
Channel Coding in the

Presence of Side

Information

Full document details: IEEE Channel Coding in the Presence of Side Information

http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information
http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information


Full document details: IEEE Channel Coding in the Presence of Side Information

http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information
http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information


Channel Coding in the
Presence of Side

Information

Guy Keshet

TraceSpan Communications Ltd.
Ra’anana 43663, Israel

guy@tracespan.com

Yossef Steinberg

Technion — Israel Institute of Technology
Haifa 32000, Israel

ysteinbe@ee.technion.ac.il

Neri Merhav

Technion — Israel Institute of Technology
Haifa 32000, Israel

merhav@ee.technion.ac.il

Boston – Delft

Full document details: IEEE Channel Coding in the Presence of Side Information

http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information
http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information


Foundations and Trends R© in
Communications and Information Theory

Published, sold and distributed by:
now Publishers Inc.
PO Box 1024
Hanover, MA 02339
USA
Tel. +1-781-985-4510
www.nowpublishers.com
sales@nowpublishers.com

Outside North America:
now Publishers Inc.
PO Box 179
2600 AD Delft
The Netherlands
Tel. +31-6-51115274

The preferred citation for this publication is G. Keshet, Y. Steinberg and N. Merhav,

Channel Coding in the Presence of Side Information, Foundations and Trends R© in
Communications and Information Theory, vol 4, no 6, pp 445–586, 2007

ISBN: 978-1-60198-048-9
c© 2008 G. Keshet, Y. Steinberg and N. Merhav

All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, mechanical, photocopying, recording
or otherwise, without prior written permission of the publishers.

Photocopying. In the USA: This journal is registered at the Copyright Clearance Cen-
ter, Inc., 222 Rosewood Drive, Danvers, MA 01923. Authorization to photocopy items for
internal or personal use, or the internal or personal use of specific clients, is granted by
now Publishers Inc for users registered with the Copyright Clearance Center (CCC). The
‘services’ for users can be found on the internet at: www.copyright.com

For those organizations that have been granted a photocopy license, a separate system
of payment has been arranged. Authorization does not extend to other kinds of copy-
ing, such as that for general distribution, for advertising or promotional purposes, for
creating new collective works, or for resale. In the rest of the world: Permission to pho-
tocopy must be obtained from the copyright owner. Please apply to now Publishers Inc.,
PO Box 1024, Hanover, MA 02339, USA; Tel. +1-781-871-0245; www.nowpublishers.com;
sales@nowpublishers.com

now Publishers Inc. has an exclusive license to publish this material worldwide. Permission
to use this content must be obtained from the copyright license holder. Please apply to now
Publishers, PO Box 179, 2600 AD Delft, The Netherlands, www.nowpublishers.com; e-mail:
sales@nowpublishers.com

Full document details: IEEE Channel Coding in the Presence of Side Information

http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information
http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information


Foundations and Trends R© in
Communications and Information Theory

Volume 4 Issue 6, 2007

Editorial Board

Editor-in-Chief:
Sergio Verdú
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Abstract

In this survey we review the concepts and methods of communication
systems equipped with side information. We focus on the channel cod-
ing problem, where side information is available to the transmitter in
either a causal or non-causal manner, and we also consider the source
coding problem with side information at the receiver.

We first summarize the main results for channels with causal/non-
causal side information and the associated capacity formulas. Next, we
consider specific channel models, such as Costa’s dirty-paper model, the
AWGN channel model with fading and the modulo additive noise chan-
nel. Further, we provide applications to the models considered here, in
particular, we present the watermarking problem and the Gaussian
MIMO broadcast channel. We also consider algorithms for the calcula-
tion of the channel’s capacity, and practical coding schemes for the com-
munication systems explored in this survey. Finally, we study several
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related information-theoretic problems and present both the Wyner–
Ziv and the Slepian–Wolf problems. The source coding problems and
the channel coding problems, are presented in a unified version and the
duality between the problems is presented. We also present extensions
for the MAC and broadcast channel models, to the case where they
are controlled by a state process, and consider several hybrid mod-
els, e.g., joint source–channel coding for the Wyner–Ziv source and
the Gel’fand–Pinsker channel, and the achievable tradeoff between the
message and the state information rates.
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1

Introduction

This survey gives an overview of results pertaining to the capacity of a
channel whose conditional output probability distribution depends on
a state process, and where the channel state information (CSI) signal
(also referred to as “side information”) is available at the transmitter
(CSIT) or at the receiver (CSIR) or at both ends. These channels have
been widely studied over the years and can serve for modeling in a
wide range of problems, depending on some assumptions regarding the
channel state and on the availability and quality (clean or noisy) of the
side information at the transmitter and/or the receiver. For CSI avail-
able at the transmitter, we will distinguish between channels where the
CSIT is causal and channels where it is non-causal. In the causal case,
the transmission, at every time instant, depends only on the past and
present CSI, whereas in the non-causal case, the transmitter knows in
advance the realization of the entire state sequence from the begin-
ning to the end of the block. The causal CSIT channel model was
introduced in 1958 by Shannon [96], who also found its capacity. The
non-causal CSIT channel model was introduced in 1974 by Kusnetsov

1
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2 Introduction

and Tysbakov [73], and its capacity was found in 1980 by Gel’fand and
Pinsker [54]. Regarding CSIR, we will not distinguish between causal
and non-causal CSI at the receiver, since the receiver waits until the
end of the block anyway, before decoding. Channels with CSIR are
studied in [12, 60, 93].

One interesting example which can be modeled as a channel with
non-causal transmitter CSI, is a computer memory with defective cells
[59, 60, 71, 72, 73, 112, 113]. In this example, the process of storing
to this memory suffers from random errors caused by noise. A com-
puter memory may also have some cells which are defected, e.g., a
memory cell whose stored value seems to be fixed regardless of the
input, e.g., the cell is “stuck at one” or “stuck at zero.” The location
and values (defect information) of the defective cells may be found
by storing the all-one bit pattern (or the all-zero bit pattern) in the
memory, reading the contents of the memory and comparing it with
the stored pattern. This process may be repeated several times in
order to exclude the effect of random errors. If this process is not
repeated, we can refer to the defect information received from this
process as a noisy version of the defect information. By knowing in
advance the defect information, we can design codes that are more
efficient than the usual error correcting codes. In this example, the
defect information plays the role of the channel states and transmit-
ter’s CSI.

Another important example for a channel model with transmit-
ter CSI, is the power constrained Gaussian additive noise channel
model with additive interference which is known non-causally to the
transmitter as side information and is statistically independent of the
noise. In this example, the channel output is given by

Yi = Xi + Si + Zi, i = 1,2, . . . ,N, (1.1)

where SN = (S1, . . . ,SN ) is the i.i.d. side information sequence (the
interference) distributed as SN ∼ N (0,QI) (I being the identity
matrix), Q is the side information variance, and ZN = (Z1, . . . ,ZN )
is the i.i.d. noise sequence distributed as ZN ∼ N (0,BI), B being the
noise variance. Based on the message to be sent and on the interference
samples S1, . . . ,SN , the encoder sends a codeword XN = (X1, . . . ,XN ),
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3

which must satisfy the power constraint

1
N

N∑
n=1

E(X2
n) ≤ Γ, (1.2)

where Γ > 0 is a given constant. This channel with non-causal CSIT,
is known as Costa’s channel [30], which has recently received much
attention, as it has been proven useful for modeling in various commu-
nication problems, among them precoding for intersymbol interference
(ISI) channel, digital watermarking, and various broadcasting schemes.
Again, this problem can be divided to the causal and non-causal CSIT
scenarios. When the CSIT is non-causal, this problem is known as writ-
ing on dirty paper (WDP), or the dirty-paper problem. When the CSIT
is causal, the problem is known as writing on dirty tape (WDT), or the
dirty-tape problem [14]. The dirty-tape setting is often used to describe
cases where we restrict the encoder to be causal in order to reduce the
implementation complexity compared to dirty-paper implementation.

Costa showed, for the dirty-paper setting, that the capacity of this
channel is the same as if the interference was not present or, equiva-
lently, if it was also known at the decoder and could be subtracted off,
i.e., the capacity is given by

C =
1
2

log
(

1 +
Γ
B

)
. (1.3)

This surprising result is another reason why this problem has received
so much attention.

Yet another interesting example for a channel model with trans-
mitter CSI, is digital watermarking [19, 21, 20, 22, 23, 28, 36, 43, 44,
45, 75, 76, 78, 83, 86, 100, 99]. Digital watermarking is the process of
embedding a message within a host signal to form a composite (water-
marked) signal. The embedding must not cause a noticeable distortion
relative to the host signal. On the other hand, the embedding should
be robust to attacks on the watermarked signal. In some applications,
these attacks are the result of standard signal processing operations. In
other cases they are malicious. The digital watermarking problem can
be modeled as a channel whose conditional output probability depends
on a state process, and where the transmitter has channel state informa-
tion. Here the input power constraint is replaced by a constraint on the
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4 Introduction

distortion between the channel input and the host signal. This expresses
the requirement that the embedding does not cause a noticeable distor-
tion to the host signal. The dirty-paper problem may be used to model
watermarking in a Gaussian environment. We can model watermark-
ing as a communication system in which the transmitter, which must
satisfy a distortion constraint with regard to the host signal, sends a
watermark message through a noisy channel with the host signal play-
ing the role of state. The state (the host signal), is available to the
transmitter, and therefore it can be used by the transmitter as side
information, just like in the dirty-paper problem.

The purpose of this survey is to give an overview of the subject
of coding for channels with side information, both from the theoretical
point of view (capacity, fundamental limits, duality with source coding),
and the practical point of view, including coding and decoding tech-
niques, structures of classes of codes, application aspects, etc. A fun-
damental ingredient in the solutions of the channel coding problems
presented in this survey, and the dual source coding problems (e.g., the
Slepian–Wolf and the Wyner–Ziv problems [98, 124]), is the “binning”
concept. In the context of channel coding with side information, a bin-
ning scheme divides a set of codewords into subsets or “bins,” such
that the codewords in each bin are as far apart as possible. These bins
are constructed at random and each bin is assigned to a different mes-
sage index. When given with a message to be transmitted in a channel
coding scenario, we use only the codewords from the bin with the same
index as our message, and we choose a codeword which is the closest
to (or jointly typical with) the side information vector. Since the mes-
sages to be transmitted over the channel are presented by bin indices,
it is desired that codewords in each bin are as far apart as possible, to
cause minimal rate loss, but not too far, so that every realization of the
side information will have a “matching” codeword in the bin. There-
fore, in channel coding applications, the codewords in each bin should
constitute a good source code, where here the “source” is the chan-
nel state. In source coding problems, a codeword that is jointly typical
with the source sequence is found, among all the codewords, and the
bin index in which it resides is sent to the decoder. The decoder looks
in this particular bin for a codeword that is jointly typical with the
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5

side information. The codewords in each bin should be close to each
other — to reduce the overall rate — but not too close, so that only
one codeword in the particular bin will be jointly typical with the side
information. Therefore, in the context of source coding, the codewords
in each bin should constitute a good channel code.

The outline of this survey is as follows. In Section 2, we specify the
notation conventions that will be used and we formalize the model of a
channel with CSIT. Section 3 describes the main theoretical results per-
taining to the capacity of channels with side information. In Section 4,
we describe some specific channel models for various problems. In
Section 5, we present several applications for the models which were
presented in the preceding sections. Section 6 presents related prob-
lems which are linked to the problem of coding for a channel with side
information. These problems include source coding dual, which is the
Wyner–Ziv problem, the Gaussian vector broadcast channel and mul-
tiuser channels. In Section 7, we describe algorithms for computation
of the capacity of channels that were presented in the previous sec-
tions, as well as several coding techniques for these channels. Section 8
concludes the survey.
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2

Notation and Model Formulation

Throughout this survey, scalar random variables will be denoted by
capital letters, their sample values will be denoted by the respective
lower case letters, and their alphabets will be denoted by the respective
calligraphic letters. A similar convention will apply to random vectors
and their sample values, which will be denoted with the same symbols
superscripted by the dimension. Thus, for example, W k will denote a
random k-vector (W1, . . . ,Wk), and wk = (w1, . . . ,wk) will be a specific
vector value in Wk, the kth Cartesian power of W. The notations wj

i

and W j
i , where i and j are integers and i ≤ j, will designate segments

(wi, . . . ,wj) and (Wi, . . . ,Wj), respectively, where for i = 1, the subscript
will be omitted (as above). For i > j, wj

i (or W j
i ) will be understood as

the null string. Sequences without specifying indices are denoted by {·}.
The cardinality of a set W will be denoted by |W|. The empty set will
be denoted by ∅. R stands for the set of real numbers, C for the set of
complex numbers, and R+ for the set of positive reals.

Sources and channels will be denoted generically by the letter P sub-
scripted by the name of the random variable (RV) and its conditioning,
if applicable, e.g., PU (u) is the probability function of U at the point
U = u, PZ|S(z|s) is the conditional probability of Z = z given S = s,

7
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8 Notation and Model Formulation

and so on. Whenever clear from the context, these subscripts will be
omitted. A sequence of finite-dimensional distributions will be denoted
by bold letters, for example, Λ = {PW N (wN )}∞N=1. U(a,b) stands for
the uniform distribution on the interval (a,b). Information theoretic
quantities like entropies, divergences, and mutual informations will be
denoted following the usual conventions of the information theory lit-
erature, e.g., H(UN ), I(Zn;W k), D(PY |XS‖PY ), and so on.

We consider the channel depicted in Figure 2.1, whose input, state,
and output, at time index n, are Xn ∈ X , Sn ∈ S, and Yn ∈ Y, respec-
tively, where X ,Y,S are the corresponding alphabets. The general
results given in this survey apply to finite alphabets, but a number of
extensions are described that apply to, for example, continuous alpha-
bet and input constraints, etc. Unless otherwise specified, we assume
throughout that the channel and state are memoryless, i.e.,

PY N |XN ,SN (yN |xN ,sN ) =
N∏

n=1

PY |X,S(yn|xn,sn). (2.1)

PSN (sN ) =
N∏

n=1

PS(sn). (2.2)

Many variants of this channel model have been studied. In some of
these variants, the state sequence is generated in a different man-
ner. The first example is the compound channel, in which the channel

Fig. 2.1 CSIT channel model.
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9

state is fixed during the course of transmission. Another example is
the arbitrary varying channel (AVC), in which, the states vary arbi-
trarily from symbol to symbol during the transmission (the states are
not generated stochastically, but in an arbitrary deterministic man-
ner). Usually, in AVC channel models, the state sequence is unknown
to the transmitter [74]. Ahlswede [1] analyzed the case where this
sequence is known to the transmitter. Winshtok and Steinberg [121]
considered the problem of joint source–channel coding for the arbitrary
varying source transmitted over an AVC where the state sequence is
known to the transmitter. This problem combines the model consid-
ered by Ahlswede for an AVC and the problem of an arbitrary varying
Wyner–Ziv source. Other examples include channels in which the state
sequence is a more general stochastic process (e.g., the Gilbert–Elliot
channel) or some hybrid situations like a compound Gilbert–Elliot
channel. More details on many of these channel models can be
found in [74].

The channel input may be subjected to a transmission-cost
constraint

E

{
N∑

i=1

φ(Xi)

}
≤ NΓ, (2.3)

where φ is a given function from X to R+ and Γ ≥ 0 is a prescribed
constant. In this problem, the transmitter sends a random message M

to the receiver in N uses of the channel. The random message M is
uniformly distributed in M = {1, . . . ,2NR}, R being the code rate. The
transmitter is also provided with causal or non-causal channel state
information (CSI).

An (N,2NR) code consists of the following:

1. A set of N encoding functions fn :M× Sn →X , for n =
1, . . . ,N , such that xn = fn(m,sn) and Equation (2.3) is sat-
isfied, where m ranges over M, and sn is the vector of
the channel states realizations up to time n. For the non-
causal case, a mapping f :M× SN →XN , such that xN =
f(m,sN ), or equivalently, xn = fn(m,sN ), n = 1, . . . ,N , and
again Equation (2.3) is satisfied.
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10 Notation and Model Formulation

2. A decoding function gn : YN →M, such that the decoded
message is m̂ = g(yN ).
The average probability of error is given by

Pe =
1

2NR

2NR∑
m=1

∑
{yN :g(yN )6=m}

∑
sN

PSN (sN )PY N |XN ,SN (yN |xN ,sN ),

(2.4)
where xN depends on the inputs to the encoder in a manner
that depends on whether it is the causal or non-causal case,
as described above.

We define an achievable rate and capacity in the following way:

Definition 2.1. A rate R is said to be achievable if for every ε > 0,
there exists an integer N0 = N0(ε) such that for all N > N0, there exists
an (N,2NR) code with probability of error Pe ≤ ε.

Definition 2.2. The capacity is the supremum of all achievable rates.

This model, definitions, and notations will be used throughout the sur-
vey. Next, we will present the fundamental results in this survey.

Full document details: IEEE Channel Coding in the Presence of Side Information

http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information
http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information


3

Fundamental Results

3.1 Causal Side Information

The causal side information case was first investigated by Shannon [96]
in 1958. Shannon showed that the capacity of the channel, depicted
in Figure 2.1, is equal to the capacity of an ordinary discrete memo-
ryless channel (DMC), with the same output alphabet and an input
alphabet of size |X ||S|. The input letters of the new channel consist of
all mappings from S to X . Any coded communication system for the
equivalent channel, without side information, can be translated into a
coded communication system for the original channel with the same
probability of error. As we shall see later, the converse implies also the
other direction, and hence from this point on we will refer to these two
channels as equivalent. The equivalent channel and its relation to the
original channel are depicted in Figure 3.1.

The equivalent channel input variable is denoted by T , and is called
strategy. Every input letter t (strategy) of this channel is a particular
function from the state alphabet S to the input alphabet X of the
original channel (i.e., t : S → X ). The alphabet of T , which will be
denoted by T , consists of all |X ||S| distinct functions from the state

11

Full document details: IEEE Channel Coding in the Presence of Side Information

http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information
http://www.avadocuments.com/doc/ieee-channel-coding-in-the-presence-of-side-information


12 Fundamental Results

Fig. 3.1 Shannon’s equivalent channel.

set to the input alphabet. To achieve capacity, it is enough to use
at most |Y| of them, which is the number of output letters (see [35]
Section 8.3). The “device” shown in Figure 3.1 takes Tn and Sn as
the inputs and produces Xn = Tn(Sn) for a function Tn and state Sn.
The equivalent channel is characterized by a set of conditional output
probability functions {PY |T (y|t) : t ∈ T ,y ∈ Y} such that

PY N |T N (yN |tN ) =
N∏

n=1

PY |T (yn|tn), (3.1)

where

PY |T (y|t) =
∑
s∈S

PS(s)PY |X,S(y|t(s),s). (3.2)

Shannon used strategies in which the input to the channel depends
only on the current state of the channel and not on previous states.
He showed that using only this type of strategies, the capacity of the
equivalent channel is equal to the capacity of the original channel. The
capacity of this channel is therefore the capacity of the equivalent DMC

C = max
PT (·)

I(T ;Y ), (3.3)

where PT (·) is a probability distribution of T , which is independent of
the state S and the maximization is taken over all joint distributions
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3.1 Causal Side Information 13

satisfying

PT,S,X,Y (t,s,x,y) = PS(s)PT (t)δ(x,t(s))PY |X,S(y|x,s), (3.4)

where δ(x,t(s)) = 1 for x = t(s), and δ(x,t(s)) = 0 otherwise.
We can rewrite the capacity formula for the causal case (3.3), and

present it in terms of auxiliary random variable (as it is being presented
in some papers):

C = max
PU (·),f :U×S→X

I(U ;Y ), (3.5)

where U is an auxiliary random variable and the joint distributions of
the random variables S,U,X,Y is given by

PS,U,X,Y (s,u,x,y) = PS(s)PU (u)δ(x,f(u,s))PY |X,S(y|x,s). (3.6)

We can think of this auxiliary random variable as indexing the set of
all functions from S to X . There are |X ||S| possible functions, but we
only need to use at most |Y| in the causal case.

In order to prove the equivalence of the two channels, we first note
that from (3.2), it can easily be seen that each code for the equiva-
lent channel can be translated to a code for the original channel, and
vice versa, with the same probability of error. The translation of codes
consists merely of using the input xn = tn(sn) for a function tn and
state sn. Next, we prove that the rate of the original channel cannot
be larger than the capacity of the equivalent channel, thus establishing
the converse part of (3.3). Let Un = (M,Sn−1), and let C be given by
(3.5), we can write:

NR − H(M |Y N ) = H(M) − H(M |Y N )

= I(M ;Y N )

=
N∑

n=1

I(M ;Yn|Y n−1)

≤
N∑

n=1

I(M,Y n−1;Yn)
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14 Fundamental Results

≤
N∑

n=1

I(M,Sn−1;Yn)

=
N∑

n=1

I(Un;Yn)

≤ NC, (3.7)

where the second inequality follows from the data processing inequal-
ity using the Markov chain (M,Y n−1)→ (M,Sn−1)→ Yn and the last
inequality follows since Un is independent of Sn. If the message is recov-
ered reliably, then H(M |Y N ) must be small (Fano’s inequality). Thus,
the rate R cannot be larger than C.

The capacity in Equation (3.3) is expressed in terms of strategies.
This might pose some conceptual and practical problems for code con-
struction, especially for large |S|. Large alphabets make the implemen-
tation of the encoder and decoder more difficult.

The encoder, in this problem, is able to produce the channel input
Xn, when given with Un = (M,Sn−1) and Sn, as one should expect in
a causal CSIT model.

Shannon’s capacity formula can be extended [5] to the case where
the alphabets X ,Y,S are the real line and where the transmitter is
subjected to an average power constraint

E {φ(X)} ≤ Γ, (3.8)

and the capacity is given by

C = sup
PT (·):E{φ(T (S))}≤Γ

I(T ;Y ), (3.9)

where the expectation is relative to the product distribution PS,T (s, t) =
PS(s)PT (t), t ∈ T , s ∈ S. In this case, the supremum in (3.9) is over
all the distributions PT (·) of the continuous functions t : S → X , where
the alphabets X ,S are the real line.

Shannon’s results have been used to compute the capacity of a
discrete modulo-additive noise channel [50] with causal side informa-
tion at the transmitter, which represents a specific channel whose
capacity was determined using (3.3). These results were also used to
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3.1 Causal Side Information 15

bound the capacity for the dirty-tape problem [49], which is the causal
counterpart of the dirty-paper problem. These problems will be dis-
cussed in Section 4.

Shannon’s model was extended by Salehi [93] to the case where the
transmitter has access to one noisy version of the state information,
Wn, and the receiver has access to another version, Vn. We will see
later that this model is not really more general than Shannon’s model.
This communication system is depicted in Figure 3.2.

Denote by W and V the alphabets of Wn and Vn, respectively, and
let T be the set of all |X ||W| possible functions from W to X . The
variables Tn,Sn,Wn,Vn, and Yn, n = 1, . . . ,N , take values according to
the joint distribution

PT,S,W,V,Y (t,s,w,v,y) = PT (t)PS,W,V (s,w,v)PY |X,S(y|x = t(w),s),
(3.10)

for some arbitrary distribution PT (t), where T is independent of W

and V . The capacity of the channel is given by

C = maxI(T ;Y |V ), (3.11)

where the maximum is taken over all joint probability distributions as
in (3.10).

Salehi proved his capacity formula (3.11) directly in [93]. Caire
and Shamai [12] showed that this result follows from Shannon’s result

Fig. 3.2 Transmitter and receiver side information channel model.
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16 Fundamental Results

for the capacity of a channel with perfect causal transmitter side
information by a simple argument: They considered the receiver side
information {Vn} as an additional channel output in an equivalent chan-
nel. For this channel, the conditional probability distribution of the
output (Y,V ) is given by

P ′
Y,V |X,W (y,v|x,w) =

∑
s

PY,V |X,W,S(y,v|x,w,s)PS|X,W (s|x,w)

=
∑

s

PY |X,S(y|x,s)PS,W,V (s,w,v)/PW (w), (3.12)

and PW (w) =
∑

s,v PS,V,W (s,v,w).
This equivalent channel is clearly of the type studied by Shannon,

with causal transmitter side information and no receiver side informa-
tion. The capacity of this channel is therefore C = maxPT (t) I(T ;Y,V ).
But since V is independent of T we have I(T ;V ) = 0, so that (3.11) fol-
lows immediately. It follows then that, as argued earlier, Salehi’s model
is not really more general than Shannon’s original model.

The capacity of this channel is expressed in terms of strategies. We
mentioned earlier that this might pose some conceptual and practi-
cal problems for code construction, especially for large |W|, that will
require very large codebooks. Caire and Shamai [12] found a special
case in which the capacity can be expressed without using strategies.
In this case, the CSIT is a deterministic function of the CSIR. Let
Wn = g(Vn), where g(·) is a deterministic function from V to W. Then,
the channel capacity is given by

C =
∑
w∈W

p(w) max
p(x|w)

I(X;Y |V,W = w)

= maxI(X;Y |V,W ). (3.13)

This capacity can be achieved by a multiplexed multiple codebook
scheme. For each value of w ∈ W, a codebook of length (p(w) − δ)N ,
where δ is a small positive number, and rate slightly less than
I(X;Y |V,w) is generated i.i.d. according to the probability distribu-
tion p(x|w). For the message m, a set of |W| codewords is selected, one
for each codebook. At time index n, if Wn = w, the transmitter sends
the first not yet transmitted symbol of the wth codeword. Then the
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3.1 Causal Side Information 17

codewords are multiplexed according to the transmitter side informa-
tion sequence WN . If g(·) is deterministic, the receiver can demultiplex
the received sequence before decoding since it can perfectly recover
WN from V N . After demultiplexing, the |W| codewords are indepen-
dently decoded. The case where Wn is a deterministic function of Vn,
can describe a scenario in which the transmitter’s side information
is obtained via an error-free low rate causal feedback channel from
the receiver to the transmitter. Heegard and El Gamal [60] studied
a related problem, in which the CSIT and CSIR are subject to rate
constraints Re and Rd, respectively. We will examine this problem is
Section 3.2.

A special case of Caire and Shamai’s result, is the case where the
side information available to the encoder is equal to the side information
available to the decoder, i.e., Wn = Vn. We will then denote this as Zn,
i.e., Wn , Vn = Zn. In this special case, T denotes the set of all possible
functions from Z to X . The capacity in this case is given by

C = maxI(X;Y |Z), (3.14)

where the maximum is taken over all joint probability distributions of
the form:

PS,Z,X,Y (s,z,x,y) = PS,Z(s,z)PX|Z(x|z)PY |X,S(y|x,s). (3.15)

The case where the same side information is available to both the
encoder and decoder has been used in [5] to model private informa-
tion embedding which has a wide variety of applications, such as digital
watermarking, data hiding, and steganography. Information embedding
can be viewed as a problem of channel coding with side information.
We refer to the information embedding case where both the encoder
and decoder have the same side information signal as private infor-
mation embedding, and to the case where only the encoder has side
information as public information embedding.

We mentioned, in Section 2, that we assume that the states of the
channel are generated by a memoryless source of a given distribution
(2.2). In other models, the state sequence is not memoryless. We will
elaborate on this in Section 6.
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18 Fundamental Results

3.2 Non-Causal Side Information

In this section, we consider the case of non-causal side information.
This model was first investigated by Kuznetsov and Tsybakov [73] in
1974, who considered the problem of coding for a computer memory
with defective cells. Here, the positions of the defective cells and their
type, e.g., stuck at zero or stuck at one cells, serve as the channel state
information, and they are known non-causally to the encoder.

Kuznetsov and Tsybakov presented coding techniques for this chan-
nel, but they have not determined the capacity. The capacity was found
in 1980 by Gel’fand and Pinsker [54] and also by Heegard and El Gamal
[60]. As in Section 2, the channel is memoryless and the output prob-
ability is given by (2.1). The capacity of this channel is given by

C = max
PU,X|S

[I(U ;Y ) − I(U ;S)], (3.16)

where U is an auxiliary random variable with cardinality |U| ≤ |S||X | +
1, and the maximization is subjected to the constraint that U →
(X,S)→ Y forms a Markov chain. The concept of auxiliary RV was
first used by Cover [31] for the broadcast channel.

Denoting RGP (PU,X|S) = I(U ;Y ) − I(U ;S), this function has the
following two properties:

Lemma 3.1 ([54]). (i) For fixed PU |S(u|s), RGP (PU,X|S) is a con-
vex functional of the distribution PX|U,S(·|u,s). (ii) For fixed PX|U,S ,
RGP (PU,X|S) is a concave functional of the distribution PU |S(·|s).

By Lemma 3.1, the optimum PX|U,S(·|u,s) (in the sense of (3.16)) puts
all its mass on a single x for every u,s, and so, there exists a deter-
ministic mapping f : U × S → X such that PX|U,S(x|u,s) = 1 if and
only if x = f(u,s). This remains true [27], even when the transmitter
is subjected to an average power constraint (2.3) as we shall prove in
Section 3.4.

We will now outline the proof of the direct part of this capacity
formula. To this end, we will need to use a random binning tech-
nique, which is also being used in the dual problem of source cod-
ing with side information [35]. For each message m, generate 2NR0
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3.2 Non-Causal Side Information 19

codewords (forming a bin) {uN (m,1), . . . ,uN (m,2NR0)}1 i.i.d. accord-
ing to the distribution PU (u). Given the message m and the state
sequence sN , the encoder seeks a codeword in bin m that is jointly
typical with sN , say uN (m,j). If multiple such codewords in bin m

exist, choose the one with the smallest j. If no such j exists, then
declare an encoding error. The encoder then creates the input to the
channel as xi = f(ui(m,j),si), i = 1, . . . ,N . The decoder finds an m̂

and a ĵ such that uN (m̂, ĵ) is jointly typical with the channel output
sequence yN , the decoded message in this case will be m̂. If multiple
or no such pair

(
m̂, ĵ

)
exists, then declare a decoding error. The prob-

ability of encoding failure goes to zero as long as R0 > I(U ;S) and
the probability of decoding failure goes to zero as long as R + R0 <

I(U ;Y ). Thus, the overall probability of error goes to zero as long as
R < I(U ;Y ) − I(U ;S).

The above encoding procedure which finds a jointly typical code-
word uN (m,j) with sN in bin m, defines a source coding process [35],
thus the collection of codewords in each bin plays the role of a source
code. The above decoding procedure, finds a codeword from the entire
collection of codewords which is jointly typical with yN , thus the col-
lection of all the codeword in all the bins plays the role of a channel
code. We will make use of these observations later on.

Next, we will outline the proof of the converse part of the Gel’fand–
Pinsker capacity formula (3.16). We will prove that every code (N,2NR)
with error probability Pe ≤ ε for this channel satisfies R ≤ C. From
Fano’s inequality,

NR − H(M |Y N ) ≤ I(M ;Y N ), (3.17)

and since the message M is independent of the state sequence SN ,
I(M ;SN ) = 0, we can rewrite (3.17) as

NR − H(M |Y N ) ≤ I(M ;Y N ) − I(M ;SN ). (3.18)

1 uN (m,j) represents a codeword indexed by m ∈M, which is the bin index and j ∈
{1, . . . ,2NR0}, which is an index within the bin.
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20 Fundamental Results

Using the chain rule

I(M ;Y N ) =
N∑

i=1

I(M ;Yi|Y i−1)

=
N∑

i=1

[
I(M,SN

i+1;Yi|Y i−1) − I(SN
i+1;Yi|M,Y i−1)

]
, (3.19)

and similarly

I(M ;SN ) =
N∑

i=1

I(M ;Si|SN
i+1)

=
N∑

i=1

[
I(M,Y i−1;Si|SN

i+1) − I(Y i−1;Si|M,SN
i+1)

]
. (3.20)

We will now show that2

N∑
i=1

I(SN
i+1;Yi|M,Y i−1) =

N∑
i=1

I(Y i−1;Si|M,SN
i+1). (3.21)

The left-hand side of (3.21) can be written as

N∑
i=1

I(SN
i+1;Yi|M,Y i−1) =

N∑
i=1

N∑
j=i+1

I(Sj ;Yi|M,Y i−1,SN
j+1). (3.22)

Similarly the right-hand side can be written as

N∑
i=1

I(Y i−1;Si|M,SN
i+1) =

N∑
i=1

i−1∑
j=1

I(Yj ;Si|M,SN
i+1,Y

j−1)

=
N−1∑
j=1

N∑
i=j+1

I(Yj ;Si|M,SN
i+1,Y

j−1),

(3.23)

2 This equality was first noted in [37].
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3.3 Relations between the Causal and Non-Causal Cases 21

and (3.21) follows. By subtracting (3.20) from (3.19), and by using
(3.21) we get

NR − H(M |Y N ) ≤
N∑

i=1

[
I(M,SN

i+1;Yi|Y i−1) − I(M,Y i−1;Si|SN
i+1)

]
.

(3.24)
Since

I(M,Y i−1;Si|SN
i+1) = I(M,Y i−1,SN

i+1;Si), (3.25)

and

I(M,SN
i+1;Yi|Y i−1) ≤ I(M,Y i−1,SN

i+1;Yi), (3.26)

we get

NR − H(M |Y N )

≤
N∑

i=1

[
I(M,Y i−1,SN

i+1;Yi) − I(M,Y i−1,SN
i+1;Si)

]
. (3.27)

Letting Ui = (M,Y i−1,Si+1) we get

NR − H(M |Y N ) ≤
N∑

i=1

[I(Ui;Yi) − I(Ui;Si)]

≤ N max
U

[I(U ;Y ) − I(U ;S)] . (3.28)

If the message is recovered reliably, then H(M |Y N ) must be small, i.e.,
H(M |Y N ) ≤ Nε. Thus, the rate R cannot be larger than C.

3.3 Relations between the Causal and Non-Causal Cases

The simple relationship between causal and noncausal setup was first
pointed out by Erez in his masters thesis [47]. We can rewrite (3.16)
and present it in terms of strategies. Equation (3.16) is maximized over
PU |S(u|s)PX|U,S(x|u,s) and by Lemma 3.1, as discussed in Section 3.2,
the optimal PX|U,S(x|u,s) may take values of 0 or 1 only, and thus,
X is a deterministic function of U and S. Therefore, we can extend
the input alphabet to the set of all functions t : S → X in order to
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22 Fundamental Results

eliminate PX|U,S(x|u,s) from the problem. This is very important for
the numerical calculation of channel capacity. We shall see in Section 7.1
that the new form of the capacity formula will make the numerical
algorithms for the computation of the channel capacity more efficient.

The capacity for the non-causal case, in terms of strategies, is
given by

C = max
PT |S(t|s)

[I(T ;Y ) − I(T ;S)], (3.29)

where the maximization is taken over all joint distributions satisfying

PT,S,X,Y (t,s,x,y) = PS(s)PT |S(t|s)δ(x,t(s))PY |X,S(y|x,s). (3.30)

There are |X ||S| possible functions, but we only need to use at most
|S||X | + 1 to achieve capacity in the non-causal case, and |Y| in the
causal case. The difference between the strategies formulation of the
causal and non-causal case lies in the dependency of the mapping (i.e.,
strategy) T on S. While in the causal case the random strategy T is
selected independently of S, according to PT , in the non-causal case
the mapping T is selected randomly according to PT |S(·|s). This small
but significant difference between the two models accounts for the fact
that in the operational definition of the code, the mapping (encoder)
depends also on future values of the state sequence.

The causal side information capacity formula, discussed in
Section 3.1, can be obtained as a special case of the non-causal one
if we restrict U to be independent of S. Let us look at the proof of the
direct part in the non-causal case. The encoder, in the causal case, is
only given the state sequence until time index i, i = 1, . . . ,N , i.e., Si.
Therefore, the entire state sequence SN and the codeword UN will be
jointly typical if the distribution of the auxiliary random variable U is
independent of S. For the converse part, it was shown in [54] that

NR − Nε ≤
N∑

i=1

I(Ui;Yi) − I(Ui;Si), (3.31)

where Ui is defined as Ui = (m,Y i−1,SN
i+1) and (m,Y i−1,SN

i+1)→
(Xi,Si)→ Yi forms a Markov chain. Therefore, when the side infor-
mation is given in a causal manner, Ui is independent of Si
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3.3 Relations between the Causal and Non-Causal Cases 23

((m,Y i−1)→ (m,Si−1)→ Yi forms a Markov chain), resulting in Shan-
non’s capacity (3.5).

Another important observation is the following. The last step in
Gel’fand and Pinsker’s proof of the converse part is

N∑
i=1

I(Ui;Yi) − I(Ui;Si) ≤ N max
i

[I(Ui;Y ) − I(Ui;S)], (3.32)

which proves the existence of a RV U , s.t. R ≤ I(U ;Y ) − I(U ;S). If we
have a power constraint, we cannot use (3.32). The index i which max-
imizes I(Ui;Y ) − I(Ui;S), does not have to fulfill the power constraint
E[φ(Xi)] ≤ Γ. Therefore, we have to take a different approach to prove
the converse. We define a random variable J uniformly distributed in
{1,2, . . . ,N}, UJ , (m,Y J−1,SN

J+1), and U , (UJ ,J). Now, the proof
of the converse part will be complete with these steps:

R − ε ≤ 1
N

N∑
i=1

I(Ui;Yi) − I(Ui;Si)

= I(UJ ;YJ |J) − I(UJ ;SJ |J)

= I(UJ ,J ;YJ) − I(UJ ,J ;SJ)

= I(U ;Y ) − I(U ;S), (3.33)

where the second equality follows from the chain rule for mutual
information.

We can also link Gel’fand and Pinsker’s result to the case where
both the transmitter and receiver have the same side information. This
is a special case of Equation (3.14), in which both the transmitter and
receiver have the same noisy version of the side information W = V =
Z. In our case, Z = S, and the capacity is equal to

C = max
PX|S(x|s)

I(X;Y |S). (3.34)

In general, the capacity in this case is bigger than when we have only
perfect non-causal CSIT and no CSIR (Gel’fand and Pinsker’s setting),
but this capacity can be equal to Gel’fand and Pinsker’s capacity for-
mula (3.16), if and only if [88] the distribution achieving the maximum
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in (3.34) (say P ∗
X,S,Y ) can be represented in the form of having the

auxiliary variable U : PU,X,S,Y (u,x,s,y) such that:

• ∑
u PU,X,S,Y (u,x,s,y) = P ∗

X,S,Y (x,s,y),
• the channel input x can be represented as x = f∗(u,s), where

f∗(·, ·) is the encoding mapping which maximizes (3.16), and
• the following two Markov chains are satisfied: U → (X,S)→

Y and S → Y → U .

This is needed because the objective function in (3.34), I(X;Y |S) =
I(U ;Y |S) from the first Markov chain and the objective function in
(3.16), I(Y ;U) − I(U ;S) = I(U ;Y |S) from the second Markov chain.
The second Markov chain can be interpreted as follows: all the depen-
dency between the side information and the auxiliary variable U is
captured through the channel output Y . So there is no loss in perfor-
mance in terms of getting information about U , even if we do not have
CSIR. These conditions link (3.16) and (3.34). They present another
way to determine if (3.16) equals (3.34). The obvious method to deter-
mine if they are equal, is to separately calculate the capacity of (3.16)
and (3.34). In the dirty-paper problem, as we shall see in Section 4.1,
these conditions are met and the capacity with CSIT is equal to the
capacity with CSIT and CSIR.

3.4 Modifications and Extensions

Gel’fand and Pinsker’s capacity formula (3.16) can be extended to the
case where the transmitter is subject to an average (input) cost con-
straint, i.e.,

C = max
PU|S(u|s),PX|U,S(x|u,s)

E {φ(X)} ≤ Γ

[I(U ;Y ) − I(U ;S)]. (3.35)

The proof of direct part of this capacity formula is a simple extension
of from the proof of Gel’fand and Pinsker presented in Section 3.2. The
only difference is in the random codebook generation, which should now
account for the cost constraint. Given the message m and the state
sequence sN , the encoder seeks a codeword in bin m that is jointly
typical with sN , say uN (m,j) such that satisfies the average (input)
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cost constraint (2.3), where xi = f(ui(m,j),si), i = 1, . . . ,N . The proof
of the converse part is a simple combination of the proof given by
Gel’fand and Pinsker (presented in Section 3.2) and the usual proof
of the converse part for channels with input constraints (see e.g., [35]
Section 10.2).

By Lemma 3.1, I(U ;Y ) − I(U ;S) is convex in PX|U,S(x|u,s) for
all other distributions fixes. Thus, a general PX|U,S(x|u,s), which can
be written as a convex combination of PX|U,S(x|u,s)’s, will always
be dominated by a deterministic PX|U,S(x|u,s). However, a general
PX|U,S(x|u,s) that satisfies the average (input) cost constraint might
not be a convex combination of PX|U,S(x|u,s)’s that also satisfy the
average (input) cost constraint. We will now prove that similarly to
the case where the transmitter is not subjected to an average (input)
cost constraint, the distribution PX|U,S(x|u,s) can be restricted to a
deterministic function x = f(u,s) [27].

Without loss of generality, there exists u0 ∈ U such that 0 <

PX|U,S(x|u0,s) < 1 for some x and s. If no such u0 existed, then the
distribution PX|U,S(x|u,s) puts all its mass on a single x for every u,s,
and so, there exists a deterministic mapping f : U × S → X such that
PX|U,S(x|u,s) = 1 if and only if x = f(u,s). Let us choose functions
f1, . . . ,fN : S → X and positive constants c1, . . . , cN with

∑N
i=1 ci = 1

such that

PX|U,S(x|u0,s) =
N∑

i=1

ciδ(x,fi(s)), ∀x ∈ X , ∀s ∈ S. (3.36)

Let U ′ = {u′1, . . . ,u′N} and Ũ = U ′ ∪ U\{u0}. Let the RV Ũ take values
in Ũ and have joint distribution

P
X|eU,S

(x|ũ,s) =

{
PX|U,S(x|ũ,s) if ũ ∈ U\{u0}
δ(x,fi(s)) if ũ = u′ ∈ U ′ ,

(3.37)

and

P
eU |S(ũ|s) =

{
PU |S(ũ|s) if ũ ∈ U\{u0}
ciPU |S(u0|s) if ũ = u′ ∈ U ′ .

(3.38)

We first note that the joint distribution on S, X, and Y is the same
under the original joint distribution on U , S, X, and Y and under the
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new joint distribution on Ũ , S, X, and Y . That is,∑
eu∈eU

PY |X,S(y|x,s)P
X|eU,S

(x|ũ,s)P
eU |S(ũ|s)PS(s)

=
∑
u∈U

PY |X,S(y|x,s)PX|U,S(x|u,s)PU |S(u|s)PS(s). (3.39)

Both H(Y ) and E{φ(X)} are unaffected by the change in distributions.
Second, we consider a joint distribution on the variables S, U , and Ũ

defined by

P
eU |S,U

(ũ|s,u) =

{
δ(ũ,u) if ũ ∈ U\{u0}
ciδ(u,u0) if ũ = u′ ∈ U ′ ,

(3.40)

which is consistent with both joint distributions. Under this distribu-
tion, the random variables S, U , and Ũ form a Markov chain. Thus, by
the data processing inequality, I(U ;S) ≥ I(Ũ ;S). We finally note that

PY |U (y|u0) =
N∑

i=1

ciPY |eU (y|u′i), (3.41)

which follows by the definitions of (3.36), (3.37), and (3.38). We can
thus show, using the concavity of entropy, that H(Y |Ũ) ≤ H(Y |U)
and thus I(Ũ ;Y ) ≥ I(U ;Y ). Therefore, by these three observations
I(Ũ ;Y ) − I(Ũ ;S) ≥ I(U ;Y ) − I(U ;S) and the average (input) cost
constraint is the same under both distributions, and thus the dis-
tribution PX|U,S(x|u,s) can be restricted to a deterministic func-
tion x = f(u,s) since we can repeat this process until there is no
such u0.

We can also extend (3.29) to the case where the alphabets X ,Y,S
are the real line (see [5, 49]) and where the transmitter is subject to an
average (input) cost constraint to yield

C = sup
PT |S(t|s):E{φ(T (S))}≤Γ

[I(T ;Y ) − I(T ;S)], (3.42)

where t ∈ T is the set of all possible mappings t : S → X .
Gel’fand and Pinsker’s results were used by Costa [30] to analyze

the additive interference channel, which is known also as the dirty-
paper channel, as mentioned earlier. In the Introduction, the impor-
tance of this result and its relevance to analyzing many communication
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problems was discussed. This result was also used to analyze digital
watermarking and the capacity of a computer memory with defects.
Costa’s work and other related results will be presented in Section 4.

Cover and Chiang [24, 32] extended Gel’fand and Pinsker’s model
to the case where both the transmitter and receiver observe different
non-perfect CSI sequences, which are correlated to the state sequence.
This extension can be used to model a wider range of problems than the
previous model. For example, it can model a high-definition television
(HDTV) system, where the noisy analog version of the TV signal is the
side information to the decoder. In this example, the side information
is not really part of the channel, because the analog transmission serves
as the side information and there is no state process in the channel.

The model which they used assumes a CSI signal, Wn, avail-
able to the transmitter, a correlated CSI signal, Vn, available to
the receiver, and a memoryless channel with transition probability
PY |X,W,V (y|x,w,v). We assume that the CSI signals (Wn,Vn) are gen-
erated by a memoryless source

PW N ,V N (wN ,vN ) =
N∏

n=1

PW,V (wn,vn). (3.43)

The output Y N has the conditional distribution

PY N |XN ,W N ,V N (yN |xN ,wN ,vN ) =
N∏

n=1

PY |X,W,V (yn|xn,wn,vn).

(3.44)
For this model, we define a block code of length N as a sequence of
N encoding functions fn :M×WN →X , n = 1, . . . ,N , such that xn =
fn(m,wN ), where m ranges over the set of possible source messages M.
The decoding function is gn : YN × VN →M, such that the decoded
message is m̂ = g(yN ,vN ). The capacity in this case will be

C = max
PU,X|W (u,x|w)

[I(U ;V,Y ) − I(U ;W )]. (3.45)

Cover and Chiang’s result follows directly from Gel’fand and
Pinsker’s result. Therefore, Cover and Chiang’s model is not really
a generalization of Gel’fand and Pinsker’s original model, just like
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Salehi’s [93] model which is not really a generalization of Shannon’s
original model.

Another interesting aspect of the Gel’fand–Pinsker channel model
presented in Section 2, is that similarly to a DMC with feedback [35],
adding feedback to the Gel’fand–Pinsker channel model or to the Shan-
non channel model does not increase the capacity [82]. As in the clas-
sical DMC, feedback can help in simplifying the coding scheme in the
Gel’fand–Pinsker channel, so there is no need for a complicated binning
scheme.

We can look back at the last few steps in Gel’fand and Pinsker’s
converse proof [54], and see that it is general enough as to include the
feedback. We have defined Ui = (m,Y i−1,SN

i+1) where Ui → (Xi,Si)→
Yi forms a Markov chain. Ui → (Xi,Si)→ Yi is a Markov chain even
if we include a feedback in the channel. This is due to the fact that
(m,SN ,Y i−1)→ (Xi,Si)→ Yi is a Markov chain and therefore, since
Ui is a deterministic function of (m,SN ,Y i−1), Ui → (Xi,Si)→ Yi is a
Markov chain.

We have mentioned in Section 3.3 that Shannon’s causal counterpart
of the problem is a special case of the Gel’fand-Pinsker non-causal
problem. If we add a feedback to Shannon’s model, we arrive at the
same conclusion, i.e., feedback does not increase capacity in the causal
model. This is due to the fact that the independence between Ui and
Si is maintained in the presence of feedback (see Section 3.3).

When we compare the causal to the non-causal problem, an inter-
esting question is, what is the advantage in terms of capacity of having
non-causal side information instead of a causal one. Jafar [61] investi-
gated this problem and his result is stated in the following theorem.

Theorem 3.2. The capacity benefit of non-causal side information
over causal side information is bounded as follows:

Cnon-causal(W,V ) − Ccausal(W,V ) ≤ H(W |V ). (3.46)

Jafar has also expressed the capacity gain that can result from a fixed
number of bits of causal or non-causal side information. Denoting by G

the side information with fixed number of bits. The capacity advantage
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3.5 Rate-Limited Side Information 29

of having G at the receiver or at the transmitter is stated in the fol-
lowing theorems.

Theorem 3.3. The maximum possible capacity improvement due to
the availability of receiver side information is bounded by the amount
of side information itself.

CG − C ≤ lim
N→∞

1
N

H(G1,G2, . . . ,GN ), (3.47)

where CG is the capacity with the side information G and C is the
capacity without the side information.

Theorem 3.4. The maximum possible capacity improvement from a
fixed number side information bits (per channel use) is unbounded,
even if the side information is causal.

From Theorem 3.3, we can see that if the receiver is provided with one
bit of side information per channel use, the capacity benefit cannot be
more than one bit.

3.5 Rate-Limited Side Information

While we have assumed thus far that the CSI is delivered to the
transmitter and/or receiver, free-of-charge, a more appropriate scenario
would describe these deliveries as being carried out across capacity-
limited channels, in particular, capacities that are not necessarily higher
than the entropy of the state process. Heegard and El Gamal [60]
assumed that the CSIT and the CSIR are subjected to rate constraints
Re and Rd, respectively. Therefore, the CSI signals carry only partial
information about the underlying state process. Their model is depicted
in Figure 3.3.

The corresponding definition of the coding system is as follows:

Definition 3.1. An (N,R,Re,Rd) code consists of the following four
functions:
Je : SN → {1, . . . ,2NRe}.
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Fig. 3.3 A channel with two-sided non-causal state information with rate constraint model.

Jd : SN → {1, . . . ,2NRd}.
f : {1, . . . ,2NR} × {1, . . . ,2NRe} → XN .
g : YN × {1, . . . ,2NRd} → {1, . . . ,2NR}.

The mapping Je generates a description of the state vector SN to
the encoder f , at rate Re. Similarly, Jd generates a description of SN

to the decoder g, at rate Rd. The mappings Je and Jd, are implemented
by the encoder descriptor (ED) and decoder descriptor (DD) blocks,
respectively.

Definition 3.2. For fixed Re and Rd, a rate triplet (R,Re,Rd) is
achievable if for ε > 0 there exists an (N,R,Re,Rd) code for all suf-
ficiently large N , with error probability Pe ≤ ε, where Pe is defined in
Section 2.

The capacity is defined as the supremum over all R, such that
(R,Re,Rd) is achievable.

The complete characterization of the capacity region is still
unknown. An inner bound to the capacity region was provided by Hee-
gard and El Gamal, and is presented in Theorem 3.5.

Theorem 3.5 ([60]). Fix (S,PS(s),X ,PY |X,S(y|x,s),Y) and alpha-
bets U ,S0,Se, and Sd. All rate triples (R,Re,Rd) in the convex hull of
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the set

(R,Re,Rd)|Re > I(S0,Se;S)
Rd > I(S0,Sd;S) − I(S0,Sd;Y )
Rd > I(Sd;S|S0) − I(Sd;Y |S0)
Re + Rd > I(S0,Se,Sd;S) − I(S0,Sd;Y ) + I(Se;Sd|S0)
Re + Rd > I(Se,Sd;S|S0) − I(Sd;Y |S0) + I(Se;Sd|S0)
R < I(U ;Y,Sd|S0) − I(U ;Se|S0)


for some probability mass function

PS,S0,Se,Sd,U,X(s,s0,se,sd,u,x)

= PS(s)PS0,Se,Sd|S(s0,se,sd|s)PU,X|S0,Se
(u,x|s0,se) (3.48)

are achievable.

The variables S0,Se,Sd denote common side information, encoder side
information and decoder side information, respectively. U is an auxil-
iary random variables that plays the role of the coding RV of Gel’fand
and Pinsker. The first condition, is associated with the rate-distortion
function for the channel from S to (S0,Se). The second condition, is
associated with the Wyner–Ziv rate-distortion function [124] for the
channel from S to (S0,Sd) with the channel output Y serving as a
decoder side information. The third condition, is associated with the
Wyner–Ziv rate-distortion function for the channel from S to Sd with
Y serving as a decoder side information, and S0 as common side infor-
mation. The fourth and fifth conditions, are combinations of the first
condition with the second and third conditions, respectively. We also
add to both of these conditions, the information between Se and Sd,
i.e., I(Se;Sd|S0). This is due to the fact that if we want to look at the
sum of the rates Re + Rd we have to take into account the influence of
Se on Sd, because now we do not have two separate problems of encod-
ing Se, and Sd. The last condition is similar to Gel’fand and Pinsker’s
capacity formula, conditioned on S0, which is the common part of side
information sent to the transmitter and receiver.

Although Theorem 3.5 gives only an inner bound on the achievable
region, Heegard and El Gamal found several special cases for which it
is the exact achievable region.
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(a) Re = Rd = 0 (no description of defects), the capacity is

C = max
PX(x)

I(X;Y ). (3.49)

(b) Re > H(S),Rd > H(S|Y ) (complete description of defects
at encoder and decoder), the capacity is equal to (3.34).

(c) Re > H(S),Rd = 0 (complete description of defects at
encoder and no description at decoder, i.e., the Gel’fand–
Pinsker model), the capacity is equal to (3.16).

(d) Re > 0,Rd = H(S|Y ) (complete description of defects at
decoder).

In case (d), Heegard and El Gamal suggested an expression which is
too optimistic. This case was later corrected by Rosenzweig et. al. [91],
which gave a different expression for the capacity, as we shall see later.
We note that H(S|Y ) depends on the choice of PX|S(x|s). So H(S|Y )
in itself is ill-defined.

The achievability of these capacity formulas follows from Theo-
rem 3.5 by identifying the auxiliary random variables as follows:

(a) S0 = Se = Sd = ∅,U = X.
(b) S0 = S,Se = Sd = ∅,U = X.
(c) S0 = Sd = ∅,Se = S.
(d) Se = ∅,(S0,Sd) = S,U = X.

In [91], it was mentioned that substituting the variables (S0,Sd) = S in
case (d), forces the auxiliary variable S0 to be a deterministic function
of S. Instead, Rosenzweig et. al. suggested that the assignment Sd = S.
In this case, the capacity is given by

C = max
PX|S0

(x|s0)
max

PS0|S(s0|s)
I(X;Y |S,S0), (3.50)

where the second maximum is taken over the distribution PS0|S(s0|s)
satisfying

Re ≤ I(S0;S). (3.51)

Partial CSIT has received considerable attention in the context of
multi-input–multi-output (MIMO) systems used over the block fading
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channel. The presence of CSIT has been shown to yield significant
performance gains in various aspects [9, 62, 92]. Many studies consider
a MIMO system where the transmitter is given only a quantized finite
rate CSI via an error-free feedback channel. Rosenzweig et. al. [91],
studied these types of channels. They extended Heegard and El Gamal’s
model for a channel with partial CSIT and perfect CSIR (case (d)),
to the case where the CSIT comprises two parts, both subjected to
rate constraints. This model was later further extended by Cemal and
Steinberg to the case where the transmitter receives multiple partial
CSI signals (see [18] and [16]). Cemal and Steinberg [17] extended the
model of a single-user channel with partial CSIT and perfect CSIR
to multiple access channel (MAC), where the encoders have access to
partial rate-limited CSIT and the decoder have access to perfect CSIR.
Multiple access channels will be discussed in Section 6.6.1.

Cemal and Steinberg [16] have also extended the model for a channel
with partial CSIT and perfect CSIR, to the case where the partial CSI is
conveyed through a noisy channel (genie channel) to the encoder. They
considered an extended communication model where an information
source generates i.i.d random variables Wn ∈ W, drawn under distri-
bution PW (·), independent of the state source Sn, is to be transmitted
through the channel, where the transmission is subjected to a distortion
constraint between the source signal W and its reconstruction Ŵ . This
communication model is depicted in Figure 3.4. The Gel’fand–Pinsker
channel PY |X,S(·|·, ·) operates at a rate of ρ−1

c channel uses per infor-
mation symbol and the genie channel PSe|K(·|·) operates at a rate of ρs

channel uses per state source (or at ρs/ρc channel uses per information
symbol). The joint source-channel state encoder generates a block code
of length Ns = ρsN , kNs ∈ KNs , from a state source block of length
N , sN ∈ SN . The block KNs is subjected to a transmission cost con-
straint such that E[φs(KNs)] ≤ NsΓs, where φs(KNs) =

∑Ns
n=1 φs(kn)

for some cost function φs : K→ R+. The joint source-channel encoder,
receives the partial CSIT SNs

e which is the output of the genie channel,
generates the input to the Gel’fand–Pinsker channel xN ∈ XN based on
SNs

e and an information source block of length Nc = ρcN , WNc ∈ WNc .
The input block xN is subjected to a transmission cost constraint (2.3).
The decoder has access to perfect CSIR sN and produces an estimate
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Fig. 3.4 Joint state-channel source–channel coding with partial state information at the
transmitter.

of the source ŵNc ∈ ŴNc from the channel output yN and the CSIR
sN . The quality of the estimation is measured by the expectation of
an additive distortion measure: d(wNc , ŵNc) =

∑Nc
n=1 d(wn, ŵn), where

d :W × Ŵ → R+ is a single-letter distortion measure.

Definition 3.3. An (N,Nc,Ns,D,Γ,Γs) joint state-source–channel
(SSC) code for the information source PW (·), state source PS(·),
Gel’fand–Pinsker channel PY |X,S(·|·, ·) and genie channel PSe|K(·|·),
consists of three mappings:

fs : SN →KNs

f : WNc × SNs
e → XN

g : Y N × SN → ŴNc

(3.52)

such that E[d
(
WNc ,g(Y N ,SN )

)
] ≤ NcD, E[φ(f(WNc ,SNs

e ))] ≤ NΓ,
and E[φs(fs(SN ))] ≤ NsΓs.

The distortion cost triple (D,Γ,Γs) is achievable with bandwidth
expansion factors ρc and ρs if for any ε > 0 and sufficiently large N ,
there exists an (N,ρcN,ρsN,D + ε,Γ,Γs) joint SSC code. Given band-
width expansion factors ρc and ρs, the distortion-cost region is the
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closure of the set of achievable distortion-cost triples (D,Γ,Γs) and is
denoted by D. Cemal and Steinberg [16] have characterized D.

Theorem 3.6 ([16]). For any information source PW (·), state
source PS(·), Gel’fand–Pinsker channel PY |X,S(·|·, ·) and genie chan-
nel PSe|K(·|·) with bandwidth expansion factors ρc and ρs, D is the set
of all distortion-cost triples (D,Γ,Γs) for which there exist a random
variable S0 taking values in S0 such that the following conditions are
satisfied simultaneously: (i) The Markov relations S → S0 → X, S0 →
(X,S)→ Y hold. (ii) The auxiliary alphabet S0 satisfies |S0| ≤ |S| + 1.
(iii) The distortion-cost triple (D,Γ,Γs) satisfies

ρcRW (D) ≤ I(X;Y |S,S0)
I(S,S0) ≤ ρsCg(Γs)
E[φ(X)] ≤ Γ,

(3.53)

where RW (D) , minPŴ |W (ŵ|w):E[d(w,ŵ)]≤D I(W ;Ŵ ) is the rate-

distortion function and Cg(Γs) , maxPK(k):E[φs(k)]≤Γs
I(K;Se) is the

capacity–cost function.

If we compare the achievable rate region given in (3.50), (3.51) to
the distortion-cost region characterized in Theorem 3.6, we see that
the partial description of Re in (3.51) is replaced by ρsCg(Γs) and the
Gel’fand–Pinsker channel capacity C in (3.50) is replaced by ρcRW (D).
This connection implies a separation principle in our extended scenario.
A separation principle holds for state coding independent of the genie
channel (but depending on the Gel’fand–Pinsker channel), and a sep-
aration principle holds for the main source coding, independent of the
Gel’fand–Pinsker channel statistics.

In [102, 103] a dual problem was investigated, where the transmitter
have access to full non-causal CSIT and the receiver have access to rate-
limited CSIR. The capacity of this model is given by

C = max[I(U ;Y |Sd) − I(U ;S|Sd)] , (3.54)

where the maximization is over all PX,Sd,U |S(·, ·, ·|·) satisfying

Rd ≥ I(S;Sd) − I(Y ;Sd). (3.55)
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36 Fundamental Results

Coding of side information intended for the channel decoder is a
Wyner–Ziv like problem, since the channel output depends statisti-
cally on the state, thus serving as side information in the decoding
of the encoded state. Steinberg [104] suggested as an application for
this model the problem of reversible information embedding with com-
pressed host at the decoder. Information embedding, and reversible
information embedding is discussed in Section 5.2.

The problem of coding for a channel with rate-limited CSIR and no
CSIT was investigated by Ahlswede and Han in [2]. They have showed
that the channel can be viewed as a special case of a relay channel.3 The
receiver in this problem, has access to a rate-limited side information Sd

via a separate communication channel at a fixed rate Rd. The capacity
of this channel is given by

C = maxI(X;Y |Sd), (3.56)

where the maximum is over all joint distribution of the form
PX(X)PS(s)PY |X,S(y|x,s)PSd|S(sd|s) such that

I(S;Sd|Y ) ≤ Rd, (3.57)

where the cardinality of Sd is bounded by |Sd| ≤ |S| + 1. In [33], a
special case of the problem was considered where the channel state S

is a deterministic function of (X,Y ), e.g., S = X + Y as in the binary
channel. For this case, the capacity is given by

C = max
PX(x)

min{I(X;Y ) + Rd, I(X;Y,S)} . (3.58)

Another special case of the problem in which the channel is a modulo
sum relay channel was considered in [3] (see [3] for more details).

3 A relay channel is a channel in which there is one sender and one receiver with a number

of intermediate nodes which act as relays to help the communication from the sender to
the receiver.
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4

Specific Channel Models

In this section, we describe two specific models of channels with side
information. We use the results presented in Section 3 to find the capac-
ities of these channels and we present coding techniques. The specific
channels are the dirty-paper channel, the AWGN channel with fading
and the modulo additive noise channel.

4.1 The Dirty-Paper Channel

In this subsection, we consider the problem of a power constrained
additive noise channel, where part of the noise is known at the trans-
mitter as side information. This part of the noise may be the result of
an additive interference. This model is suitable to describe, for exam-
ple, a scenario in which a user, which is located close to the main
transmitter, is interfering, but cooperating by revealing his messages
in advance. It is also suitable to describe a scenario in which one trans-
mitting antenna, is interfering another antenna, serving the same user
in a MIMO scenario.

The channel output, in this model, is given by

Y N = XN + SN + ZN , (4.1)
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