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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical
Commission) form the specialized system for worldwide standardization. National bodies that are
members of ISO or IEC participate in the development of International Standards through technical
committees established by the respective organization to deal with particular fields of technical activity.
ISO and IEC technical committees collaborate in fields of mutual interest. Other international
organizations, governmental and non-governmental, in liaison with ISO and IEC, also take part in the
work. In the field of information technology, ISO and IEC have established a joint technical committee,
ISO/IEC JTC 1.

International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part 2.

The main task of the joint technical committee is to prepare International Standards. Draft International
Standards adopted by the joint technical committee are circulated to national bodies for voting.
Publication as an International Standard requires approval by at least 75 % of the national bodies casting

a vote.

Attention is drawn to the possibility that some of the elements of this document may be the subject of
patent rights. ISO and IEC shall not be held responsible for identifying any or all such patent rights.

ISO/IEC 10967-1 was prepared by Joint Technical Committee ISO/IEC JTC 1, Information technology,
Subcommittee SC 22, Programming languages, their environments and system software interfaces.

This second edition cancels and replaces the first edition (ISO/IEC 10967-1:1994), which has been
technically revised.

ISO/IEC 10967-1 consists of the following parts, under the general title Information technology —
Language independent arithmetic:

— Part 1: Integer and floating point arithmetic
— Part 2: Elementary numerical functions

— Part 3: Complex integer and floating point arithmetic and complex elementary numerical functions

vii
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Introduction

The aims

Programmers writing programs that perform a significant amount of numeric processing have
often not been certain how a program will perform when run under a given language processor.
Programming language standards have traditionally been somewhat weak in the area of numeric
processing, seldom providing an adequate specification of the properties of arithmetic datatypes,
particularly floating point numbers. Often they do not even require much in the way of documen-
tation of the actual arithmetic datatypes by a conforming language processor.

It is the intent of this part of ISO/TEC 10967 to help to redress these shortcomings, by setting
out precise definitions of integer and floating point datatypes, and requirements for documentation.

It is not claimed that this part of ISO/TEC 10967 will ensure complete certainty of arithmetic
behaviour in all circumstances; the complexity of numeric software and the difficulties of analysing
and proving algorithms are too great for that to be attempted.

The first aim of this part of ISO/IEC 10967 is to enhance the predictability and reliability of
the behaviour of programs performing numeric processing.

The second aim, which helps to support the first, is to help programming language standards
to express the semantics of arithmetic datatypes.

The third aim is to help enhance the portability of programs that perform numeric processing
across a range of different platforms. Improved predictability of behaviour will aid programmers
designing code intended to run on multiple platforms, and will help in predicting what will happen
when such a program is moved from one conforming language processor to another.

Note that this part of ISO/IEC 10967 does not attempt to ensure bit-for-bit identical results
when programs are transferred between language processors, or translated from one language into
another. However, experience shows that diverse numeric environments can yield comparable
results under most circumstances, and that with careful program design significant portability is
actually achievable. In addition, the IEC 60559 (IEEE 754) standard goes a long way to ensure bit-
for-bit identical results, and in this second edition of this part of ISO/IEC 10967 the requirements
are tightened (compared to the first edition) to approach those of IEEE 754.

The content

This part of ISO/IEC 10967 defines the fundamental properties of integer and floating point
datatypes. These properties are presented in terms of a parameterised model. The parameters
allow enough variation in the model so that several integer and floating point datatypes are
covered. In particular, the IEC 60559 (IEEE 754) floating point datatypes, both those of radix 2
and those of radix 10, are covered, as well as integer datatypes, both unlimited and limited, for
the latter both signed or unsigned, are covered. But when a particular set of parameter values is
selected, and all required documentation is supplied, the resulting information should be precise
enough to permit careful numerical analysis.

The requirements of this part of ISO/IEC 10967 cover four areas. First, the programmer must
be given runtime access to the specified operations on values of integer or floating point datatype.
Second, the programmer must be given runtime access to the parameters (and parameter func-
tions) that describe the arithmetic properties of an integer or floating point datatype. Third,
the executing program must be notified when proper results cannot be returned (e.g., when a

viii
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computed result may be out of range or undefined). Fourth, the numeric properties of conforming
platforms must be publicly documented.

This part of ISO/IEC 10967 focuses on the classical integer and floating point datatypes.
Subsequent parts considers common elementary numerical functions (Part 2), complex numerical
numbers and complex elementary numerical functions (Part 3).

The benefits
Adoption and proper use of this part of ISO/TEC 10967 can lead to the following benefits.

For programming language standards it will be possible to define their arithmetic semantics
more precisely without preventing the efficient implementation of the language on a wide range
of machine architectures.

Programmers of numeric software will be able to assess the portability of their programs in
advance. Programmers will be able to trade off program design requirements for portability in
the resulting program.

In programs one will be able to determine (at run time) the crucial numeric properties of
the implementation. They will be able to reject unsuitable implementations, and (possibly) to
correctly characterize the accuracy of their own results. Programs will be able to detect (and
possibly correct for) exceptions in arithmetic processing.

End users will find it easier to determine whether a (properly documented) application program
is likely to execute satisfactorily on their platform. This can be done by comparing the documented
requirements of the program against the documented properties of the platform.

Finally, end users of numeric application packages will be able to rely on the correct execution
of those packages. That is, for correctly programmed algorithms, the results are reliable if and
only if there is no notification.

ix
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Information technology —
Language independent arithmetic —

Part 1: Integer and floating point arithmetic

1 Scope

This part of ISO/TEC 10967 specifies properties of many of the integer and floating point datatypes
available in a variety of programming languages in common use for mathematical and numerical
applications.

It is not the purpose of this part of ISO/IEC 10967 to ensure that an arbitrary numerical
function can be so encoded as to produce acceptable results on all conforming datatypes. Rather,
the goal is to ensure that the properties of the arithmetic on a conforming datatype are made
available to the programmer. Therefore, it is not reasonable to demand that a substantive piece of
software run on every implementation that can claim conformity to this part of ISO/TEC 10967.

An implementor may choose any combination of hardware and software support to meet the
specifications of this part of ISO/IEC 10967. It is the datatypes and operations on values of those
datatypes, of the computing environment as seen by the programmer/user, that does or does not
conform to the specifications.

The term implementation (of this part of ISO/IEC 10967) denotes the total computing en-
vironment pertinent to this part of ISO/IEC 10967, including hardware, language processors,
subroutine libraries, exception handling facilities, other software, and documentation.

1.1 Inclusions

This part of ISO/TEC 10967 provides specifications for properties of integer and floating point
datatypes as well as basic operations on values of these datatypes. Specifications are included
for bounded and unbounded integer datatypes, as well as floating point datatypes. Boundaries
for the occurrence of exceptions and the maximum error allowed are prescribed for each specified
operation. Also the result produced by giving a special value operand, such as an infinity or a
NaN (not-a-number), is prescribed for each specified floating point operation.

This part of ISO/IEC 10967 provides specifications for:
a) The set of required values of the arithmetic datatype.

b) A number of arithmetic operations, including:

1) comparison operations on two operands of the same type,
2) primitive operations (addition, subtraction, etc.) with operands of the same type,

3) operations that access properties of individual values,

1. Scope 1
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4) conversion operations of a value from one arithmetic datatype to another arithmetic
datatype, where at least one of the datatypes is conforming to this part of ISO/IEC
10967, and

5) numerals for all values specified by this part of ISO/TEC 10967 for a conforming
datatype.
This part of ISO/IEC 10967 also provides specifications for:

¢) The results produced by an included floating point operation when one or more argument
values are IEC 60559 special values.

d) Program-visible parameters that characterise the values and certain aspects of the operations
of an arithmetic datatype.

e) Methods for reporting arithmetic exceptions.

1.2 Exclusions

This part of ISO/IEC 10967 provides no specifications for:

a) Arithmetic and comparison operations whose operands are of more than one datatype. This
part of ISO/IEC 10967 neither requires nor excludes the presence of such “mixed operand”
operations.

b) An interval datatype, or the operations on such data. This part of ISO/TEC 10967 neither
requires nor excludes such data or operations.

c¢) A fixed point datatype, or the operations on such data. This part of ISO/IEC 10967 neither
requires nor excludes such data or operations.

d) A rational datatype, or the operations on such data. This part of ISO/IEC 10967 neither
requires nor excludes such data or operations.

e) The properties of arithmetic datatypes that are not related to the numerical process, such
as the representation of values on physical media.

f) The properties of integer and floating point datatypes that properly belong in programming
language standards or other specifications. Examples include:

1) the syntax of numerals and expressions in the programming language, including the
precedence of operators in the programming language,

2) the syntax used for parsed (input) or generated (output) character string forms for
numerals by any specific programming language or library,

3) the presence or absence of automatic datatype coercions, and the consequences of
applying an operation to values of improper type, or to uninitialised data,

4) the rules for assignment, parameter passing, and returning value.

NOTE - See Clause 7 and Annex D for a discussion of language standards and language
bindings.

The internal representation of values is beyond the scope of this standard. E.g., the value
of the exponent bias, if any, is not specified, nor available as a parameter specified by this part

2 Scope
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of ISO/IEC 10967. Internal representations need not be unique, nor is there a requirement for
identifiable fields (for sign, exponent, and so on).

Furthermore, this part of ISO/IEC 10967 does not provide specifications for how the operations
should be implemented or which algorithms are to be used for the various operations.

2 Conformity

It is expected that the provisions of this part of ISO/IEC 10967 will be incorporated by refer-
ence and further defined in other International Standards; specifically in programming language
standards and in binding standards.

A binding standard specifies the correspondence between one or more of the arithmetic data-
types, parameters, and operations specified in this part of ISO/IEC 10967 and the concrete lan-
guage syntax of some programming language. More generally, a binding standard specifies the
correspondence between certain datatypes, parameters, and operations and the elements of some
arbitrary computing entity. A language standard that explicitly provides such binding information
can serve as a binding standard.

When a binding standard for a language exists, an implementation shall be said to conform
to this part of ISO/IEC 10967 if and only if it conforms to the binding standard. In the case
of conflict between a binding standard and this part of ISO/TEC 10967, the specifications of the
binding standard takes precedence.

When a binding standard requires only a subset of the integer or floating point datatypes
provided, an implementation remains free to conform to this part of ISO/IEC 10967 with respect
to other datatypes independently of that binding standard.

When a binding standard requires only a subset of the operations specified in this part of
ISO/TEC 10967, an implementation remains free to conform to this part of ISO/IEC 10967 with
respect to other datatypes and operations, independently of that binding standard.

When no binding standard exists, an implementation conforms to this part of ISO/IEC 10967
if and only if it provides one or more datatypes and operations that together satisfy all the
requirements of Clauses 5 through 8 that are relevant to those datatypes and operations. The
implementation shall then document the binding.

Conformity to this part of ISO/IEC 10967 is always with respect to a specified set of data-
types and set of operations. Under certain circumstances, conformity to IEC 60559 is implied by
conformity to this part of ISO/IEC 10967.

An implementation is free to provide arithmetic datatypes and arithmetic operations that do
not conform to this part of ISO/IEC 10967 or that are beyond the scope of this part of ISO/IEC
10967. The implementation shall not claim conformity to this part of ISO/IEC 10967 for such
datatypes or operations.

An implementation is permitted to have modes of operation that do not conform to this part of
ISO/IEC 10967. A conforming implementation shall specify how to select the modes of operation
that ensure conformity. However, a mode of operation that conforms to this part of ISO/IEC
10967 should be the default mode of operation.

2. Conformity 3
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NOTES

1 Language bindings are essential. Clause 8 requires an implementation to supply a binding
if no binding standard exists. See Annex C.7 for recommendations on the proper content
of a binding standard, Annex E for an example of a conformity statement, and Annex D
for suggested language bindings.

2 A complete binding for this part of ISO/IEC 10967 may include (explicitly or by reference)
a binding for IEC 60559 as well. See 5.2.1 and Annex B.

3 It is not possible to conform to this part of ISO/IEC 10967 without specifying to which
datatypes and set of operations, and modes of operation, conformity is claimed.

4 This part of ISO/IEC 10967 requires that certain integer operations are made available for a
conforming integer datatype, and that certain floating point operations are made available
for a conforming floating point datatype.

5 All the operations specified in this part of ISO/TEC 10967 for a datatype must be provided
for a conforming datatype, in a conforming mode of operation for that datatype.

3 Normative references

The following referenced documents are indispensable for the application of this part of ISO/IEC
10967. For dated references, only the edition cited applies. For undated references, the latest
edition of the referenced document (including any amendments) applies.

IEC 60559, Standard for floating-point arithmetic.

4 Symbols and definitions

4.1 Symbols

For the purposes of this document, the following symbols are used.

4.1.1 Operators and relations

All prefix and infix operators have their conventional exact mathematical meaning. In particular,
this document uses:

= and < for logical implication and equivalence

+, —, /, |z|, |x], [x], and round(z) on real values

- for multiplication on real values

<, <, 2, and > between real values

= and # between real as well as special values

max on non-empty upwardly closed sets of real values
min on non-empty downwardly closed sets of real values
U, N, e, ¢ C,C, ¢, =, and # with sets

x for the Cartesian product of sets

— for a mapping between sets

| for the divides relation between integer values

¥, \/x, log,(x) on real values
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NOTE 1 — = is used informally, in notes and the rationale.
For x € R, the notation |x| designates the largest integer not greater than z:
lz] € Z and z-1<|z] <z
the notation [z] designates the smallest integer not less than z:
[z] € Z and z<[z]<z+1
and the notation round(x) designates the integer closest to x:
round(z) € Z2 and z — 0.5 <round(z) <z +0.5
where in case x is exactly half-way between two integers, the even integer is the result.
The divides relation (|) on integers tests whether an integer ¢ divides an integer j exactly:
ilj & (i#0andi-n=jfor somen € 2)
NOTE 2 — i|j is true exactly when j/i is defined and j/i € Z.

4.1.2 Sets and intervals
In this document, Z denotes the set of mathematical integers, R denotes the set of real numbers,
and C denotes the set of complex numbers over R. Note that Z C R C C.

The conventional notation for set definition and for set operations are used.

The following notation for intervals is used in this document:

[z, z] designates the interval {y € R | z <y < z},
|z, z] designates the interval {y e R | z < y < z},
[z, z] designates the interval {y € R | z < y < z}, and
|z, z[ designates the interval {y e R | z <y < z}.

NOTE - The notation using a round bracket for an open end of an interval is not used, for
the risk of confusion with the notation for pairs.

4.1.3 Exceptional values

The parts of ISO/IEC 10967 use the following six exceptional values:

a) inexact: the result is rounded and different from the exact result.

b) underflow: the absolute value of the unrounded result is less than the smallest normal
value, and the rounded result may have lost accuracy due to the denormalisation (more
than lost by ordinary rounding if the exponent range was unbounded).

c) overflow: the rounded result (when rounding as if the exponent range was unbounded) is
larger than what can be represented in the result datatype.

d) infinitary: the corresponding mathematical function has a pole at the finite argument
point, or the result is otherwise infinite from finite arguments.

NOTE - infinitary is a generalisation of divide_by_zero.

e) invalid: the operation is undefined but not infinitary, or the result is in C but not in R, for
the given arguments.

4.1.2 Sets and intervals 5
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f) absolute_precision_underflow: indicates that at least one argument is such that the
density of representable values is too low in the neighbourhood of the given argument value
for a numeric result to be considered appropriate to return. This exceptional value is used for
operations that approximate trigonometric functions (Part 2 and Part 3) and for operations
that that approximate complex hyperbolic and exponentiation functions (Part 3).

For the exceptional values, a continuation value may be given in ISO/IEC 10967 in parenthesis
after the exceptional value.

4.1.4 Special values

The following symbols represent special values defined in IEC 60559 and are used in ISO/IEC
10967:

—0, 400, —00, qNalN, and sNalN.

These values are not part of I or F' (see Clauses 5.1 and 5.2 for a definition of these datatypes),
but if
hasinf;

(see Clause 5.1) has the value true, the 400, —oo values are included in the integer datatype
in the implementation that corresponds to I, and if iec_60559r (see Clause 5.2.1) has the value
true, all these special values are included in the floating point datatype in the implementation
that corresponds to F.

NOTE - This document uses the above five special values for compatibility with IEC 60559.

In particular, the symbol —0 (in bold) is not the application of (mathematical) unary — to
the value 0, and is a value logically distinct from 0.

The specifications for floating point operations cover the results to be returned by an operation
if given one or more of the IEC 60559 special values —0, 400, —oo, or NaNs as input values.
These specifications apply only to systems which provide and support these special values.

If an implementation is not capable of representing a —0 result or continuation value, 0 shall be
used as the actual result or continuation value. If an implementation is not capable of representing
a prescribed result or continuation value of the IEC 60559 special values 400, —oo, or gNalN, the
actual result or continuation value is binding or implementation defined.

4.1.5 The Boolean datatype

The datatype Boolean consists of the two values true and false.

NOTE - Mathematical relations are true or false (or undefined, if an operand is undefined),
which are abstract conditions, not values in a datatype. In contrast, true and false are values
in Boolean.

4.1.6 Operation specification framework

Each of the operations are specified using a mathematical notation with cases. Each case condition
is intended to be disjoint with the other cases, and encompass all non-special values as well as
some of the special values.

Mathematically, each argument to an operation is a pair of a value and a set of exceptional
values and likewise for the return value. However, in most cases only the first part of this pair is
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written out in the specifications. The set of exceptional values returned from an operation is at
least the union of the set of exceptional values from the arguments. Any new exceptional value
that the operation itself gives rise to is given in the form exceptional_value(continuation_value)
indicating that the second (implicit) part of the mathematical return value not only is the union
of the second (implicit) parts of the arguments, but in addition is unioned with the singleton set
of the given exceptional value, or, in the case of underflow or overflow, the set of the given
exceptional value and inexact.

In an implementation, the exceptional values usually do not accompany each argument and
return value, but are instead handled as notifications. See Clause 6.

When not communicating values, notifications shall be internal to each computational thread,
whether threads are explicit or implicit in the program as seen by the programmer.

When communicating values, if the value sending thread has notifications that may be relevant
for a communicated values these notifications should be communicated to a receiving thread along
with values (of any datatype, not just numeric ones). In such instances, the exceptional values
are associated with the value, even though it may pick up notifications in the thread that arose
for a different computation in that thread and were not cleared.

NOTES

1 If notifications were arbitrarily seen in other threads, it would be very difficult to know which
computation (thread) it is that might have caused the notification, and thus may trigger
notification handling when not appropriate in an unrelated thread. Therefore it is essential
that notifications are internal to each computational thread, when not communicating a
value.

2 If notifications (normally recorded in indicators) are trimmed away when communicating a
value (of whatever type) to another thread, that can result in the failure to cause notification
handling when that would have been appropriate. Not communicating notifications between
communicating threads thus goes against a goal set out in the introduction, namely “the
executing program must be notified when proper results cannot be returned (e.g., when a
computed result may be out of range or undefined)”.

However, many existing methods for remote procedure calling, or thread communication,
do not communicate notifications (even when they are recorded in indicators).

4.2 Definitions of terms

For the purposes of this document, the following terms and definitions apply.

4.2.1
accuracy
closeness between the true mathematical result and a computed result

4.2.2
arithmetic datatype
datatype whose non-special values are members of Z, R, or C

4.2.3
continuation value
computational value used as the result of an arithmetic operation when an exception occurs

4.2 Definitions of terms 7
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Continuation values are intended to be used in subsequent arithmetic processing. A continua-
tion value can be a (in the datatype representable) value in R or be an IEC 60559 special value.
(Contrast with exceptional value. See Clause 6.2.1.)

4.2.4
denormalisation
inclusion of lead zero digits, with corresponding adjustment of the exponent

Denormalisation is logically done before rounding (otherwise there may be double rounding,
that is rounding done twice with slightly different rounding functions, and that would be noncon-
forming). It may be done in order to get the exponent (just) within representable range.

4.2.5

denormalisation loss

larger than normal rounding error caused by the fact that denormalisation plus rounding may lose
precision more than only rounding would do if the target exponent range was unbounded

See Clause 5.2.4 for a full definition.

4.2.6
error
(in computed value) difference between a computed value and the mathematically correct value

Used in phrases like “rounding error” or “error bound”.

4.2.7
error
(computation gone awry) exception
Used in phrases like “error message” or “error output”. Error and exception are not synonyms
in any other contexts.

4.2.8
exception
inability of an operation to return a suitable finite numeric result from finite arguments

This might arise because no such finite result exists mathematically (infinitary (e.g., at a
pole), invalid (e.g., when the true result is in C but not in R)), or because the mathematical
result cannot, or might not, be representable with sufficient accuracy (underflow, overflow) or
viability (absolute_precision_underflow).

NOTES

1 absolute_precision_underflow is not used in this document, but is used in Part 2 (and
thereby also in Part 3).

2 The term exception is here not used to designate certain methods of handling notifications
that fall under the category ‘change of control flow’. Such methods of notification han-
dling will be referred to as “[programming language name] exception”, when referred to,
particularly in Annex D.
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4.2.9
exceptional value
non-numeric value produced (in the specification model) by an arithmetic operation to indicate
the occurrence of an exception (or the inexactness of the result)
Exceptional values are not used in subsequent arithmetic processing. (See Clause 5.)
NOTES

3 Exceptional values are used as a defining formalism only. With respect to this document,
they do not represent values of any of the datatypes described. There is no requirement
that they be represented or stored in the computing system.

4  Exceptional values are not to be confused with the NaNs and infinities defined in TEC 60559.
Contrast this definition with that of continuation value above.

4.2.10
helper function
function used solely to aid in the expression of a requirement

Helper functions are not accessible to the programmer, and are not required to be part of an
implementation.

4.2.11

implementation (of this document)

total arithmetic environment presented to a programmer, including hardware, language processors,
exception handling facilities, subroutine libraries, other software, and all pertinent documentation

4.2.12
literal
single syntactic entity denoting a constant value

4.2.13
normal value
non-special and non-subnormal value of a floating point datatype F

See Fy in Clause 5.2 for a full definition.

4.2.14

notification

process by which a program (or that program’s user) is informed that an arithmetic exception has
occurred

For example, dividing 2 by 0 results in a notification for infinitary. See Clause 6 for details.

4.2.15
numeral
numeric literal

It may denote a value in Z or R, —0, an infinity, or a NaN.

4.2 Definitions of terms 9

Documents

Document Sharing Hub

Full document details: ISO IEC 10967-1-2012


http://avadocuments2026.com/doc/iso-iec-10967-1-2012
http://avadocuments2026.com/doc/iso-iec-10967-1-2012

ISO/IEC 10967-1:2012(E) © ISO/IEC 2012 - Al rights reserved

4.2.16
operation
function that is intended to be made directly available to the programmer

As opposed to helper functions or theoretical mathematical functions.

4.2.17

pole

argument, xg, where a given mathematical function, f, is defined, finite, monotone, and continuous
in at least one one path of approach towards xg, and where a:li—g:lo f(x) is infinite

4.2.18
precision
number of digits in the fraction of a floating point number

(See Clause 5.2.)

4.2.19

rounding

act of computing a result for an operation that is close to the exact result for that operation, but
that does not have digits beyond what the target datatype can represent

Note that a suitable representable result may not exist (see Clause 5.2.5).

4.2.20

rounding function

function, rnd : R — X, (where X is a given discrete and unlimited subset of R) that maps each
element of X to itself, and is monotonic non-decreasing

Formally, if x and y are in R,

reX=>rndlz)=c
r <y=rnd(zx) < rnd(y)

Note that if u is between two adjacent values in X, rnd(u) selects one of those adjacent values.

4.2.21

round to nearest

rounding function, rnd, that when u € R is strictly between two adjacent values in X, rnd(u)
selects the one nearest u, but if the adjacent values are equidistant from wu, either value can be
chosen deterministically but in such a way that sign symmetry is preserved (rnd(—u) = —rnd(u))

4.2.22

round toward minus infinity

rounding function, rnd, that when u € R is strictly between two adjacent values in X, rnd(u)
selects the one less than u
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4.2.23

round toward plus infinity

rounding function, rnd, that when u € R is strictly between two adjacent values in X, rnd(u)
selects the one greater than u

4.2.24
signature (of a function or operation)
argument and result summary of information about an operation or function

A signature includes the function or operation name; a subset of allowed argument values to
the operation; and a superset of results from the function or operation (including exceptional
values if any), if the argument is in the subset of argument values given in the signature.

The signature add; : I x I — I'U{overflow} states that the operation named add; shall accept
any pair of values in I as input, and when given such input shall return either a single value in [
as its output or the exceptional value overflow possibly accompanied by a continuation value.

A signature for an operation or function does not forbid the operation from accepting a wider
range of arguments, nor does it guarantee that every value in the result range will actually be
returned for some argument(s). An operation given an argument outside the stipulated argument
domain may produce a result outside the stipulated result range.

NOTE 5 — In particular, IEC 60559 special values are not in F', but must be accepted as
arguments if iec_60559r has the value true.

4.2.25

subnormal

denormal (obsolete)

value of a floating point datatype F, or —0, whose absolute value is strictly less than the smallest
positive normal value in F' (fminNp)

(See Fg in Clause 5.2 for a full definition.)

4.2.26
ulp
unit(s) in the last place (for a given real value and given floating point datatype)
for a value z in R, that has a nearest-closer-to-zero normalised value in F extended to arbitrarily
large values, where the normalised value’s exponent is ¢, precision is pg, and the radix is rp: the
unit is r%_p F. for a value z in R, with a nearest-closer-to-zero subnormal value in F, as well as
for —0: the unit is fminDp

This value depends on the exponent, the radix, and the precision used in representing the
numbers in F. (See Clause 5.2.)

NOTE 6 — For a value that is exactly equal to an integer power of the radix, the ulp is the
size of the gap between available values on the side away from zero.

4.2 Definitions of terms 11
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5 Specifications for integer and floating point datatypes and op-
erations

An arithmetic datatype consists of a set of values and is accompanied by operations that take
values from an arithmetic datatype and return a value in an arithmetic datatype or a boolean
value. For any particular arithmetic datatype, the set of non-special values is characterised by a
small number of parameters. An exact definition of the value set will be given in terms of these
parameters.

Each operation is given a signature and is further specified by a number of cases. These cases
may refer to mathematical functions, to other operations, and to helper functions (specified in
this document). They also use special values and exceptional values.

Given the datatype’s non-special value set, V', the accompanying arithmetic operations will be
specified as mathematical functions on V union certain special values that may be in the corre-
sponding implementation datatype. These functions typically return values in V' or a special value,
but they may instead nominally return exceptional values (that have no arithmetic datatype, and
are not to be confused with the special values) that are often specified along with a continuation
value. Though nominally listed as a return value, an exceptional value is mathematically really
part of a second component of the result, as explained in clause 4.1.6, and is to be handled as a
notification as described in clause 6.

The exceptional values used in this document are underflow, inexact, overflow, infinitary
(generalisation of division-by-zero), and invalid. Parts 2 and 3 will also use the exceptional value
absolute_precision_underflow for the operations that correspond to cyclic functions. For many
cases this document specifies which continuation value to use with a specified exceptional value.
The continuation value is then expressed in parenthesis after the expression of the exceptional
value. For example, infinitary(+o00) expresses that the exceptional value infinitary in that case
is to be accompanied by a continuation value of 400 (unless the binding states differently). In
case the notification is by recording in indicators (see Clause 6.2.1), the continuation value is used
as the actual return value. This part of ISO/IEC 10967 sometimes leaves the continuation value
unspecified, in which case the continuation value is implementation defined.

Whenever an arithmetic operation (as defined in this clause) returns an exceptional value
(mathematically, that a non-empty exceptional value set is unioned with the union of exceptions
from the arguments, as the exceptional values part of the result), notification of this shall occur
as described in Clause 6.

An implementation of a conforming integer or floating point datatype shall include all non-
special values defined for that datatype by this document. However, the implementing datatype
is permitted to include additional values (for example, and in particular, IEC 60559 special val-
ues). This part of ISO/IEC 10967 specifies the behaviour of integer operations when applied to
infinitary values, but not for other such additional values. This part of ISO/IEC 10967 specifies
the behaviour of floating point operations when applied to IEC 60559 special values, but not for
other such additional values.

An implementation of a conforming integer or floating point datatype shall be accompanied by
all the operations specified for that datatype by this part of ISO/IEC 10967. Additional operations
are explicitly permitted.

The datatype Boolean is used for parameters and the results of comparison operations. An
implementation is not required by this document to provide a Boolean datatype, nor is it re-
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quired by this part of ISO/IEC 10967 to provide operations on Boolean values. However, an
implementation shall provide a method of distinguishing true from false as parameter values and
as results of operations.

NOTE - This document requires an implementation to provide methods to access values,
operations, and other facilities. Ideally, these methods are provided by a language or binding
standard, and the implementation merely cites this standard. Only if a binding standard
does not exist, must an individual implementation supply this information on its own. See

Annex C.7.

5.1 Integer datatypes and operations

The non-special value set, I, for an integer datatype shall be a subset of Z, characterised by the
following parameters:

bounded ;< Boolean (whether the set I is finite)
minint; € I U{—oo} (the smallest integer in I if bounded; = true)
mazxint; € I U {400} (the largest integer in [ if bounded; = true)

In addition, the following parameter characterises one aspect of the special values in the datatype
corresponding to [ in the implementation:

hasinfr€ Boolean (whether the corresponding datatype has —oo and +00)

NOTE 1 — The first edition of this document also specified the parameter moduloy. A binding
may still have a parameter moduloy, and for conformity to this second edition, that parameter
is to have the value false. Part 2 includes specifications for operations add_wrapy, sub_wrapy,
and mul_wrapy. If the parameter modulo; has the value true (non-conforming case), that
indicates that the binding binds the basic integer arithmetic operations, for bounded integer
datatypes, to the corresponding wrapping operations instead of the add;, suby, and mul;
operations of this document.

If bounded; is false, the set I shall satisfy
I1=Z

In this case, hasinf; shall be true, the value of minint; shall be —oo, and the value of maxinty
shall be 4o00.

If bounded; is true, then minint; € Z and mazint; € Z and the set I shall satisfy
I ={x € Z| minint; <z < mazint}
and minint; and mazint; shall satisfy
maxinty > 0
and one of:

mininty = 0,
minint; = —mazxinty, or
minint; = —(mazxint; + 1)

A bounded integer datatype with minint; < 0 is called signed. A bounded integer datatype
with minint; = 0 is called unsigned. An integer datatype in which bounded; is false is signed,
due to the requirement above.

5.1 Integer datatypes and operations 13
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An implementation may provide more than one integer datatype. A method shall be provided
for a program to obtain the values of the parameters boundedy, hasinf;, minint;, and mazinty,
for each conforming integer datatype provided.

NOTES
2 The value of hasinf; does not affect the values of minint; and mazint; for bounded integer
datatypes.

3 Most traditional programming languages call for bounded integer datatypes. Others allow
or require an integer datatype to have an unbounded range. A few languages permit the
implementation to decide whether an integer datatype will be bounded or unbounded. (See
C.5.1.0.1 for further discussion.)

4 Operations on unbounded integers will not overflow, but may fail due to exhaustion of
resources.

5 Unbounded natural numbers are not covered by this document.

5.1.1 Integer result function

If bounded; is true, the mathematical operations +, —, and - can produce results that lie outside
the set I even when given values in I. In such cases, the computational operations addy, suby,
negr, absy, and mul; shall cause an overflow notification.

In the integer operation specifications below, the handling of overflow is specified via the resulty
helper function:

resulty : Z — I U {overflow}
which is defined by:

resultr(x) =z ifeel
= overflow(—o0) ifreZandoe gl and x <0
= overflow(+00) ifreZandz ¢ I and x>0
NOTES

1 For integer operations, this document does not specify continuation values for overflow
when hasinf; = false nor the continuation values for invalid. The binding or implementa-
tion must document the continuation value(s) used for such cases (see Clause 8).

2 For the floating point operations in Clause 5.2 a resultp helper function is used to consis-
tently and succinctly express overflow and denormalisation loss cases.

5.1.2 Integer operations
5.1.2.1 Comparisons

For each provided conforming integer datatype, the following operations shall be provided.
eqr : I x I — Boolean

eqr(x,y) = true if z,y € IU{—00,+00} and z =y
= false if x,y € IU{—00,4+00} and = # y

neqr : I x I — Boolean

neqr(z,y) = true if x,y € IU{—00,4+00} and = # y
= false ifx,y € ITU{—00,400} and z =y
14 Specifications for integer and floating point datatypes and operations
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lssy: I x I — Boolean

Issp(z,y) = true ifx,yelandz <y
= false ifz,yeland x>y
= true if x € IU{—o00} and y = 400
= true ifr=—occandyel
= false if v € IU{—00,400} and y = —00
= false if =400 and y € I U {400}

leqr : I x I — Boolean

legr(x,y) = true ifr,yelandz<y
= false ifr,yeland x>y
= true if x € I U{—00,4+00} and y = 400
= true if x=—00 and y € I U{—o00}
= false if € IU{4+o00} and y = —00
= false ifr=4o00candyel

gtry : I x I — Boolean

gtri(z,y) =Issr(y, x)

geqr : I x I — Boolean

geqr(z,y) = leqr(y, x)

5.1.2.2 Basic arithmetic

For each provided conforming integer datatype, the following operations shall be provided. If I is
unsigned, it is permissible to omit the operations negy, absy, and signumj.

negr : I — I U {overflow}

negr(z) = resultr(—x) ifxel
= 400 if £ = —o00
= —00 it z =400

addr : I x I — I U{overflow}

addy(x,y) = result;(z +y) ife,yel
= —00 if v € IU{—o00} and y = —o0
= —00 ifr=—occandyel
= 400 if x € TU {400} and y = 400
=400 ifr=4occandyel
= invalid if x =400 and y = —o00
= invalid if x = —00 and y = 400

subr: I x I — I U{overflow}

5.1.2 Integer operations 15
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= result;(z —y)
= —00

= —00

= 400

=400

= invalid

= invalid

SUbI(:Ca y)

mulr : I x I — I'U{overflow}

mulr(z,y) = result;(z - y)

= invalid
= invalid

absy : I — I U {overflow}

absy(x) = resultr(|z|)
_= +w

signumy : I — {—1,1}

signumy(x) =1
=1

© ISO/IEC 2012 — All rights reserved

ife,yel

ifx € IU{—o0} and y = 400
ifr=—occandyel

ifx € IU{+o0} and y = —00
ifr=4occand y el

if £ =400 and y = 400

if t = —00 and y = —00

ife,yel

if x =400 and (y =+o0 or (y € I and y > 0))
if x =400 and (y = —oo or (y € [ and y < 0))
ifreland x>0 and y =—o00

ifrel and z <0 and y = —00

if t = —o00 and (y = —oo or (y € I and y < 0))
if x = —o00 and (y =4oo or (y € I and y > 0))
ifxeland x <0 and y =400

ifxel and x >0 and y = 400

if v € {—00,+00} and y =0

if x =0 and y € {—00,+00}

ifexel
if x € {—o00,+00}

if (x €l and z>0)or z =400
if (x €l and z<0)orz=-—00

NOTE 1 — The first edition of this document specified a slightly different operation sign;.
signumy is consistent with signump, which in turn is consistent with the branch cuts for the

complex trigonometric operations (Part 3).

Integer division with floor and its remainder:

quoty : I x I — I U{overflow, infinitary, invalid}

quoty(z,y) = result;([x/y])
= infinitary(+00)
= infinitary(—o0)
=0
= muly(x,y)
= invalid

ifx,yelandy#0
ifrelandz>0and y=0
frelandx<0Oandy=0
ifxelandye {—o00,+00}

if z € {—00,4+00} and y € I and y # 0
otherwise

NOTE 2 - quot;(minint;,—1), for a bounded signed integer datatype where minint; =
—maxint; — 1, is the only case where this operation will overflow.
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modr : I x I — I'U {invalid}

modr(x,y) =z—(lz/y]-vy) ifx,yelandy#0
=z if x € I and y € {—o00,+00}
= invalid otherwise

NOTES

3 The first edition of this document specified the operations div{, divt, mod$, mod?, rem{,

and rem’. However, aliv}c = quotr, and mod§ = rem{ = mod;. Further, divt, mody, and
rem! are not recommended to be provided, as their use may give rise to late-discovered
bugs.

4 Part 2 specifies the related operations ratioy, residuey, groupy, and pady.
5.2 Floating point datatypes and operations

A floating point datatype shall have a non-special value set F' that is a finite subset of R, char-
acterized by the following parameters:

rF€Z (the radix of F)

prE€Z (the precision of F)

emaxp € Z (the largest exponent of F')
eming € 2 (the smallest exponent of F)

denormp € Boolean (whether F' contains non-zero subnormal values)

In addition, the following parameter characterises the special values in the datatype corresponding

to F' in the implementation, and the operations in common for this document and ITEC 60559:
iec_60559r € Boolean (whether the datatype and operations conform to IEC 60559)
NOTES

1 This standard does not advocate any particular representation for floating point values.
However, concepts such as radiz, precision, and exponent are derived from an abstract
model of such values as discussed in Annex C.5.2.

2 The 2011 version of IEC 60559 also uses the parameters emax and emin (written as F,,q,
and Fy;, in the 1989 version). However, those values are respectively one less than the
emaxry and eming parameters of this document. The latter are, however, in line with the
maximum and minimum exponent access variables in several programming languages.

The parameters rr, pr, and denormp shall satisfy:

rE = 2
pr > 2-max{l, [log, (2 )]}
denormp = true

NOTE 3 -~ The first edition of this document only required for pr that pr > 2. The
requirement in this edition allows for the use of any floating point type in widespread use and
is made so that angles in radians are not too degenerate within the first two cycles, plus and
minus, when represented in F'.

Furthermore, rx should be even, and pr should be such that pr > 2 + [log,,.(1000)].

NOTE 4 - The recommendation that pr > 2 + [log,, (1000)], which did not occur in the
first edition of this document, allows for the use of any floating point type in widespread use
and is made so as to allow for a not too coarse angle resolution, for operations in Part 2 and
Part 3, anywhere in the interval [—big_angle_rg, big_angle rr] (big_.anglerp is a parameter
introduced in Part 2).
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The parameters eming and emazp shall satisfy:
1 —rlle <eming < —1—pr
pr < emarp < TI{ZF -1
and should satisfy:
0 < emarp +eming < 4

NOTE 5 — The first edition of this document had the wider range requirement 1 — TIQF <
emingp < 2 — pp. The shorter range requirement in this edition of this document allows for
the use of any floating point type in widespread use and is made so as to be able to avoid the
underflow notification, that is, avoid denormalisation loss, in the specifications for the expmIy
and Inlpp operations (Part 2) for subnormal arguments (though these operations are still
inexact for non-zero subnormal arguments).

Given specific values for rg, pp, eming, emazxp, and denormpg, the following sets are defined:

Fs={s-m-15"" | se{-1,1}, mee Z, 0<m <r2F "' e=eminp}
Fy={s-m-rg " | se{-1,1}, m,e€ Z, TII;’,F*l <m <rpf, eminp < e < emaxp}
Fe={s-m-rp " | se{-1,1}, mec Z, T£F71<m<rgp, emarp < e}
F,={s-m-rpz " | se{-1,1}, mec Z, T£F71<m<T£F,e<eminF}

Fi = FsUFNUFg

Ft=F UF'

F =FsUFn if denormp = true
={0} U Fy if denormp = false (non-conforming case, see Annex A)
NOTES
6 F'is the outwards unbounded extension of F, including in addition all subnormal values

that would be in F if denormp were true. FT will be used in defining rounding for
operations.

7 F%is the unbounded extension of F.
The elements of Fy are called normal floating point values. The elements of Fg, as well as the
special value —0, are called subnormal floating point values.

NOTE 8 — The terms normal and subnormal refer to the mathematical values involved, not
to any method of representation.

An implementation may provide more than one floating point datatype.

For each of the parameters rp, pp, eming, emaxp, denormp, and iec_60559r, and for each
conforming floating point datatype provided, a method shall be provided for a program to obtain
the value of the parameter.

NOTE 9 — The conditions placed upon the parameters rg, pg, eming, and emazp are suffi-
cient to guarantee that the abstract model of F' is well-defined and contains its own parameters,
as well as enabling the avoidance of denormalisation loss (in particular for expm1 p and Inlpp
of Part 2). More stringent conditions are needed to produce a computationally useful floating
point datatype. These are design decisions which are beyond the scope of this document. (See
Annex C.5.2.)
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5.2.1 Conformity to IEC 60559

The parameter tec_60559r shall be true only when the datatype corresponding to F' and the
relevant operations completely conform to the requirements of IEC 60559. F' may correspond to
any of the floating point datatypes defined in IEC 60559.

When iec_60559r has the value true, all the facilities required by IEC 60559 shall be provided.
Methods shall be provided for a program to access each such facility. In addition, documentation
shall be provided to describe these methods, and all implementation choices. When iec_60559F
has the value true, all operations and values common to this document and IEC 60559 shall
satisfy the requirements of both standards.

NOTES
1 IEC 60559 is also known as IEEE 754 [34].

2 The IEC 60559 facilities include: values for infinities and NaNs, extended comparisons,
rounding towards positive or negative infinity, an exceptions (including inexact) recorded
in indicators. See annex B for more information.

3 IEC 60559, third edition, specifies rp = 2 or rr = 10, as well as values for maximum and
minimum exponents and precision for the floating point datatypes it specifies.

4 If iec_60559r is true, then denormp must also be true. Note that denormp = false is
non-conforming also to this document.

5.2.2 Range and granularity constants

The range and granularity of F' is characterized by the following derived constants:

fmaryp = max F =(1- T;pp) ) ,r;ma:ltp
fminNg = min {z € Fx | z > 0} = reminr—1

fminDp = min {z € Fs | z > 0} = reminr—pr

fming =min {z € F | 2 >0} = fminDp if denormp = true

= fminNp if denormp = false (non-conforming case)

PF

epsilonp = 7"11; (the relative spacing in F* between adjacent values)

For each of the derived constants fmazr, fminNg, fming, and epsilony, and for each conform-
ing floating point datatype provided, a method shall be provided for a program to obtain the
value of the derived constant.

5.2.3 Approximate operations

The operations (specified below) addr, subp, mulr, divp and, upon denormalisation loss, scaler 1
are approximations of exact mathematical operations. They differ from their mathematical coun-
terparts, not only in that they may accept special values as arguments, but also in that

a) they may produce “rounded” results,

b) they may produce a special value (even without notification, or for values in F’ as arguments),
and
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¢) they may produce notifications (with values in F' or special values as continuation values).

The approximate floating point operations are specified as if they were computed in three
stages:

1) compute the exact mathematical answer (if there is any), or determine if an infinitary or
invalid notification is required,

2) round the exact answer (if there is any) to pp digits of precision in the radix rp (the precision
will be less if the rounded answer is subnormal), maybe producing a —0 as the rounded result,
and

3) determine if an underflow, overflow (using 400 or —oo as continuation value if available),

or inexact notification is required.

These stages will be modelled by basic and elementary mathematical functions (stage 1) and
two helper functions: nearestp (stage 2) and resultp (stage 3). These helper functions are not
visible to the programmer and are not required to be part of the implementation, just like exact
mathematical functions are not required to be part of an implementation. An actual implemen-
tation need not perform the above stages at all, merely return a result (or produce a notification
and a continuation value) as if it had.

5.2.4 Rounding and rounding constants

Define the helper function er : R — Z such that
erp(xz) = [logr,(|z])] +1 if |z| > fminNp
= eming if |z| < fminNp
Define the helper function up : R — F' such that

UF($) _ T;F(x)*pF

NOTES

1 The value ep(z) is the exponent for values in FT in the immediate neighbourhood of x
(which need not be in FT) When z is in |—rp - fminNp, g - fminNg[, then ep(z) is eming
regardless of x.

2 The value up(z) is the absolute distance between adjacent values in FT in the immediate
neighbourhood of z (which need not be in F). When z is in |7 - fminNp, g - fminNg|,
then up(x) is fminDr regardless of x.

3 When z is on an exponent boundary of F, the neighbourhood (mentioned in the previous
two notes) is that which is away from zero.

For floating point operations, rounding is the process of taking an exact result in R and
producing a pp-digit approximation.

NOTE 4 — In Annex A of this document, and in Parts 2 and 3 of ISO/IEC 10967, the “exact
result” may be a prerounding approximation, through approximation helper functions.

The nearestr, downg, and upr helper functions are introduced to model the rounding process:
The floating point helper function

nearestp : R — Ff

is the rounding function that rounds to nearest, ties rounded to even last digit. The floating point
helper function

downp : R — FT
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is the rounding function that rounds towards negative infinity. The floating point helper function
upp : R — Ft
is the rounding function that rounds towards positive infinity.

If, for some z € R and some i € Z, such that |z| < fminNg, |z - 7% > fminNp, and rounding
function rnd : R — F, the formula

rnd(z - T};) = rnd(x) - T},
does not hold, then rnd is said to have a denormalisation loss at x.

NOTE 5 - If nearest, : R — F* is a round to nearest function to F¥, and nearests(z) #
nearestp(x), then nearestr has a denormalisation loss at . Similarly for upr and downp.

5.2.5 Floating point result function

A floating point operation produces a rounded result or a notification. The decision is based on
the computed result (either before or after rounding).

The resultg helper function is introduced to model this decision. resultg is partially imple-
mentation defined. resultr has a signature:
resultp : R x (R — F') — F U {inexact, underflow, overflow}
NOTE 1 — The first input to resultp is the computed result before rounding, and the second

input is the rounding function to be used.

For the overflow cases for the three roundings nearestr, upp, and downg, and for x € R, the
following shall apply:

resultp(x, nearesty) = overflow(4+00) if nearestp(z) > fmazp
resultp(z, nearestp) = overflow(fmaz ) or inexact(fmaz )
if nearestp(r) = fmaxp and x > fmazp

resultp(z, nearestp) = overflow(—oo) if nearestp(z) < —fmazp
resultp(x, nearesty) = overflow(—fmaz ) or inexact(—fmaz )
if nearestp(z) = —fmazp and z < —fmazp
resultp(z, upr) = overflow(+00) if upp(z) > fmazp
resultp(x, upp) = overflow(—fmaz ) if upp(z) < —fmazp
resultp(x, upp) = overflow(—fmaz ) or inexact(—fmax )
if upp(z) = —fmazp and © < —fmazp
resultp(x, downp) = overflow(—oo) if downp(z) < —fmazp
resultp(x,downp) = overflow(fmazy) if downp(z) > fmaxp
resultp(z,downp) = overflow(fmaz ) or inexact(fmaz )

if downp(x) = fmazp and = > fmaxp

For other cases for either of the thee rounding functions as rnd, and for x € [—fmaz p, fmaz ],
the following shall apply:

resultp(x,rnd) = x ifeeF
= inexact(rnd(z)) if x # rnd(x) and fminNp < |z| < fmazp
= underflow(—0) if denormp = false and —fminNr < x <0
= underflow(0) if denormp = false and 0 < x < fminNp
= underflow(—0) if denormp = true and = < 0 and rnd(x) =0
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= inexact(rnd(x)) or underflow (rnd(z))
if denormp = true and x # rnd(x) and |z| < fminNp
and rnd has no denormalisation loss at x
= underflow(rnd(x))
otherwise

NOTES

2 Overflow may be detected before or after rounding. If overflow is detected before rounding,
the bounds for overflow are independent of rounding.

3 The notifications underflow and overflow implies inexact result. When inexact notifica-
tions are supported, and when recording notifications in indicators, recording an underflow
or an overflow notification implies also recording an inexact notification.

4 An implementation is allowed to choose between inexact(rnd(x)) and underflow (rnd(z))
for values of x in the interval |—fminNg, fminNg| where x is not in F' and there is no
denormalisation loss at x. However, a subnormal value without an underflow notification
can be chosen only if denormp is true and no denormalisation loss occurs at x.

5 In the non-conforming case denormp = false, neither rounding is heeded in case of
underflow.

An implementation shall document how the choice between inexact(rnd(z)) and underflow (rnd(x))
is made. Different floating point types may have different versions of resultp.

Define the no_resultp_, g and no_result2p_, g+ helper functions:
no_resultp_, g : F' — {invalid}

no_resultp_, pr(x)

= invalid(qNalN) if x € FU{—00,—0,+00}
= qNaN if x is a quiet NaN
= invalid(gNaN) if = is a signalling NaN

no_result2p_,pr : F x F — {invalid}

no_result2p_ g (z,y)

= invalid(qNalN) if x,y € FU{—00,—0,400}

= qNalN if at least one of x and y is a quiet NaN and
neither a signalling NalN

= invalid(gNaN) if x is a signalling NaN or y is a signalling NaN

These helper functions are used to specify both NaN argument handling and to handle non-NaN-
argument cases where invalid(qNalN) is the appropriate result.

NOTE 6 — The handling of special values, if available, other than NaNs, infinities, and —0,
is left unspecified by this document.

5.2.6 Floating point operations
5.2.6.1 Comparisons

For each provided conforming floating point datatype, the following operations shall be provided.

eqr : F x F' — Boolean
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eqr(z,y) = true
= false
= GQF(Ov y)
= eqp(,0)
= false
= false
= invalid(false)

neqr : F x F' — Boolean

neqr(x,y) = true
= false
— neqr(0,y)
= negp(,0)
= true
= true
= invalid(true)

lssp . F' x F — Boolean

Issp(z,y) = true
= false
=lssp(0,y)
= lssp(x,0)
= true
= false
= false
= true
= invalid(false)

leqr : ' x F' — Boolean

legr(x,y) = true
= false
= leqF(07 y)
= ZGQF(x’ 0)
= true
= false
= false
= true
= invalid(false)

gtrrp : F X F' — Boolean

gtre(z,y) = lssp(y, v)
geqr : F X F' — Boolean

geqr(z,y) = leqr(y, )

5.2.6 Floating point operations
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ifx,y € FU{—00,+00} and z =y

if x,y € FU{—00,+00} and = # y
ifr=—-0and y € FU{—00,—0,+00}

if x € FU{—00,400} and y = —0

if x is a quiet NaN and y is not a signalling NaN
if y is a quiet NaN and x is not a signalling NaN
if x is a signalling NaN or y is a signalling NaN

if x,y € FU{—00,400} and z # y

ifx,y € FU{—00,+00} and z =y
ifr=—-0and y € FU{—00,—0,+00}
ify=—-0and z € FU{—00,+00}

if x is a quiet NaN and y is not a signalling NaN
if y is a quiet NaN and z is not a signalling NaN
if x is a signalling NaN or y is a signalling NaN

ifr,ye Fand z <y

ifr,ye Fandz >y

ifr=—-0and y € FU{—00,—0,+00}
ify=—-0and z € FU{—00,+00}

if 1 =—00 and y € F U {+00}

if x =400 and y € F'U {—00,+00}

if v € FU{—o00} and y = —o0

ifx € F and y = 400

if x is a NaN or y is a NaN

ifr,ye Fand z <y

ifz,y€e Fand x>y
ifx=-0andye FU{—00,—0,+00}
ify=-0and z € FU{—00,+00}

if #=—00 and y € FU{—00,+00}

if r =400 and y € FU{—o00}

ifx e Fand y=—00

if x € FU {400} and y = 400

if x is a NaN or y is a NaN
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isnegzeror : F' — Boolean

isnegzerop(x) = true ifz =-0
= false if v € FU{—00,+00}
= invalid(false) if z is a NaN

istinyp : F — Boolean

istinyp(x) = true if (x € F and |z| < fminNp) or x = —0
= false if (x € F and |z| > fminNp) or x € {—o00,+00}
= invalid(false) if z is a NaN

isnang : F' — Boolean

isnanp(x) = false if v € FU{—00,—0,+00}
= true if x is a quiet NaN
= invalid(true) if z is a signalling NaN

issignanp : F' — Boolean

issignanp(z) = false ifx € FU{—00,—0,+00}
= false if  is a quiet NaN
= true if x is a signalling NaN

5.2.6.2 Basic arithmetic

For each provided conforming floating point datatype, the following round to nearest operations
shall be provided, and the round towards negative and positive infinity operations should be
provided. For the non-conforming case that denormp = false, the operations below using upg or
downp as rounding shall not be provided.

NOTE 1 - If denormp = false, then any result that is smaller than fminNg is replaced by

zero. This implies that neither rounding direction (nearest, up, down) is heeded, doing “flush

to zero” for would-be subnormal results. Thus if denormp = false, the directed rounding

operations would be unreliable for interval arithmetic, as well as other uses. That is why the

directed rounding operations are not to be provided when denormp = false.

The operations in this clause are specified only for the case that rp = rp, denormp =
denormp:, iec_60559r = iec_60559p. If iec_60559r = false then the operations are required
only if F' = F’'. The addp_,r and subp_, g operations can underflow only if denormp = false
(non-conforming case) or eming — pp < eming — ppr.

negr : ' — F U {-0}

negr(z) =—x ifreFandaz #0
=-0 ifz=20
=0 ifz =-0
= —00 if £ =400
= +o00 if t = —00
= no_result p_,p(x) otherwise

addp_,pr : F x F — F'U {inexact, underflow, overflow }
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addp_pr(z,y) = resultp (x + y,nearestp:)
ifx,ye F

=-0 ifz=—0and y=-0

= addp_, g (0,9) ifx=—0and y € FU{—00,+00}
= addp_,p/(x,0) if z € FU{—00,+00} and y = —0
=400 if x =400 and y € F'U {400}
=400 if x € I and y = 400

= —00 if t = —o00 and y € FFU {—o0}

= —00 ifx e Fand y=—00

= no_result2p_ g (x,y) otherwise

add} _p  F x F — F'U{inexact, underflow, overflow}
add}_)F, (x,y) =resultp(x+y,upp) ifz,y€eF
= addp_, g (x,y) otherwise
add%_m, : F x F — F'U{-0, inexact, underflow, overflow}
add%_)F,(w,y) = resultp (x + y,downp)if z,y € F and (x +y # 0 or z = 0)
=-0 ifr,ye Fandxz+y=0and x #0
=-0 if addp_pr(z,y) =0 and (x =—0 or y = —0)
= addp_,p(x,y) otherwise

subp_, g : F x F — F' U {inexact, underflow, overflow}

subp_p(x,y) = addp_p(x,negr(y))

sub} _ g F x F — F'U{inexact, underflow, overflow}

sub}ﬁF,(x,y) = add}_)F,(a:,negF(y))

subfﬂ_m, : F x F — F'U{-0, inexact, underflow, overflow}

subj g (2,y) = addy o (z,negr(y))

mulp_ g : F x F'— F'U{-0, inexact, underflow, overflow }

mulp_ g (z,y) = resultp(x -y, nearestp)
ifz,ye Fandz#0and y #0
=0 ifr=0andye Fandy >0
=-0 ifr=0and ((y € Fand y <0) or y=—0)
=-0 ifr=—0andy€Fandy >0
=0 ifx=-0and ((y € F and y <0) or y = —0)
=0 ifre Fand x >0and y =0
=-0 ifre Fand x <0 and y =0
=-0 ifre Fand x >0 and y =—0
=0 ifxe Fand x <0 and y =—0
= 400 if x =400 and ((y € F and y > 0) or y = +00)
= —00 if x =400 and ((y € F and y < 0) or y = —00)
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= —00 if vt = —o00 and ((y € F and y > 0) or y = +00)
=400 if t =—o00 and ((y € F and y < 0) or y = —00)
=400 ifx € Fand >0 and y = 400
= —00 ifx e Fand x <0 and y = 400

I
|
8

ifre Fand x>0 and y = —00
= 400 ifx e Fand x <0 and y = —00
= no_result2p_,pr(x,y) otherwise

mul;HF, : F x F — F'U{-0, inexact, underflow, overflow }

mul;_)F,(fL‘,y) = resultp/(x - y,uppr) ifz,y€ Fand z#0and y #0
= mulp_p(x,y) otherwise

muliﬂ%F, : F x F — F'U{-0, inexact, underflow, overflow }
mul%_)F,(fL‘,y) = resultp/(x - y,downg:) if z,y € F and x # 0 and y # 0

= mulp_p(x,y) otherwise

divp_,pr : F x F — F'U{—0, inexact, underflow, overflow, infinitary, invalid}

divp_pr(x,y) = resultp (x/y,nearestpr)
ifx,ye Fand x #0 and y # 0
=0 fr=0andye Fandy>0
=-0 ifr=0andy € Fandy<0
=-0 fr=—-0andye Fandy >0
=0 ifr=—0andy € Fand y <0

= infinitary(4+o0 ifre Fandx >0andy=20

(+00)

= infinitary(—o0) ifre Fandez <0Oandy=0

= infinitary(—oo) ifre Fandx >0andy=-0

= infinitary(+o00) ifre Fandx <0andy=-0

=0 ifx e Fand x >0 and y = 400

=-0 ifre Fand x >0 and y = —o0

=-0 if (x € Fand x <0) or x =—0) and y = 400
= if (x € Fandx <0)orx=-—0) and y = —00
= 400 ifr=4occandye€ Fandy >0

= —00 ifr=—occandye€ Fandy >0

= —00 if z =400 and ((y € F and y < 0) or y = —0)
= +00 if v =—o00 and ((y € F and y < 0) or y = —0)

= no_result2p_,pr(x,y) otherwise

div}ﬁF, : F x F — F'U{-0, inexact, underflow, overflow, infinitary, invalid }

div;ﬁF,(m,y) = resultp/(x/y, upp) ifx,ye Fand x #0and y # 0
= divp_ g (z,y) otherwise

div%ﬁF, : F x F = F'U{-0, inexact, underflow, overflow, infinitary, invalid}

div%ﬁF,(m,y) = resultp (x/y,downg:) if x,y € Fand x # 0 and y # 0
= divp_ g (z,y) otherwise
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absp : ' — F

absp(x) = |z| ifeeF
= 400 if x € {—o00,+00}
= no_resultp_,p(x) otherwise

signump : F — F

signump(x) =1 if (x € Fand x > 0) or x = 400
=-1 if (x € Fand  <0) or € {—0,—00}
= no_resultp_,p(x) otherwise

residuep : ' x F — F U{—-0,invalid}

residuep(z,y) = resultp(x — (round(z/y) - y), nearestr)
if x,y € F and y # 0 and
(x =0 or x — (round(z/y) - y) # 0)

=-0 if x,y € F and y # 0 and

x < 0and z — (round(z/y) -y) =0
=-0 ifr =—0and y € FU{—o00,+00} and y # 0
=z if x € F and y € {—00,+00}

= no_result2p_,p(x,y) otherwise

NOTE 2 — The residuep operation is informally known as “IEEE remainder”.

sqrtp_ g+ F — F' U {inexact, underflow, invalid }

sqrtp_ypr () = resultp (\/z,nearestpr)
ifzeFandxz >0
=z if z € {-0,400}
= no_resultp_,pr(x) otherwise

sqrt} _ g F = F'U {inexact, underflow, invalid }

sqrt}_m, (x,y) = resultp (\/z,uppr) ifre Fanda >0
= sqrtp_ () otherwise

sqrt% g F—=F " U {inexact, underflow, invalid}

sqrt%_m, (x,y) =resultp(\/x,downg) ifz e Fandz>0
= sqrtp_p () otherwise

5.2.6.3 Value dissection

For each provided floating point type, the following operations shall be provided. For the non-
conforming case of denormp = false, ulpr may underflow, and the operations succr and predg
shall not be provided.
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The exponentr_,; and scaler 1 operations are specified for an integer datatype I where minint; <

eming — prp and mazxint; > emaxp.

exponentp_,r : F' — I U {infinitary}

exponentry(x)= |log, . (|z|)] +1 ifxe Fandx#0

= infinitary(—oo) if x € {—0,0}

=400 if z € {—o00,4+00}

= qNaN if x is a quiet NaN

= invalid(gqNaN) if z is a signalling NaN
NOTES

1 Since most integer datatypes cannot represent infinitary or NaN values, documented out of
range finite integer values of the correct sign may be used instead of the infinities here.

2 The related IEC 60559 operation logb returns a floating point value, to guarantee the
representability of the infinitary (and NaN) return values.

fractionp : FF — F

fractionp(x) = $/T;IponentF”Z(x) ifre Fandz #0
=z if x € {—00,—0,0,+00}
= no_result p_,p(x) otherwise

scalepy : F' x I — F U {underflow, overflow }

scalep(x,n)  =resultp(x - ri, nearesty)
ifre Fandnel
= mulp_p(z,0) ifn=-00
= mulp_,p(z, convert;,rp(n))
otherwise

succp : F'— F U {overflow}

succp(x) = resultp(min {z € F! | 2 > x}, nearestr)
ifx e Fand ¢ # —fminp and x # 0
= —fmaxp if x = —00
=-0 if x = —fming
= succr(0) ite=-0
= fming ifx=0
=400 if x =400
= no_result p_,p(x) otherwise

predp : F' — F' U {overflow}

predp(z) = negr(succp(negr(x)))

ulpp : F — F U {underflow}

ulpp(x) = resultp(up(x), nearestr)
ifeeF
= ulpr(0) ite=-0

= no_result p_,p(x) otherwise
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5.2.6.4 Value splitting

For each provided floating point type, the following operations shall be provided. The truncp s
and roundp ; operations are specified for an integer type I where maxint; > pr.

intpartp : F — F U {-0}

intpartp(z) = |z| ifre Fandx >0
= negr(intpartp(—x)) ifz € Fand z <0
=z if x € {—00,—0,+00}
= no_resultp_,p(x) otherwise

fractpartp : F — F U {-0}

fractpartp(x) =z — |z ifre Fandz >0
= negp(fractpart p(—x)) if x € Fand x <0
= no_resultp_,p(x) otherwise

truncpy : F x I — FU{-0}

truncp(z,n) = L:L‘/r;F(x)_nJ : T;F(x)_n ifre Fandx >0andnel
= negr(truncp(—z,n)) ifr € Fandx <0andn el
=z if x € {—00,—0,+00}
= no_result2p_,p(x,n)  otherwise

roundpy : F x I — F'U{-0,overflow}

roundp(z,n) = resultp(round(x/rgp(x)—n> .T%F(ﬂﬂ)_

" nearestr)

frxreFandx>0andnel
= negr(roundp(—z,n)) ifr € Fand x <0andn eI
=z if x € {—00,—0,+00}

= no_result2p_p(x,n)  otherwise

5.3 Operations for conversion between numeric datatypes

Numeric conversion between different representation forms for integer and floating point values
can take place under a number of different circumstances. E.g.:

a) explicit or implicit conversion between different numeric datatypes conforming to this part
of ISO/IEC 10967;

b) explicit or implicit conversion between different numeric datatypes only one of which con-
forms to this part of ISO/TEC 10967;

c¢) explicit or implicit conversion between a character string and a numeric datatype.

The last case includes outputting a numeric value as a character string, inputting a numeric value
from a character string source, and converting a numeral in the source program to a value in a
numeric datatype (see clause 5.4). This part of ISO/TEC 10967 covers only the cases where at
least one of the source and target of a conversion is a numeric datatype conforming to this part
of ISO/IEC 10967.
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When a character string is involved as either source or target of a conversion, this part of
ISO/IEC 10967 does not specify the lexical syntax for the numerals parsed or formed. A binding
standard should specify the lexical syntax or syntaxes for these numerals, and, when appropriate,
how the lexical syntax for the numerals can be altered. This could include which set of digits to
use in a numeral position system (Latin-Arabic digits, Arabic-Indic digits, traditional Thai digits,
Devanagari digits, etc.). With the exception of the radix used in numerals expressing non-integer
values, differences in lexical syntactic details that do not affect the value in R denoted by the
numerals will not affect the result of a conforming conversion.

Output of floating point values is quite often to a fixed point format. Therefore conversion
from a floating point datatype to a fixed point datatype is included in this clause.

Character string representations for integer values can include representations for —0, 400,
—o00, and quiet NaNs. Character string representations for floating point and fixed point values
should have formats for —0, 4+00, —o0, and quiet NaNs. For both integer and floating point
values, character strings that are not numerals nor special values according to the lexical syntax
used, shall be regarded as signalling NaNs when used as source of a numerical conversion.

For the cases where one of the datatypes involved in the conversion does not conform to this
part of ISO/IEC 10967, the values of some numeric datatype parameters need to be inferred. For
integers, one need to infer the value for bounded, and if that is true then also values for maxint
and minint, and for string formats also the radiz. For floating point values, one need to infer
the values for r, p, and emax or emin. In case a precise determination is not possible, values
that are ‘safe’ for that instance should be used. ‘Safe’ values for otherwise undetermined inferred
parameters are such that

a) if the value resulting from the conversion is converted back to the source datatype by a
conversion conforming to this part of ISO/TEC 10967 the original value, or a close approxi-
mation, should be regenerated if possible, and

b) overflow and underflow are avoided if possible.

If, and only if, a specified infinite special value result cannot be represented in the target
datatype, the infinity result shall be interpreted as implying the infinitary notification. If, and
only if, a specified NaN special value result cannot be represented in the target datatype, the
NaN result shall be interpreted as implying the invalid notification. If, and only if, a specified
—0 special value result cannot be represented in the target datatype, the —0 result shall be
interpreted as 0.

5.3.1 Integer to integer conversions
Let I and I’ be non-special value sets for integer datatypes. At least one of the datatypes
corresponding to I and I’ conforms to this part of ISO/IEC 10967.

The convert;_,p operation:

converty_p : I — I' U {overflow}

convertr_p(x) = resultp(x) iferel
=z if v € {—00,—0,+00}
= qNaN if x is a quiet NaN
= invalid(gNaN) if = is a signalling NaN
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5.3.2 Floating point to integer conversions

Let F' be the non-special value set for a floating point datatype. Let I be the non-special value
set for an integer datatype. At least one of the datatypes corresponding to F' and I conforms to

this part of ISO/IEC 10967.

The floorp_,;, roundingr_,y, and ceilingp_,; operations:

floorp_,; : F — I U {overflow}

floor p_, () = result;(|x])
=z
= qNalN
= invalid(gqNaN)

roundingr_y : F' — I U {-0,overflow}

roundingr ()
= resultr(round(x))
=-0
=z
= qNalN
= invalid(gNaNN)

ceilingp—y : F — I U{—0, overflow}

ceilingp—(x) = result;([x])
=-0
=z
= qNalN
= invalid(gNaN)

ifreF

if z € {—00,—0,400}
if x is a quiet NaN

if x is a signalling NaN

if x € F and (x > 0 or round(z) # 0)
if x € F and x < 0 and round(z) =0
if x € {—00,—0,+00}

if z is a quiet NaN

if x is a signalling NaN

ifx € Frand (x >0 or [z] #0)
ifxe Fandx <0and [z] =0
if x € {—00,—0,+00}

if z is a quiet NaN

if z is a signalling NaN

5.3.3 Integer to floating point conversions

Let I be the non-special value set for an integer datatype. Let F' be the non-special value set for
a floating point datatype. At least one of the datatypes corresponding to I and F' conforms to

this part of ISO/IEC 10967.

The convert;_, p operation:

convert;_,p : I — F U {inexact, overflow}

convert;,p(x) = resultp(x,nearesty)
=z
= qNaN
= invalid(gNaN)
¢

The convert;_)F and convert;_, . operations:

ifeel

if x € {—00,—0,400}
if z is a quiet NaN

if z is a signalling NaN

convert} _ 1 — FU/{inexact, overflow}

convert}HF(a;) = resultp(z,upr)
= convert;_,p(x)
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com)erﬁ _p 1 — FU{inexact, overflow}

com}ert%_}F(a:) = resultp(z, downr) iteel
= convert;_p(x) otherwise

5.3.4 Floating point to floating point conversions

Let F' and I’ be non-special value sets for floating point datatypes. At least one of the datatypes
corresponding to F' and F” conforms to this part of ISO/IEC 10967.

The convertp_, pr operation:
convertp_ g : F'— F' U {inexact, underflow, overflow}

convertp_, g (x) = resultp (x,nearestp:) if x € F

=z if x € {—00,—0,+00}
= qNaN if z is a quiet NaN
= invalid(gNalN) if z is a signalling NaN

NOTE — Modern techniques allow, on the average, efficient conversion with a maximum error
of 0.5 ulp even when the radices differ. C99 [15], for instance, requires that all floating point
value conversion is done with a maximum error of 0.5 ulp.

i) 1 SR
The converty,_, ., and converty,_, ., operations:
com}ert} _p  F'— F'U {inexact, underflow, overflow}

com}ert}%p (x) = resultp(x, uppr) iteeF
= convertp_, g otherwise

com}ertﬁ, _p  F'— F'U {inexact, underflow, overflow}

com}ert%%p (x) = resultpr(x,downp)  ifxeF
= convertp_, g otherwise

5.3.5 Floating point to fixed point conversions

Let F' be the non-special value set for a floating point datatype conforming to this part of ISO /TEC
10967. Let D be the non-special value set for a fixed point datatype.

A fixed point datatype D is a subset of R, characterised by a radix, rp € Z (> 2), a density,
dp € Z (> 0), and if it is bounded, a maximum positive value, dmazp > 1. Given these values,
the following sets are defined:

D" ={n/(¥) | nez}

D = D* if D is not bounded
D = D* N [—dmaxp,dmaxp) if D is bounded

NOTE 1 — D corresponds to scaled(rp, dp) in ISO/IEC 11404 Information technology —
General-Purpose Datatypes (GPD) [10]. However, that standard does not specify a dmaxp
parameter.

The fixed point rounding helper functions:
nearestp : R — D*

is the rounding function that rounds to nearest, ties round to even last digit.
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upp : R — D*

is the rounding function that rounds towards positive infinity.

dounp : R — D*

is the rounding function that rounds towards negative infinity.

The fixed point result helper function, resultp, is like result g, but for a fixed point datatype.

It will return overflow if the rounded result is not representable:

resultp : R x (R — D*) — D U {inexact, overflow}

resultp(z,rnd) = overflow(4+00) if x € R and rnd(x) € D and = > 0
= overflow(—00) if x € R and rnd(z) ¢ D and z < 0
=z if rnd(z) € D and rnd(z) = x
= inexact(rnd(z)) if rnd(xz) € D and rnd(x) # = and
(rnd(x) #0or 0 < x)
= inexact(—0) if rnd(z) =0 and z <0

The convertp_,p operation:
convertp_,p : F' — D U {inexact, overflow }

convertp_,p(x) = resultp(x,nearestp) if x € F

=z if x € {—00,—0,+00}
= qNaN if x is a quiet NaN
= invalid(gNaNN) if x is a signalling NaN

NOTES

2 The datatype D need not be visible in the programming language. D may be a subtype of
strings, according to some format. Even so, no datatype for strings need be present in the
programming language.

3 This covers, among other things, “output” of floating point datatype values, to fixed point
string formats. E.g. a binding may say that float_to_fixed_string(xz, m, n) is bound
to convertp_,s,, , (x) where Sy, ,, is strings of length m, representing fixed point values in
radix 10 with n decimals. The binding should also detail how NaNs, signed zeroes and
infinities are represented in S,, ,, as well as the precise format of the strings representing
ordinary values. (Note that if the length of the target string is limited, the conversion may
overflow.)

The com)ert; _,p and com)ert% _,p operations:
convert; _p: F — DU {inexact, overflow}

convert;ﬁD(x) = resultp(z,upp) ifeeF
= convertp_,p(x) otherwise

convert? _p: F — DU {inexact, overflow}

ISO/IEC 10967-1:2012(E)

convertﬁﬁD(x) = resultp(x, downp) ifeeF
= convertp_,p(x) otherwise
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5.3.6 Fixed point to floating point conversions

Let D be the non-special value set for a fixed point datatype. Let F' be the non-special value set
for a floating point datatype conforming to this part of ISO/IEC 10967.

The convertp_,r operation:
convertp_,r : D — F U {inexact, underflow, overflow }

convertp_p(x) = resultp(x,nearesty) if x € D

=z if x € {—00,—0,+00}
= qNaN if x is a quiet NaN
= invalid(gNaN) if = is a signalling NaN

NOTE - This covers, among other things, “input” of floating point datatype values, from
fixed point string formats. E.g. a binding may say that string to_float(s) is bound to
converts,, . . r(s) where Sy, ,, is strings of length m, where m is the length of s, and n is the
number of digits after the “decimal symbol” represented in S, ,, as well as the precise format
of the strings representing ordinary values.

The com}ertg _p and converﬁ7 _,p operations:
convert% _p D — FU{inexact, underflow, overflow}

convertp_p(x) = resultp(z,upr) ifxeD
= convertp_,p(x) otherwise

convert% _p: D — FU{inexact, underflow, overflow}

convertp_p(x) = resultp(x,downrp) iteeD
= convertp_,r(x) otherwise

5.4 Numerals as operations in a programming language

NOTE — Numerals in strings, or input, is covered by the conversion operations in clause 5.3.

Each numeral is a parameterless operation. Thus, this clause introduces a very large number
of operations, since the number of numerals is in principle infinite.

5.4.1 Numerals for integer datatypes

Let I’ be a non-special value set for integer numerals for the datatype corresponding to I.

An integer numeral, denoting an abstract value n in I’ U {—0, 400, —00,qNaN, sNalN}, for
an integer datatype with non-special value set I, shall result in

convertp _yy(n)

For each integer datatype conforming to this document and made directly available, there shall
be integer numerals with radix 10.

For each radix for numerals made available for a bounded integer datatype with non-special
value set I, there shall be integer numerals for all non-negative values of I. For each radix for
numerals made available for an unbounded integer datatype, there shall be integer numerals for
all non-negative integer values smaller than 1020,

For each integer datatype made directly available and that may have special values:
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