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ISO/IEC Foreword 

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical 
Commission) form the specialized system for worldwide standardization. National bodies that are 
members of ISO or IEC participate in the development of International Standards through technical 
committees established by the respective organization to deal with particular fields of technical activity. 
ISO and IEC technical committees collaborate in fields of mutual interest. Other international 
organizations, governmental and non-governmental, in liaison with ISO and IEC, also take part in the 
work. 

The procedures used to develop this document and those intended for its further maintenance are 
described in the ISO/IEC Directives, Part 1. In particular, the different approval criteria needed for  
the different types of document should be noted. This document was drafted in accordance with  
the editorial rules of the ISO/IEC Directives, Part 2 (see www.iso.org/directives or 
www.iec.ch/members_experts/refdocs). 

Attention is drawn to the possibility that some of the elements of this document may be the subject of 
patent rights. ISO and IEC shall not be held responsible for identifying any or all such patent rights. Details 
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on the ISO list of patent declarations received (see www.iso.org/patents) or the IEC list of patent 
declarations received (see patents.iec.ch). 

Any trade name used in this document is information given for the convenience of users and does not 
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For an explanation of the voluntary nature of standards, the meaning of ISO specific terms and 
expressions related to conformity assessment, as well as information about ISO's adherence to the World 
Trade Organization (WTO) principles in the Technical Barriers to Trade (TBT), see 
www.iso.org/iso/foreword.html. In the IEC, see www.iec.ch/understanding-standards. 

This document was prepared by Working Group 1 of the Joint Committee for Guides in Metrology (as 
JCGM GUM-6:2020), and was adopted by the national bodies of ISO and IEC. 

A list of all parts in the ISO/IEC Guide 98 series can be found on the ISO and IEC websites. 

Given that ISO/IEC Guide 98-6 is identical in content to JCGM GUM-6, the decimal symbol is a point on the 
line in the English version. 

Annex ZZ has been appended to provide a list of corresponding ISO/IEC Guides and JCGM guidance 
documents for which equivalents are not given in the text. 
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Copyright

Even if electronic versions are available free of charge on the website of one or more of the JCGM
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nationally protected. The JCGM does not, without its written authorisation, permit third parties
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tions. Equally, the JCGM also objects to distortion, augmentation or mutilation of its publications,
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Official versions and translations

The only official versions of documents are those published by the JCGM, in their original languages.

The JCGM’s publications may be translated into languages other than those in which the documents
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reproduction and contain the following statement:

This document is reproduced with the permission of the JCGM, which retains full
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Foreword

In 1997 a Joint Committee for Guides in Metrology (JCGM), chaired by the Director of
the Bureau International des Poids et Mesures (BIPM), was created by the seven interna-
tional organizations that had originally in 1993 prepared the ‘Guide to the expression of
uncertainty in measurement’ and the ‘International vocabulary of basic and general terms
in metrology’. The JCGM assumed responsibility for these two documents from the ISO
Technical Advisory Group 4 (TAG4).

The Joint Committee is formed by the BIPM with the International Electrotechnical Com-
mission (IEC), the International Federation of Clinical Chemistry and Laboratory Medicine
(IFCC), the International Laboratory Accreditation Cooperation (ILAC), the International
Organization for Standardization (ISO), the International Union of Pure and Applied
Chemistry (IUPAC), the International Union of Pure and Applied Physics (IUPAP), and
the International Organization of Legal Metrology (OIML).

JCGM has two Working Groups. Working Group 1, ‘Expression of uncertainty in mea-
surement’, has the task to promote the use of the ‘Guide to the expression of uncertainty
in measurement’ and to prepare documents for its broad application. Working Group 2,
‘Working Group on International vocabulary of basic and general terms in metrology’, has
the task to revise and promote the use of the ‘International vocabulary of basic and general
terms in metrology’ (the ‘VIM’).

In 2008 the JCGM made available a slightly revised version (mainly correcting minor er-
rors) of the ‘Guide to the expression of uncertainty in measurement’, labelling the docu-
ment ‘JCGM 100:2008’. In 2017 the JCGM rebranded the documents in its portfolio that
have been produced by Working Group 1 or are to be developed by that Group: the whole
suite of documents became known as the ‘Guide to the expression of uncertainty in mea-
surement’ or ‘GUM’. This document, previously known as JCGM 103, Supplement 3 to the
GUM, is the first to be published as a part of that portfolio, and is entitled and numbered
accordingly.

The present guide is concerned with the development and use of measurement models, and
supports the documents in the entire suite of JCGM documents concerned with uncertainty
in measurement. The guide has been prepared by Working Group 1 of the JCGM, and has
benefited from detailed reviews undertaken by member organizations of the JCGM and
National Metrology Institutes.
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Introduction

A measurement model constitutes a relationship between the output quantities or mea-
surands (the quantities intended to be measured) and the input quantities known to be
involved in the measurement. There are several reasons for modelling a measurement.
Models assist in developing a quantitative understanding of the measurement and in im-
proving the measurement. A model enables values of the output quantities to be obtained
given the values of the input quantities. Additionally, a model not only allows propaga-
tion of uncertainty from the input quantities to the output quantities; it also provides an
understanding of the principal contributions to uncertainty. This document is accordingly
concerned with the development of a measurement model and the practical use of the
model.

One of the purposes of measurement is to assist in making decisions. The reliability of these
decisions and the related risks depend on the values obtained for the output quantities and
the associated uncertainties. In turn, these decisions depend on a suitable measurement
model and the quality of information about the input quantities.

Although the development of a measurement model crucially depends on the nature of the
measurement, some generic guidance on aspects of modelling is possible. A measurement
model might be a straightforward mathematical relationship, such as the ideal gas law, or,
at the other extreme, involve a sophisticated numerical algorithm for its evaluation, such
as the detection of peaks in a signal and the determination of peak parameters.

A measurement model may take various forms: theoretical, empirical or hybrid (part-
theoretical, part-empirical). It might have a single output quantity or more than one out-
put quantity. The output quantity may or may not be expressed directly in terms of the
input quantities. The quantities in the measurement model may be real-valued or complex-
valued. Measurement models may be nested or multi-stage, in the sense that input quan-
tities in one stage are output quantities from a previous stage, as occurs, for instance,
in the dissemination of measurement standards or in calibration. Measurement models
might describe time series of observations, including drift, and dynamic measurement. A
measurement model may also take the form of a statistical model. In this document the
concept ‘measurement model’ is intended in this broader meaning.

In developing or using a measurement model there are important choices to be made.
The selection of a model that is adequate or fit for purpose is a key issue. Particularly for
empirical models, there is choice of representation (or parametrization) of the families of
functions concerned (polynomials, polynomial splines or rational functions, etc.). Certain
choices can be far superior to others in their numerical behaviour when the model is im-
plemented on a computer. The uncertainty arising from the choice of model is a necessary
consideration.

In many disciplines, a basic measurement model requires extension to incorporate effects
such as temperature corrections arising from the measurement to enable values for output
quantities and the associated uncertainties to be obtained reliably.

Following the introduction in 1993 of the Guide to the expression of uncertainty in mea-
surement, or GUM (also known as JCGM 100:2008), the practice of uncertainty evaluation
has broadened to use a wider variety of models and methods. To reflect this, this Guide
includes an introduction to statistical models for measurement modelling (clause 11) and
additional guidance on modelling random variation in Annex C.
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Guide to the expression of uncertainty in
measurement — Part 6: Developing and using
measurement models

1 Scope

This document provides guidance on developing and using a measurement model and
also covers the assessment of the adequacy of a measurement model. The document is
of particular interest to developers of measurement procedures, working instructions and
documentary standards. The model describes the relationship between the output quantity
(the measurand) and the input quantities known to be involved in the measurement. The
model is used to obtain a value for the measurand and an associated uncertainty. Measure-
ment models are also used in, for example, design studies, simulation of processes, and in
engineering, research and development.

This document explains how to accommodate in a measurement model the quantities in-
volved. These quantities relate i) to the phenomenon or phenomena on which the mea-
surement is based, that is, the measurement principle, ii) to effects arising in the specific
measurement, and iii) to the interaction with the artefact or sample subject to measure-
ment.

The guidance provided is organised in accordance with a work flow that could be con-
templated when developing a measurement model from the beginning. This work flow
starts with the specification of the measurand (clause 6). Then the measurement principle
is modelled (clause 7) and an appropriate form of the model is chosen (clause 8). The
basic model thus obtained is extended by identifying (clause 9) and adding (clause 10)
effects arising from the measurement and the artefact or sample subject to measurement.
Guidance on assessing the adequacy of the resulting measurement model is given in clause
12. The distinction between the basic model and the (complete) measurement model in
the work flow should be helpful to those readers who already have a substantial part of
the measurement model in place, but would like to verify that it contains all effects arising
from the measurement so that it is fit for purpose.

Guidance on the assignment of probability distributions to the quantities appearing in the
measurement model is given in JCGM 100:2008 and JCGM 101:2008. In clause 11, this
guidance is supplemented by describing how statistical models can be developed and used
for this purpose.

When using a measurement model, numerical problems can arise including computational
effects such as rounding and numerical overflow. It is demonstrated how such problems
can often be alleviated by expressing a model differently so that it performs well in cal-
culations. It is also shown how a reformulation of the model can sometimes be used to
eliminate some correlation effects among the input quantities when such dependencies
exist.

Examples from a number of metrology disciplines illustrate the guidance provided in this
document.
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2 Normative references

The following documents are referred to in the text in such a way that some or all of
their content constitutes requirements of this document. For dated references, only the
edition cited applies. For undated references, the latest edition of the referenced document
(including any amendments) applies.

BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP, and OIML. Evaluation of measurement data —
Guide to the expression of uncertainty in measurement. Joint Committee for Guides in
Metrology, JCGM 100:2008.

BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP, and OIML. Evaluation of measurement data —
Supplement 1 to the ‘Guide to the expression of uncertainty in measurement’ — Propaga-
tion of distributions using a Monte Carlo method. Joint Committee for Guides in Metrology,
JCGM 101:2008.

BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP, and OIML. Evaluation of measurement data —
Supplement 2 to the ‘Guide to the expression of uncertainty in measurement’ — Exten-
sion to any number of output quantities. Joint Committee for Guides in Metrology, JCGM
102:2011.

BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP, and OIML. International vocabulary of metrol-
ogy — Basic and general concepts and associated terms. Joint Committee for Guides in
Metrology, JCGM 200:2012.

3 Terms and definitions

The terms and definitions of JCGM 100:2008, JCGM 101:2008, JCGM 102:2011 and JCGM
200:2012 apply.

ISO, IEC and IUPAC maintain terminological databases for use in standardization at the
following addresses:

— IEC Electropedia: available at http://www.electropedia.org
— ISO Online Browsing Platform: available at http://www.iso.org/obp
— IUPAC Gold Book: available at http://www.goldbook.iupac.org

4 Conventions and notation

4.1 The conventions and notation in JCGM 100:2008, JCGM 101:2008 and
JCGM 102:2011 are adopted. Principal symbols used throughout the document are ex-
plained in annex A. Other symbols and those appearing in examples are explained at first
occurrence.

4.2 Most examples in this document contain numerical values rounded to a number of
decimal digits appropriate to the application. Because of rounding there are often numer-
ical inconsistencies among the values presented. An instance is the correlation coefficient
of −0.817 in the example in 8.1.6. It is obtained from the computer-held values of two
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standard uncertainties and a covariance. If it were computed from the three presented
values (three significant decimal digits), its value correct to three decimal digits would be
−0.822.

4.3 Links to numbered subclauses are indicated by underlining.

5 Basic principles

5.1 A measurand (see JCGM 200:2012, 2.3) is in many cases not measured directly, but
is indirectly determined from other quantities (see JCGM 200:2012, 1.1) to which it is
related by a measurement model (see JCGM 200:2012, 2.48) such as formula (1) in 5.2. The
measurement model is a mathematical expression or a set of such expressions (see JCGM
100:2008, 4.1.2), comprising all the quantities known to be involved in a measurement.
It enables a value (see JCGM 200:2012, 1.19) of the measurand to be provided and an
associated standard uncertainty to be evaluated. The measurement model may be specified
wholly or partly in the form of an algorithm. The quantities to which the measurand is
related constitute the input quantities (see JCGM 200:2012, 2.50) in the measurement
model. The measurand constitutes the output quantity (see JCGM 200:2012, 2.51).

5.2 Many measurements are modelled by a real functional relationship f between N real-
valued input quantities X1, . . . , XN and a single real-valued output quantity (or measurand)
Y in the form

Y = f (X1, . . . , XN ). (1)

This simple form is called a real explicit univariate measurement model; real since all
quantities involved take real (rather than complex) values, explicit because a value for Y
can be computed directly given values of X1, . . . , XN , and univariate since Y is a single,
scalar quantity. However, it does not apply for all measurements. A measurement model
can be complex, involving complex-valued quantities (see JCGM 102:2011, 3.2). It can
be implicit where a value for Y cannot be determined directly given values of X1, . . . , XN
(see 13.5). The measurement model can be multivariate where there is more than one
measurand, denoted by Y1, . . . , Ym; for further information, see 13.4 and JCGM 102:2011.

EXAMPLE Volume of a cylinder

The volume of a cylinder is given by the measurement model

V =
π

4
Ld2

in which cylinder length L and diameter d are the N = 2 input quantities, corresponding to X1 and
X2, and an output quantity V corresponding to Y .

5.3 The process of building a measurement model can be subdivided into the following
steps, each step being described in the indicated clause:

a) Select and specify the measurand (see clause 6).
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b) Model the measurement principle, thus providing a basic model for this purpose (see
clause 7), choosing an appropriate mathematical form (see clauses 8 and 11).

c) Identify effects involved in the measurement (see clause 9).
d) Extend the basic model as necessary to include terms accounting for these effects

(see clauses 10 and 11).
e) Assess the resulting measurement model for adequacy (see clause 12).

In any one instance, a number of passes through the process may be required, especially
following step c). It may be more efficient or effective to take the steps as listed in a
different order.

5.4 The manner in which a measurement model is used to obtain a value for the measur-
and (or values for the measurands) and evaluate the associated standard uncertainty (or
covariance matrix) depends on its mathematical form (see clause 13). JCGM 100:2008
mainly considers explicit univariate models and applies the law of propagation of uncer-
tainty (LPU). JCGM 102:2011 gives guidance on the use of generalizations of LPU for
multivariate models and implicit models. For non-linear models, the use of the Monte
Carlo method of JCGM 101:2008 (univariate measurement models) and JCGM 102:2011
(multivariate models) is often more appropriate (see clause 13).

5.5 The measurement model is a mathematical relationship among quantities, and as
such it is subject to the rules of quantity calculus [20]. The same symbols used for the quan-
tities are also used for the corresponding random variables (see JCGM 100:2008, C.2.2),
whose probability distributions (see JCGM 101:2008, 3.1) describe the available knowledge
about the quantities. Therefore, the measurement model can also be considered to be a
model involving random variables, subject to the rules of mathematical statistics. The law
of propagation of uncertainty as described in JCGM 100:2008, 5.1 and 5.2 uses a simple
property of the transformation of random variables when only expectations and variances
(and, perhaps, covariances) are used, rather than the whole distributions.

EXAMPLE Mass of a spherical weight

The mass of a weight that has been machined in the form of a sphere from a block of material is
given by

m=
π

6
d3ρ, (2)

where d is the diameter of the weight and ρ is the density of the material.

Expression (2) is a simple, well-known physical model that is idealized, applying to a perfect sphere
and relating the output quantity mass to the input quantities diameter and density. At the same
time, d and ρ can be considered as random variables describing the available information on the
corresponding physical quantities obtained, for instance, from a dimensional measurement made
with a vernier caliper and from a table of reference data, respectively. Thus, expression (2) also
describes how to transform this information about the input physical quantities to the mass m of
the weight (the measurand).

5.6 When building a measurement model that is fit for purpose, all effects known to affect
the measurement result should be considered. The omission of a contribution can lead to
an unrealistically small uncertainty associated with a value of the measurand [156], and
even to a wrong value of the measurand.
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Considerations when building a measurement model are given in 9.3. Also see JCGM
100:2008, 3.4.

5.7 The fitness for purpose of a measurement model can encompass considerations made
before measurement. Such aspects include the measurement capability [85] (see JCGM
200, 2.6) in the case of a laboratory routinely performing calibrations. Fitness for purpose
can also encompass the cost of measurement at a given level of uncertainty compared
with the consequent costs of incorrect decisions of conformity (see also JCGM 106:2012
[21]). The measurand, which in the terminology of conformity assessment is a ‘quality
characteristic of the entity’, can be, as in statistics, either

— a measure of ‘location’, for instance, a quantity relating to an entity such as the mass
of a single object, an error in mass (deviation from a nominal value), or an average
mass of a batch of objects, or

— a measure of ‘dispersion’, for instance, the standard deviation in mass amongst a
batch of objects in a manufacturing process.

5.8 When developing a measurement model, the ranges of possible values of the input
quantities and output quantities should be considered. The model should be capable of
providing credible estimates and associated uncertainties for all output quantities over the
required ranges of the input quantities, which should be specified as appropriate. The
measurement model should only be used within the ranges of all quantities for which it
has been developed and assessed for adequacy. See 13.2.

5.9 One aspect of specifying the domain of validity of the measurement model (see also
5.8) is to identify any restrictions on the domains of the quantities involved in the mea-
surement model. Some quantities are necessarily positive (or at least non-negative). Some
quantities might have lower and upper limits. There can be interrelationships between two
or more quantities that need to be included in the measurement model.

EXAMPLE Quantities having restrictions

— Positive quantities, for instance, mass and volume.
— Quantity with limits, for instance, a mass fraction can only take values between zero and one.
— Quantities having interrelationships, for instance, the relative proportions (fractions) of all

components (hydrocarbons and other molecules) of a natural gas sum to a constant.

Such quantities can sometimes be re-expressed by applying transformations. For instance,
denoting by θ a new real quantity that is unconstrained:

— a quantity q is positive if re-expressed as q = θ2,
— a quantity q lies between a and b if re-expressed as q = a+ (b− a) sin2 θ , and
— quantities q1 and q2 sum to unity by the transformation q1 = sin2 θ , q2 = cos2 θ .

6 Specifying the measurand

6.1 The choice of the measurand depends on the purpose of the measurement and may
take account of the target measurement uncertainty (see JCGM 200, 2.34). Other processes
and measurands are possible and the appropriate choice depends on the application of the
measurement result.
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NOTE Some measurands may be time-dependent such as in 10.6 and annex B.

EXAMPLE Diameter of a cylindrical component

In dimensional metrology, the diameter of a component of cylindrical form is obtained from knowl-
edge of the profile of a right section of the component. If the component is a cylindrical piston,
which is required to fit inside the cylinder of a piston-cylinder assembly, the measurand is the di-
ameter of the minimum circumscribing circle (MCC) for the profile. Figure 1 (left) gives the MCC
for a lobed profile.

Figure 1: Minimum circumscribed circle (left, blue) and maximum inscribed circle (right, red),
described by thin lines, for lobed profiles indicated by thick curved lines

If the component is a cylinder, which is required to contain a cylindrical piston in a piston-cylinder
assembly, the measurand is the diameter of the maximum inscribed circle (MIC) for the profile.
Figure 1 (right) gives the MIC for a lobed profile.

The profiles exhibit lobing due to the machining process used to produce the corresponding parts.
For further information see reference [68] (Calibration Guide 6). Reference [6] describes how to
determine MCC and MIC by expressing the problems as optimization problems with linear con-
straints, a ‘standard form’ for solution.

6.2 Taking account of any given target measurement uncertainty, the measurand should
be specified sufficiently well so that its value is unique for all practical purposes related to
the measurement. Regulations, legislation or contracts can contain stipulations concerning
the measurand, and often these documents specify a measurand to the relevant extent, for
instance, by reference to an international standard (such as ISO or IEC) or OIML recom-
mendation. In general, an adequate specification of the measurand would often involve
location in space and time of the measurement, or specification of reference conditions of,
for example, temperature and pressure.

EXAMPLE Length of a gauge block (also see example in 13.3)

The (central) length of a gauge block is defined as the perpendicular distance between the central
point of one end face and a plane in contact with the opposite end face, when the gauge block is
at 20 °C.

6.3 In material testing, the measurand is often some property of an entire bulk of material
under consideration. The measurement result to be obtained is required to be valid for
the bulk (population) from which the sample is taken for measurement or testing. In such
cases the measured value can be obtained through a process of sampling and measurement.
Aspects such as the uncertainty arising from sampling, or also sample processing, are often
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part of the specification of the measurand in these circumstances. Often these aspects are
covered in a sampling plan (see, for instance, ISO/IEC 17025 [100]). Also see 6.1.

EXAMPLE 1 Rockwell C hardness

Rockwell C hardness is defined as hardness value, measured in accordance with ISO 6508, obtained
using a diamond cone indenter and a force of 1471 N [9,95]. Possible ways to specify the measur-
and relating to Rockwell C hardness of a material can relate to a specified point on the material (or
on a sample from it) at a specified time, and mean Rockwell C hardness of the material. The latter
is typically obtained as the average over designated points (in the material itself or in the sample) at
a specified time. The specification of the measurand as ‘Rockwell C hardness of the material’ would
only be adequate if the sample (and the material) were substantially homogeneous and stable for
the intended use of the material.

EXAMPLE 2 Emission monitoring

Two possible measurands relating to a component in an effluent are its mass concentration at the
time of sampling and its total mass over a calendar year. In the fields related to power production,
emissions are often also qualified in terms of mass emitted per unit of energy produced.

EXAMPLE 3 Biological material measurement

For a consignment of biological material subject to measurement, the measurand might relate to
a particular sample of the material, a set of samples, the method used to make the measurement,
the laboratory performing the measurement, or a set of laboratories involved in making the mea-
surement.

6.4 The specification of a measurand often requires describing the conditions for which
the measurement result is valid.

EXAMPLE 1 Catalytic activity

The catalytic activity of an enzyme depends on the pH, temperature and other conditions. A com-
plete specification of the measurand therefore requires these conditions to be specified.

EXAMPLE 2 Calorific value of natural gas

The calorific value (or, more correctly, the enthalpy of combustion) of natural gas is a function of
temperature and pressure. When specifying the measurand, the relevant temperature and pressure
are part of that specification. For example, reference conditions could be 288.15 K and 101.325 kPa
[87]. Often there are contractually agreed reference conditions specified.

6.5 The measurement procedure should, as appropriate, address how the result is con-
verted from the conditions of measurement to the conditions for which it is reported.

EXAMPLE 1 Length of a gauge block (also see example in 13.3)

The standard reference temperature for dimensional metrology is 20 °C [86]. This standard ref-
erence temperature is exact, so that the laboratory temperature, even in the most sophisticated
systems, can only approximate it. Consequently, the measurement model for the length of the
gauge block in the example in 6.2 contains a correction to that length based on i) the tempera-
ture difference between the reference temperature and the laboratory temperature (for example,
23 °C), and ii) the average coefficient of linear expansion in that range. Even when the indicated
laboratory temperature is 20 °C and the value of the correction would be equal to zero, there would
still be a non-zero associated uncertainty.

EXAMPLE 2 Natural gas volume

Natural gas volume is measured at the metering pressure and temperature of the gas in the transfer
line. The volume is reported at reference conditions for pressure and temperature, which are agreed
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between the contracting parties. The conversion of the natural gas volume at metering to reference
conditions involves, among others, the compressibility factor of the natural gas at metering and
reference conditions. The conversion is part of the measurement model.

6.6 In general, the same measurand can be represented by different models, depend-
ing primarily on the measurement principle chosen for its determination. Even within the
same measurement principle, different models would result from different practical imple-
mentations of that principle, from the level of detail in the description of the measurement
and the specific mathematical representation chosen among many that are often possible.

EXAMPLE SI value of the Boltzmann constant

The SI value of the Boltzmann constant [125]was obtained from three different measurement prin-
ciples, to which correspond as many measurement methods: acoustic gas thermometry, dielectric
constant gas thermometry and Johnson noise thermometry. A specific measurement model holds
for each of these methods. In addition, differences exist even among the models of those laborato-
ries using the same method, due to different practical implementations of the method, and perhaps
to the level of detail in identifying effects.

6.7 Ultimately, the measurement model describes the realization of the measurand ac-
cording to the knowledge of those involved in the measurement. The description may not
fully represent the measurand because some unrecognized effects were not included. As
a consequence, the uncertainty associated with the estimate of the measurand will not
contain the contributions from those effects.

EXAMPLE Mass comparison

In modern mass comparators, the mass mw of a standard weight W is determined (say, in vacuum)
by comparing the forces Fw = gwmw and Fr = grmr exerted on the comparator pan by W and by a
reference mass standard R, subjected to local accelerations due to gravity gw and gr, respectively.
The pan is held at a constant level by a servo mechanism. In most applications, it can safely be
assumed that gw = gr = g, so that the model takes the simple form mw = mr −∆m, where ∆m is
the comparator indication and g has been dropped.

The assumption gw = gr = g is correct when the centres of gravity of the two standards during
weighings lie at the same elevation, and can anyway be adequate depending on the target un-
certainty. If this is not the case, the model may need to be extended, usually with a correction (a
further input quantity to the measurement model) to the mass mr of the reference standard, having
the form

mr
∆g
∆h

1
g
(hr − hw) ,

where ∆g/(g∆h) ≈ −2.4× 10−7 m−1 is the relative vertical gradient of the local acceleration due
to gravity and hr−hw is the difference in elevation between the centres of gravity of the standards
being compared. Whereas the uncertainty associated with the correction is normally negligible,
the correction itself can be significant. This is the case in the comparisons at the highest level
of standards made of materials having very different densities (and consequently different sizes
and sometimes shapes), such as silicon, stainless steel and platinum-iridium standards. Neglecting
to include such a correction in the model would imply an incomplete description of the measur-
and, resulting in an error with respect to a correctly specified measurand. The error amounts to
about −3µg when comparing a stainless steel standard with a platinum-iridium prototype. This
value is of the same order of magnitude of the standard uncertainty associated with the estimate
of the measurand.
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7 Modelling the measurement principle

7.1 General

The measurement principle (see JCGM 200, 2.4) enables a basic model, often based on
a scientific law, or combination of such laws, to be established. A set of input quantities,
namely, those quantities appearing in the laws underlying the measurement, follows from
the measurement principle.

NOTE In many standardized test methods, as published by ISO and IEC for instance, the measure-
ment principle is already described in the form of one or more mathematical formulæ.

EXAMPLE Simple theoretical model of mass measurement

The mass m of a weight is measured with a spring balance. The relationship between the restoring
force F exerted by the spring and m at equilibrium is F = mg, where g is the acceleration due
to gravity. Hooke’s law relating F to the extension X of the spring and the spring constant k is
F = kX . Thus, a theoretical measurement model relating mass to extension, spring constant and
acceleration due to gravity is

m=
k
g

X .

Available knowledge about X , k and g enables knowledge about m to be inferred. Since Hooke’s
law only applies when the extension is sufficiently small, this measurement model should only be
used within this limit. The largest mass, for a given k, for which the restoring force is proportional
to the extension of the spring defines the domain of validity of the measurement model (see 5.8).

7.2 Theoretical, empirical and hybrid measurement models

7.2.1 A theoretical measurement model is based on scientific theory that describes how
the output quantities in the measurement model relate to the input quantities.

EXAMPLE 1 SI value of the Avogadro constant

The Avogadro constant NA is the universal proportionality constant relating in any sample the
number N(X) of entities X and the corresponding amount of substance n(X),

NA =
N(X)
n(X)

.

In the SI, the Avogadro constant has the exact value NA = 6.022140 76× 1023 mol−1 [125]. One
of the most accurate methods that was used to determine this value is the X-ray crystal density
(XRCD) method [110]. In XRCD, the sample is a near-perfect sphere of mono-crystalline, isotopi-
cally enriched silicon (99.99 % 28Si). The number of silicon atoms in this sample is N(Si) = 8V/a3

0,
V and a3

0 being respectively the volumes of the sphere and of the unit atomic cell, containing 8
atoms. The amount of silicon is n(Si) = m/M , where m and M are the mass of the sphere and the
molar mass of silicon. Therefore the definition of the Avogadro constant may be written as

NA =
N(Si)
n(Si)

=
8V
a3

0

M
m

,

which is the basic model describing the measurement principle for the XRCD experiment.
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EXAMPLE 2 Pressure generated by a pressure balance (continued in 8.1.4)

The pressure p generated by a pressure balance is given implicitly by the measurement model

p =
m
�

1−
ρa

ρm

�

g

A0 (1+λp) [1+α (t − tref)]
, (3)

where m is the total applied mass, ρa and ρm are respectively the mass densities of air and the
applied mass, g is the local acceleration due to gravity, A0 is the effective area of the piston-cylinder
assembly at zero pressure and a reference temperature, λ is the distortion coefficient of the piston-
cylinder assembly, α is the temperature coefficient, t is Celsius temperature, and tref is a reference
temperature, 20 °C, say [113]. There are eight input quantities A0,λ,α, t, m,ρa,ρm, g and a single
output quantity p.

7.2.2 Sometimes the measurement principle can only be formulated in terms of an em-
pirical model. For such a model, the measurand would often be expressed in terms of
mathematical functions such as polynomials, polynomial splines or rational functions, all
of which have adjustable parameters. These models are often expressed as statistical mod-
els (see clause 11). Estimates of the parameters of these functions can be provided by
reference tables (for instance, see example 2 in 8.3.3) or obtained by data analysis (least-
squares regression, say), together with the associated standard uncertainties and covari-
ances.

EXAMPLE Industrial platinum resistance thermometer

Platinum resistance thermometers of nominal resistance 100Ω, also called Pt100 sensors, are used
in industry for accurate measurement of temperature. The resistance R of the sensor as a function of
Celsius temperature t is modelled over the interval [−200 °C, 800 °C] using the empirical Callendar-
Van Dusen equation [51]

R(t) =

�

R0

�

1+ At + Bt2 + C t3(t − tref)
�

, −200 °C≤ t < 0 °C,
R0

�

1+ At + Bt2
�

, 0 °C≤ t ≤ 800 °C,
(4)

where tref = 100 °C, being a reference value, has no associated uncertainty, and R0, A, B and C are
determined by calibration. Typical values are bR0 = 100Ω, bA= 3.9× 10−3 °C−1, bB = −6× 10−7 °C−2,
and bC = −4× 10−12 °C−4.

Expression (4) is then used to provide values of the measurand t given values for the input quan-
tities R0, A, B, C and R and is thus an implicit measurement model (see 13.5).

7.2.3 Most measurement models are hybrid, that is, they combine aspects of theoretical
and empirical models. Even if the complete measurement principle is based on scientific
theory, there are often quantities involved in the measurement that need to be included in
the measurement model and are modelled empirically (also see clauses 9 and 10).

EXAMPLE Spectral irradiance of a lamp: hybrid model

A tungsten filament lamp source emits light when its filament is heated by an electric current.
The primary physics behind this process is that of a hot source and to first order the lamp acts in a
manner similar to a blackbody source. The spectral radiance of a blackbody source can be modelled
using the Planck function

L(λ, T ) =
c1,L

λ5{exp[c2/(λT )]− 1}
,
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where λ denotes wavelength, T the blackbody temperature and the coefficients c1,L and c2 can be
expressed in terms of fundamental physical constants [5].

Since lamps are not ideal blackbody sources, the emissivity of the tungsten filament and the trans-
mittance of the bulb should be considered. For tungsten filament lamps used as standards, their
spectral irradiance varies smoothly with wavelength and can be modelled by the product of a poly-
nomial in λ and a Planck function. (Spectral irradiance is related to radiance by a constant factor
depending on geometry.) Such a function is known as a Planck-polynomial function [41,79]:

F(λ, T, a1, . . . , ap) = L(λ, T )Gp(λ, a1, . . . , ap). (5)

The correction factor Gp(λ, a1, . . . , ap) is an empirical polynomial function of order p in λ with
adjustable parameters a1, . . . , ap. These parameters are estimated by fitting model (5) to suitable
data using regression analysis.

7.3 Differential equation models

7.3.1 Many theoretical models used in science, engineering and medicine specify the
rates at which some quantities vary as functions of time and other quantities, and are
formulated as differential equations [152]. In some cases, the differential equation is only
used as a foundation to develop simpler models.

EXAMPLE Vapour pressure at vapour-liquid equilibrium

The vapour pressure equations used in example 1 in 8.1.4 are solutions of the Clausius-Clapeyron
relation, which is a differential equation,

dp
dT
=
∆s
∆v

, (6)

where p denotes the pressure, the measurand, and T the thermodynamic temperature of the
vapour-liquid equilibrium, and ∆s and ∆v the differences in specific entropy and molar volume,
respectively, between the two phases [11].

7.3.2 In measurement models that involve differential equations, the measurand is typ-
ically a function of coefficients in these equations. These coefficients are estimated based
on empirical data, usually by application of a statistical method (see also clause 11). The
equations are solved in the process, often a number of times, usually employing numerical
methods, and typically a Monte Carlo method, similar to that described in JCGM 101:2008,
is used for uncertainty evaluation [31,55,137,153].

EXAMPLE SIR model for influenza infection

The numbers of cases reported once per week during an influenza epidemic in an isolated village
with n = 327 inhabitants, during the first 11 weeks of their influenza season were (1,0), (8,0),
(15, 4), (22, 26), (29,61), (36, 67), (43,42), (50, 40), (57,23), (64, 13), (71,5). The first element
of each pair is the day since the beginning of the season, and the second is the number of people
known to have influenza on that day. For instance, the first pair means that on day 1 there were 0
cases, and the last pair means that on day 71 there were 5 cases.

The simple SIR model [102] for the spread of infectious diseases through a population does not
contemplate births or deaths occurring during the course of the epidemic. It regards the population
as partitioned into three subsets at each time instant t: those that are susceptible to the infection
but not yet sick, S(t), those that are infected, I(t), and those that have already recovered from
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the infection and are no longer contagious, R(t). Their numbers add up to the population total,
S(t) + I(t) + R(t) = n, and satisfy three simultaneous differential equations:

dS
dt
= −β I(t)S(t)/n,

dI
dt
= β I(t)S(t)/n− γI(t),

dR
dt
= γI(t), (7)

for some specified non-negative initial values S(0), I(0) and R(0). The model parameters are such
that 1/γ is the typical duration of the infection in an infected person and the parameter of interest
is the the average number of individuals directly infected by an infectious person in a population
where everyone is susceptible, known as the basic reproduction number R0 = β/γ. The model is
completed by assuming that the actual number of cases at time t is a random variable N(t) with a
Poisson distribution with mean I(t).

Computing the maximum-likelihood estimates [133] of β , γ and S(0) involves finding the values of
these parameters that maximize a product of Poisson probability densities (one for each of the 11
days with a reported number of cases), whose means are I(1), I(8), . . . , I(71). Since equations (7)
cannot be solved analytically, each time the likelihood function needs to be evaluated in the course
of the maximization process, these differential equations have to be solved, also numerically. The
resulting parameter estimates are bβ = 0.34d−1 and bγ= 0.14 d−1, and hence bR0 = 2.4. Figure 2
(left) depicts the data, the model as fitted to the observations, and the fitted values on the same
days when the numbers of influenza cases were observed.
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Figure 2: Observed numbers of cases (large, red dots), calibrated model bI (solid blue curve), and
expected numbers of cases (small blue dots) corresponding to the observed numbers of cases and
(right) probability density of R0 based on a sample of size 1000 drawn from its distribution by a
Monte Carlo method, with the blue dot marking the maximum-likelihood estimate, the shaded area
comprising 95 % of the area under the curve, and the thick, horizontal red line segment representing
a 95 % coverage interval for the reproduction number

The uncertainty associated with the basic reproduction number was evaluated by application of the
parametric bootstrap [53], a Monte Carlo method. This method is particularly onerous computa-
tionally, because it involves repeating the following steps a substantial number K of times: (i) draw
one sample value from each of the 11 Poisson distributions whose means are the values bI(1), bI(8),
. . . , bI(71) corresponding to the solution of equations (7) for β = bβ , γ= bγ and S0 = bS0; (ii) estimate
the same parameters, again via maximum likelihood, using the simulated draws, and compute the
corresponding value of the basic reproduction number.

A sample of modest size K = 1000 drawn from the probability distribution of R0 as just described
(figure 2, right) had standard deviation 0.12, which is used as the standard uncertainty u(R0)
associated with R0. A 95 % coverage interval for R0 deduced from the sample ranged from 2.2 to
2.7.
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8 Choosing the form of the measurement model

8.1 General

8.1.1 The same measurement principle can give rise to different models. Therefore, the
experimenter is often faced with the need to choose a suitable form for the model from
various possible forms. This clause gives guidance on the criteria that can be used in
making this choice. Some of the forms of model are considered, with examples, in clause
13.

8.1.2 A measurement model should be capable of accounting for all information that is
relevant and available. The following aspects should be taken into consideration when
choosing the form of the model (for further information or specific guidance, see the ref-
erenced subclauses):

Availability of a reliable theoretical form The extent to which a model can be based on
the measurement principle, usually a well-established scientific law, should be con-
sidered. A model based on a reliable scientific principle is likely to require less work
to check its adequacy than does an empirical or hybrid model. See clauses 7 and 12.

Target measurement uncertainty The target measurement uncertainty affects the degree
of approximation that is appropriate, and will also affect the number of corrections,
etc. taken into consideration (see JCGM 200, 2.34).

Simplicity It may be important to provide a model that can be implemented with minimal
effort. Simpler representations can also help to avoid mistakes in implementation.
The use of sub-models (see 8.4) can be useful in this respect. See 9.2.

Measurement range The model should be applicable over the whole range of values of
the input and output quantities over which it is intended to be used. See 5.8. It may
be appropriate to divide the range into subranges in each of which a different model
applies. See the example in 7.2.2. Also see clause 12.

Dominant sources of uncertainty Where the dominant uncertainties arise from measure-
ment of input quantities, models that associate uncertainties with input quantities
are most appropriate. Where the dominant uncertainties relate to unpredictable or
random variation in observations, models incorporating performance data are usu-
ally more appropriate. See annex C.5.

Relevance A model that generates coefficient or parameter values that can be interpreted
in terms of physical quantities can be easier for users to apply than a model that for
mathematical simplicity uses abstract functions of physical quantities.

Parsimony If a statistical model is fitted to data, the model should not include more terms
than necessary. This aspect is often addressed by the statistical process of model
selection. See 11.10.

Available information The availability of comprehensive data on performance of the mea-
surement procedure can make it possible to use simplified measurement models. See
10.3 and annex C.5.

Numerical accuracy The model should be numerically as ‘well-posed’ as possible, that is,
not adversely affected by the limitations of the available computational precision.
See 8.6.

Solution stability Some models requiring numerical solution (and particularly some rep-
resentations) can lead to unstable numerical performance. Models that lead to stable
solutions are preferred. See 8.6.
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Computational cost Models that are easier to evaluate or solve with adequate accuracy
(see 13.3 and 13.4) are often preferred to those that might require considerable
computational effort (see 13.5 and 13.6).

8.1.3 The aspects listed in 8.1.2 are often mutually incompatible. For instance, the sim-
plest model is rarely the most accurate, and the most tractable mathematical form may
not be easy to interpret. Choice of model is therefore a balance depending on local priori-
ties. The overriding concern is whether the model is capable of providing a valid estimate
together with an associated measurement uncertainty. When a target measurement un-
certainty is available, the model should be capable of providing results consistent with
it.

8.1.4 Consideration should be given to choosing the most appropriate form of model, as
different models may be appropriate for different purposes. Example 1 in this subclause
is concerned with two models, the choice of which is made on the basis of providing data
for different physical properties. Example 2 illustrates the advisability of using an implicit
model when it provides a more natural description of the measurement. It also emphasizes
that both algebraically and numerically an implicit model might have advantages over an
explicit model. The example on shell thickness of microscopic spherical particles in 13.5
demonstrates a case in which it is not possible to transform an implicit model into an
explicit model. Such a situation is common.

EXAMPLE 1 Saturated vapour pressure (also see 7.3.1)

The dependence of vapour pressure p at saturation on thermodynamic temperature T is often
used as the basis for determining and predicting the volumetric properties of fluids. A differential
equation, the Clausius-Clapeyron equation (6) defines the first derivative dp/dT of the saturated
vapour pressure curve. A solution to this equation is the Antoine equation [7], a measurement
model that takes the form

ln
p
p0
= A−

B
T + C

, (8)

where p0 is a reference pressure and A, B and C are coefficients, usually obtained by least-squares
adjustment of vapour pressure data.

A different solution of the Clausius-Clapeyron equation, the Clarke and Glew equation [34], gives
an alternative measurement model that relates vapour pressure data to thermodynamic functions:

R ln
p
p0
= −
∆G0(Θ)
Θ

+∆H0(Θ)
�

1
Θ
−

1
T

�

+∆C0
p

�

Θ
T
− 1− ln

Θ
T

�

, (9)

where R is the gas constant, Θ denotes a reference temperature, ∆G0(Θ) and ∆H0(Θ) are the
molar free enthalpy and molar enthalpy differences between the vapour and the liquid phases at
the temperature Θ, and ∆C0

p is the difference in molar heat capacity between the two phases.

Whereas measurement model (8), within a stated temperature range, conveniently reproduces ex-
perimental data within experimental uncertainty and interpolates vapour pressure data adequately,
measurement model (9) is preferred when deriving thermodynamic properties from such data.

EXAMPLE 2 Pressure generated by a pressure balance (also see example 2 in 7.2.1)

Expression (3) in example 2 in 7.2.1 is a measurement model that defines implicitly the pressure p
generated by a pressure balance. This model may equivalently be expressed as a quadratic equation

ap2 + bp+ c = 0 (10)
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in p, where

a = A0λ[1+α(T − Tref)], b = A0[1+α(T − Tref)], c = −m
�

1−
ρa

ρm

�

g,

with solution in the form of the explicit model

p =
p

b2 − 4ac − b
2a

. (11)

Expression (11) is one of the two roots (−b ±
p

b2 − 4ac)/(2a) of equation (10), and is positive
since a is positive and the term 4ac is negative. The other root is negative, carrying no physical
meaning. Also see example 4 in 8.6.5.
In some situations it might be necessary to use the measurement model

p =
m
�

1−
ρa

ρm

�

g

A0 (1+λp+ γp2) [1+α (T − Tref)]
,

that is, with a polynomial of degree two (or higher) replacing the term 1 + λp in measurement
model (3).
Consequently, the output quantity p corresponds to a root of a polynomial equation of degree at
least 3, and it becomes more difficult (or impossible for degrees > 4) to derive an explicit measure-
ment model for p in this case. Also see reference [40].
To an approximation that may be sufficient for the case in hand, p on the right-hand side of expres-
sion (3) can be replaced by a nominal value [113], and the measurement treated as explicit (see
13.3).
More complete measurement models can also be considered [113] that include, for instance, a
correction to account for surface tension effects.

8.1.5 In calibration the relationship between the response variable and the stimulus vari-
able can often be modelled using a polynomial of modest degree, often a straight line (poly-
nomial of degree 1). Guidance on using a particular representation of polynomials (also
see annex D), which assists in determining an appropriate polynomial degree, is available
in ISO/TS 28038:2018 [99] and [37]. Also see example 2 in 8.3.3.

NOTE For many fields, specific guidance documents or international standards exist, providing
advice on the selection of appropriate (polynomial) models for multipoint calibration.

8.1.6 In cases where there is more than one output quantity, the model should usually
be treated as multivariate (see 13.4 and 13.6) rather than as separate univariate models
(see 13.3 and 13.5) since knowledge is often required of covariances associated with the
estimates of the output quantities. Instances arise in subsequent modelling and uncertainty
evaluation and the determination of coverage regions (see JCGM 102:2011). Not taking
such covariances into consideration generally leads to invalid statements of uncertainty.

EXAMPLE Method of standard addition for determination of chemicals

The method of standard addition is a popular way to estimate the concentration of various chem-
icals. It relies on partitioning a sample into several aliquots, adding to them known masses of a
standard and measuring the analytical response from such spiked samples. A straight-line regres-
sion is determined from the data and the ratio of the intercept and the slope of this regression line
estimates the amount of the analyte in the analyzed sample. Often the covariance between the
intercept and the slope is neglected resulting in the uncertainty associated with the estimate from
the method of standard addition being too small [121].

Data relating to the analysis of bromide in a water sample are
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Mass fraction increment x/mgg−1 0 47.8 95.6 142.8 190.7
Instrumental response y 1.775 2.676 3.578 4.418 5.316

The measurement model for the mass fraction of bromide in the analyzed water sample is w= a/b,
where a and b are the coefficients of the straight-line regression y = a + bx . Application of ordi-
nary least squares gives estimated coefficients ba = 1.786 and bb = 0.01852 gmg−1 with associated
standard uncertainties and covariance

u(ba) = 0.0124, u(bb) = 0.000106 gmg−1, u(ba,bb) = −1.08× 10−6 g mg−1.

Alternatively, the correlation coefficient r(ba,bb) = u(ba,bb)]/[u(ba)u(bb)] = −0.817 can be reported. If
the coefficients of the straight-line regression are treated as the output quantities obtained indepen-
dently from two univariate models, the estimate of w is bw = 96.4mg g−1 with associated standard
uncertainty u(bw) = 0.9mg g−1 given by the law of propagation of uncertainty. If, however, the
correlation between a and b is (correctly) taken into consideration, the standard uncertainty is
appreciably larger: u(bw) = 1.2mg g−1.

It is important to note that in this instance the data cannot be “mean-centred” (that is shifted with
respect to x such that the arithmetic mean of the shifted x-values is zero), with a resulting zero
correlation, before fitting the straight line. Doing so would yield a value ba different from that
required.

8.2 Fitness for purpose and approximations

8.2.1 Ideally, a basic measurement model should describe a scientific law or relation
known to hold for the true values of the input quantities and the output quantities. In
practice, the measurement model usually represents only a practicable, fit-for-purpose ap-
proximation of the ideal relationship. This is so because, although that relationship may
be known, it may be too complicated or inconvenient for practical use. Alternatively, the
relationship may be unknown, but an empirical approximation to it may be sufficient for
the intended purpose. In some instances, it may be possible to use a close approximation
to the ideal relationship on a small number of occasions, and also work with a somewhat
inferior model that would be more practical for routine use.

8.2.2 It is generally inadvisable to select a model purely for convenience, for example,
because it results in a simpler analysis or software is available for its implementation. In
exceptional cases, it is accepted that analysis can be difficult, or software is unavailable or
hard to develop. In such a circumstance, where a simpler model is used, there will be an
uncertainty associated with the estimate of the measurand resulting from that use, which
should be determined to the extent possible, and a corresponding term included in the
measurement model. See 11.10 concerned with model uncertainty.

8.3 Representation and transformation of models

8.3.1 Parametrization

Parametrization is the process of representing or expressing a measurement model,
whether theoretical or empirical, in terms of its quantities or parameters. For some mod-
els (especially theoretical models) it is important to retain the contextual meaning of the
parameters. Some parametrizations can be more convenient operationally, some more in
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accordance with working practices and some more reliable numerically (see 8.6). Trans-
formations of the parameters in a measurement model, or re-parametrizations, are fre-
quently applied in metrology to re-express a measurement result in an alternative form for
purposes of communication or to yield a simpler (or numerically more stable) computa-
tion. In the latter case, the results of the computation are transformed back to the original
formulation. Great care should be taken when establishing and propagating uncertainties
following transformation (see 8.3.6).

EXAMPLE 1 Straight line in terms of Cartesian (x , y) co-ordinates

A straight line can be represented in Cartesian co-ordinates as

y = a+ bx , (12)

with parameters a and b, where a is the intercept on the y-axis and b is the slope. This parametriza-
tion is appropriate when describing functional relationships between quantities.

EXAMPLE 2 Straight line in terms of polar (r,θ) co-ordinates

The same line can also be represented as

x sinθ + y cosθ = ρ,

with parameters θ and ρ, where θ is the angle between the line and the horizontal and ρ is its
distance of nearest approach to the origin. This parametrization can be useful when modelling
geometrical problems where the line may be near-vertical, since b diverges while θ remains finite.

8.3.2 Re-parametrization

Re-parametrization of a measurement model is the use of a different set of parameters that
depend in some manner on the original parameters. For unchanged values of the input
quantities the values of the output quantities are unchanged following re-parametrization.

EXAMPLE Straight line in terms of shifted coordinates

An alternative to the line (12) makes use of shifted coordinates:

y − y0 = a0 + b(x − x0), (13)

with parameters a0 and b, where x0 and y0 are selected in some convenient way. The expression
of the line (13) as y = (y0+ a0− bx0)+ bx exposes the relationship between the original and new
parametrization. The slope parameter b is unchanged. It can sometimes be useful to work in terms
of shifted and scaled coordinates such as

xnew =
x − x0

s

for suitable choices of x0 and s.

8.3.3 Use in regression

Suppose x i , yi , i = 1, . . . , m, represent measured coordinates of some underlying straight-
line relationship. The use of representation (13) is often more desirable than the use of
(12) since adverse numerical effects in the calculation can be more readily avoided.
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EXAMPLE 1 Drifting resistance standard (also see 10.6.4)

The straight-line regression line in 10.6.4 is based on the shifted and scaled quantity

y =
R− Rnom

Rnom

rather than the original quantity R. The values yi of y (given in table 5 in 10.6.4) range
from 17.900 8 to 18.691 6, whereas the corresponding values Ri of R range from 200.003 580 to
200.003738. The former with dynamic range 1.04 (the ratio of the range endpoint values) are
considerably more manageable than the latter (dynamic range 1.000000 8).

EXAMPLE 2 Thermoelectric voltage

This example illustrates a circumstance in which the Chebyshev representation [37] of a polyno-
mial function confers considerable advantages over the often-used monomial representation. The
monomial and Chebyshev representations (annex D) of thermoelectric voltage are, respectively,

E =
n
∑

r=0

crϑ
r , E =

n
∑

r=0

ar Tr(t), (14)

in the reference function for Type S thermocouples, for Celsius temperatures ϑ in the interval
[−50 °C, 1 064.18 °C]. The first of these expressions is given in [83] and the second is a re-
parametrization of the first. The variable t in the right-hand expression (14) is given by

t =
2ϑ− ϑmin − ϑmax

ϑmax − ϑmin
(15)

and Tr(t) denotes the Chebyshev polynomial of degree r in t (see annex D). There is a factor
of some 1021 between the estimated non-zero coefficients bcr of largest and smallest magnitude
in the monomial form, which are held to 12 significant decimal digits (12S): presumably it was
considered that care is needed in working with this particular representation. The bcr are given to
5S in column 2 of table 1.

Table 1: Estimated polynomial coefficients for a Type S thermocouple

r Raw, bcr/mV °C−r Scaled, bdr Normalized, bbr Chebyshev, bar

0 0 0 4.303 6 4.6391
1 5.403 1× 10−3 5.7499 5.527 8 5.371 1
2 1.259 3× 10−5 14.261 8 0.478 4 0.370 6
3 −2.324 8× 10−8 −28.017 4 −0.054 3 −0.0729
4 3.220 3× 10−11 41.300 5 0.220 6 0.037 1
5 −3.314 7× 10−14 −45.239 0 −0.163 7 −0.0130
6 2.557 4× 10−17 37.144 7 0.021 6 0.002 2
7 −1.250 7× 10−20 −19.331 0 −0.024 9 −0.0004
8 2.714 4× 10−24 4.4648 0.025 2 0.000 2

A scaled variable q = ϑ/B has been used in ITS-90 in recent years, where in this instance B =
1064.18 °C is the upper endpoint of the interval of definition. Then, E =

∑n
r=0 drq

r , with dr = Br cr .
The scaling implies that the contribution from the rth term in the sum is bounded in magnitude by
|dr |. Values of E in mV are typically required to 3D (three decimal places). Accordingly, estimates
bdr of the coefficients dr are given in column 3 of table 1 to 4D (that is, including an extra digit) and
are much more manageable. Alternatively, the variable can be normalized to the interval [−1, 1]
using the transformation (15) with ϑmin = −50 °C and ϑmax = B. Estimates bbr of the corresponding
coefficients br are given in column 4 and estimates bar of the Chebyshev coefficients ar in column
5 of table 1, both to 4D, obtained using references [35,158].
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Figure 3 depicts the reference function (14). It curves only gently, but the non-linearity present
cannot be ignored. The estimated coefficients in the monomial representation in terms of the raw or
scaled variable in table 1 give no indication of the gently curved form in figure 3. However, in strong
contrast, for the normalized and Chebyshev forms, the dominance of the magnitudes of the first two
estimated coefficients indicate that the calibration function has an appreciable linear (straight-line)
component. The Chebyshev coefficients for degrees 7 and 8 could arguably be replaced by zero,
since to 3D they make little contribution, with the degree of the polynomial consequently reduced
from 8 to 6. Such reasoning could not be applied to the other polynomial representations.

Figure 3: Relationship between temperature and thermoelectric voltage

8.3.4 Simple transformations

Some measurement models constitute simply transformation of the quantities involved
(‘transformation of variables’).

EXAMPLE Logarithmic and linear formats

In radio-frequency and microwave electrical metrology, transformations are often made between
logarithmic and linear representations of dimensionless reflection and transmission coefficients
(scattering parameters or S-parameters). For an n-port electrical device, the expression is

α= −20 log10 |S| ,

where |S| is the modulus of a (complex-valued) linear S-parameter and α is the corresponding
logarithmic loss (that is, return loss or attenuation), measured in dB.

|S| is defined as

|S|= (x2 + y2)1/2,

where x and y are the real and imaginary components of the linear S-parameter.

In this example, measured values of x and y are bx = 0.0060 and by = 0.0080 and their stated
associated standard uncertainties are u(bx) = u(by) = 0.0100. An estimate |bS| of |S| and thence |bα|
of α are obtained:

|bS|= (bx2 + by2)1/2 = 0.0100, bα= −20 log10

�

�
bS
�

�= 40.0 dB.

These values typify the measurement of the linear reflection coefficient of a near-matched (that is,
low-reflecting) device.
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Applying the law of propagation of uncertainty (LPU) (JCGM 100:2008, 5.1.2) gives

u(|bS|) =
[bx2u2(bx) + by2u2(by)]1/2

|bS|
= 0.010 0, bu(α) =

20
ln10

u(|bS|)
|bS|

= 8.7dB. (16)

The appropriateness of formula (16) for the standard uncertainty u(|bS|) is considered by also eval-
uating this uncertainty by applying the Monte Carlo method given in JCGM 101:2008. Application
of this method with M = 108 trials, assuming x and y are independently normally distributed with
means bx and by , standard deviations u(bx) and u(by), and no correlation between x and y , gives the
entries in column 3 of table 2, which are not in close agreement with the entries in column 2.

Table 2: Data and results for a logarithmic transformation using the law of propagation of uncer-
tainty (LPU) and a Monte Carlo method (MC)

u(bx) = u(by) = 0.01 u(bx) = u(by) = 0.005
LPU MC LPU MC

|bS| 0.0100 0.0155 0.0100 0.0114
u(|bS|) 0.010 0 0.007 8 0.0050 0.0046
bα/dB 40.0 37.6 40.0 39.8

u(bα)/dB 8.7 5.4 4.3 4.4

The M values of |bS| given by these trials can be used to construct a histogram, which when scaled
appropriately, as described in JCGM 101:2008, 7.5.2, would give an approximation (which would
improve as M is increased) to the probability density function (PDF) for |bS|. This PDF is asymmetric,
unlike the normal distribution assumed by the GUM. MC is expected to be more reliable in such
circumstances.

Consider now that u(bx) = u(by) = 0.005 0 (rather than 0.010 0). The results are given in columns
4 and 5 of table 2. The difference between the outcomes from LPU and JCGM 101:2008 is now
much less since the degree of approximation in the first-order Taylor expansion of the measurement
function, which underpins LPU, is better over a shorter interval. Moreover, the PDF is less skewed.

In general, it is not recommended to perform uncertainty calculations using logarithmic quantities
in, for example, dB. Logarithmic quantities should be converted to the equivalent linear format
before performing uncertainty calculations.

8.3.5 Non-linear relationships

When a plot of data representing a relationship between two variables suggests an under-
lying non-linear behaviour, it is often possible to transform the raw data to make it ‘more
linear’. Doing so allows linear regression techniques to be used more effectively with such
data. Re-parametrization in such an instance relates to the fact that the straight-line repre-
sentation of the transformed data implies a different representation from that for the raw
data. Such transformations generally change the statistical structure of the problem (see
8.3.6).

8.3.6 Impact on uncertainties

For uncertainty propagation, not all algebraically equivalent models behave necessarily
in the same way because they are not equivalent statistically. An algebraic transforma-
tion should be accompanied by a corresponding statistical transformation to ensure the
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integrity of the results obtained. The use of the law of propagation of uncertainty (JCGM
100:2008, 5.1.2) for this purpose is inadequate in some situations. Since the law of propa-
gation of uncertainty is based on a linearization of the model, if errors originally followed
a certain distribution, in the transformed problem they would generally follow a differ-
ent distribution. Transformations have an impact on the uncertainties associated with the
estimates of the quantities involved or on the weights in a statistical regression analysis
involving such a model. See the example in 8.3.4.

NOTE Transformations also have an impact on the probability distributions used to characterize
the quantities involved [129].

EXAMPLE Re-parametrization of a model for lead adsorption by nano-particles

The Langmuir adsorption model [111] describes the theoretical relation between the amount con-
centration Γ of a solute on the surface of an adsorbent to the amount concentration c of the solute
in the liquid with which it is in contact:

Γ = Γmax
Kc

1+ Kc
, (17)

where K is the Langmuir binding-strength coefficient and Γmax (the measurand) is the maximum
sorption capacity of the adsorbent. A reparametrized form of the Langmuir model is often used
based on taking the reciprocal of both sides of model (17), which expresses 1/Γ as a linear function
of 1/c:

1
Γ
=

1
Γmax

+
1

ΓmaxK
×

1
c

. (18)

The model parameters 1/Γmax and 1/(ΓmaxK) can be obtained by linear regression. Although mod-
els (17) and (18) are mathematically equivalent, different results are obtained for Γmax.

Consider measured values of c equal to

0.20 mmolL−1, 0.25 mmolL−1, 0.33 mmolL−1, 0.60 mmolL−1, 2.00mmol L−1,

and corresponding measured values of Γ equal to

9.4 mmolg−1, 11.1mmolg−1, 13.9 mmolg−1, 20.0mmol g−1, 33.3 mmolg−1.

Assuming c and Γ are independent, and not accounting for measurement uncertainties associated
with Γ and c in order to illustrate the point, bΓmax = 46.4 mmolg−1 with associated standard uncer-
tainty u(bΓmax) = 0.3 mmolg−1 is obtained by non-linear least-squares regression using expression
(17).

Ordinary least-squares (OLS) fitting using expression (18) gives 1/bΓmax = 0.0214 g mmol−1 with
associated standard uncertainty u(1/bΓmax) = 0.0006 g mmol−1, which following reciprocation cor-
responds to bΓmax = 46.7 mmolg−1 with associated standard uncertainty u(bΓmax) = 1.4 mmolg−1.

Several other linearized versions of model (17) exist; it is emphasized that re-parametrization can
have a significant effect on the results if the transformed uncertainties are obtained using the law
of propagation of uncertainty, which assumes sufficiently accurate linearizability. Although both
models are algebraically equivalent, OLS treatment of these models differs in its assumptions. The
OLS treatment of (17) implies normality in the dispersion of Γ values whereas OLS treatment of
(18) implies normality in the dispersion of 1/Γ values. These assumptions are inconsistent.

Although the values of bΓmax obtained by the two methods are consistent with respect to their asso-
ciated standard uncertainties, this may not be the case in other circumstances.
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8.3.7 Explicit and implicit forms of measurement model

When it is possible to transform an implicit expression to an explicit expression, there can
be a preferred choice that depends on the particular circumstances. Sometimes an implicit
form is preferable because it can have better numerical behaviour even when an explicit
form can be deduced from it.

EXAMPLE Representation of a circle

In the assessment of geometric form in dimensional metrology [6] the equation for the co-ordinates
(x , y) of a point on a circle centred at (a, b) with radius r is written implicitly as expression (x −
a)2 + (y − b)2 = r2. Then, y expressed explicitly in terms of the other quantities is given by
expression y = b ± [r2 − (x − a)2]1/2. Because of subtractive cancellation the use of the latter
expression becomes problematic when |x − a| ≈ r. Alternatively, a convenient way to represent a
circle is through the use of a parameter θ :

x = a+ r cosθ , y = b+ r sinθ ,

which is appropriate and numerically stable for values of θ between 0 and 2π and all co-ordinates
(x , y).

8.4 Multi-stage measurement models

8.4.1 In many stepwise processes in metrology, quantities from intermediate measure-
ments are naturally used in a subsequent measurement. Each stage in the process can be
described by a measurement model with input quantities and output quantities. This set
of measurement models constitutes a multi-stage measurement model and can be used as
such. Equivalently, the complete process can sometimes conveniently be described by a
single-stage measurement model, perhaps involving a different number of quantities.

8.4.2 Multi-stage models also arise as a natural consequence of the dissemination chain
connecting ideally all kinds of measurements to the relevant SI units. Sometimes, to eval-
uate correctly the uncertainty associated with an estimate of the output quantities at a
given stage, it is necessary to consider the previous stages in connection with the current
stage. By implication, it can be necessary to consider the corresponding measurement
models as a single multi-stage measurement model. An instance arises in mass and force
measurements, in which covariances between volume and mass at the various stages of
the dissemination chain must be taken into account to evaluate correctly the contribution
of the buoyancy correction to the uncertainty associated with the output estimate of the
current calibration [118].

EXAMPLE 1 How long is a piece of string?

Consider the problem of establishing a model for the measurement of the length L of a piece of
string using a steel tape. Inevitably, idealizations and approximations are necessary. A simpler
treatment involving fewer factors is available [15]. The measurand is the length L. It depends
on several input quantities representing the observed string length and corrections to that length.
Most of these quantities are expressed in terms of other quantities. The measurement model takes
the form
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String length = Observed string length (A)
+ Steel tape length correction (B)
+ String length correction (C)
+ Measurement process correction (D),

where

(A) Observed string length = Average of a number of repeated observations
(Q11)

(B) Steel tape length correction =
�

Length deviation due to tape calibration imper-
fections (Q21)

+ Extension in tape due to stretching (this correc-
tion is negative if there is shrinking rather than
stretching) (Q22)

+ Reduction in effective length of tape due to
bending of the tape (Q23)

�

× Multiplicative correction for steel tape thermal
expansion (Q24)

(C) String length correction = Reduction in effective string length due to string
departing from a straight line (Q31)

+ Reduction in string length as a result of shrink-
ing (negative if there is stretching rather than
shrinking) (Q32)

(D) Measurement process correction = Length deviation due to inability to align end
of tape with end of string due to fraying of the
string ends (Q41)

+ Length deviation due to tape and string not be-
ing parallel (Q42)

+ Length deviation due to reading a numerical
value from the tape (Q43).

The measurement model is thus expressed symbolically as

L =Q11 + (Q21 +Q22 +Q23)Q24 + (Q31 +Q32) + (Q41 +Q42 +Q43).

Each input quantity Q i j would have an estimate and associated standard uncertainty, or be char-
acterized by an appropriate probability distribution depending on the knowledge available. In the
latter case, for instance, (a) a scaled and shifted t distribution is used for the quantity Q11 cor-
responding to the observed string length, based on repeated observations (see JCGM 101:2008,
6.4.9), and (b) a distribution based on a circular-arc model is used for the quantity Q23. This
example is continued in example 1 in 10.4.3.

The distribution for Q23 is related to the chi-squared distribution and does not have zero expec-
tation, since the minimum effect of tape bending on the output quantity is zero. This degree of
sophistication would not be warranted when measuring the length of a piece of string, but relevant
in some other applications.

This example can be interpreted as a multi-stage model with the quantities representing the steel-
tape-length correction, string-length correction and measurement-process correction described by
sub-models.

EXAMPLE 2 Peak area determined from spectral data

A requirement in spectroscopy is the detection of peaks in a signal and the determination of peak
parameters such as area and location. The effects of noise in the signal are reduced by first smooth-
ing the data. Peak area can be considered in terms of a two-stage model or a single-stage model.

Two-stage model In a first stage data, with associated standard uncertainties, are filtered using a
windowing function, of rectangular or triangular form, for instance. The result of the filtering
is a set of smoothed values, with associated standard uncertainties and covariances. At least
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