
ABSTRACT

Many efficient modeling methods have been developed
for analyzing the effects of component-level variations and
uncertainties on the system-level response of complex
structures. However, relatively little work has addressed
the efficient or agile modeling of variations in the con-
nections between components. Such a capability would
be useful for simulation (e.g., performing reliability anal-
ysis accounting for spot welding variations) and design
(e.g., determining fastener locations for up-armor kits) of
commercial and military ground vehicle structures. In this
work, a component mode synthesis approach to structural
modeling is enhanced by also modeling variations in the
connections between components. With this framework,
changes in the joining or fastening of the components can
be considered in a structural analysis or design process.
The components are condensed statically or dynamically
with all the candidate joining nodes being retained as ac-
tive degrees of freedom. In addition, this procedure is
implemented in a systematic joining topology design op-
timization procedure for an example case of two struc-
tural components welded together. The welding pattern is
optimized to improve the structural dynamic performance
of the connected structure while satisfying constraints on
the total joining area. The joining is modeled with three-
dimensional spring elements connected to the candidate
nodes, and the intermediate stiffness of the springs are
penalized by the Solid Isotropic Material with Penalization
(SIMP) modeling. The design variables are the stiffnesses
of the springs, which can then be thresholded to deter-
mine the optimized welding pattern. All the joining design
variables are confined to a single joining component, so
only that component is updated during each iteration of
the optimization procedure.

INTRODUCTION

In the analysis and design of a complex structure, it is
common to take a substructuring approach: the full finite
element model is divided into components, and each com-
ponent is analyzed first and then assembled into a global
structural model. The same is true for real design and
manufacturing processes for complex structures such as
automotive frames and bodies. In this environment, de-
signers are required to choose the locations and methods
for joining the parts. Ideally, the joining process would
be optimized to meet performance targets such as max-
imum dynamic and static response levels, while keeping
the cost reasonable. This can be quite challenging with
even a small number connection points, let alone the thou-
sands of spot welds and other connections that may ex-
ist in automotive bodies and other engineering structures.
Therefore, it would be useful to develop a systematic de-
sign approach to optimizing connection locations.

Joining location optimization could be considered to be
a special case of topology optimization [1, 2]. However,
it differs from traditional component design in that it could
involve a large number of components at the system level.
Although component-level topology design has been ex-
tensively studied throughout last two decades [2], rela-
tively few papers have addressed system-level topology
design. Some of these papers are summarized as fol-
lows. Chirehdast and Jiang [3, 4] and Chickermane [5]
addressed the joining topology optimization among com-
ponents. In Ref. [3], optimum joining locations were ob-
tained to minimize the static compliance of the given sub-
structures. More recently, Zhu and Zhang [6] employed
joining topology design with respect to the free vibration
properties of fixtures.
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While all of the above papers employed spring elements
for the joining modeling, Li et al. [7] applied more
advanced solid brick elements for the joining and also
adopted an evolutionary structural design approach in-
stead of a more traditional sensitivity-based topology opti-
mization method. Although the use of brick elements pro-
duces more accurate results, the discretized joining sur-
faces in the finite element model need to be matched,
which can be a difficult challenge in complex structural
design.

The goal of this work is to present an efficient framework
for topology design of joining locations so that they can
be optimized for the static and/or dynamic response of a
complex structure. As in the general optimization process,
the topology optimization requires iterative evaluations of
the finite element model to reach convergence, which can
lead to high computational costs. One approach to re-
duce the computational burden is to parallelize the finite
element analysis (FEA) required for topology optimiza-
tion, which was attempted in Ref. [8]. Another approach
is to employ the Craig-Bampton component mode syn-
thesis (CB-CMS) method, which is a substructuring tech-
nique that is widely used for its accuracy and efficiency
[9]. The CB-CMS method was employed in combination
with topology optimization in Ref. [10]. In this work, the
CB-CMS method is employed for the joining topology op-
timization by treating the joining between two components
as a third component, which is called a joining component.
It will be shown in this paper that—with an appropriate
partitioning—all the joining can be confined in one join-
ing component, resulting in fast turn-around time for each
optimization iteration.

This paper is organized as follows. First, brief reviews are
given on topology optimization and joining modeling, with
a focus on spot-welding and the CB-CMS method. Sec-
ond, the joining optimization problem is posed and the op-
timizers used for this work are discussed. The design sen-
sitivity analysis is also described for completeness. Next,
numerical results are presented for an example structure.
Finally, conclusions from this study and suggestions for
future research are summarized.

BACKGROUND

TOPOLOGY OPTIMIZATION Since the seminal paper
by Bendsøe and Kikuchi [11] in 1988, topology optimiza-
tion has been successfully applied to a wide range of
problems because of its ability to provide initial design
topology from the arbitrary fixed design domain. The dis-
tinct feature of topology design, as opposed to the size
and shape design, lies in adding or removing holes in the
design domain as well as considering connections among
design domains. These holes are realized by variable dis-
tributed micro-holes in the heterogeneous design domain,
which can grow big enough in some parts of the design
domain to become macro-scale holes in the structure, or
topology changes.

There are two basic stages to topology optimization:

• parameterizing the design domain

• posing and solving the optimization problem

In terms of parametrization of the design domain, the ho-
mogenization method and the Solid Isotropic Material with
Penalization (SIMP) method are widely recognized. In the
homogenization method, design variables are assigned to
control the size and the orientation of the representation
of each hole in a finite element in the design domain. By
the homogenization method, the finite element with a hole
can be interpolated into appropriate elastic coefficients
and densities. As a shortcut of the homogenization, the
SIMP method was proposed by Bensøe [12] to replace
the size and orientation variables of the holes with the
density variable of the finite element in the design domain.
In the SIMP method, the densities are assumed to be re-
lated to the elastic coefficients in a power law that can
control the stiffness of the material. Thus, it can be used
directly as an effective design variable instead of using
geometric variables to account for the hole size and orien-
tation. Despite the lack of rigorous derivation from phys-
ical material, the SIMP method was shown to be reliable
in producing a solid-void structure if the penalizing power
law satisfies the Hashin-Shtrikman bounds that describes
the possible limits of the two-phase isotropic material [13].
For its simplicity of implementation and smaller number of
design variables, the SIMP method was adopted for this
study.

To solve optimization problems, some specific methods for
topology optimization have been developed that can han-
dle a large number of design variables with several con-
straints. Among them, the Method of Moving Asymptotes
(MMA) [14, 15] and the Optimality Criterion (OC) method
[11, 16] are broadly utilized for their efficacy and gener-
ality. The MMA method is based on the convex approxi-
mation method [17–19] with the advanced feature of set-
ting asymptotic moving limits to approximation variables.
One the other hand, the OC is the well-known Karush-
Kuhn-Tucker (KKT) condition in conjunction with the dual
method. In this work, the OC method is used for static
design optimization and the modified OC method is used
for dynamic design optimization.

COMPONENT MODE SYNTHESIS In this paper, the
Craig-Bampton component mode synthesis (CB-CMS)
method [20] is used to improve the efficiency of the struc-
tural analysis required for each iteration of the optimiza-
tion process. First, the full finite element model is divided
into substructures (components). Then, the physical de-
grees of freedom (DOF) of each component’s mass and
stiffness matrices are partitioned into interior and interface
DOF:
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Mi =
[

mAA mAO

mOA mOO

]
i

Ki =
[

kAA kAO

kOA kOO

]
i

(1)

where superscript A denotes “active” DOF of the inter-
face with connected components, and O denotes “omit-
ted” DOF of the interior. The component modes in CB-
CMS consist of a set of fixed-interface normal modes ΦN

i

and static constraint modes ΦC
i ,

ΦN
i = eigenvector(mOO

i ,kOO
i ) (2a)

ΦC
i = −kOO

i

−1
kOA

i (2b)

By the component mode sets of each substructure, Eq. (1)
can be projected into component modal space as

M̂i =
[

mC mCN

mNC mN

]
i

K̂i =
[

kC kCN

kNC kN

]
i
(3)

The assembly of the substructures is similar to the finite
element assembly process, which gives the name of “su-
perelement” for the component. The assembled matrices
are written as

MCMS =

⎡
⎢⎢⎢⎢⎢⎢⎣

∑nss

i=1 mC
i mCN

1 mCN
2 · · · mCN

nss

mCNT

1 mN
1 0 · · · 0

mCNT

2 0 mN
2 · · · 0

...
...

...
. . .

...
mCNT

nss 0 0 · · · mN
nss

⎤
⎥⎥⎥⎥⎥⎥⎦

KCMS =

⎡
⎢⎢⎢⎢⎢⎣

∑nss

i=1 kC
i 0 0 · · · 0

0 kN
1 0 · · · 0

0 0 kN
2 · · · 0

...
...

...
. . .

...
0 0 0 · · · kN

nss

⎤
⎥⎥⎥⎥⎥⎦

(4)

where the subscripts refer to individual substructures and
nss is the total number of substructures.

JOINING MODELING METHODS Although modeling
the joining/fastening of components remains perhaps one
of the most improvisational tasks in structural FEA, proper
modeling methods for joining have been extensively stud-
ied. Although joining could refer any type of part-assembly
process (welding, fastening, riveting, etc.), spot-welding is
considered in this section because of its prevalence in the
automotive body engineering community.

Depending on the required accuracy and complexity of the
problem at hand, an appropriate joining modeling strate-
gies can be adopted. Several joining modeling techniques
were proposed in literature [21–25] as shown in Fig. 1. For
the fatigue analysis based on the local stress and strength
of the materials, both the fine mesh on the structure and
the accurate joining modeling as Fig. 1(c), 1(e) are re-
quired. For the dynamic or NVH analysis of a complex
structure, a moderate level of accuracy and complexity
is required, which leads to the simple solid modeling of
the joining as shown in Fig. 1(c), 1(d). For a design op-
timization problem especially for the preliminary design,
the simple rigid bar modeling as shown in Fig. 1(a), 1(b)
is preferred [3, 5, 23, 26] because the joining modeling can
be easily catered for the iterative updating, which should
be equipped for the design optimization.

(a) Rigid (b) Spring

(c) Nugget (d) Hexa

(e) Solid

Figure 1: Some of the welding modeling practices used
in structural FEA. The spring connection shown in (b) is
used throughout this work.

In this work, each spot-weld connection is modeled as
a three-directional spring to enable the simple and auto-
matic updating of the joining in the global model. Let the
stiffness of the joining be Ks = Diag([kx ky kz]), where
kx,y,z denotes stiffness of the spring along each cartesian
coordinate. Note that the three joining stiffnesses at one
point in the structure tend to be correlated. In this work,
it is assumed that kx, kz = μkky. Thus, the joint modeled
as three springs can be described as

Ks =
[

Ks −Ks

−Ks Ks

]
(5)

where Ks = ky Diag([μk 1 μk]).
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JOINING DESIGN PROBLEM STATEMENTS

In this section, the joining design statements are formu-
lated both for static and dynamic cases. They are based
on the the minimization of the static compliance and its
extension on dynamic compliances [16, 27].

STATIC PROBLEMS First, consider the minimization of
the internal strain energy of the structure under static load.
Because the internal strain energy is equal to the external
work done on the structure, it is equivalent to minimize the
external work, which is also defined as the compliance of
the structure. Therefore, the minimization formulation for
the discretized domain can be written as

min
U,Ee

fT U

subject to : K(Ee)U = f , and Ee ∈ Ead.
(6)

Two fields of interest are the displacement U and the stiff-
ness E. Ead denotes the set of admissible stiffness ten-
sors and should be defined appropriately to be consistent
with the topology domain, which is the distinct feature of
Eq. (6) from size and shape optimization problems.

According to the SIMP method, the elasticity tensor in the
design elements are written as

Ee = ρp
eE0, p > 1. (7)

With the active volume constraints on the usage of the
materials, the intermediate value of ρ(0 < ρ < 1) is penal-
ized compared with 0, 1 design in terms of obtaining the
same stiffness (∼ ρp) by setting the parameter p > 1.

In the context of SIMP modeling Eq. (7), the intermediate
joining stiffness of Eq. (5) can be penalized for the density
ρ to attain the 0, 1 design. Thus, the stiffness matrix of
the joining in SIMP becomes

Ke = ρp
e

[
Ks −Ks

−Ks Ks

]
= ρp

eK
0
s (8)

Because it is assumed that the ratio of the minor direc-
tional stiffness with respect to the main directional stiff-
ness is fixed throughout the optimization process, one
density variable is assigned to one joining. The total stiff-
ness of the structure which is the sum of the stiffness ma-
trix for the structure without connections (“ground struc-
ture”) and the joining stiffness matrix:

Kst = Kground +
nvar

A
e=1

ρp
e

[
Ks −Ks

−Ks Ks

]
(9)

where
nvar

A
e=1

denotes the usual CB-CMS global matrix as-
sembly process [20], which is used to obtain the global
joining stiffness matrix from the local submatrices. In the
joining optimization, instead of placing a constratint on the
total volume of the materials, the number of connections
among components can be limited as

N∑
s=1

ρs = V ≤ N (10)

For the multiple load cases, the response can be evalu-
ated for each load case and summed into a single objec-
tive function. By substituting K with Kst and the constraint
on the number of connections, Eq. (6) becomes

min
ρ

c(ρ) =
ln∑

load=1

fT U =
ln∑

load=1

UT KstU

s.t. : g(ρ) =
nvar

A
e=1

ρe −N ≤ 0 ; 0 < ρmin ≤ ρe ≤ 1

(11)

where U should be obtained by static FEA such that
KstU = fext.

DYNAMIC PROBLEMS For dynamic optimization, the
focus of this study is the topology design optimization of
the structure under external harmonic forcing. This topic
has been studied by Ma et al. [16], among others. In
Ref. [16], the dynamic compliance was defined first and
the modified OC method was proposed. The updating
scheme for the modified OC method was shown to be
guaranteed to work regardless of the sign of objective
sensitivity. Following their work, in this paper the objec-
tive to be minimized is defined as the absolute value of
dynamic stiffness in the frequency range of [flow, fhigh]
for multiple load cases as

min
ρ

fhigh∫
flow

ln∑
load=1

| fT U(ρ)|df (12)

where U and f are complex for the general case of a
damped system. With Eq. (12), the dynamic topology op-
timization statement becomes

min
ρ

fhigh∫
flow

ln∑
load=1

| fT U(ρ)|df

s.t. : g(ρ) =
nvar

A
e=1

ρe −N ≤ 0 ; 0 < ρmin ≤ ρe ≤ 1

(13)
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