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FIBRE OPTIC COMMUNICATION SYSTEM DESIGN GUIDES -

Part 9: Guidance on polarization mode dispersion
measurements and theory

1 Scope

This technical report applies to all commercially available fibre optic products sensitive to
polarization mode dispersion (PMD).

This report presents general information about PMD, the mathematical formulation related to
the application of the generally accepted methods to test PMD, and some considerations
related to the sampling theory regarding the use of different light sources and detection
systems.

This report is complementary to the International Standards describing the PMD procedures
(IEC 60793-1-48, |[EC 61280-4-4, |JEC 61290-11-1], JEC 61290-11-2 and JEC 61300-3-32) and
other design guides on PMD (IEC 61282-3 and IEC 61292-5).

2 Normative references

The following referenced documents are indispensable for the application of this document.
For dated references, only the edition cited applies. For undated references, the latest edition
of the referenced document (including any amendments) applies.

IEC 60793-1-44: Optical fibres — Part 1-48: Measurement methods and test procedures —
Polarization mode dispersion

EC 61280-4-4: Fibre optic communication subsystem test procedures — Part 4-4: Cable
plants and links — Polarization mode dispersion measurement for installed links

IEC 61290-11-1: Optical fibre amplifier test methods — Part 11-1: Polarization mode
dispersion — Jones matrix eigenanalysis method (JME)

IEC 61290-11-9: Optical amplifiers — Test methods — Part 11-2: Polarization mode dispersion
parameter — Poincaré sphere analysis method

EC 61300-3-2: Fibre optic interconnecting devices and passive components — Basic test and
measurement procedures — Part 3-2: Examinations and measurements — Polarization
dependence of attenuation in a single-mode fibre optic device

IEC 61300-3-39: Fibre optic interconnecting devices and passive components — Basic test
and measurement procedures — Part 3-32: Examinations and measurements — Polarization
mode dispersion for passive optical components 1

IEC/TR 61282-3: Fibre optic communication system design guides — Part 3: Calculation of
polarization mode dispersion

IEC/TR 61292-5: Optical amplifiers — Part 5: Polarization mode dispersion parameter —
General information

1 To be published Documents
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3 Acronyms and abbreviations

ASE amplified spontaneous emission

AWG array waveguide grating

BBS broadband source

BER bit error rate or bit error ratio

Clh circular left handed

Crh circular right handed

CSO composite second-order beat noise
DAS differential attenuation slope

DGD differential group delay

DOP degree of polarization

DUT device under test

DVV polarization dispersion vector velocity
DWDM dense wavelength division multiplexing
EC extrema counting

EDFA erbium doped fibre amplifier

FA fixed analyser

FAFT fixed analyser Fourier transform

FAEC fixed analyser extrema counting

FCFT fast cosine Fourier transform

ffs for further study

FT Fourier transform

FWHM full width at half the maximum

GINTY general analysis for the interferometric method
HMD harmonic distortion

IMD intermodulation distortion

INTY interferometry

1/0 input/output

IS inter-symbol interference

JME Jones matrix eigenanalysis

L linear

LH linear horizontal

LV linear vertical

MMA Mueller matrix analysis

MPS modulation phase shift

OA optical amplifier

OFA optical fibre amplifier

OSA optical spectrum analyser

OTDR optical time domain reflectometer

P- parallel polarization (to the plane of incidence)
PDCD polarization dependent chromatic dispersion
PDD polarization dependent delay

PDG polarization dependent gain Documents
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PDL polarization dependent loss

PDV polarization dispersion vector

PM polarization mode

PMD polarization mode dispersion

PMD, first-order polarization mode dispersion
PMD, second-order polarization mode dispersion
PMF polarization maintaining fibre

POTDR polarization optical time domain reflectometer
POWA planar optical waveguide amplifier

PPS polarization phase shift

PS Poincaré sphere

PSA Poincaré sphere analysis

PSP principal states of polarization

RBW resolution bandwidth

RMS root mean square

RTM reference test method

S source

SMSR side mode suppression ratio

SOP state of polarization

SPE Stokes parameter evaluation

SRM standard reference material

SSE source spontaneous emission

TINTY traditional analysis for the interferometric method
TLS tuneable laser source

TSSE total source spontaneous emission

WDM wavelength division multiplexing

4 General information

The following text provides general information concerning the PMD theory and phenomenon.
In that context, the word “device” or “device under test” (DUT) is used throughout the text in
the sense of an optical path with an input and an output interface, such as an optical fibre, an
optical fibre cable, an optical component, an optical amplifier, etc. The device may be
connectorised.

4.1 Polarization modes

The solution of the wave equation has degenerated eigenvalues. This means that even the
fundamental solution is degenerated. A single-mode fibre can therefore support several
modes, the polarization modes (PM), and by analogy can be considered as a multi-
(polarization) mode fibre. In particular, the lowest order mode, namely the fundamental HE 4
(LPgyq) mode, can be chosen to have its transverse electric field predominately along the
x-direction; the orthogonal polarization is an independent mode, as shown in Figure 1.
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E %y, By E %y} 8,
(a) (b)

IEC 1246/06

Figure 1 — Two electric field vector polarizations of the HE;; mode
in an optical fibre along the a) x-direction and b) y-direction

In a lossless optical fibre, the electric field vector of a monochromatic electromagnetic wave
propagating along the z-direction can be described by a linear superposition of these two PM
in the x-y transverse plane as shown in Equation (1) and in Figure 1 [1,2]2.

E={a,e) Ewpl+ 4,00 B aplt e (1)
where
A (z) :Exeiﬁxz, is the complex coefficient describing the amplitude £, and the phase g, of
the PM along the x-direction propagating in the z-direction;
B,z

Ayz) =E
the PM along the y-direction propagating in the z-direction;

, is the complex coefficient describing the amplitude E, and the phase ,By of

E (x,y) is the spatial variation (in the x-y transverse plane) of the electric field vector of the
PM along the x-direction (see Figure 1(a);

Ey(xy) is the spatial variation (in the x-y transverse plane) of the electric field vector of the
PM along the y-direction (see Figure 1(b);

By = kn,, is the propagation constant (also called effective index or wavenumber) of the
PM along the x-direction with the index of refraction n; fB., through »,  has a
dependence on optical angular frequency o, or optical frequency v, or wavelength 4;

,By = kny, is the propagation constant (also called effective index or wavenumber) of the
PM along the y-direction with the index of refraction ny; ,By, through n,, has a
dependence on angular optical frequency o, or optical frequency v, or wavelength 4;

k =2nv=2n/A = wl, is the propagation constant with the wavelength 4 in vacuum;

v is the optical frequency in s=1 or Hz;

w is the angular optical frequency in rad/s;

c is the speed of light in vacuum;

z is the distance in the device along the optical axis; z = L at the output of the device
with length L.

The complex ratio Ax(z)/Ay(z) describes the state of polarization (SOP) defined in the x-y plane
of the wave propagating along the z-direction.

2 Figures in square brackets refer to the Bibliography. Documents
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In an ideal optical fibre with perfect circular symmetry,

° ﬁ’y = ﬁx,
e the two PM are degenerate;

e consequently, any wave with a defined input SOP will propagate unchanged along the z-
direction throughout the output of the fibre.

However, in a practical optical fibre, imperfections produced by the fabrication process,
cabling, field installation/use or the environment break the circular symmetry,

o ,By # B.. implying a phase difference, and index of refraction difference An and a phase
velocity difference Av between the two PM;

e the degeneracy of the two PM is lifted;

e consequently, the SOP of an input wave will change along the z-direction throughout the
output of the fibre.

The difference between B, and B, namely Ag, is called the phase birefringence or simply the
birefringence and has units of inverse length. Birefringence may also be referred to as the
index difference, An. Index differences typically vary between 10-7 and 10=® in commonly
available single-mode fibres [2].

4.2 Birefringence

Birefringence is produced by an anisotropic distribution of the index of refraction in the
propagating region of an optical device medium. As such, any device is susceptible to
birefringence. For instance, birefringence is produced by asymmetry in the optical fibre core,
meaning when the circular symmetry of the fibre core is broken [1,3].

It is well known that the asymmetry provides an index of refraction that is smaller along an
axis, and as such that smaller index provides a faster phase velocity along that axis compared
to the other one. That axis is consequently called the fast axis as opposed to the other one,
which is called the slow axis, corresponding to a larger index and a slower phase velocity.
The slower wave is also said to be retarded compared to the other one.

The asymmetry can result from geometrical deformation of the medium or material anisotropy
through various elasto-optic, magneto-optic or electro-optic changes of the index of refraction.
Geometrical deformation and asymmetric lateral stress via elasto-optic index changes may be
produced during fabrication, for instance, and will typically produce linear birefringence.
Bending, kinks and electro-optic Kerr effect will also typically produce linear birefringence.
Twist and magneto-optic effect via Faraday effect will produce circular birefringence.

Several of these mechanisms may coexist and may be present in various numbers, strengths
and distributions; and may vary with time and over environmental conditions. This makes the
SOP along the propagating medium and at the output unpredictable and unstable and,
consequently, PMD compensation difficult to achieve.

Birefringence can, however, be imposed, such as is the case for polarization maintaining fibre
(PMF). This type of fibre has a strong birefringence maintained along the fibre length which
can be created, for example, by introducing stress in one plane. This will keep the two PM
non-degenerate. Any SOP launched aligned with the axis of one of these two PM will be
maintained throughout the fibre. As opposed to PMF, commonly available single-mode fibres
used for fibre optic transmissions in the field are weakly birefringent fibres.
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4.3 Beat length

Birefringence makes the two PM slip in phase relative to one another as they propagate at
different phase velocities. When the phase difference between the two PM is equal to an
integer number of 2z, the two PM beat with one another, and at that periodic point along the
z-direction, the input SOP is reproduced. The length corresponding to that periodicity is called
the beat length L, .

Ly :2_11. in units of length (2)
AB

Beat lengths typically vary between 2 m and15 m in commonly available single-mode fibres
[2].

Beat length should not be confused with coupling length, which will be explained later.

4.4 Polarization transfer function

Polarized light and its related SOP can be represented using Jones calculus [4] as a complex
vector illustrating the x- and y- components of the electric field of the SOP at a point in space
(see Figure 2).

The org m{orre Sonds to the 7 axis

coring ot off the paper
IEC 1247/06

Figure 2 — Cartesian and elliptical representation of a state of polarization

NOTE In the presence of anisotropy, the y axis is the slow axis in Figure 2, while the x axis is the fast axis, and
the wave propagating in the y-z plane is retarded. The resulting wave from the vector combination of the y-z plane
wave and the x-z plane wave is shown in the x-y plane in the lower right corner of Figure 2

The Jones vector has the form (not considering any unit vector):
iS5
A E '
P :( J | B 3)
4y Ee b

Equation (3) can easily be related to Equation (1) in case of anisotropy when d becomes f. As
polarized light traverses any DUT such as an optical fibre, its SOP undergoes a
transformation. This transformation is described in Jones calculus by the complex 2x2 Jones
matrix, T, so that the output Jones vector £, is related to the input Jones vector E;, through
Eouit =T E,,- The Jones matrix is determined by measuring the output Jones vectors in
response to any three unique input vectors. The calculation is simplest when the stimuli are
linear horizontal (LH) 0 © (Ey =0; o, = 0), linear vertical (LV) 90 ° (£, =0, 5y = 0) and linear (L)

+45° (E, = E,; 6, = 6, = 0) SOPs. If the responses to the three stimuli are:
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o J ) .

the Jones matrix is

KK, K
7o+ KiKa K2 (5)
Ky 1
X1, X3, X3, K3 —K»
K4 =7 Ky =7 K3 R Ky K ke (6)
1 2 3 1 -K3

where Cis a complex constant.

The magnitude of C can be calculated from intensities measured with the DUT removed from
the optical path. Most measurements do not require the calculation of C.

4.5 Stokes parameters and the Poincaré sphere
While Jones calculus is very useful in explaining SOPs, it is problematic in practice to

measure the electric field of a light wave. An alternative expression for the SOPs is the
Stokes vector, as shown in Equation (7):

where
Sy = Ef +E§ is the total power including the polarized and unpolarized parts;

NOTE The degree of polarization (DOP) is equal to the ratio of the polarized part of the power to S.

Sy = Ef —E§ is the power difference between the LH and LV SOPs;
Sy = 2Re(ExE;) is the power difference between the L +45 © and the L —45 © SOPs;

Sy = 2Im(ExE;) is the power difference between the circular right-handed (Crh) and circular
left-handed (Clh) SOPs.

The magnitude of the Stokes vector is the square root of the sum of the squares of S, S, and

Sa.

The Poincaré sphere uses the normalised S parameters s (s4 = S4/Sg, 59 = S5/Sg, s3 = S3/Sy) as
a three-real component unit vector co-ordinate system to represent any possible SOP [5,6].
The LH 0 © SOP is represented as (1,0,0), LV 90 © as (-1,0,0), L +45° as (0,1,0), L —-45© as
(0,-1,0), Crh as (0,0,1), and Clh as (0,0,-1).
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So Ef +E} EZ+EZ
E, %e'¥ S EZ - EZ E2 - E2
E,*e So 2Re(ELE,)| |2E.E, cosAS
S3 2|m(ExE;) 2EE, sinAS
2 220/ p2 2 2 220/ p2 2
S1 S1/SO (Ex_Ey)/(Ex+Ey) (Ex_Ey)/(Ex+Ey)
5o |=|S2/So | =|2Re(E E})/(E2 +EZ)|=|2E E, cos A5/ (EZ + E) (9)
s3] |S3/So| |2im(E.E})/(E2+E2)| |2E,E,sinAS/(E2+ED)
In polar coordinates,
—iul2 | .
P (cose)e' s (10)
(sin@)e™
54 cos26
sp | =| (sin26)(cosu) (11)

s3 | | (sin26)(sinw)

where Ao = 6, - é)"y is the difference in phase between the x (LH) and y (LV) SOPs.

The use of the Stokes vector parameters is best illustrated via the use of the Poincaré sphere
(see Figure 3). Stokes vectors can be converted to Jones vectors using the respective E-field
formulae.

IEC 1248/06
Figure 3 — Poincaré sphere representation of states of polarization

NOTE The LH axis usually faces the observer/receiver
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For a fully polarized field (DOP = 100 %), 512 +s§ +532, is unitary, and a SOP is represented

by a dot on the surface of the sphere (the tip of the SOP vector). The observer looks at the LH
SOP. Any SOP laying on the equator of the sphere is linear. The north pole of the sphere is
Crh SOP, and the south pole is Clh SOP. Any other SOP anywhere else on the sphere is
elliptical.

4.6 Principal states of polarization

In a device that exhibits PMD, there are two SOPs called principal states of polarization
(PSPs) [7,8] having the property that the SOP measured at the output of the device is
invariant with optical frequency (or wavelength) to first order (over a small optical frequency
or wavelength increment) for any output SOP aligned with these PSPs. Of the two PSPs, the
one called the fast PSP gives the fastest group velocity and consequently the shortest
propagation delay; the other, called the slow PSP, gives the slowest group velocity and
consequently the longest propagation delay. These two PSPs will be orthogonal in the
absence of polarization dependent loss (PDL) or polarization dependent gain (PDG) and non-
linear effects. In a device with polarization-mode coupling such as a single-mode optical fibre
used to transport fibre optic telecommunications, the PSPs are, in general, different from the
eigenstates of the device; in a non-mode-coupled device such as a PMF, the PSPs are
identical to the eigenstates of the device. The eigenstates are the eigenvectors of the Jones
matrix, i.e. the two SOPs which propagate through the device without modification.

NOTE 1 The two PSPs are an intrinsic function of the material birefringence and induced external and internal
stresses acting on the device.

NOTE 2 An output signal whose SOP is aligned with one of the two PSPs will have been undistorted by PMD, at
least to first order.

4.7 Differential group delay

The difference between the two PSP arrival times is the differential group delay (DGD). The
resultant pulse broadening or splitting is the source of signal distortion.

The definition provided above is in the context of 15t order PMD without PDL. In the case of
PDL, there is an open issue regarding the definition (see also E.2.1).

NOTE Depending on the device, DGD varies with wavelength, and for a randomly mode coupled device, the
pattern of variation changes randomly with device deployment and small temperature changes (~0,1 °C). The
average DGD across a wavelength range remains moderately stable, depending on the device construction and the
wavelength range that is sampled.

4.8 Polarization mode dispersion

PMD is the temporal distortion of an optical signal induced by the interaction of the source
polarization and spectral characteristics with the transport of the signal through a device that
includes two orthogonal SOPs (i.e. PSPs) with differing group velocities. The term "PMD" is
used both in this general sense of a “phenomenon” of pulse width broadening, as well as
specific “numeric values” of broadening (in time) that characterise a device.

4.8.1 Phenomenon

When an optical signal pulse passes through a device, the pulse may change. PMD refers to
the change in shape, particularly in the root-mean-square (RMS) width of the pulse, due to the
average propagation delay difference between the two PSPs, i.e. DGD, and/or waveform
distortion for each PSP (see Figure 4). PMD together with PDL and PDG, when applicable,
may introduce waveform distortion leading to an unacceptable increase in bit error ratio
(BER).
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Figure 4 — Effect of polarization mode dispersion on transmission
of an information-bit pulse in a device

4.8.2 Numerical value

The PMD value (in units of time) is specified and measured depending on the type of device
and its contribution to the overall signal link distortion. In some cases, either the average or
RMS DGD over an optical frequency (or wavelength) range is used to define the PMD value.
In other cases, the maximum DGD occurring in the optical frequency or wavelength range is
used.

4.9 Polarization dispersion and birefringence vectors

From Poole [6,9,10], the polarization dispersion vector (PDV), Q, and the birefringence
vector, Aﬁare a compact way of representing PMD. The variation of the SOP, s, as a

function of the optical angular frequency, @ and z, inside the device obeys the equations of
motion described in (12) and (13) respectively (see Figure 5).
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BO) _ o(w)rilw) (12)
dw
ds\w 5 .
5@) _ 5 po)xi(0) (13)
dz
where
s is the SOP vector with three components, s4, s, and s3 defined in Equation (9),

unitless and depending on wand z;

Q is the PDV with three components, Q4, Q5 and Q3 depending on w and z, and having
units of time; Q depends on the DUT properties along the entire optical path;

AB is the birefringence vector with three components, Ajy, A, and AfS; depending on @

and z, and having units of inverse length; A,B depends on the DUT properties at
position z;

05( @)

= N w)x 5(w)

5 (o+Aw)

IEC 1251/06

Figure 5 — Polarization dispersion vector and principal states of polarization

A relationship exists between the PDV and the birefringence vector, and this relationship has
important consequences [6,10]:

dQ  dAB (-, -

L2 _4P L (AgxQ 14

i dw (ﬂx) (14)
where

dA/;’/da) is the modal birefringence (vector), B, at position z along the DUT and has units of
delay time per unit length;

A,BxQ is the term indirectly affecting the growth of the polarization dispersion by causing
the PDV to change direction with dA,B/dw, causing dephasing between the two
vectors. Documents
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B=1(ﬂ] (15)

\4 Vv

where
v is the average group velocity;

Av is the differential group velocity between the fast and slow PM (PSPs), so that v + %2Av is
the fast group velocity and v — %Av is the slow group velocity [11].

Modal birefringence is responsible for the growth of the polarization dispersion along the DUT
length.

When looking into the @ domain, the direction of fz is collinear with the PSP (in the direction

of the fast PSP, §p, as shown in Figure 5). The magnitude of Q (its modulus) is equal to the
DGD, i.e. (see Figure 5)

Qo) = At(@)* 5, (o) (16)
where [7]
S5 (@)= 57 () (17)
‘f)(w)‘ —At(w) = DGD (18)

4.10 Polarization mode coupling

The two PM and output PSPs of a simple birefringent element result from two input PSPs
whose fast and slow axes are maintained throughout the element (see Figure 6). A short
optical fibre is often modelled as a simple birefringent element for which the two output PSPs
do not change appreciably with optical frequency and throughout the fibre.

fast fast fast fast
i i [ |

i AN
\how — — ‘Tj

L

IEC 1252/06

Figure 6 — No or negligible mode coupling

In that case, the modal birefringence, B, is modelled as a constant vector (B,0,0). This is the
case for PMF in which birefringence is strong.

If two such elements are concatenated, i.e. they are jointed with random axis orientation, the
output PSPs of the first element may not align with the input PSPs of the second element, as
shown in Figure 7. The distance between such concatenations is associated with the coupling
length, & (also called the h-parameter).
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Figure 7 — Random mode coupling

Under this condition, mode coupling occurs: part of the energy of one local PM is transferred
to the other one [11]. The mode coupling resulting from the repeated concatenation of many
elements produces a continuous variation of the fast and slow axes along the DUT and a
random variation, with optical frequency, of the output PSPs and DGD of the concatenation.

In a long single-mode optical fibre, the birefringence is generally too weak to maintain the
polarization as compared to a PMF and is typically modelled as a weak but constant
background birefringence (Af,0,0) together with a small random stepsize fluctuating
perturbation (0AB,0AB5,0AB3) [6,10]. The distributions of the JAB are Gaussian and
uncorrelated.

The local fast-axis PSP PM and the slow-axis PSP PM can easily couple together under the
influence of external factors like fibre twist, or bending. That DUT is often modelled as the
concatenation of several randomly oriented simple birefringent elements (short fibres) of
randomly varying lengths. The 4 parameter is a metric used to quantify the average length of
these elementary sections as shown in Figure 7.

In presence of random coupling, many PM exist across the frequency spectrum and a natural
definition for PMD delay would be the mean square deviation of the time of flight of the
various PMs. The many PMs exist because many frequencies exist. If only one frequency is
present, only one pair of PMs would be present as well. The output time intensity leads to the
telegrapher equation, describing the probability density function (PDF), p, of time of flight,
7, as a function of distance, z, in a DUT such as an optical fibre [11-13]:

2 2
0°p _|z20°p _(33_/9] (19)
922 972 h oz

The PMD delay is expressed by the RMS width of the PM time of flight distribution [6,14,15]
and is expressed in units of ps:

1/2
PMD:B—h[ZTL—He-Z“h] (20)

N

where / is the PM mean coupling length [11].

Equation (20) has two limit conditions [11]:

a) when L << &, the PMD distribution function (PDF of times of flight, 7) is flat:
PMD = BL (21)

and PMD increases linearly with L.
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b) when L >> &, the PMD distribution function (PDF of times of flight, 7) becomes essentially

Gaussian:
1 —12/2<12>
PDF(7)=| |—F— e (22)
27z<12>
where <72>1/2 is the PMD delay.
In that case,
PMD = B~hL (23)

and PMD increases with the square root of L.

4.10.1 Random mode coupling

When the DGD statistically varies as a function of wavelength (or optical frequency), the PMD
phenomenon is in general considered stochastic. The PMD phenomenon is defined as a
stochastic process because of the random mode coupling between the two PSPs.

NOTE The expression strong mode coupling is also used in the literature and in some International Standards for
random mode coupling. As a preference, the expression random mode coupling will be used in this document.

At any one optical frequency or wavelength, there are net PSPs for the entire DUT length
(such as a long fibre) that depend on the totality of local disturbances, with DGD between fast
and slow PSPs. Averaging the PSPs over a wavelength range, thermal range or time then
yields the concept of sampling the population of disturbances and their spatial distribution (in
relation to the local birefringence). The PMD is then essentially a statistical parameter
characterised by the statistics of the PSPs and the statistics of DGD. In the former case, the
PDV components (24,Q,,Q3) are known to obey a PDF following a Gaussian distribution
similar to Equation (22), while in the latter case, the DGD (the square root of the sum of the
squared Q,) is known to obey a PDF following a Maxwell distribution:

2
PDF(AT):[ Ej%e—mz/zfrz (24)
T ) o

If the quadratic mean value <A 72> is considered, then

<AT2>1/2
h =
and [5]
PDF(AT)=3[ %JﬁeSATZ/ 2(as%) (26)
AT?

and PMD will be equal to the RMS DGD:

PMD = <A72>1/2 (27)
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If the mean value <A7> is considered, then

0':( %J{Ar)

and

2
PDF(M)z?’—g A7 .
7° (At)

and the PMD is equal to the mean value of the DGD (see Figure 8).

PMD = <A7>

_AAL2 2
. 4AT /7I<AT>

PD IEC/TR 61282-9:2006

(29)

(30)

The RMS DGD, <A7#2>1/2 and the mean DGD <A7> are both related as follows [9,16]:

(a77)=Z(az)?

(31)

The statistics of mean or RMS value of the DGD variation is analysed over a wavelength (or

optical frequency3) range (as wide as possible) (see Figure 8).

3 The RMS value of the spectral variation of the DGD (or PDV length or modulus

generally more representative of the mathematics of the PMD.
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Figure 8 — Statistics of differential group delay and related Maxwell distribution [15]

4.10.2 Negligible mode coupling

In the case where the birefringence inside the DUT remains relatively fixed (fixed PSP
orientation along the DUT as shown in Figure 6), the two PSP PMs are not coupled or
negligibly coupled together.

NOTE The expression weak mode coupling is also used in the literature and in some International Standards for
negligible mode coupling. As a preference, the expression negligible mode coupling will be used in this document.

As a consequence, DGD does not vary as a function of wavelength (or optical frequency), as
shown in Figure 9.
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Figure 9 — Polarization mode dispersion and differential group delay
in negligible mode coupling

As most optical components have extremely small physical lengths as compared to fibre
lengths, PMD of such components may then be reported in units of ps only. In complex
components and optical amplifiers, the DGD may vary as a function of wavelength (or
frequency) even if this variation is smooth, small or sometimes predictable. In that case, the
concept of PMD expressed as the RMS value of the variation of the DGD as a function of
wavelength (or optical frequency) and the concept of maximum value of that DGD variation
can be used.

There can also be intermediate cases where the device has a few birefringent sections, and
the DGD can vary less strongly as a function of wavelength, such as a monotonous or sine
wave variation. Some components, such as some array waveguide gratings (AWG), may
exhibit such behaviour. In that case, the PMD is still the mean or RMS value of the DGD
distribution, and the phenomenon is still somehow deterministic, but the mode coupling is
neither negligible nor random.

There are also DUT classes where the issue of random mode coupling or not is irrelevant.
Such a device is one with multiple optical paths for different frequencies, such as an optical
multiplexer, where the DGD for each frequency is largely independent of the others. Some
Bragg grating DUT could also fit into this category. Clause C.4 describes the treatment of
such a device.

4.11 Second-order polarization mode dispersion

If the DGD and PSPs were wavelength independent, their knowledge would be sufficient to
characterise propagation through a DUT, whatever the spectral width of the input signal.
However, the DGD can change within a frequency increment. Moreover, as PMD increases in
random mode coupling, the DGD varies more rapidly in its magnitude and the PSPs more
rapidly in their orientation. Considering that first-order PMD (PMD,) is found from Equations
(16) and (18), second-order PMD (PMD,) is this variation of the DGD and PSPs with optical
frequency (or wavelength), as shown in Equation (32), when deriving Equation (16).

Sp

dQ(w) :(

dw

dAr(w)j+[AT€l'§p_(a))]

dw dw (32)

PMDy term

PMD, was identified and described in some detail several years ago [17], but more recent
work has provided a deeper appreciation of its potential importance for realistic
communications links [5,18].
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There has been a common misconception that PMD, was simply derived from the slope of a
DGD-versus-m plot. The fact that the derivative is of a vector (see Equation (32)) rather than a
scalar introduces an additional term proportional to the frequency dependence of the PSP
orientation. For the very practical case of a long telecommunication fibre, this contribution can
be shown to account for about 8/9 of the total PMD, effect [18].

On the right-hand side of Equation (32), there are two terms present in the definition of PMD,.
The first term is in the direction of the fast PSP and is often refered to as the parallel term,
while the second term is in the direction perpendicular to the PSP and is often refered to as
the perpendicular term.

As an example, a single waveplate or PMF does not (ideally) exhibit any PMD,, since its DGD
does not change significantly over a wavelength range (see Figure 9) (apart from the small
variation due to chromatic dispersion), and since the orientation of its fast and slow axes do
not change as the input wavelength is varied (see Figure 6). This will be the case for a simple
component where the DGD barely varies as a function of wavelength. If the waveplate
orientation was changed in response to changes in wavelength, this would introduce PMD,,
which could be the case for more complex devices.

On a more rigorous mathematical basis, the combined effect of PMD, and PMD, on the
output-SOP can be easily pictured on the Poincaré sphere (see Figure 10).

S,

0

IEC 1257/06

Figure 10 — Effects of first-order polarization mode dispersion (PMD,)
and second-order polarization mode dispersion (PMD,) on the output state
of polarization on the Poincaré sphere

At a given angular optical frequency, ay, PMD, is characterised by the PDV as shown in
Equations (16) and (18).

The vector, fz, lies along the direction of the output fast PSP, s,, and its modulus, ‘fl‘ is

p ki
equal to the DGD as shown in Equation (18). Specifically, PMD, is defined in terms of the
RMS value of the modulus of Q , Viz

= o) = o< (33)
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On the sphere, s "precesses" around Q at a rate dd/do= At (like a spin around a static

magnetic field). On the other hand, PMD, is characterised by the w-derivative of fz its
velocity vector, and its modulus is the PDV velocity (DVV). From Equation (32), we note again
that both the variations of DGD and PSPs are included. Following [18], PMD, is defined in

analogy to PMD, as proportional to the RMS value of the a-derivative of Q Equation (32) or
the RMS value of the DVV.

(34)

The fundamental units of PMD, are s2, as for chromatic dispersion. More convenient units are
ps2 or ps/nm with a slightly different formula (see Equation (35)).

(35)

As with chromatic dispersion, if the derivative of the PDV with respect to frequency is
measured, a minimum and maximum value will be found. The polarization dependent

chromatic dispersion (PDCD) is related to the DVV (the modulus of the w-derivative of fz the
PDV) as follows:

PDCD =CD CD i

max —

Equation (36) holds in case of negligible PDL/PDG.

From the above discussion, it is clear that it is the behaviour of the Q vector, both in its
magnitude and in its optical-frequency dependence, which underlies both PMD, and PMD,.
Thus, it is not surprising that the measurable effects of both phenomena can be related to
each other in terms of this vector. In fact, it can be shown [5,18] that in the (very realistic)
limit of fibres with length much longer than the coupling length (random mode coupling), the
following relation holds:

~ 2 9 2
o)Ll 37)
dw 3
Combining Equations (34), (35) and (37), the following relation is obtained between PMD; and
PMDy:
1 2
PMD, = f(PMD1) (38)
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5 Mathematical formulations of the polarization mode dispersion test methods

This clause is organized to present first the Stokes parameter evaluation (polarimetric), then
the methods most similar (in polarimetry), then those in the frequency domain, and finally the
time domain method.

There are two generic categories of PMD test methods: one that determines DGD and PMD,
and another that only determines PMD.

DGD and PMD determination is covered by the following methods:

e Stokes parameter evaluation (SPE):
o Jones matrix eigenanalysis (JME),
o Poincaré sphere analysis (PSA);

e Modulation phase shift (MPS);

e Polarization phase shift (PPS);

e Poincaré sphere arc method (PS);

e Poole formula.

PMD-only determination is covered by the following methods:

e Fixed analyser (FA):
o Extrema counting (EC),
o Fourier transform (FT);

e Interferometric method (INTY).

51 Stokes parameter evaluation

The SPE method determines PMD by measuring a polarimetric response of a DUT to a
change of narrowband light across a wavelength range. For each wavelength, three distinct
and known SOPs, the easiest being the linear (orthogonal on the Poincaré sphere) SOPs at
nominally 0°, 45°, and 90 °, are launched into the DUT, and the output Stokes vectors
transmitted through the DUT are obtained. The change of these Stokes vectors with angular
optical frequency, @, (or wavelength) and, with change in input SOPs, yields the DGD as a
function of wavelength through relationships that are based on Equations (12) and (18).

In the JME approach, the output Stokes vectors are transformed into Jones matrices [4], with
an appropriate combination of the matrices at adjacent wavelengths. The resulting
eigenvalues are calculated followed by the application of an argument function to obtain the
DGD at the base frequency.

In the PSA approach, matrix algebra is performed on the normalised output Stokes vectors to
infer the output Stokes vector associated with circular birefringence at two adjacent
wavelengths, followed by the application of an arcsine formula to obtain the DGD at the base
frequency.

For both JME and PSA, the average of the DGD values for a given wavelength range yields
the PMD value over that range. The JME and PSA approaches are mathematically and
formalistically equivalent.
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5.1.1 Jones matrix eigenanalysis

Any Jones vector can be completely specified by a magnitude, an absolute phase as shown in
Equation (3), and the Jones matrix of a DUT can be determined following 4.4. Typically, a
linear SOP parallel to the x (0 ©) axis, a linear SOP parallel to the y (90 °) axis, and parallel to
the bisector of the angle between the positive x and y axes (45 °©) are used as stimuli to the
DUT.

To obtain the output Jones vectors, the output Stokes vectors are measured using the stimuli,
then normalised to unit length. These are then converted to Jones vectors using Equations (8)
and (9), assuming, for example, that 0 < 6 < 7. Following Equation (6), four complex ratios,
not affected by the assumption on 6, and independent of the intensities of the three SOPs,
can then.be formed

The transmission Jones matrix, 7, is then given by Equation (5).

By definition of the PSP, a general device has associated with it a pair of input principal
SOPs. x(@), which, as the input SOP is held constant while the angular optical frequency,

w, is changed by a small increment, results in a pair of output PSPs whose unit vectors are
invariant to first order over w. For a general transmission Jones matrix, 7(w), an output PSP
can be expressed as a magnitude, o(®), and absolute phase, ¢(w), times a unit vector, y(w),
which specifies the output PSP:

H@)=T(0)x(0)=0(w)e' ") (@) (39)

o(w) and ¢(w) may vary with o, but y(w) is frequency-invariant to first order by definition of

the output PSP. Using primes to denote differentiation with respect to @, differentiation of
Equation (39) results in:

’

o

y'(d’)=T'(a))5€(a’)=( >

+i¢’jy+0'(a))ei¢(w))7’(a)) (40)

The first derivative of the absolute phase ¢" is the group delay, Ty, through the device. If the
device is not perfectly polarizing, its transmission matrix, 7, is non-singular, and the input can
be expressed in terms of the output as x = 7-'y. Explicitly setting " to zero, the following
eigenvalue relation is obtained:

o(w)e' @ j'(a))={T’T_1 —(i+i1’g H y=0 (41)
o

where [ is the identity matrix, a square matrix with values of one on the diagonal and zero
elsewhere.

The imaginary parts of the eigenvalues of the matrix product are the group delays associated
with the PSPs, and the DGD A7z which leads to PMD is given by the difference of the
imaginary parts of the two eigenvalues. The output PSP themselves are the eigenvectors of
7’71, which may be non-unitary for devices with PDL, in which case the output PSPs are not
necessarily orthogonal.
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Measurement of T” and T, including measurement of the absolute phase, would allow direct
calculation of the two group delays and Az, but in practice, two restrictions are imposed by the
Jones matrix measurement technique previously described. Instead of measuring 7~ directly,
T’ must be approximated as T7’'= [T(w+*Aw) — T(w)]/Aw for a finite Aw. If the angular optical
frequency increment Awis small enough so that each output PSP suffers nearly the same loss
at wand o +Aw, then o’ Aa/o = 0 and Equation (42) can be rewritten as

[r(0+ 20T~ (@)~ (1+i7,80) [y =0 (42)

The second restriction arises from the fact that T(w+Aw)T-'(w), and therefore its associated
eigenvalues p; and p, can be determined only to within a complex constant, preventing
determination of the two group delays individually. When the loss through the device is
independent of polarization, the eigenvalues of T(w+Aw)T-1(w) are determined to be ppq and
Bpo, where Bis a complex constant and pk = exp(it, ,Aw). The DGD Az can therefore be

expressed as
Arg(MJ
—pz (43)

Ar=lrga=toal=—32

where p,; and p, are the eigenvalues of T(a+A@)T-'(w) and Arg denotes the argument
function, that is, Arg(ae’®) = 6. In the presence of PDL, the eigenvalues can still be
approximated as

irg’kAw

pk=1+i2'g,kAa)ze (44)

In practice, the impact of PDL on the measurement of Az can be reduced by using smaller
Awincrements. In all cases, the condition AteAw < 7 must be satisfied in order to avoid the
ambiguities of the multiple-valued argument function.

NOTE The JME method does not correspond to the fundamental Jones mathematical treatment, such as

A5 _ ey (49)
where
A is the matrix of equivalent device defined as
A= (%j 71 (46)
where
T is the Jones transfer matrix
By definition,
DGD = |Im(eigenvalue difference of 4)|
(47)
eigenvalue difference of 4 = ay — a,
where
a, is one eigenvalue of 4;
a, is the other eigenvalue of 4.
PSPs = 2 eigenvectors of 4 _ 4 S} (48)
Q
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The JME method uses the following approximation:

o {[T(a)+Aa))]°T(a))_1 }—1

T(w+Aw) — T(w)
{T *T(w) Ao = Ameasured = 4 (49)
JME is measuring T(o+Aw)T(w)~" and by definition,
DGDpeasured = |Im(eigenvalue difference of 4 casuredl
(50)

eigenvalue difference of Ameasm’ed = ((11 - a2)measured =p1— P2
The JME method is not based on finite differences.

JME measures the polarizations, not the intensities, nor the phases and does not obtain the true Jones matrix, but
with a factor # (complex number, not constant with A1):

DGDAw j

aq(or p1) = ﬁ1ei( 2
i( DGgAa)j

ag (or pg) = Poe (51)

Jf2]

ﬂz[ﬁjemcmw _ ﬂ
ag \ po B
then
arg(mj
az
DGD = |Im(a1 —azl = T (52)

5.1.2 Poincaré sphere analysis

Let 4 and g be the output Stokes vectors measured for two linear input SOPs oriented at

45 ° from each other (90 ° on the Poincaré sphere), and E=};><c} the cross product of the two
measured response vectors, as shown in Figure 11 [19].

A
Ae=hxa

o’

Q
=
Ka)a 4

b

IEC 1258/06

Figure 11 — Rectangular system of co-ordinates defined by the response Stokes
vectors, and direction angles of the polarization dispersion vector

Assuming negligible PDL, the transformation of Stokes vectors from input to output is a
rotation (angles between vectors are preserved), and the equation of motion of any one of the

response Stokes vector (including 5) is given by Equation (12) with

S=hgoré (53)
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The square modulus of the derivative in Equation (12) can be written as

A N2
(5_2)) - 1af*sin“(@) (54)

where « is the angle between § and Q.

But }; and ¢ are mutually orthogonal, since angles are preserved from input to output.
Thus’, ¢ and ¢ define a rectangular system of co-ordinates (see Figure 11) in which
cos(a,), cos(aq) and cos(«,) are the direction cosines of Q. Using the sum rule,

%(

cos ah)+cosz(aq)+cosz(ac)=1 (55)

In Equation (56), the following expression of DGD is obtained:
N2 N AN2
‘Q‘ _ ||| @ | [ da ) [ de (56)
2| do do dw

If only finite differences AsA/Aa) are known instead of derivatives (Aw— 0), an approximation

of DGD must be obtained that is more accurate than Equation (56). Assuming that the PDV is
independent of w over the increment [@w, w+Aa], the output SOP follows an arc of a circle as
shown in Figure 12.

0

SO\ | S(rAw)

IEC 1259/06

Figure 12 — Arc of a circle described by the output state of polarization
in the increment [w, o+Aa]

In Figure 12, §, is the component of § perpendicular to Q and @ the angle swept by 5, . Also,
as a consequence of the equation of motion (12), we have

|51 | =[sin(a) (57)
0= ‘f)‘Aa) (58)
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Through simple geometry (see Figure 12),

. (6

sin| — 59
(2j\ (59)

is obtained, so that

-2

N ‘SAZ‘A(O
|As| =2isin(at)sin| - — (60)

The sum of the square modulus of Ak, Aj and A¢ is then written as

- R R ‘f)‘Aa}
AR? +Aq2 +Ac? = 4sin? 5

~[sin2(ah)+sin2(aq)+sin2(ac) (61)

Finally, we apply the sum rule of Equations (56) to (61) to obtain the following expression of
DGD:

‘SAZ‘ =—2_aresin l\/l(Ai;Z +AG? +A32) (62)
Aw 2\2

+u R .- - . o~
PSP=ﬁ with 2 = (¢ AQ)h + (h*A8)q + (g Ah)c (63)
u

where ¢, l?andcY are the mean of the Stokes vectors measured at ® and (o+Aw), i.e.

- s(o) + s(w+Aw)
2

5.1.3 Calculation of differential group delay

In the following example, the DGD of a DUT is found from the Jones matrix or directly from
the Stokes vectors obtained at a pair of input optical frequencies or wavelengths. The
hypothetical DUT is described in terms of Mueller matrices at these optical frequencies or
wavelengths.

The DUT chosen for this example has linear PSPs at +45 © and —45 © in the wavelength range
of interest. The 4x4 Mueller matrix, M, for such DUT is [20]

1 0 O 0
M(w)= 0 coso 0 -sind (64)
0 O 1 0
0 sind 0 coso
where is the retardance at the angular optical frequency win rad/s.
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Assuming the DUT is non-dispersive for the two PSPs, the retardance is related to the DGD
At by

0=wAT (65)

Assuming that the Jones matrix or the Stokes vectors of the DUT are obtained at frequencies
Wy = 1,21x10'® rad/s (1 556,734 nm) and W = )tAw= 1,22x10'% rad/s (1 543,974 nm), and
that the DGD of the DUT is A7(w;) = 100 fs, the Mueller matrices at these optical frequencies

are

1 0 0 0

My = M(ay) = 0 cos121 0 -sin121
0 0 1 0
1 sin121 0 cos121

(66)

1 0 0 0
0 cos122 0 -sin122

My =M(an)= 0 0 ) 0
0 sin122 0 cos122

Of course, these matrices are unknown beforehand.

5.1.3.1 Jones matrix eigenanalysis

In the JME approach, PMD determination requires a Jones matrix at each of two wavelengths.
The Jones matrix at a particular wavelength is found from the output SOPs corresponding to
each of three input SOPs. The three chosen input SOPs are as follows:

1

0
0 = x c

1 1
1 0 -1

=, 45° = x; = 1 90° = x, = 0 (67)
0 0 0

The three output SOPs, related to the input ones by y = M, x, are obtained at w;:

1 1 1
cos121 0 —cos121
Va1 0 Y= Vet 0 (68)
sin121 0 —sin121

The three other output SOPs, related to the input ones by y = M, x, are obtained at @,:

1 1 1
cos122 0 —cos122
Va2 0 b2 =| Ye2 0 (69)
sin122 0 —sin122

The Jones matrix T, is calculated at @, starting by converting the three output SOPs at @, to
the following Jones vectors:

(70)

Val

0,689687 0707107 0724108
= = v =
0,724108i P17 0707107 1710,689687i
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From the Jones vectors, the following complex ratios are formed in order to populate the
Jones matrix:

- 0,689687 — 0952465 ey = 0,707107 iy (71)
0,724108i 0,707107
ky =—2T2M08 40490105 &, = 3752 _ 0504332 — 0,499408
-0,689687i ky—k3
The following Jones matrix T, is obtained, where g, is an unknown complex constant:
kikg k (-0,475668 +0,499408i) 1
n=p " = . (72)
kg 1 (-0,524332 -0,499408i) 1

Similarly, the Jones matrix T, is obtained by converting the Stokes output vectors at @, to
Jones vectors:

0.258102 0,707107 0,966118
02 = { } b2 = { } = { } (73)

0,966118i 0,707107 ez = 0,258102i

Again, from the Jones vectors, the following complex ratios are formed in order to populate
the found Jones matrix T, where /3, is an unknown complex constant:

- 0,258102 0267153 ey = 0707107 _ (74)
0,966118i 0,707107
5 _ 0966118 _ 574347, kg = ks k2 _ 0933384 — 0249357
—-0,258102i kq—ks
kikg k (-0,0666165 + 0,249357i) 1
Tp=pB| "% 7= . (75)
kg 1 (—-0,933384 — 0,249357i) 1
Since 3, and p, do not affect the eigenvalue ratio or the eigenvectors, they are dropped.
Next, the product 7,74~ is calculated:
AT = (0,770151-0,420735i) (0,229849 + 0,420735i) (76)
T2 71(0,229849 +0,420735i)  (0,770151—0,420735/)
The eigenvalues of 4 are p; = 1 and p, = 0,540302 — 0,841471 i.
The corresponding eigenvectors are
0,707107 0,707107
1= 2= (77)
0,707107 -0,707107

This can be seen by confirming that pyz4 = 4z4 and pyz, = Az, (the set of solutions is unique).

Eigenvectors z; and z, are Jones vector representations of +45 © and —45 © linear SOPs, so
they correctly identify the output PSPs.
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Now the DGD Aris found from

Aol P1 1
rg Arg
P> 0,540302-0,841471i

Ar(wy) = = (78)
Wy — @ 0,01x10" rad/s

The expression 1/(0,540302 — 0,841471i) has magnitude 1 and polar angle 1 rad.

1”?;’ |:100fs (79)
,01x10 rad/s|

Af(w1)=|0

The DGD has correctly been found.
5.1.3.2 Poincaré sphere analysis

From the Stokes vectors’, v and ¢, the vector products ¢ =hx§ and &= gxv are formed at
each wavelength. For each wavelength increment, the finite differences are computed:

A= };(a)+ Aw) - h(w) Ag = g(w+ Aw) - g(w) Av = W+ Aw) — ()
(80)
AC = @+ Aw) - (@) A= (o+ Aw) - ¢ (o)

The DGD Az is found for a particular wavelength increment from the following expression:

Az =——Jarcsin i\/l(Ah2 +Ag2 +A52) +arcsin 1\/1(&}2 +AV? +AE‘2) (81)
Aw 2\V2 2\V2

Each DGD value is taken to represent the DGD at the midpoint of the corresponding
wavelength increment.

Now the mean Stokes vectors are formed as follows:

e W)+ h@+ Aw) ~ g(o)+q(o+Aw) . (@) + V(@ + Aw)
2 7 2 2
(82)
i (@) + (o + Aw) o (o) + (0 + Aw)
2 2
and the scalar products are computed as follows:
u, = A uy = he A u, =G Ah (83)
The PSPs are found from the following expression:
+u - - ~ ~
PSP:W u=unh+u, g+u,c (84)
u
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Now in the case of the hypothetical DUT defined previously, the six output Stokes vectors are

cos(121) —cos(121) 0
ho)=| 0 No)=| 0 G(w) =1
sin(121) —sin(121) 0
(85)
cos(122) —cos(122) 0
}Az(a)+ Aw)= 0 (w+ Aw) = 0 g(o+Aw)=| 1
sin(122) —sin(122) 0

From Equation (85), the vector products é=hx§ and &'=G¢xv are computed at » and

(wtAw):
—sin(121) —sin(122)
c(w) = 0 (w+Aw) = 0
cos(121) cos(122)
(86)
—sin(121) —sin(122)
(o) = 0 Mo+ Aw) = 0
cos(121) cos(122)
and the square modulus of the finite differences is found as follows:
R - a2
AV = |v(a)+ Aw) - v(a))| = [cos(122) - cos(121)? + [sin(122) - sin(121)]? = 4sin?(1/2)
A% =|§(o+ Aw) - g(@)] =0 (87)

A = |+ Aw)—E(w)|2 = [sin(122) - sin(121)]? + [cos(122) - cos(121)]? = 4sin?(1/2)

N+ Aw)— é’(a))|2 = [sin(122) - sin(121)]2 + [cos(122) - cos(121)]? = 4sin?(1/2)
‘2

A? =

AR? = ‘é(m A@) - h(@) = [cos(122) - cos(121)]2 + [sin(122) — sin(121)] = 4sin2(1/2)

and the DGD is found from

A;[{; 3o )0 ] sl o ) e 5] H (38)

AT = L -2 arcsin{sin(%ﬂ = L =100fs

Aw Aw

This calculation yields the correct value of Az= 100 fs.

The PSPs can also be computed from the following mean Stokes vectors:

- ; -0,458 . 0
j-Hoiorio) | e (89)
0,749 0
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. R -0,749
o c(a))+c;a)+Aa)) _ 0
-0,458
and the scalar products:
un=6-88)=0  u, =li-ad)=-08a1 = 3-i)=0 (90)

The PSPs are found:
1 (91)

The linear SOPs, PSPs have correctly been found at +45 ° and —45 °.

5.1.4 Formalistic equivalence of Poincaré sphere analysis and Jones matrix
eigenanalysis

The test procedures for PSA and JME are the same. The two methods determine the DGD
and the PSPs from the same raw data, i.e. the normalised Stokes vectors at the output of the
device under test as a function of the angular optical frequency o for a number of input SOPs.
The PSA is performed directly in the Stokes parameter representation of the SOP, while the
JME is performed in the SOP vector (or normalised Jones vector) representation, after
transformation of the Stokes vectors into SOP vectors (see Figure 13).

Wavelength-Range Light Source SOP Generator Sjp(@) buT ]
Measurement of Normalized Stokes Vectors éout {w)

Arcsin Formula Eigenvalues of T{e+Aw) T (w)
l - Link 1
Modulus of ‘Q‘ [_é. é} Argument Formula
i

Q2=
PolarizN 2 /ﬁization
Dispersion Vector O Dispersion Matrix 2
DGD a7 4\ 1_.7dT __4
Q= [— o7 ]——Tr{—-T_ ]

w 2 w®

IEC 1260/06

Figure 13 — Functional diagram of Stokes parameter evaluation

In the following sections, PSA and JME are demonstrated to be formally equivalent [21]. The
polarization dispersion matrix is identified in the Jones vector representation that is equivalent
to the complex or generalised PDV in the Stokes vector representation. A simple expression
of the polarization dispersion matrix as a function of the PDV establishes the conceptual link
between the two analyses. A formula is also provided for a simple calculation of DGD in low
PDL conditions, which is the equivalent of the "exponential approximation" used in JME.
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5.1.4.1 Fundamental link between Poincaré sphere analysis and Jones matrix
eigenanalysis

The normalised Jones vector can be viewed as the quantum mechanical state-vector
representing the SOP of each individual photon of a fully polarized wave. On the other hand,

the normalised Stokes vector, s, can be defined as the mean value of the photon angular
momentum (in units of 7). Hence, s=(e|o|e) where |e) is the normalised Jones vector, and

o is the Pauli operator.

JME and PSA are based on the equations of motion of the SOP at the output of the device
under test, as a function of angular optical frequency, @. The derivative ofs,ds/dw can be
found from d|e)/dw, starting from s =(e|o]e). In order to obtain formally identical equations, it

is convenient to use the polarization density matrix p =|e){e| instead of the SOP-vector. This
eliminates the cumbersome phase factor that appears in|e>. The equation of motions can be

written as
b oo i + ce. P _ a-Tr(@p)lp + he. (92)
do 2 dw

where

c.c. is a complex conjugate expression;

h.c. is the hermitian conjugate.

The complex or generalised polarization dispersion vector Q and the polarization dispersion
matrix Q are related to the Jones matrix (7) through the following relations:

w =L Q=w - Loy (93)
dw 2
Q=é(§20’) (94)
where

Tr is the trace of the matrix;
1 is the identity matrix.

In the basic theory of JME, the PSPs and DGD are defined as the eigenvectors and
difference-of-eigenvalues of W (imaginary part). From Equation (93), the eigenvectors and
difference-of-eigenvalues of Q can be seen to be the same as those of W. The link
establishing the conceptual equivalence of PSA and JME is the expression of Q as a function

of O Equation (94). Simply, knowing fz, the vector obtained via PSA, one can deduce Q, the
matrix that defines the DGD and PSPs in JME.

5.1.4.2 Comparison of results obtained through Poincaré sphere analysis and Jones
matrix eigenanalysis

To illustrate the identity of the two analyses, the DGD was calculated from both PSA and
JME, as a function of the optical frequency. The simulation was performed with a
concatenation of 20 waveplates with random delays and orientations of the birefringence

axes. In PSA, the DGD was deduced from the finite differences As, corresponding to input
SOP’s a =i, j, k through the following formula:
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2 1 f 1 "2
DGD =—— — |=— > As 95
v arcsm[ 212 ; p } (95)

where Aw is the angular optical frequency increment.

The relative frequency increment was Aw-Arzy =027 . The following section provides the

derivation of Equation (95). Equation (95) is obtained using the equivalent of the JME
exponential approximation, which consists of assuming that the polarization dispersion matrix
(vector) is constant over the frequency increment, so that the Jones matrix can be written as
an exponential, i.e.

T(0+Aw) = T(w)- "2 (96)

The equivalent in PSA is to take into account that the path followed by the SOP between two
points is not along As but along an arc of a circle subtended by As. Angles between Stokes
vectors being preserved in absence of PDL (rotation), the third result (k) corresponding to
circular input SOP can be deduced from the first two measurements (i,j) with linear input
SOP’s oriented at 0 © and 45 © from a given reference axis. The DGD curves obtained from
the two analyses are shown in Figure 14(a).

2 | 1104 T
e S
g if 3 0

a

A a

0 | 11 0714 |

183.4 193.4 203.4 183.4 193.4 203.4

Optical Frequency [THz] Optical Frequency [THz]

IEC 1261/06

NOTE This simulation uses 20 concatenated waveplates with random delays and orientations of the birefringence
axes. The PMD (RMS DGD) is found to be 1,01 ps when averaged over a range of 20 THz centred at 193,4 THz
(1 550 nm). The relative frequency incrementis &f - DGD ax = 0.1

Figure 14 — a) Differential group delay (DGD) as a function of the optical frequency (f)
obtained through Poincaré sphere analysis (PSA) and Jones matrix analysis (JME), and
b) Difference of DGDs.

The two curves are superimposed on the graph. The difference of PMD values is APMD = 2,2
x 10~16. The difference between DGD’s (ADGD) is shown in Figure 14(b) as a function of the
optical frequency. Its RMS value is ADGDpysg = 1,6 x 10-15. These residual differences are
accounted for by rounding errors.

The PSPs obtained from both analyses are shown in Figure 15 (trajectories).
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S1,S2,83 S'1,82,83
IEC 1262/06

Figure 15 — Trajectories of the principal states of polarization on the Poincaré sphere
from a) Jones matrix eigenanalysis (JME) and b) Poincaré sphere analysis (PSA)

There is no difference between the PSP trajectories and also no difference between the three
Stokes parameters within numerical rounding errors.

5.2 Modulation phase shift

This clause includes a method for determining DGD using time domain analysis [22].

In this procedure, a modulated light source at a given wavelength is coupled into the DUT,
and the phase of the modulated signal exiting the DUT at a first SOP is compared with the
phase at a second, orthogonal, SOP. The maximum phase difference is then determined
corresponding to the input SOPs aligned with the two PSPs of the device. This phase
difference is then converted to a delay difference and reported as the DGD for the device at
the given wavelength. The reported result is strictly the DGD at that particular wavelength.

Two techniques are used, one based on a full search of input SOPs and one based on the
measurement of the output SOPs associated with a Mueller set of input SOPs. The full search
procedure can be implemented with either a simple polarization controller or with a
polarization modulator in combination with the controller.

5.21 Full search procedure

For any pair of orthogonal input SOPs, there will be a phase shift difference for a given
wavelength. The DGD at the wavelength is derived from the maximum phase shift for any pair
of orthogonal input SOPs. The state of the pair at which this maximum phase shift occurs is
the PSP.

There are several strategies for determining the correct DGD between the fast/slow PSPs
when the PSPs themselves are arbitrary, as described above. In the SOP-search methods, a
source of uncertainty is the alignment error of the input SOPs with the true PSPs. For
example, a 5 © alignment error will give rise to a 0,4 % uncertainty in the DGD value. The
polarization search alignment error will have to be well controlled and minimised.
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