estimate of v and allows for correct cache

dimensioning via h(y*, M).

4We would like to acknowledge discussions with Dr. J. Roberts for this subsection.
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2.3 Request Sequences

So far we have considered a single isolated request, drawn randomly
from distribution p. This allowed us to discuss content popularity
and introduce the optimization of hit probability. In this subsection,
we introduce the concept of request sequence: a succession of content
requests that arrive at the cache. Based on that, we investigate more
intricate aspects of content popularity, such as temporal and spatial
correlations.

Definition 2.5 (Request Sequence). The request sequence R = (R, ...,
Ry) is a sequence of integers, where R; € N denotes the content id of
the tth request.

We present next different models of request sequences.

2.3.1 Independent Reference Model

Definition 2.6 (IRM Model). A request sequence R is called IRM if
R, Vt are i.i.d. random variables.

The term “independent” reflects the property of an IRM sequence
that each random variable is drawn with distribution p independently
of all others. The term “reference” is identical to the term “request” in
our context. As a sequence of i.i.d. random variables, IRM represents
a special case where each element of the sequence repeats the same
random experiment, in which case the definition of hit probability
continues to apply. In the next section we provide the hit probability
analysis for several online caching policies under IRM.

Sometimes we define the request sequence in continuous time. The
simplest extension in this direction is to consider a Poisson process whose
points denote the requests. Each point of the Poisson process is marked
with a value from {1,..., N} denoting which content is requested. The
marks are chosen randomly and i.i.d. from distribution p.

Definition 2.7 (Poisson IRM Model). A request sequence is called Pois-
son IRM if it is determined by the marks of an associated homogeneous
Poisson process with intensity A and random i.i.d. marks drawn from p.
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The intensity parameter A defines how densely the different requests
are spaced apart in time. We remark that the standard IRM model can
be obtained from the Poisson procession by discarding the inter-request
time information and keeping only the (ordered) marks at the points
of the process. When restricting attention to the marks, we may still
use the notion of hit probability. For the associated continuous time
process, we will later define the notion of hit rate, see discussion in
Subsection 3.2.

IRM sequences are the simplest and most established models. They
are often combined with a power law distribution, thus yielding a one-
parameter model (or two-parameter in case of a Poisson IRM), which is
easy to fit. Previous work validated IRM models, showing that they fit
well real request traces obtained at peak-demand hour [43]. On the other
hand, IRM sequences by design have no temporal or spatial correlations.
This means that if the actual data do exhibit such correlations, an IRM
model will not capture them. We discuss next alternative models that
can handle temporal and spatial correlations.

2.3.2 Temporal Locality

Several measurement studies have shown that content popularity ex-
hibits temporal correlations. Specifically, it has been shown that the
popularity of recent requests is higher than the popularity of past re-
quests, when these have the same empirical frequency. This phenomenon
is called “temporal locality” and it is particularly important for caching.
Namely, it suggests that we should not cache contents that are popular
on average, but rather those being popular locally in time.

Evidence of temporal locality dates back to web page requests in the
90s. For example, [6] attributed to temporal locality the hit probability
discrepancy between dataset and generated data from a distribution
with the same power-law exponent; [43] observed that the popularity of
highly popular contents changes less often than that of the unpopular
ones; and [228] explained how decaying popularity in YouTube videos
affects cache hits. In sum, content popularity is often time-varying, and
this has a profound effect on hit probability and cache dimensioning.
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Percentage of References

T T T T
2000 4000 6000 8000 10000
time since last access

Figure 2.6: Example of temporal locality. Percentage of references as a function of
the time since last access to a document by the same user, from [45]. The time is in
minutes and y-axis is in log scale.

Regarding the span of temporal locality, a YouTube study from [226]
confirms that correlations on timescale of few hours can be ignored, as
their impact on cache performance is negligible. Instead, the timescale of
few days up to weeks is deemed most significant. For example, Figure 2.6
shows how the web proxy accesses evolve over time, and it is indicative
of strong ephemerality. Recent accesses are 10? times more probable
than those requested one day ago, and 103 times than those requested
one week ago. Similarly, [109] demonstrated that requests of Wikipedia
monographs have a rapid day-to-day change in popularity rank. In
particular, measuring the fraction of contents in top-z popularities of
a day and the previous, they find 76% for x = 103 and only 54% for
x = 25, meaning that half of the top 25 contents change from day to day.
In conclusion, a caching analysis that extends beyond a few hours must
take into account temporal correlations. This finding is particularly
important for systems with few requests per unit time, where learning
the evolving popularity might be very challenging.

In order to model temporal locality, we consider request models
with time-varying popularity distribution p(t) = (p,(t),n € N'). When
designing such models we aim to fit accurately the observed corre-
lations while ensuring mathematical tractability. There exist several
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such models, e.g.: [99] uses the theory of variations, [75] makes random
replacements of contents in the catalog, and [182] uses a dependent
Poisson model. We elaborate next on the Shot Noise Model (SNM) [228],
which is similar to the one independently proposed in [182].

The Shot Noise Model

The main idea in SNM is to define the request sequence as a super-
position of many independent inhomogeneous Poisson processes called
“shots”, where each shot is associated to an individual content and
describes the temporal profile of its popularity [228]. This is a natural
generalization of the Poisson IRM model in the following sense. Recall
that the latter is represented by a homogeneous Poisson process with
intensity A, where a Poisson point corresponds to a request for content n
with probability p,. Using properties of the Poisson process, this can be
shown to be equivalent to superposing N thinned homogeneous Poisson
processes, one for each content, where the process for n has intensity Ap,.
In SNM, we replace each thinned homogeneous Poisson process with an
inhomogeneous Poisson process of a time-varying intensity A, (t), like
the one in Figure 2.7.

If the shape of all shots is horizontal A,(t) = Ap,, Vn then we
recover the Poisson IRM. Typically though, we use a time-varying
shape to reflect the changing nature of popularity. The temporal locality
phenomenon can be modeled using a rapid growth towards maximum
popularity (highest intensity) followed by a phase of slow decrease [249],

LTI 1]

larrival

T

Figure 2.7: Characteristics of a shot in SNM.
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similar to Figure 2.7. In general, the shot is characterized by its: (i)
shape; (ii) duration; (iii) arrival instance; and (iv) height.

It is reported that different choices of (i)—(ii) result in similar hit
probability performance [228], therefore as a general recipe we may fix
the shape to rectangular pulses and the duration to a fixed T" in order
to maintain tractability. The shot arrival instances (feature (iii)) are
points of another Poisson process with constant rate v. Denote with ¢,
the arrival time of shot n. At time ¢ the active content catalog is:

NEt)={n:t-T <t, <t}

and the expected size of the catalog at any t will be E[N(¢)|] =
vT'. Hence, parameter v is used to tune the model to the estimated
catalog. The shot height (iv) is often taken to be power-law distributed,
which ensures a good fit to the power law model when we inspect the
instantaneous popularity. Specifically, we set the height of n, while it
is alive, to the random variable p, constructed in the following way.
First, for any n, let &, be an i.i.d. random variable drawn uniformly

from [0, 1]. Then

gf’r
Pn = &

- fol Z*szp =¢,"(1—1)p, forall n,

where P is the mean popularity over all contents, and T the power law
exponent. Let f(x) denote the density of p, at € [p(1—1), +00);® f(z)
is in fact a Pareto distribution with ap,, = 1/T and z;,, = p(1 —T) [179].
Note that Pareto is the limit of Zipf distributions for large catalogs.

Definition 2.8 (SNM Model). The SNM is the superposition of N Pois-
son inhomogeneous processes, where process n = 1,..., N corresponds
to content n and has a time-varying intensity Ay (t), characterized by
shape, duration, arrival instance determined by a Poisson point pro-
cess with intensity v and height p,, Pareto distributed. Furthermore, a
rectangular-SNM has rectangular shape and fixed duration 7.

[228] employed an SNM with 4 shot shapes (all with rectangular
shape but different shot duration) to accurately fit a dataset with

5Note that the density is not defined for smaller values of .
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YouTube video requests. In parallel, [182] observed that the shots
duration is correlated with the height: highly popular contents tend to
stay alive longer. This result implies that the SNM model accuracy can
be improved if we correlate the duration 7;, of file n to its shot height.

Classifying Contents Based on Instantaneous Popularity

When content popularity changes over time, we must follow a different
approach than solving (HPM). The focus is now on the instantaneous
hit probability, which is random, and hence we wish to maximize
its expectation. An equivalent — and instructive — approach is to
formulate the maximization of instantaneous hit probability as a binary
classification task. Given a cache with relative size v, we would like to
observe a request sequence up to t and classify each content into the
~vN (t) most popular contents (or not), where recall that N(t) is the
number of “alive” contents. The classification is performed by means of
solving the following optimization problem.

Popularity Classification (PC)

N
min Z UnE[pn(t) — Pn(t)]
1

N
ye{0, 1} T

N
s.t. Z yn = YN (t).
n=1

Parameter p,(t) is the instantaneous popularity of n at time ¢,
and p,(t) is our respective estimation. Hence, the objective function
expresses the difference between the maximum possible hit probability
and the one we would obtain by caching the most popular contents
according to our estimation. The constraint ensures that we only classify
N (t) contents as cacheable. Note that S>%_, v, E[p,(t)] is in fact equal
to pyN(t), thus fixed and independent of the optimization variable y,,.
Furthermore, the solution y* of problem (PC) is obtained as before by
ordering the contents in decreasing estimated popularity E[[p,(¢)]] and
then setting v = 1 for the top yN(¢) of them. Therefore, below we will
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focus on finding a good popularity estimate p,(¢) in order to decrease
the hit rate loss YN, y*E[p,(t) — pn(t)].

Hereinafter, we consider the example of rectangular-SNM model. To
arrive at a popularity estimate, we assume that at time ¢ we know the
total number of requests for content n up to t, K, (t) = S_; L{Rr,=n};
the time t,, of the first request for content n, from which we can infer the
age of the content® a,(t) =t — t,; and the model of p,, which is power
law if n active, and zero if inactive. Accordingly, p, () is the popularity
estimate based on measurements (K, (t),a,(t)). It is tempting to use
as estimates the frequencies f,(t) = K,(t)/a,(t). However, such a
frequentist approach would disregard the prior model. Instead, we
follow the Bayesian approach and use the a posteriori estimate of the
instantaneous popularity of n at time ¢, given by:

f . Pn Pr[Kn | Pn, an]f(pn)dpn
fpn Pr[Ky, | pns an] f(pn)dpn ’

where for notation simplicity we omitted the dependence on t from all

Dn £ E[pn | Kman] = (2'6)

terms. The term Pr[K), | p,,ay] is a Poisson probability, i.e.,

e_pnan

o
K,

Pr[Ky, | pnstn] = (Pnan
and f(x) is the Pareto probability density function.

Now let F'(z) be the distribution of p,, and € be a threshold defined
as follows: § = F~(1 — 7), hence 6 is in fact the y-upper quantile of
F(zx), or more simply 6 is the smallest value for which Pr[p, > 6] =~
is true. We may also think of 6 as a popularity threshold after which
contents are classified as “popular”. Then we define the corresponding
threshold on the number of observed requests as a function of age a:

K(a) = min{k =0,1,... |E[p, | K, = k,a, = a] > 0}, (2.7)

From [144] we have the following result.

5This is defined as the time duration for which the content has been active.
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Theorem 2.1 (Popularity classification for rectangular
SNM): Consider a cache with relative size v, and let K(a) be
the threshold defined in (2.7). Then if content n has K, requests
and age a, classify it according to a posteriori estimate rule:

=1 if Kn > K(an)
n 0 otherwise.

As v — 00, Yy} is a solution to (PC) with probability 1.

Proof. We focus on time instance t and drop all mention of ¢, and let
N denote the set of alive shots. As ¥ — oo, the mean number of alive
shots E[|N|] = vT scales to infinity as well, and the random variable
IN| — oo w.p.1. Each alive shot’s popularity is Pareto distributed, and
therefore we are observing a scaling number of independent Pareto
experiments. In the following, we use this fact to obtain the proof.

Recall that p,, 2 E[p,|Kny, an] is the expected popularity of a shot
conditioned on observing K, requests in a,, time (and factoring the prior
model of p,, which is Pareto). Then, consider the empirical distribution
of p,, of all alive shots:

[NV
(z) |J\/] Z {pn<z}

Since [N — oo w.p.1, we have that lim, o, F”(z) = F(x), where
F' is the distribution of p,. Let now #* denote the y-upper quantile
of F, such that Pr[p, < 6*] = 1 — ~. This quantile is very convenient
because it represents the threshold on p,, above which we should cache
a shot in order to meet exactly the cache constraint of (PC). Indeed, we
note that this is the rule with which we decide y;;. By the convergence
of distributions, it follows that the optimal empirical threshold also
converges to 0*. As a result, classifying with y’ ensures that: (i) the
cache constraint is exactly met (by the property of quantile); and (ii)
the shots with y = 1 have higher p,, than those with y} = 0, hence the
objective of (PC) is minimized. O
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Figure 2.8: Comparison of classifiers. The a posteriori estimate (solid line) and the
frequency estimate (dotted line).

In Figure 2.8 we compare the above (optimal) classifier for the
rectangular-SNM to the frequency estimates, and we see that they are
indeed different. The differences are greater in the general SNM, without
the assumption of equal shot duration 7.

To summarize, we have discussed the common phenomenon of tempo-
ral locality, which amounts to time correlations in the request sequence.
Such correlations can be captured accurately by non-stationary models,
such as the SNM. The latter, allows for a simple derivation of the
optimal classifier (to popular/unpopular) by exploiting the knowledge
of the prior model to outperform the standard frequency estimator.
Future research is needed along these lines to solidify our understanding
of what is a good non-stationary model, and derive Bayesian estimators
for time-varying popularity distributions.

2.3.3 Spatial Locality

The requests exhibit correlations across space as well. For example,
crossing the boarders of two countries with different language has a
severe impact on the content popularity. Furthermore, it has been
found that the popularity distribution changes rapidly even within a
city [213, 251]. And similarly, studying traffic volumes at base stations
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in European cities, [88] showed that the traffic fluctuates based on
a location-dependent pattern, called “signature”. Metro station areas,
residential, commercial, touristic, academic, and other type of areas have
their own distinctive signature. Similarly, it is believed that the content
preference may vary depending on the culture and activity at each
location. In a multi-cache installation spanning a large geographical area,
such spatial correlations result in certain contents being very popular
in some caches, and unpopular in the rest. This also suggests that
the popularity model has location-dependent “features”, and clustering
together locations with similar features can improve popularity learning.

We mention, however, that identifying spatial correlations in popu-
larity is challenging since it requires collection of data at different points
in the network, simultaneous availability of content id (application
information) and location information (user-specific information), and a
large number of data in a short time interval from a sizable geographical
area. To the best of our knowledge, no such data are published to date.
Our discussion is therefore restrained here to the proposition of math-
ematical models for generating spatially correlated requests, without
the ability to validate the models with real data. We propose next the
stochastic block model that captures the geographical correlations of
content requests, and allows easy inference and optimization.

The Stochastic Block Model

In this subsection we present the Stochastic Block Model (SBM). We
consider V' + 1 caches, consisting of a set V = {1,2,...,V} edge caches
and a parent cache that we index with 0, Figure 2.9. The edge caches
receive local requests from different geographical locations, while the
parent cache receives unsatisfied requests from all areas. This is a typical
model of an hierarchical caching network; further details and examples
are presented in Section 4. Each cache v € VU {0} “sees” a popularity
distribution p, = (ppy,n € N), that can be vary across the caches.
We propose a model for correlated local popularities. The global
popularities py can follow any law, for example we may assume that they
are described by an SNM with mean popularity p. To model correlations
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Figure 2.9: Stochastic block model. Modeling correlated popularities in a system
with V edge caches and 1 parent cache. Each cache v receives requests that are
drawn from a possibly different distribution probability p, = (ppv,n € N).

between the local cache popularities, we draw inspiration from the field
of community detection [147]:

e Each content n is associated with a feature vector (X, ). To simplify
the model we let (X,,) be independent uniform random variables,
each taking values in [0, 1].

e Each location v is associated with feature vector (Y,), which are
again chosen independently and uniformly in [0, 1].

o We define a kernel K (z,y) = g(|z — y|), where g is a continuous
function, strictly decreasing on [0, 1/2], symmetric and 1-periodic,
with fio4)9(|z — y[)dy =1 for all @ € [0,1]. Since the kernel K is
periodic, we can think of the feature vectors (X,,), (Y;) as lying
on the torus [0, 1] rather than the interval.

The local popularity of content n at cache v is defined as

K(Xn,Yy)
Z’UIEV K(XTL’ K}’)’

One can trivially verify that by averaging the popularity of locations
1,...,V, we obtain p,o (the popularity of location 0). As such, SBM
is completely determined by the model of p,g and the chosen kernel
K(z,y), where the latter is responsible for inducing the correlations.

Prnv = Pn0 Vn, v=1,...,V.

We can further simplify the model by choosing the kernel to have a
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specific form, for example [144] uses:
K(z,y) =5(1 — 2z — y|)*.

The SBM is an analytical model where popularity exhibits spatial
correlations. In this setting, we note an inherent tradeoff of learning.
The global location 0 aggregates the requests from all locations, and
therefore learns quickly the average popularity distribution (png), owing
to the large number of request samples per unit time. On the other
hand, each individual location learns slower (due to smaller sample),
but it learns the local model (py,), which is more accurate than the
average of all models (ppp). An interim approach is also possible, where
the distribution is learned from aggregating requests from a subset of
locations with similar popularity. Such a cluster-based learning would
be faster than local learning and more accurate than global learning.
As an example, suppose half of the locations share the same popularity
distribution, and they are negatively correlated with the other half such
that p1 > po > -+ > py in the first, and p; < po < --- < py in the
second. Then learning in two clusters would greatly outperform both
global and local learning. This can be achieved with standard spectral
clustering techniques from the literature, for example [235].

2.4 Discussion

In this section we surveyed the key concepts of content popularity,
explained spatio-temporal correlations in the request process, and pre-
sented the most prominent and widely used content popularity models.
Predicting a time-varying popularity is a key challenge in caching, and
we provide more information in Subsection 3.4. In the next section we
study policies that decide which content files to cache in reaction to an
unknown (and potentially changing) popularity.
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3

Cache Eviction Policies

More often than not, the cache is full and hence in order to store a
new content, another one must be evicted to make room in the cache.
This section focuses on cache eviction policies that decide which content
should be evicted. Broadly speaking, we seek to find dynamic eviction
policies that maximize the hit performance. In light of this, we present
offline and online cache eviction policies with associated performance
guarantees under various settings. We examine different assumptions for
the underlying request sequence, emphasizing fundamental properties
of caching policies, and providing intuition for designing new policies to
match the needs of new systems.

3.1 Performance Under Arbitrary Requests

In this subsection we make no assumptions about requests, and analyze
the performance of caching policies under an arbitrary request sequence.

3.1.1 The Paging Problem

Consider a catalog N'={1,2,..., N} of N equal-sized contents, and a
cache that fits at most M of them. The time is slotted, t = 1,2,...,T,
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Origin
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Figure 3.1: Eviction policies. Content requests must be served by a local cache (hit)
or the origin server (miss). An eviction policy observes past requests and decides
which contents to cache in order to increase the hit probability (or hit rate).

and there is a request sequence R = (R1, Ra, ..., Rr), where request
R; € N\ arrives at the cache in the beginning of slot ¢, see Figure 3.1.
The cached files at slot ¢ are denoted with the set M; C N, and there is
a hit if R, € M, and a miss if R; ¢ M,. In case of a miss, we typically
add the newly requested content to the cache, and when |M;URy| > M
we evict one of the cached files, denoted E;. The evolution of the cache
state is then:

M;UR; — E; if we have a miss
M — t - 1 “ e T - 1.
1 {Mt if we have a hit Y
Definition 3.1 (Eviction Policy). The online eviction policy = is a rule
that at slot ¢ maps the cache state M; and the request sequence
(R1, Ra,...,Ry) to an evicted content with the constraint that EJ €

M; U Ry when Ry ¢ M; and EJ = () otherwise.

We allow the possibility for a policy m to be aware of the entire
sequence (Ry, Ra, ..., Ry) at each slot ¢ (offline policy), instead of only
the requests (R1, Ra, ..., Rt) (online policy). We will denote the set of
online and offline policies with II, which includes all the T-vectors of
feasible eviction decisions. We will consider two eviction models:

(I1) Ef € MURy, where the requested item at ¢ is eligible for eviction.
(I12) ET € M, where the requested item at ¢ is not eligible for eviction.
Model I2 is often encountered in the literature of databases and com-

puting, while model I1 is a reasonable option for Internet caching
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3.1. Performance Under Arbitrary Requests 39

applications. Although their differences are minor, for clarity, we will
make explicit reference to the employed model.

A note on function h: Cache hits are central to this monograph,
and we will encounter different manifestations of function A, sometimes
abusing the notation to reflect the hit probability or the actual number
of hits. To help the reader, we present the notation collectively here:

e h™(R): are the number of hits using policy 7 under sequence R,
e m™(R): the number of misses (complementary of hits),

e X7™: hit rate of 7, the limit of the empirical probability of hit,

e h(y): hit probability when caching contents y,

e h™(00): hit probability when reaching a stationary state,

o hI'(M;t,(M)): content hit probability for characteristic time
tn(M),

e hT(T,): content hit probability for choice of TTL timer T,.

An archetypical form of hit probability function is AT (y, M, T,,; -), where
7 is the eviction policy, y a vector of cached contents, M the size of
the cache, T}, the TTL timer, index n refers to conditioning to the
hits for content n, and ;- a placeholder for other conditions. However,
arguments will be dropped at will if they are irrelevant to the context
of the discussion.

We denote with A™(R) the number of hits under policy = € Il and
request sequence R. We can now formally state the paging problem: find
an eviction policy that maximizes the number of hits for the worst-case
request sequence.

Paging problem

max min h"(R)
nell ReNT

The problem is called paging since it was originally formulated in
the scope of paging memory of computing systems [219]. It is often
used as a didactic example of competitive analysis for deterministic
algorithms.
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SequenceR 7 7 9 1 1 2 2 5 3 7 8 10122 5 3 3

Stack distance of

1 321187 6 5 432 1 0c0owo o o0
2 543 1 8 54 3 2 1 o o 00 0o
3 8 7 6 4 21 987 6 543 2 1

Figure 3.2: Showcased stack distances D(1,t), D(2,t), D(3,t).

3.1.2 Belady’s Offline Paging

We first describe an offline policy that maximizes h™(R) for any R, and
therefore solves the paging problem. The algorithm was proposed in [26]
by Belady, and it is also known as the max stack distance, or the“ MIN”
replacement policy (minimizes the misses), or caching oracle.

We define the stack distance D(n,t) of content n at slot ¢t as the
number of slots until the next request for n. Formally:

D(n,t) =inf{r > t,R; =n} —1t.

If there is no other occurrence of n in the remaining sequence, then we
trivially set D(n,t) = co. An example is presented in Figure 3.2.

Belady (MIN) policy: evicts the content with the largest stack

distance:

EMIN — argmax D(n,t).

neEMUR;

This policy works by evicting the content that will be requested
further in the future; which means that it is impractical as it requires
information about all future requests. Nevertheless, Belady plays an
important role in the design of online eviction policies. First, since it
achieves the maximum possible hits (Theorem 3.1), it provides the
performance upper bound for others policies on known datasets of
requests. It can be thus used to test whether the hits achieved by
another policy are satisfactory. Second, as we will show in the following,
it can be used to characterize the performance of practical online eviction
policies. We state and prove next the optimality of Belady.
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3.1. Performance Under Arbitrary Requests 41

Theorem 3.1 (Belady achieves optimal paging): Fiz T,
and choose any sequence R € NT. Belady achieves the high-
est number of hits in class I under both I1 and I2.

MIN € argmax h™(R).
well

The classical proofs [145, 168, 209, 234] prove the statement under
model 12. Here we provide a proof for 11.

Proof of Theorem 3.1 (case I1). Assume any eviction policy = € II.
We will show that it yields less or equal hits to Belady, i.e., A" (R) <
RMIN(R). The proof is based on showing that starting from a certain
policy we can produce a new policy that takes one more decision like
Belady and performs no worse than the former. Then we use induction
on the number of steps. Below we drop the notation (R) with the
understanding that R is fixed.

Lemma 3.2 (One more Belady step): Fiz any R. Consider
policy mp € II with k™ (R) hits, which takes the same eviction
decisions with MIN up to slot t, where t € {0,...,T — 1}, that is

EM =FEMN  vyr—o0,.. .t
Then, there exists a policy w1 € 11 satisfying:

Em+l = EMIN © r— 0 . t41. (3.1)
h"+1(R) > h™ (R).

Lemma 3.2 states that if we extend policy m; to m4+1 which takes
one more decision like Belady, we get greater or equal hits. Assuming
w.l.o.g. that @ from Theorem 3.1 performs the same steps with Belady
up to slot t < T, by Lemma 3.2 and induction on ¢, we get h™(R) =
™ (R) < h™+1(R) < --- < hWMIN(R), which proves the theorem. [

Proof of Lemma 3.2. The proof is by construction. Let a € A/ denote
the max stack distance content evicted by Belady in slot ¢t + 1 (hence
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42 Cache Eviction Policies

Tt+1

also by m41) and M 11" — Mt # 0 denote the content evicted by 7,
where MT is the set of files that are cached at slot 7 by policy 7. We
design 741 as follows: (i) for slots 0, ..., ¢+ 1 it takes a Belady decision;
(by the premise of Lemma) (ii) for slots 7 =t +2,...,T we have:

ET if miss and ET* # {a}
ET+t = ¢ M7 — M™ if miss and E™ = {a}
0 if hit.

We immediately obtain that m+; € II and (3.1) holds. It remains to
show (3.2). Since m; and 74 take the same decisions up to time ¢, they
yield the same hits up to and including ¢ 4+ 1. Hence we will compare
the hits in slots {t +2,...,T}.
Consider two useful slot events in the interval {t +2,...,T}:
Q: in a slot m; gets a hit while w1 not
Q: in a slot i1 gets a hit while m; not.

Denote by Z; the intersection of the caching states of the two policies
at slot ¢. Due to the different decision at t + 1 we obtain:

Mty =T Ud{a}

M =T U {0}

ML - :ﬁl = {a}

Uncached contents: N — Z; 1 — {a, b},

where b is the content evicted by 7. Now, let us observe what are the
possible outcomes in slot 7 = ¢ + 2 and onwards:

= {a} =0 and M7t — MTH = {0}
R, = {b} = and M7t — MIH C {a}
R: €Ty = hit for both and Mr+1 M:ﬁf = {a}

R. € N —Z;+1 —{a,b} = miss for both and MTH M:jjf C {a}

which is explained as follows. Following a, w1 will store a and make
the caching states identical. Following b, the cache of w1 will remain
the same, but m; can evict a to make caching states identical, b to
keep the difference the same, or any other content x € I to result in

M —MTt | = {x}. In any case, we always get M\ — M | = {a}
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