
INTRODUCTION
The traditional speed reconstruction method developed and applied in 
the field of vehicular accident reconstruction over the last four 
decades or so, generally divides the crash reconstruction problem into 
three phases: the preimpact phase, the impact phase, and the 
postimpact phase. These phases are generally analyzed separately in a 
reconstruction project and are usually analyzed in reverse 
chronological order, using the available, quantifiable physical 
evidence (vehicle crush, tire mark positions and lengths, vehicle rest 
positions, etc.) as criteria for an acceptable solution. The three phases 
are linked together using common conditions at the transitions 
between the phases.

Early on, the models developed to reconstruct the impact phase 
consisted of point mass impact models comprised primarily of the 
conservation of linear momentum. Later, planar impact mechanics 
(PIM) models were introduced. Among various differences, the PIM 
models include the rotational motion (and rotational inertia) of the 
vehicles whereas the point mass impact models do not. Impact 
models based on energy loss calculated from the residual crush of the 
vehicle(s) were also developed early on and still find widespread use. 
These crush energy models are considered within the context of this 
topic later in the paper.

The application of a PIM collision model in an academic sense would 
consist of specifying values of the initial (preimpact) velocities of the 
vehicles, as well as vehicle dimensional and inertial properties, 
impact geometry, etc., to predict the values of final (postimpact) 
velocities. In accident reconstruction, information about the 
postimpact velocities is typically available, and it is the preimpact 
velocities which are generally desired. Mixed problems are also 
common where preimpact parameters of one of the vehicles may be 
known (or assumed), such as a preimpact velocity and/or preimpact 
orientation. Thus, in reconstruction applications, the solution 
procedure would typically require an iterative approach to determine 
a solution that satisfies the various elements of the known, quantified 
preimpact and postimpact physical evidence. As an alternative to an 
iterative method, another approach to solve this type of problem, in 
which a mix of input and output values is known and another mix of 
values is unknown, is the use of nonlinear optimization methods. A 
technique of solving vehicle crash reconstruction problems using 
nonlinear optimizations is presented in this paper.

Recent advances in the collection of data by the on-board electronic 
systems, on both light vehicles and heavy trucks, have changed the 
scope of the physical evidence available to reconstructionists. In 
addition to (or, sometimes in place of) traditional physical evidence 
such as tire marks, residual crush, rest positions, etc., the list of 
physical evidence in crashes involving vehicles with an EDR may 
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include measurements of the ΔV in the longitudinal and lateral 
directions, preimpact speed, preimpact steering input, etc. 
Reconstructionists benefit from the on-vehicle acquisition of a variety 
of parameters when a crash occurs. Including these parameters in the 
traditional approach to a speed reconstruction requires further 
evaluation on the part of the analyst to ensure these values are achieved 
at each iteration of the solution algorithm until a solution is found.

Conversely, by using nonlinear optimization in solving this “mixed” 
problem, this information can be handled easily and conveniently 
through the use of constraints. By achieving a solution for a given set 
of conditions, the optimization algorithm specifically excludes 
solutions in which the constraints, i.e. specific physical evidence, are 
not met. This optimization approach increases the efficiency of the 
reconstruction process as the analyst no longer needs to use time-
consuming iterative methods to search the solution space for a given 
set of conditions, constantly evaluating the results against the 
physical evidence.

After a review of the applicable literature, the fundamental aspects of 
the Planar Impact Mechanics (PIM) model are presented followed by 
some general background regarding nonlinear optimization methods. 
This background includes details of the optimization tool in 
Microsoft Excel, called Solver, which is used in the examples 
presented in this paper. Prior to presenting various examples which 
demonstrate the method, the specific scheme used in the examples in 
the paper is outlined.

LITERATURE REVIEW
It appears that only two previous papers [1, 2] consider the use of 
optimization methods in the reconstruction of vehicular crashes 
involving the collision. Both deal with the Optimizer utility that is 
part of the PC-Crash reconstruction software [3]. These two papers 
present a scheme for the use of optimization methods in the 
reconstruction of crashes. The approach presented in those papers has 
similarities and differences from what is presented here. The 
approaches are similar in that both exploit the utility of optimization 
in achieving a solution to a reconstruction problem and both 
approaches implement the process using a quality function that tallies 
the differences between desired values for various parameters and 
their corresponding calculated values.

The implementations of the two optimization processes differ in that 
the process described here considers only the impact phase of the 
crash whereas the implementation in PC-Crash optimizes both the 
impact and postimpact phases together. While the implementation 
shown here optimizes an algebraic set of equations (the PIM model), 
the PC-Crash implementation optimizes a similar set of algebraic 
equations (the PC-Crash impact model) as well as a nonlinear set of 
differential equations that govern the postimpact motion of one or 
more vehicles. The principal disadvantage of optimizing over a larger 
portion of the crash rather than just the impact phase is increased 
complexity.

The origin of PC-Crash predates the widespread adoption in the auto 
industry in North America of placing event data recorders (EDR) in 
vehicles. The crash data collected by these devices, particularly data 

from the impact itself, such as the ΔV of a vehicle and its preimpact 
speed, permits the streamlining of the optimization process such that 
it can be tremendously effective when applied to the impact phase 
alone. The examples presented in this paper demonstrate this 
effectiveness.

Both implementations have comparative advantages and 
disadvantages. Certain applications will, perhaps, be more suitable to 
one approach or the other. For example, a crash in which one or more 
of the vehicles is involved in a significant secondary collision after 
the initial collision might not be suitable for the PC-Crash Optimizer. 
Certainly applications in which the reconstructionist wishes or needs 
to incorporate the postimpact motion of one or more of the vehicles 
in an optimization scheme will need to use a more complex scheme 
such as the one in PC-Crash as opposed to an implementation of PIM 
coupled with an optimization utility.

However, scenarios such as those shown in the examples in this paper 
can easily be handled by the technique presented herein. The analyst 
will need to assess the best approach based on the circumstances of a 
given application. An understanding of the examples presented here 
and in the references will aid in that decision-making process. 
Additionally, nonlinear optimization has been used [18] for the fitting 
of a spiral to the measured tire mark from a critical speed event.

OPTIMIZATION METHODS
Least squares is defined as a method of determining the curve that 
best describes the relationship between expected and observed sets of 
data by minimizing the sums of the squares of the deviations between 
observed and expected values [10]. In the field of vehicular accident 
reconstruction, the relationship is between the physical evidence 
(observed) and the computed/reconstructed (expected). In the 
application presented here, the method is applied to achieve a match, 
in a least squares sense, between the physical evidence and the 
computed, or modeled. The least squares condition is imposed in that 
the deviations between the observed and expected values are squared 
and summed, and this summation is minimized. When the minimized 
value is zero (or near zero), a match between the observed and 
expected conditions is achieved.

This technique as presented here can be expressed as a function, Q, 
where Q, frequently referred to as a quality function, is defined by the 
equation:

(1)

In this equation, n is the number of parameters to be compared from 
the known data, wi is a weighting factor, ui

data is a parameter 
determined from physical evidence and ui is the corresponding 
parameter calculated using the Planar Impact Mechanics (PIM) 
model. Each parameter, ui, is a function of various other vehicle and 
crash parameters, sj. Parameters, ui, that are known with greater 
confidence, i.e. less uncertainty, are generally given a higher 
weighting factor than those with more uncertainty. A preferred 
technique is to make the ui quantities nondimensional or to require all 
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to have the same dimensions. Weighting factors can also be used to 
even out the influence on Q of competing parameters, ui, where one 
parameter is naturally much larger in magnitude but not in 
importance than another parameter. Nonlinear optimization 
techniques are then used to search the solution space by varying 
values for certain unknown input variables, sj, until a minimum value 
results for Q. This process satisfies the physical PIM model and 
matches the physical evidence in an optimal or “best” way. One 
commonly available nonlinear optimization tool useful for this 
method is the Solver feature in Microsoft Excel.

Microsoft documentation [7] states that Excel Solver uses the 
Generalized Reduced Gradient algorithm for optimizing nonlinear 
problems, i.e. to find a maximum, minimum or specified value of a 
“target cell” in a spreadsheet. It accomplishes this by varying the 
values of a number of “changing cells” on which the value of the 
“target cell” depends. Details of how Solver works can be found in 
[12]. The spreadsheet must contain a series of known ui values and a 
corresponding series of calculated ui values. The calculated ui values 
must be contained in spreadsheet formulas that depend on the various 
coefficients and parameters, sj, that will be varied by the Solver in 
achieving a solution [12].

Vehicle and/or impact parameters that are not known exactly in a 
given crash, but are known to generally fall within certain ranges, for 
example, frictional drag coefficients and/or the coefficient of 
restitution, can be bounded through the use of constraints within 
Solver to narrow the range of possible solutions. Additionally, these 
coefficients and other impact parameters, such as the angle of the 
vehicle-to-vehicle contact plane (Γ), which may not be known with 
certainty, can frequently be determined in the optimization process 
through the use of constraints. The utility of imposing constraints in 
the solution process cannot be understated. Through the imposition of 
constraints, the optimization algorithm limits its search for a solution 
to only those parts of the solution space that include the permissible 
values of the parameter.

The question naturally arises as to whether a solution found by the 
optimization algorithm is a global or local minimum. (Note that global 
here is relative in that with constraints imposed, the solution space is 
necessarily restricted.) The best approach to ascertain the nature of the 
solution is to explore the solution space near the parameter values 
found by the optimization algorithm and to use knowledge of the 
circumstances of the crash and the judgment of the reconstructionist to 
evaluate the solution(s). This exploration can be implemented quite 
effectively using the Solver utility itself through modification of the 
constraints, varying the input values, etc. This approach is consistent 
with the other sources that address this question [7, 12]. The details of 
the solution process used by Excel Solver are beyond the scope of this 
paper. Information regarding the solution process is available by 
contacting the developer of the code [8].

Four of the five examples presented in this paper use the Planar 
Impact Mechanics (PIM) model [4, 5, 6]. The solution equations of 
the PIM model are available [9]. Validation of this model for use in 
the analysis and reconstruction of vehicular crashes has been 
demonstrated [5]. The impact model used in PC-Crash [4] is 
essentially the same model presented and used here. The remaining 

example uses point-mass impact mechanics (applicable to in-line 
central) collisions) coupled with EDR data. The use of the point-mass 
impact mechanics model is valid in this application since it is a 
central collision. Care should be taken when using point-mass impact 
mechanics for reconstructing and analyzing non-inline, offset vehicle 
crashes [17].

Also worth mentioning before presenting a series of examples, is that 
the lack of a suitable match between the observed and the expected 
conditions can also provide information about the solution space. 
Knowing that the constrained solution space is not yielding a 
satisfactory match between the physics model and the physical 
evidence demonstrates that a review of the problem is necessary. The 
reason for the lack of a match may be as simple as a data entry error 
(e.g. use of weight instead of mass) or based on the physics (e.g. 
imposing the common velocity conditions when the crash being 
reconstructed did not satisfy these conditions). Using optimization to 
trouble-shoot this situation has advantages. Constraints of parameters 
to a certain range can be relaxed or tightened in a systematic manner 
and the results evaluated to assess their effect. This can be done quite 
efficiently and effectively to learn the nature of the solution space. 
This situation is discussed in Example 3 below.

EXAMPLE RECONSTRUCTIONS

Example 1 - Intersection Collision without EDR Data
The first example illustrating the use of nonlinear optimization in 
vehicle crash reconstruction involves two passenger cars that collided 
at approximately right angles on a city street (see Figure 1.1). Vehicle 
1 (Veh 1) was reportedly exiting a drive along the south side of the 
street while Vehicle 2 (Veh 2) was traveling eastbound in the lane 
closest to the south curb. The front of Veh 2 collided with the left side 
of Veh 1. After the collision, Veh 1 continued northward across the 
street, mounted a curb, collided with a concrete bench and came to 
rest facing north. Vehicle 2 continued eastbound and came to rest in 
the westbound lane facing east.

Figure 1.1. Scaled crash diagram for Example 1

Neither vehicle was equipped with an event data recorder. No 
measurements or photographs were taken at the crash scene. 
Photographs of the site were taken by the police the following day, 
after the vehicles had been removed. The impact and rest positions 
and orientations of the vehicles were estimated based on the vehicle 
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damage and roadway markings (tire marks). The initial post-collision 
path of Veh 1 was indicated by curved tire marks on the street. The 
rest position of Veh 1 was estimated by the location of the concrete 
bench and the tire marks visible in the site photographs. The 
post-collision path of Veh 2 was indicated by a fluid trail on the 
street.

Crush measurements were taken of both vehicles during the vehicle 
inspections. Measurements were also taken at the crash site to 
facilitate planar photogrammetric analysis of police photographs of 
the site. In this way, the tire marks on the roadway and the fluid stain, 
which define the postimpact motion of the vehicles, were located 
accurately.

The reconstruction of the postimpact speed of Veh 1 is subject to 
considerable uncertainty due to the impacts with the curb and the 
concrete bench. The postimpact motion of Veh 2, which takes place 
entirely on the roadway, appears to be a reasonable candidate for a 
reconstruction. However, it is also subject to some uncertainty as the 
distance traveled, in this case greater than 100 feet, will produce 
different results depending on the drag assigned to the vehicle (wheel 
conditions, etc.). Thus, the decision is made to use optimization 
methods and, rather than reconstruct the impact based on the 
postimpact speed of one (or both) of the vehicles, the reconstruction 
will be based on the postimpact directions of motion of both 
vehicles. Additionally, with crush measurements, the energy loss due 
to crush can be calculated and used in the reconstruction. As will be 
shown, the energy loss can be imposed as a constraint in the 
optimization. Recall that the postimpact velocity has both magnitude 
(speed) and direction components. The reconstructed speed of Veh 2 
is used at the end of the reconstruction as an additional means to 
check the results.

The PIM spreadsheet (Figure 1.2) was set up to calculate the initial 
speed of Veh 2 by optimizing the calculated departure angles, cells 
Y10 and Y11, for both vehicles simultaneously. From available 
barrier test data and crush measurements of both vehicles involved in 
the crash, the normal crush energy loss [20] was determined to be 
55,664 ft-lb. In analyzing the vehicle velocities at impact, the crush 
energy calculated using PIM was constrained to be within ± 50 
percent of this value. The coefficient of restitution, e, was also 
constrained to be between 0.0 and 0.2, typical for passenger car 
collisions [9]. Initial heading angles and the location of the impact 
center, C, were determined from scale diagrams and used as inputs to 
the analysis. Geometric and inertial properties of both vehicles were 
taken from available literature. Finally, the departure angles (angles 
of the final velocity vector components) of the mass center of both 
vehicles were determined from the scale diagram of the site and used 
to set up the nonlinear optimization scheme that calculated initial 
velocity for Veh 2 and e by minimizing the difference between 
calculated and desired values of the departure angles for both 
vehicles. The initial speed of Veh 1 was estimated from typical 
vehicle acceleration values and the distance Veh 1 traveled to impact 
was entered into the PIM analysis spreadsheet as an input.

Ultimately, a narrow range of initial speed for Veh 2 produced the 
correct rest position and orientation for Veh 1. Differences in initial 
speed of ± 1 mph produced substantially different post-collision 

movements for Veh 1. Using this initial speed for Veh 1 and the 
analysis techniques already described, resulted in a calculated total 
normal crush energy loss of 55,805 ft-lb. The normal crush energy 
loss calculated from Planar Impact Mechanics differed from that 
calculated from crush measurements by 0.25 percent. The ΔV's for 
Veh 1 and Veh 2 calculated using PIM were both about 2 mph greater 
than those calculated using crush energy. As a check of the final 
speed for Veh 2 calculated using PIM, the average drag coefficient 
required to bring Veh 2 to a stop over its rollout distance was 
calculated and found to be 0.14, which seemed reasonable for the 
circumstances. Figure 1.2 shows the solution spreadsheet for this 
example. The postimpact speed of Veh 1 was determined to be 17.9 
mph and the preimpact speed of Veh 2 was 37.9 mph.

Example 2 - Intersection Collision with EDR Data
Figure 2.1 is a scale diagram of an intersection crash involving a 
westbound vehicle with an EDR, Vehicle 1 (Veh 1), and a southbound 
vehicle not equipped with an EDR, Vehicle 2 (Veh 2). The EDR on 
Veh 1 captured information for both the longitudinal and lateral speed 
changes of the vehicle, ΔVlong and ΔVlat, as well as the preimpact 
speed of the vehicle for five seconds prior to the collision at one 
second intervals. As a result of the impact, Veh 1 was redirected from 
its westward preimpact motion to the southwest. It exited the 
shoulder southwest of the intersection, rolled down the berm and 
came to rest facing southwest. After impact, Veh 2 continued south 
and to the west, rotated approximately 200° clockwise and came to 
rest approximately 47½ feet from its position at impact.

Figure 2.1. Scaled crash diagram for Example 2The postimpact motion of 
Veh 1, which includes rolling down a fairly steep hill with the left 
front chassis furrowing and gouging the ground/soil and an impact 
with the front of the vehicle at the base of the hill, presents 
difficulties in reconstructing its postimpact speed using simulation 
techniques. The postimpact motion of Veh 2 takes place entirely on 
the roadway and therefore traditional methods of postimpact analysis, 
vehicle dynamics simulation in this case, could be applied to 
reconstruct its speed at separation. This speed could then be used to 
reconstruct the impact phase. However, in combination with 
optimization, this speed at separation becomes just one of a series of 
parameters used to reconstruct the impact to determine the preimpact 
speed of Veh 2. Due to the availability of EDR data including in this 
case, both lateral and longitudinal ΔV components for Veh 1, the use 
of crush analysis, with its considerable uncertainty [14, 16], was not 
used. Therefore, measurements of the residual crush of the vehicles 
were not made.
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