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Statistics—Vocabulary and symbols—
Part 3 : Design of experiments

Introduction This Japanese Industrial Standard has been prepared based on ISO/
FDIS 3534-3 Statistics—Vocabulary and symbols—Part 3 : Design of experiments issued
in 1999 as the FDIS edition without changing the technical contents.

The portions underlined with dots in this Standard are not stated in the original
International Standard.

Design of experiments is essentially a strategy of planning experiments so that
valid and relevant conclusions may be reached efficiently and economically. The
selection of the specific experimental plan should depend on the type of question to
be addressed, the degree of generality to be attached to the conclusions, and the re-
sources available (experimental material, personnel, time). A properly designed and
executed experiment will frequently lead to relatively simple statistical analysis and
interpretation of the results.

In recent years, the application of experimental design has flourished, notably
due to the recognition that designed experiments are essential for improving the quality
of goods and services. Although statistical quality control, management resolve,
inspection, and other quality tools also serve this function, experimental design rep-
resents the methodology of choice in complex, variable and interactive settings.
Historically, design of experiments has evolved and thrived in the agricultural area.
Medicine has also enjoyed a long standing history of careful experimental design.
Currently, industrial settings are witnessing the considerable benefits of the meth-
odology—due to ease of initiating efforts (user-friendly software packages), improved
training, influential advocates, and accumulating successes with experimental de-
sign.

Factorial experiments (see 2.1) provide a methodology for studying the interrela-
tionships among multiple factors of interest to the experimenter. These types of
experiments can be far more efficient and effective than intuitive one-factor-at-a-
time experiments. Factorial experiments are particularly well-suited for determin-
ing that a factor behaves differently (as reflected in the experimental response) at
different levels of other factors. Frequently, the “breakthrough” in quality comes
from the synergism revealed in a study of “interactions” (see 1.17). If the number of
factors under consideration is large, then factorial experiments could exceed resources.
However, fractional factorial designs (see 2.1.1) offer a possible compromise. Actu-
ally, if the initial goal is to identify factors warranting further investigation, then
screening designs (see 2.2) can be useful.

In planning an experiment, it is necessary to limit biases introduced by the ex-
perimental conditions or assignment of treatments to experimental units. Topics
such as “randomization” (see 1.29) and “blocking” (see 1.28) deal with minimizing
the effects of nuisance or extraneous elements. Specific blocking strategies include
randomized block designs (see 2.3.1), Latin-square designs (see 2.3.2) and variants,
and balanced incomplete block designs (see 2.3.4.1).

Viewing design of experiments as an evolutionary process with continuous im-
provement as a goal, response surface designs (see 2.4) play a pivotal role. By con-
sidering multiple levels of key factors, response surface methods neatly accommodate
curvilinear effects in the vicinity of optimum points.
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Mixture designs (see 2.5) handle situations in which factors constitute propor-
tions of a total, such as ingredients in an alloy. Nested designs (see 2.6) are par-
ticularly useful in interlaboratory testing.

Methods of analysis of the collected data are straightforward, if the experiment
is carried out according to the plan. Graphical methods (see 3.1) can be particularly
effective in revealing overall conclusions. Estimation of parameters from a model
(see 1.1 and following) is commonly handled using regression analysis (see 3.3).
Regression analysis methods can also handle difficulties with missing data, identi-
fication of outliers, and other problems.

Good experimental design should:

a) incorporate prior knowledge and experience in selection of factors, their levels,
and in describing assumptions;

b) furnish relevant information with minimum effort;

¢) ensure, before starting the experiment, that the design is capable of achieving
the objective of the experiment with the desired precision; :

d) reflect the sequential nature of most investigations;

e) specify both arrangement and sequence of experimental treatments to avoid mis-
understandings when the experiment is in progress.

Scope

This part of JIS Z 8101 defines the terms used in the field of design of experi-
ments and may be used in the drafting of other Japanese Industrial Standards.

1 General terms

1.1 model

Description relating the response variable to predictor variable(s) and including
attendant assumptions.

Note 1 The model consists of three parts. The first part is the response (1.2)
that is being modelled. The second part is the deterministic or the
systematic part of the model that includes predictor variable(s) (1.3).
Finally, the third part is the random, error or stochastic part of the
model, which can be quite elaborate. For example, the error term can
incorporate a dispersion effect (1.14) that allows for increasing vari-
ability in the response with larger actual values of the response. See
also (1.2) and (1.3).

Example 1 The lifetime of a component is related to the environmental con-
ditions that it experiences.

Example 2 A formal model is:

yi=pu+oitfite

where,
y; is the response at level i of factor A and level j of factor B;
i is the overall mean response; '

o; is the incremental effect of factor A at level i;
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B is the incremental effect of factor B at level j;
& 1s the error term.

The response part of the model consists simply of y;. The pre-
dictive part of this model is z + a; + B; consisting of an overall mean
response and two terms related to the effects of factors. The ran-

' dom or error part of this model consists of ¢; that includes inher-
ent variability in the process which produces the response.

Example 3 A commonly used model is:
Vir =0+ B+ Ty + g
where,
Yir 1is the response of the kth replicate;
o; 1is the adjustment due to factor 1;
B is the adjustment due to factor 2;
T; 1is the adjustment due to interaction of the factors;

&i» 1is the error term.

The terminology “adjustment” is used instead of “incremental
effect” as in example 2, since here the formal mathematical model
does not include an overall mean term. Furthermore yi; (&) is
used in this example rather than y; (&;) to acknowledge the po-
tential existence of replicates.

Example 4 Another formal model is:
¥yi= eBo+ Bix; + oxi2 4 &
where,

yi is the response corresponding to x;;

eborhxi+hiz? represents the mean response corresponding to x;;
& is the error term.

Note 2 The above description of a model not only applies to the classical linear
models with additive error but also to generalized linear models, where
the error can be described by a variety of distributions including the
binomial, Poisson, exponential, gamma and normal distributions.

1.2 response variable
Variable representing the outcome of an experiment.
Notes 1 A common synonym is “output variable”.

2 The term “dependent variable” is not recommended as a synonym due
. to potential confusion with independence (JIS Z 8101-1: 1999, 1.7).

3 It may be that the response variable is vector-valued because several
responses are recorded from each experimental unit.

1.3 predictor variable

Variable that can contribute to the explanation of the outcome of an experiment.
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Notes 1 Common synonyms include “input variable”.

2 The extent to which a given predictor variable can be controlled dic-

tates its potential role in a designed experiment. Predictor variables

_ can be controllable (fixed), modifiable (controllable only for short
duration or at considerable expense) or uncontrollable (random).

3 A predictor variable can include a random element in it or it can, for
example, be from a set of qualitative classes which can be observed
or assigned without random error.

4 “Independent variable” is not recommended as a synonym due to
potential confusion with independence (see JIS Z 8101-1: 1999, 1.7).

1.4 design region, design space

Set of allowable values for the predictor variables.

1.5 factor

Predictor variable that is varied with the intent of assessing its effect on the re-
sponse variable.

Notes 1 A factor may provide an assignable cause for the outcome of an ex-
periment.

2 The use of factor here is more specific than its generic use as a syn-
onym for predictor variable (1.3).

3 A factor may be associated with the creation of blocks (1.11).

Informative reference : The factor taken for the purpose of choosing the opti-

1.6 level
Potential setting, value or assignment of a factor.
Notes 1 A synonym is the value of a predictor variable.

2 The term “level” is normally associated with a quantitative charac-
teristic. However, it also serves as the term describing the version
or setting of qualitative characteristics.

Example: The ordinal-scale levels of a catalyst may be presence and absence.
: Four levels of a heat treatment may be 100 °C, 120 °C, 140 °C and
160 °C. The nominal-scale variable for a laboratory can have lev-

els A, B and C, corresponding to three facilities.

Note 3  Responses observed at the various levels of a factor provide information
for determining the effect of the factor within the range of levels of
the experiment. Extrapolation beyond the range of these levels is
usually inappropriate without a firm basis for assuming model
relationships. Interpolation within the range may depend on the
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number of levels and the spacing of these levels. It is usually reasonable
to interpolate, although it is possible to have discontinuous or multi-
modal relationships that cause abrupt changes within the range of
the experiment. The levels may be limited to certain selected fixed
values (whether these values are or are not known) or they may
represent purely random selection over the range to be studied.

1.7 experimental error

Variation in the response variable beyond that accounted for by the factors, blocks
or other attributable sources in the conduct of the experiment.

Notes 1 It is a common characteristic of experiments that, when repeated,
results vary from trial to trial, though the experimental materials,
environmental conditions and the experimental operations have been
carefully controlled. Thus, experimental error is a common occur-
rence. This variation introduces a degree of uncertainty into conclu-
sions drawn from these results, and consequently, should be considered
when reaching conclusions.

2 Specific refinements to this broad conceptual error framework for the
individual response variables are provided by the terms residual (1.21),
residual error (1.22) and pure error (1.23).

3 Of related interest to experimental error are the terms repeatability
standard deviation (JIS Z 8101-2 : 1999, 2.12) and reproducibility stan-
dard deviation (JIS Z 8101-2 : 1999, 2.15) which apply in the experi-
mental design context directly if the actual design of the experiment
is in accordance with repeatability conditions (JIS Z 8101-2 : 1999, 2.13)
or reproducibility conditions (JIS Z 8101-2 : 1999, 2.16), respectively.

1.8 variance component
Variance of a random variable describing a factor effect or experimental error.

Notes 1 In the model, y;=u+ % + &;, where 7, is a level chosen at random from
an infinite set of values and the distributions of 7; and &; are inde-
pendent, both 7; and ¢; are random variables. Once the random se-
lection from the infinite set of possible levels is made, then analysis
proceeds on the basis of the realizations of ;.. In view of the proba-
bilistic structure, it is reasonable to consider an equation involving
the variances: Var (y;) = Var (1) + Var (g;), the right hand side denoted
0:? + 0. Symbolically, 0.2 and o2 are the variance components of
Yij-

2 Other models can be envisaged that include nested or crossed fac-
tors.

1.9 experimental unit

Entity receiving a particular treatment, subsequently yielding a value of the re-
sponse variable.
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1.10 treatment

Specific setting of every factor.

1.11 block

Collection of experimental units (1.9) more homogeneous than the full set of
experimental units (see also 1.28).

Notes 1 The term “block” originated in agricultural experiments in which a
field was subdivided into sections having common conditions, such
as exposure to the wind, proximity to underground water or thick-
ness of the arable layer. In other situations, blocks are based on batches
of raw material, operators, the number of units studied in a day, etc.

2 Generally, recognition of the existence of blocks may affect how the
treatments are assigned to experimental units.

1.12 one-factor experiment

Experiment in which a single factor is investigated as to its effect (if any) on the
response variable.

Example: Consider the model:
Y=Wl+E
where,
y is the response variable;
4; is the mean response at the ith level of the factor;

€ is a random variable capturing all other effects and sources
of variation.

This model relates the response variable y to the effect u; (de-
pending on the corresponding level of the factor) and an error term
&. Differences in the y; reflect the influence of the factor on the
response variable (in this case the mean response value as a func-
tion of the level of the factor).

An alternate representation of this model is
y=Htote
where,
y is the response variable;
i is the overall mean response;
o; is the incremental effect due to the ith level of the factor;

¢ is a random variable capturing all other effects and sources
of variation.

1.13 main effect
Influence of a single factor on the mean of the response variable.

Note: For a factor with two levels, the main effect relates to the change in the
' response in going from one level to the other. If the levels are designated
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-1 (for low) and +1 (for high), then the main effect of the factor is
estimated as the average response when the factor level is +1 minus the
average response when the factor level is ~1. Consider the model:

y=u+pX+¢
where y, i, and € are as in 1.12, X is +1 or -1 as just described, and
. represents the adjustment for the factor X. Note that an estimate of B
is equal to one half the main effect for the factor X. If B were equal to
zero, then X does not affect the mean of the response variable (it is the

same regardless of the level of X being +1 or ~1) so that the main ef-
fect of X is zero.

1.14 dispersion effect

Influence of a single factor on the variance of the response variable.

Note : It is important to recognize that a factor that does not have much in-
fluence on the mean response may have dramatic effects on the vari-
ability of the response. In such situations, a particular level of the
factor can be much more desirable in terms of achieving low variabil-
ity or consistency in the responses. It is also possible that a factor can
influence both the mean and the variance of the response variable.

1.15 two-factor experiment

Experiment in which two distinct factors are simultaneously investigated for possible
effects on the response variable.

Note: If the two factors operate without interfering with each other, the term
“main effect” necessarily still applies. Namely, for each factor the main
effect is its contribution to the mean of the response variable.

1.16 k-factor experiment

Experiment in which k distinct factors (£ =2) are simultaneously investigated for
possible effects on the response variable.

Note: A synonym is “multi-factor experiment”.

1.17 interaction

Effect for which the apparent influence of one factor on the response variable
depends upon one or more other factors.

Note1 Interaction indicates an inconsistency of the main effect of a factor
on the response depending on the level of another factor. Differen- -

tial effect is used as a synonym. The following figure indicates these
phenomena.
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Strong interaction Some interaction : No interaction
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Notes 2 Most commonly, interactions are considered involving only two fac-
tors and are more precisely referred to as either two-way interactions
or first order interactions. Of course, it is possible that three fac-
tors, for example A, B, and C, interact in the sense that the first order
interaction of AB depends on the level of factor C. In this case, there
is a second order interaction. Similarly, third, fourth, and higher order
interactions can be conceived.

3 Example 3 in 1.1 provides a formal model representation of an ex-
periment with two factors and the two-way or first order interaction
t;; between them.

1.18 confounding

'Combining deliberately two or more effects (main and/or interaction) so as to be
indistinguishable.

Note: Confounding is an important technique which permits, for example, the
effective use of specified blocks in some experimental designs. This is
accomplished by deliberately pre-selecting certain effects (main or in-
teractions) as being of little interest, and arranging the design so that
it confounds them with block effects, while keeping the other more
important effects free from such complications. Confounding may be
deliberately used to diminish the number of trials of the experimen-
tal plan (1.30). Sometimes, however, confounding results from inad-
vertent changes to a design during the running of an experiment or
from incomplete planning of the design, and it serves to diminish, or
even to invalidate, the effectiveness of an experiment.

1.19 alias

(Statistics) Effect (main or interaction) that is completely confounded with an-
other main effect or interaction due to the nature of the experiment.

1.20 curvature
Departure from a straight line relationship between the response variable and a
predictor variable.
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Notes 1 Curvature has meaning with quantitative predictor variables, but not
with categorical (nominal) or qualitative (ordinal) predictor variables.
Detection of curvature requires more than two levels of the factors.
In some instances, replicated centre points (the factor set midway
between the high and low settings of the factors) can allow the de-
tection and assessment of curvature. Alternatively, an expanded range
of the levels of the factor can be necessary to observe curvature.

2 Returning to the model given in the example of 1.12, curvature can
be readily modelled via a form such as:

Y=pu+pX+X2+¢

If y deviates from zero, there is evidence of curvature relative to
the simple linear relation.

1.21 residual

Difference between an observed value of the response variable and the corresponding
predicted value of the response variable.

Note : The predicted value of the response variable is based upon an assumed
model, the parameters of which are estimated from the data.

Example 1 y;-fi-é:- B_, is the residual corresponding to the experimental
unit with factor A set at level i and with factor B set at level j
using the model in example 2 from 1.1.

Example 2 yu - é;:- fi— %;is a residual corresponding to the model in example
3 from 1.1.

Example 3 y;-eb+hzi+h=® s a residual corresponding to the model in example
4 from 1.1.

1.22 residual error

Random variable representing the difference between outcomes of the response
variable and the corresponding predicted response values based on an assumed model.

Note 1  For the purpose of this definition, the term “predicted response value”
is understood to be the estimated response for that treatment deter-
mined from the empirical model derived from the data of the experi-
ment using the assumed model.

Example: If ji and B were the estimators of U and B, respectively, in the note

of 1.13, then y — /i - fx is the residual error given the observed value
of y at the predictor variable value of x.

Notes 2 Residual error includes experimental error and assignable sources of
variation not taken into account by the model.

3 The variance of the “residual error” is usually estimated in an ex-
periment by subtracting the pooled sum of squares for terms included
in the assumed model from the total sum of squares and dividing by
the corresponding difference in “degrees of freedom”. (See example 1
in 3.3 and the example in 8.4.)

Informative reference: Making a square sum by adding plural square sums
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1.23 pure error

Random variable reflecting variability associated with replicated observations at
a fixed treatment combination.

Note 1 If only the centre point in a design were replicated, then the sample
variance of responses at the centre point provides an estimate of the
variance of the pure error. If replicates took place at multiple treat-
ment combinations, then an overall estimate of the variance of the
pure error can be achieved by pooling the estimates at these treat-
ment combinations.

Example : Returning to example 3 in 1.1, an estimate of the variance of pure

1 ¢ _ = 1
error for fixed (i, j) is Z(yijk —¥:)*, where Yi.= —Z)’iﬂc. If rep-
k=1

ng =142 i kel
licates occurred at each (i, j) combination, a pooled estimate of the

1 -
variance of pure error would be of the form 77 Z:(yﬁ" =%, where
2,05
i=1,..,1;j=1,..,J;k=1, ..., nj.

Note 2 The term pure error is used in practice in two different ways. Some-
times it refers to a population variance (0?) in association with a
mathematical model. On other occasions, pure error refers to the
“sample” or “empirical” pure error which in conjunction with the es-
timated residual error provides the basis for a lack of fit test of the
model. Of the examples illustrating models in 1.1, only example 3
having replicates would facilitate direct estimation of the pure error.
From the mathematical perspective, the pure error can be construed
as Var (g;) in example 2, Var (g;) in example 3, and Var (&) in ex-
ample 4.

1.24 contrast

(Statistics) Linear function of the response values for which the sum of the coef-
ficients is zero with not all coefficients equal to zero.

Note: With observations yi, ¥2, ..., ¥», the linear function ay; +agys + ... + @xYn
is a contrast if and only if a1 +as + ... + @, = 0 with not all a/’s equal to
zero.

Example 1 A factor is applied at three levels and the results are represented
by y1, y2 and y;. Among the many possible questions to be asked,
consider the difference in responses at the first and third level of
the experiment (ignoring temporarily the intermediate level). The
appropriate contrast for assessing this query is given below (see
question 1) and requires the values of y; and ys. If the levels are
equally spaced, a second question (question 2) may be asked as to
whether there is evidence that the response pattern shows (a qua-
dratic) curvature rather than a simple linear trend. Here the
average of y, and y3 can be compared to y;. (If there is no curva-
ture, y2 should fall close to the line connecting y; and ys or, in other
words, be approximately equal to their average.)
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Response Y1

Y2 ys
Contrast coefficients for question 1 -1 0 +1
Contrast 1 —y1 +y3
Contrast coefficients for question 2 -1/2  +1 -1/2
Contrast 2

/2 y2 32

This example illustrates a regression type study of continuous
variables. It is frequently more convenient to use integers rather
than fractions for contrast coefficients. In such a case, the coeffi-
cients for Contrast 2 would appear as (-1, +2, -1).

Example 2 Another example dealing with discrete levels of a factor may lead
to a different pair of questions. Let us suppose there are three
sources of supply, one of which, A;, uses a new manufacturing
technique while the other two, A; and As;, use the customary one.
First, does vendor A, with the new technique seem to differ from
A and A; using the old one? Contrast y; with the average of y,
and y;. Second, do the two suppliers using the customary tech-
nique differ? Contrast y; and y;. The pattern of contrast coeffi-
cients is similar to that for the previous problem, though the
interpretation of the results will differ.

Response » Y ys

Contrast coefficients for question 1 -2 +1  +1
Contrast 1 —2y1  Hy:  +ys
Contrast coefficients for question 2 0 -1 +1
Contrast 2 ~¥y2 tys3

1.25 orthogonal contrast

Set of contrasts whose coefficients satisfy the condition that, if multiplied in cor-
responding pairs, the sum of the products equals zero.

Example 1
Y1 Yz ¥3
ai Contrast 1 -1 0 +1
ai Contrast 2 0 -1 +1
i1z 0 0 +1
Zajaiz = 1 therefore not orthogonal
Example 2 )
hg Y2 ys
ai Contrast 1 -1 0 +1
ai Contrast 2 -1 +2 -1
andi +1 0 -1

Zaiaiz = 0 therefore orthogonal
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