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SECTION 1C - HEAT TRANSFER
1. INTRODUCTION:
1.1 Scope:

Heat transfer is the transport of thermal energy from one point to another. Heat is transferred only
under the influence of a temperature gradient or temperature difference. The direction of heat
transfer is always from the point at the higher temperature to the point at the lower temperature, in
accordance with the second law of thermodynamics. The fundamental modes of heat transfer are
conduction, convection, and radiation. Conduction is the net transfer of energy within a fluid or solid
occurring by the collisions of molecules, atoms, or electrons. Convection is the transfer of energy
resulting from fluid motion. Convection involves the processes of conduction, fluid motion, and mass
transfer. Radiation is the transfer of energy from one point to another in the absence of a
transporting medium. In practical applications several modes of heat transfer occur simultaneously.
For example, aerodynamic heating of a vehicle surface includes convection to the surface, radiation
away from the surface, and conduction through the surface structure. Since the three modes of heat
transfer obey different laws, a real insight into such a problem can be gained only after they have
been studied separately.

1.2 Nomenclature;

This list contains the nomenclature used in this section. There are additional symbols defined in
certain paragraphs directly as they are used.

= Velocity of sound, ft/s

= Area, ft2, in?

= Specific heat, Btu/Ib-°F

= Skin friction coefficient, dimensionless

= Specific heat capacity at constant pressure, Btu/lb-°F
= Specific heat capacity at constant volume, Btu/lb-°F
= Speed of light, ft/s

= Diameter, ft, in

= Self-diffusion coefficient (molecular diffusivity), ft2/s

= Base of the Naperian (natural) logarithm, 2.718...

= Exponent

= Electrical potential, volts

= Friction factor, Darcy or Fanning, dimensionless

= Configuration factor, dimensionless

= Gravitational acceleration, ft/s2

= Specific weight (density), Ib/ft3

= Weight flow rate per unit area, Ib/h-ft2

= Surface heat transfer coefficient, convection, Btu/h-ft2-°F
= Planck’s constant, dimensionless

ST TTME O UU0LLL OB
©
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1.2 (Continued):

h = Specific enthalpy, Btu/lb

i = Enthalpy, Btu/lb

I = Current, amperes

| = Intensity of radiation, Btu/h-ft?

J = Mechanical equivalent of heat, 778 ft-1b/Btu

J = Colburn Modulus, (NStNPr?’) dlmenS|onIess

k = Thermal conductivity, Btu-ft/h- ft2-°F

K = Boltzmann’s constant, dimensionless

L = Length, ft, in

m = Mass, Ib

M = Mach number, (V/a), dlmenS|onIess

Ngy = Euler number, (gAp/p%;V ), dlmenS|onIess

Ngr = Grashof number, (Atx (pg) gB/p ), dimensionless

Gaz = Graetz number, (Wcy/kx), dimensionless

Nkn = Knudsen number, (A,/x), dimensionless

Nie = Lewis number, (Ng/Np,), dimensionless

Ny = Nusselt number, (hD/K) or (hx/k), dimensionless

Npr = Prandtl number, (ugc,/k), dimensionless

NRre = Reynolds number, (VDpg/y), dimensionless

Nsc = Schmidt number, (W/pgD), dimensionless

Sst = Stanton number (Ny/NreNpy) = (h/3600pgVc,), dimensionless (Note: The use of
3600 depends on whether V is in ft/s or ft/h)

NTU = Number of transfer units, dimensionless

Porp = Pressure, psi, Ib/ft2, in Hg

= Rate of heat transfer, Btu/min, Btu/h

= Radius, ft, in

= Recovery factor, dimensionless

= Resistance, ohms

= Universal gas constant, ft-lb/Ib-°R

= Temperature, °F

= Temperature, °R

= Qverall conductance, Btu/h-ft-°F

= Local velocity, ft/s, ft/mln

= Specific volume, ft3/lb

= Velocity, ft/s, ft/min, ft/h

= Weight flow rate, Ib/h

= Distance, ft

= Thermal diffusivity, k/pgc,, ft2/h

= Coefficient of volumetric expansion, °F” L

= Emissivity, emittance, dimensionless

= Effectiveness, dimensionless

= Efficiency, effectiveness, dimensionless

= Absolute viscosity, Ib/s-ft, Ib/h-ft

= Mass density, Ib-s2/ft*

= Specific weight (density), Ib/ft3

RXszs<L<<CHTHmAWm™ T Q0
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1.2 (Continued):

o >>Aaaaqg o

Subscripts

av
aw
crit
eff
T

s, S
X

= Partial

= Stefan-Boltzmann constant (0.173 x 10°%), Btu/h-ft>-°R*
=Time, s, h

= Shearing stress, psi

= Transmissivity, dimensionless

= Wavelength, microns

= Molecular mean free path, ft

= Sweep angle, degrees

= Average

= Adiabatic wall

= Critical

= Effective

= Total

= Stagnation, static (as locally defined)
= Local

1.3 Common Abbreviations:

A

A
abs
aero

AICHE

AIR

Amer.

arg.

ASME

atm
av
boil

= Argon

= Ampere(s)

= Absolute

= Aeronautical

= American Institute of Chemical Engineers
= Aerospace Information Report

= American

= Argument (function)

= American Society of Mechanical Engineers
= Atmosphere

= Average

= Boiling

Btu (BTU) = British thermal units

Chem.

CO
CO,
CHy
cond
conv
cos
cosh
coth
crit

= Chemical

= Carbon monoxide

= Carbon dioxide

= Methane

= Conduction

= Convection

= Cosine

= Hyperbolic cosine

= Hyperbolic cotangent
= Critical
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1.3 (Continued):

ed. = Edition

eff = Efficiency, effectiveness, effective
Eng. = Engineering

Engrs. = Engineers

Eq.(s) = Equation(s)

erf = Error function

erfc = Complementary error function
et al. = And others (Latin)

etc. = Etcetera (and more)

evap = Evaporation

exp = Exponent

°F = Degrees Fahrenheit

ft (FT) = Foot (feet)

Ho = Hydrogen

He = Helium

Hg = Mercury

h = Hour(s)

IME = Institute of Mining Engineers (British), Institution of Mechanical Engineers (British)
in = Inch(es)

Inc. = Incorporated

J. = Journal

lam = Laminar

Ib (LB) = Pound(s)

lim = Limit

In = Natural logarithm to the base e
log = Logarithm to the base 10

m = Meter(s)

max = Maximum

min = Minimum

Ne = Neon

N5 = Nitrogen

N,O = Nitrogen oxide

NO = Nitrous oxide

No., no. = Number

NACA = National Advisory Committee for Aeronautics
O, = Oxygen

p. = Page

pp. = Pages

Progr. = Progress

psi = Pounds per square inch

psia = Pounds per square inch, absolute
psig = Pounds per square inch, gage
°R = Degrees Rankine

rad = Radiation
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1.3 (Continued):

Rev. = Review

RML = Research Memorandum (Lewis)
SAE = Society of Automotive Engineers
s = Second(s)

sat = Saturated

Sci. = Sciences

Sept. = September

Si = International System of Units (Systéme Internationale, France)
sin = Sine

sinh = Hyperbolic sine

Soc. = Society

sub = Subcooled

tan = Tangent

tanh = Hyperbolic tangent

temp = Temperature

TN = Technical Note

TR = Technical Report

tot = Total

Trans. = Transactions

turb = Turbulent

UAC = United Aircraft Corp.

\Y = Volt(s)

Vol (Vol.) = Volume

W = Watt(s)

WADC = Wright Air Development Center
A = Increment or difference

u = Micron (106 meter)

0 = Partial derivative

2. CONDUCTION:
2.1 Mechanism of Heat Conduction:

The study of conductive heat transfer within a system (body) includes a study of the effect of the
surroundings, or boundary conditions, upon the system. These boundary conditions may consist of
convective, conductive, or radiant heat transfer or an arbitrary heat input rate. The system will react
by transferring heat within itself by conduction, which is the flow of heat from a hotter to a cooler area
by a kinetic interchange between colliding particles (molecules, atoms, or electrons) or by a change
in the thermal storage, or both, which is the absorption of internal energy (molecule vibration)
accompanied by a change in temperature or of the state of the system. All these effects may be
related mathematically through a series of differential equations, and the solutions may be divided
broadly into steady and unsteady state (transient) heat transfer problems.
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2.1.1 Steady-State Heat Transfer: A steady-state condition may be defined to exist when the flow of
heat and the temperature distribution within the system are functions of position only and are
independent of time. Under these circumstances, heat may be transferred by conduction only (in
the absence of internal radiation or convective currents). It has been established empirically that
the rate of heat flow by conduction, q, in Btu/h, between two parallel planes of area A a distance x
apart and at temperatures t, and t, may be expressed as

X

(Ea. 1)
where:
k = Proportionality factor known as the thermal conductivity, a material property

Usually, it is taken to be independent of the direction of heat flow (isotropic medium) and of
temperature, so that heat flow is linear with temperature differential. The heat conduction equation
(Fourier’s law of conduction) may also be expressed in differential form as

dt
%=«& (Eq. 2)

where:

g/A = Heat flux and is in the direction of negative temperature gradient, dt/dx

2.1.2 Transient Heat Transfer: The unsteady state (transient) condition implies that the heat transfer is
time variant, and therefore that energy storage must be considered in addition to heat conduction.
This may be expressed in differential form as

e Ot
g = me - (Eq. 3)

where:

g = Net heat flow into or out of storage
m = Elemental mass

¢ = Specific heat per unit mass

dt/dt = Rate of temperature change

It is noted here that mc is a material property and is usually assumed to be independent of
temperature.
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2.2 General Energy Equation:
The laws of heat conduction and storage expressed in 2.1.1 and 2.1.2 may be combined into what is
known as the Fourier-Poisson heat conduction equation. For a generalized, curvilinear orthogonal
coordinate system (see Figure 1) with internal heat generation and conductivity allowed to be a
function of temperature, this is
2 [ yatl L2 [y (ot
UVA [E)n {k (u)an} +8p { (v)ap}
(Ea. 4)
9 ) (L) ot . ot
MY {k ( x)aaH *a = pgc 5
where:
pdn, AdE, and vdp = Length of sides of the elemental volume (see Figure 1)
M, A, and v = Unit vectors
g' = Time rate of energy generation in the fluid per unit volume, Btu/h-ft3
2.2.1 Rectilinear Coordinates: These are:
L=>A=v=1 (Eq. 5)
d§ = dx;dn = dy;dp = dz (Eq. 6)
m
P
1o
NdE
3
FIGURE 1 - Curvilinear Orthogonal Coordinate System
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2.2.1 (Continued):

and for constant conductivity and no internal heat generation:

2 2 2
ot _ [a t, 9%t 0 tj
== —=t+t—=+=—= (Eq. 7)
Jt x> oy o7
where:
o = k/pgc = thermal diffusivity
2.2.2 Cylindrical Coordinates: Refer to Figure 2.

A=1 w=r (Eq. 8)

v =1 d¢ = dz (Eq. 9)

dn = do dp = dr (Eq. 10)

—~

dr
d¢

r

dz

FIGURE 2 - Cylindrical Coordinates
For constant conductivity and no internal heat generation,

2 2
ot _ (P 10t 19t
Eﬁ_a[_+r8r+r2 + 2} (Eq. 11)

2
ar? 8(])2 0z

For no heat flow in the ¢ and z directions (radial flow only),

2
ot _ a[ﬂﬂFﬂJ (Eq. 12)
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2.2.3 Spherical Coordinates: Refer to Figure 3.

n=1 A= (Eq. 13)
v = rsing dn = dr (Eq. 14)
d§¢ = do dp = dy (Eq. 195)

For constant conductivity and no internal heat generation,

2 2, -2
ot _ o | 207t ot 1 07t 9%t 1 ot
ot _af2dt Hot, 1 Jt, ot, 1 ot Eq. 16
CLS [r ar® “or sin“poy’ 90> tanq)an (Ea-10)

FIGURE 3 - Spherical Coordinates

For radial heat flow only,

2
ot _ o (2%, 20
S-a [8r2+ raJ (Eq. 17)

2.2.4 Initial and Boundary Conditions: Before the preceding differential equations can be solved for a
unique solution of the temperature distribution or heat flow rate, it is necessary to introduce
subsidiary equations, which may be described as the temperature distribution at time zero and the
conditions at the boundaries of the system which affect the heat flow into or out of the system.
From the nature of the equations, it is apparent that it is necessary to specify one initial condition
and two boundary conditions for each dimension considered. The specification of the initial
condition is self-evident [t(0,x,y,z),etc.], whereas the specification of the boundary condition may
take several forms, depending upon the type of heat flow. The most common boundary conditions
for the x axis are:
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2.2.4 (Continued):

(a) Specified wall temperature:

t(t,xy.,2) = t4 (Eq. 18)
(b) Insulated wall:
Mrxy2) - o (Eq. 19)
(c) Convection:
_ké%%fﬁ = hity—1) (Eq. 20)
(d) Radiation:
KD o ittt (Eq. 21)

where:

h = Local heat transfer coefficient
F 1o = Configuration factor

2.3 Steady-State Heat Conduction in One Dimension:

The simplest solution of the heat conduction is that for steady state (dt/dt = 0) and one-dimensional
flow with specified wall temperature at each boundary.

2.3.1 Heat Flow Between Parallel Walls (Slab): Refer to Figure 4.

t(0) = t, (Eq. 22)
L) = t, (Eq. 23)
t =ty =t —tp) T (Eq. 24)
q= %(H _tz) (Eq. 25)
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X =9
‘LO{

FIGURE 4 - Heat Flow Between Parallel Plates

2.3.2 Heat Flow Through a Cylinder: Refer to Figure 5.

try) =ty (Eq. 26)
trp) =t (Eq. 27)
In(r/ry)
b=t S (Eq. 28)
2rk(t; -t,)
9 - 1”12
Unit length In(ro/ry) (Eq. 29)
FIGURE 5 - Heat Flow Through a Cylinder
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2.3.3 Heat Flow Through a Sphere: Refer to Figure 6.

t(ry) = t, (Eq. 30)
t(ry) =t (Eq. 31)

_ t -1 t -1
b=t _1—(r1/r2)+[(1/r1)—(1/r2)]r (Eq. 32)
_ 4rnk(ty -ty) (Eq. 33)

9= (1) = (1/r,)

FIGURE 6 - Heat Flow Through a Sphere

2.3.4 Heat Flow Through Composite Materials: When considering the flow of heat through materials of
different thermal properties, or perhaps of varying geometrical properties, it is valuable to consider
two concepts:

(a) Thermal Resistance - This is analogous to electrical resistance and permits the use of the well-
known electrical laws for adding resistances in series for the flow of heat through composite
materials (or adding conductances in parallel when heat flows through several parallel paths).
This concept often will permit the writing of complicated heat flow equations by inspection.

(b) Overall Conductance - This is the reciprocal of the total resistance to heat flow. The overall
conductance, when multiplied by the overall temperature difference, results in heat flow per unit
area across the system being considered.
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2.3.41 Slab: Refer to Figure 7. Materials 1,2,...n have conductivities k4,k,,...k,, and lengths L4,Lo,...L,,
respectively.

t(0) = t, (Eq. 34)
t(Ly+Ly+..Ly) =t (Eq. 35)
[(L1/Ky) + (Lo/Ko) + ... (AX/K )]

n
> (Ln/kn)
1

o=t —(t—t)e (Egs. 36, 37)

ZoZ NNy
L~ ‘@ ,’\:l'_ i’:,‘\‘”n
~ /,.;,,‘,“

N
;‘“—1 *“ Lz"l" Ln‘J

FIGURE 7 - Heat Transfer in a Slab

_ Aty -t
(L, /K + (L Ky) + (L /K

q = UA(t, -t) (Eq. 38)

where;

1
U= = Qverall conductance Eqg. 39
(L, /K + (Ly/Kg) + (L Ko) (Eq. 39)
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2.3.4.2 Cylinder: Refer to Figure 8.
t(ry) = t, (Eq. 40)
t(r,) = t, (Eq. 41)
1 r 1
) (@)l
- -ty) n " (Eq. 42)
;(k—n) In (T
2n(t, —t.)
g _ 1" 'n
Unitlength (1) I (rn+1) (Ea. 43)
— ] 1In
1 kn rn
FIGURE 8 - Heat Transfer in a Cylinder
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2.3.4.3 Sphere: Refer to Figure 9.

t(ry) =ty (Eq. 44)
tr,) = t, (Eq. 45)

1(1_1 1M1

Ly k1 (r1 rz) HES ki (ri r)
C=t -y -t W (Eq. 46)

— | =+
;kn (rn rn+1
(Eq. 47)
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2.4 Steady-State Heat Conduction in Two and Three Dimensions:

2.41 Conduction Shape Factors: The general equation is

g = QATK

Table 1 is adapted from Reference 17.

2.5 Steady-State Heat Conduction With Convection as a Boundary Condition:

TABLE 1 - Shape Factors

1t
ok 0] © [©
L/D 1/ 1/ 11
1 0 0 0
2 0.10 0.12 0.13
3 0.16 0.17 0.18
4 0.20 0.22 0.23
5 0.23 0.24 0.25

(Eq. 48)

The solution to all preceding geometries, with convection as a boundary condition, may easily be

written by inspection if it is remembered that

_ AToverall
9= Sum of Thermal resistances (Eq. 49)
where the thermal resistance for convection = 1/hA.
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2.6 Heat Transfer Through Fins in Steady State:

2.6.1 General Nomenclature: A fin may be described as a material of finite thermal conductivity, which is
heated or cooled convectively from a fluid flowing over its surface and which transfers a finite
quantity of heat or cooling by conduction through its base into the material to which it is connected.
For all fins described herein, the conductivity through the thickness of the fin (in the direction of J)
will be considered infinite; that is, the temperature will be uniform at any point x. Also, the material
conductivity will be assumed independent of temperature. In describing the thermodynamic
performance of a fin, the significant performance factor is a term called the “fin effectiveness,” e,
which is a ratio expressing the fraction of the surface area that is effective in transferring heat
through the base of the fin in terms of the base temperature of the fin; that is,

~ %
€ ARG, 1) (Eq. 50)
The following nomenclature will be standard for all solutions, with additional nomenclature being
added as required for particular solutions.

A = Total fin surface area, ft? (both sides)

h = Heat transfer coefficient between fin and fluid (h4 for interface 1, h, for interface 2, etc.),
Btu/h-ft>-°F

k = Thermal conductivity of fin, Btu/h-ft-°F

tm, = Temperature of fin if there is no fin effect, °F

t, = Temperature at base of fin (surface to which fin is connected), °F

t, = Temperature of fin at point x, °F

t1,b,...t, = Fluid temperature over area 1,2,...,n, °F

g, = Heat transferred out of fin to connecting surface, Btu/h

d1,94, Or q, = Heat entering fin from fluid 1,2,...,n, Btu/h

x = Distance from origin, ft

o = Fin thickness, ft
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2.6.2 Finite Length Rectangular Fin: Refer to Figure 10.

i .
9010 I S

FIGURE 10 - Finite Length Rectangular Fin

cosh [a(L - X)]

H0) =t + (g t) o= (Eq. 51)
q, = (h, +h2)'%s(tm—to) (Eq. 52)
Q1 = Ny Sl —to)e + (b 1] (Eq. 53)
oray = US(ty ~tp)+h Secty 1) (Eq. 54)
where:
_ hyty+hoty
t = e (Eq. 55)
_ [hy+h,
a= /k_S (Eq. 56)
A = 2L() (Eq. 57)
_ tanh aL
e = A0 (Eq. 58)
~ 1
v- (1/hy)+(1/h,) (Eq.59)
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2.6.3 Annular Fin: Referto Figures 11 and 12. This is a problem in radial heat flow, where a circular disk
of radius L + L' surrounds a heat sink of radius L' and temperature t,. Convection from
temperature t4 and film coefficient hy surrounds the fin.

[ ¢ [ _L
hl,fl I hl"l *
e
=

FIGURE 11 - Annular Fin (No Temperature Drop
Assumed Through Vertical Cylinder Wall)

. NN

4
\ 0.4
06 087 1.0

FIGURE 12 - Efficiency of Annular Fins of Constant Thickness

tX_t'l — (1)+(2) E 60
t,-t,  (3)+(4) (Eq. €0)
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2.6.3 (Continued):

where:
(1 = LIL +L)alK,(ax) (Eq. 61)
(2) = Ky[(L + L)a]l,(ax) (Eq. 62)
(3) = LI +L)alK,(aL) (Eq. 63)
(4) = Ky[(L + L)a]l,(aL) (Eq. 64)
_ . (5)-(6)
= 2nL'kda | —0—== (1, -t
Go = miHoa ((7) +(8))( o~ 1) (Eq. 65)
= al(L+L)° - L Ihye(t, ~ t,)
where:
(5) = (L +L)a]K,(aL) (Eq. 66)
(6) = Ky[(L + L)a]ly (aL) (Eq. 67)
(7) = LI+ L)alK,(aL) (Eq. 68)
(8) = Ky[(L + L)a]l,(aL) (Eq. 69)
(see Figure 12).
where:
l,(arg) = Modified Bessel Function, first kind, zero order
[4(arg) = Modified Bessel Function, first kind, first order
Ko(arg) = Modified Bessel Function, second kind, zero order
K4(arg) = Modified Bessel Function, second kind, first order
a = /h/(kd) (Eq. 70)
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2.6.4 Finite Length Fin With Constant Heat Flux Near One End: Refer to Figure 13. This is the case of
a convectively cooled surface of finite length |5, in the positive x direction; the boundary condition at
X = |, is dt,o/dx=0.

For x> 0,
too—ty _ . cosh a, (I, - %) (Eq. 71)
’[q -t (ay/ay)sinh a,l, - coth a, I, + cosh a,l,
Z | Z
|
r
hty hyaty Il
t ' 2 8
3 MWM;‘ horta
« @z .
g - t2 7
x=0 ’
FIGURE 13 - Fin With Constant Heat Flux Near One End
Forx <0,
’[q—’[x1 _ (@ay/ay)cosh a; (I +x) (Eq. 72)
’[q -ty (ay/ay)cosh a, Iy + sinh a1, - coth a,l,
where:
tq = (hyt; +0)/h, (Eq. 73)

a; = Jn/(kd) (Eq. 74)
a, = /(a1 +h,)/(k3) (Eq. 75)
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2.6.5 Finite Length Fin With Step Change in Convective Heating Near One End: Refer to Figure 14.
The surface is of finite length |, in the positive x direction, and the boundary condition at x =, is

(dt,o/dx) = 0.

7 !
J
- h, 4 : hl,t'
7 ' x
s 'xj *XZ 3
v * I
|
7 2"3 X
/) Ae— 1 e 4
1 2
A x=0

FIGURE 14 - Fin With a Step Change in Convective Heating Near One End

For x> 0,
t1—tmo  (@y/a)sinh a,l, - coth a I, + cosh a,l, '
Forx <0,
t1 — b _ (ay/ay)cosh a; (I +x) (Eq. 77)
t1—tno  (@y/a;)cosha,l, +sinhal, - coth a,l, '
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2.6.6 A Finite Length and an Infinitely Long Fin Welded Together Near One End: Refer to Figure 15.
This is the case of two fins of different materials joined together near one end for a length 1, so that
there is perfect thermal contact in that area, with homogeneous thermal properties. One fin is very
long and the other is of length I3. The convective heating and cooling over the various surfaces is

noted in Figure 15.

hg s

FIGURE 15 - Fins of Different Materials Joined at One End

Forx >0,
kida t.3-1.5 K305a
utanh a1|1 4 m3  "m2 *3-3 3tanh a3|3
bo—tme _ | Kodo% m1 ~tm> K223 e %2 (Eq. 78)
tr1— tmo k1842, k33383 |
1+ ———tanha |, + tanh asls
ko852, k2828,
toq—t k,d,a
C t”” —tm3 ( k181a1 tanh a1l1) —1
x3 " tm3 _ | _'m1 " tm2 20287 [cosh agx —tanh asl, - sinh a;x] (Eq. 79)
t1—tno ki8;a, k3d3a3
1+—=—tanha l, + tanh a5l
ko852, K288,
Forx <0,
t -t 3 k3dsa
o 1 +tm1 —tm3 k383a3 tanh agly
m1 %1 _ m1~ m2 "29292 [cosh a,x+tanh a,l, - sinh a,x] (Eq. 80)
t -t o k8,2, K33323
1+————tanha,l, + tanh a;l;
ky8,8, k2878,
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2.6.6 (Continued):

where:
hy +hy
a1 =
k181
h, +h,
%27 Tk
2Y2
hy +hy
%7 Tk
3Y3
ety +haty
hotythyt,
tm2 = R Th,
2t Ny
hatgthyt,
tms = R, Th,
3ty

(Eq. 81)

(Eq. 82)

(Eq. 83)

(Eq. 84)

(Eq. 85)

(Eq. 86)

2.6.7 Two Finite Length Fins Welded Together Near One End: Refer to Figure 16. This is the same

case as that in 2.6.6 except that the boundary condition at x = |, is dt,»/dx = 0.

FIGURE 16 - Fins of Finite Length Joined Near One End
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2.6.7 (Continued):

Forx <0,
] to1 —tms k383a3 tanh asl,
t -t t -t k-,&,a, tanh a,l
mi_x1 - mi_m2 2 2°2 22 [cosh a,x +tanh a I, - sinh a,x] (Eq. 87)
t—to k8,4, tanh a,l, N kz03a5 tanh asls
k,8,a, tanh a,l, k,8,a, tanh a,l,
For x> 0,
ki8;a, tanh a l, t, s3-t., k3dza5 tanh asls
t,—t k,8,a, tanh asl, 1 —t.> ky0,a, tanh a,l, )
tx2 tm2 = s tarh aml nll S e A [cosh a,x—tanh a,l, - sinh a,x]  (Eq. 88)
m1~ ‘m2 1914 11 30393 3'3
k,8,a, tanh a,l, k,8,a, tanh a,l,
t1 —tms ] k8,4, tanh a,l,
t .-t it "i.5.a, tanha,l,)
x3_m3 _|__ml m2 2272 2 [cosh agx —tanh agly - sinh agx] (Eq. 89)
t—tno ki8;a, tanh a,l; kszdsa; tanh azls

k,8,a, tanh a,l, k,8,a, tanh a,l,

2.6.8 Fin Effectiveness of a Welded Double Skin: Refer to Figure 17. Fin effectiveness for this case
may be defined as the ratio of the heat that is transferred out of the surface 1 plus 2 to that which
would be transferred in the absence of conduction (through surface 2 only) and is equal to .

yi i ity ' Jy
! 'x2 @ 82

E@'*'i nata 6* Z
t ! te 3

[ S F—7,

A—- " ’2“3 ‘—-——‘Z/’

FIGURE 17 - Effectiveness of Welded Double Skin
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2.6.8 (Continued):

_ Yin

€
oa
qno fin

I (o}
[ ittty ax II hy(tey —t;) dx
= o _1

+
Ul,(t,— ;) Uly(t, — ;) (Eq. 90)
|
. hyl, hy e
Ug UE&s
1+=——+==
hye,  hyey
where:
_ 1
v (1/h)+(1/h,) (Eq. 91)
tanh a,|
g, = amha (Eq. 92)
ayly
tanh a,|
e, = am as’s (Eq. 93)
al,
tanh asl
ey = o433 (Eq. 94)
azls
_
_ [y +h,
% K3, (Eq. 96)
_ | hy
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2.6.9 Fin Thatis Heated by a Blanket and Loses Heat at One End: Refer to Figure 18. This is the case
of a fin heated by a constant flux qy, which is located in a “blanket” wrapped over the outside of the
fin. A thermal resistance R, separates the heat source from the fin, and another R4 separates the
heat source from ambient temperature t;. One end of the fin (x = 1) has a finite thermal
conductance UA (per unit width) to temperature t,, and the other end of the fin (x = 0) is insulated.

to -1

t —t (-t
T e e | e (Eq. 98)
—t, kda
X 0 1+ UA tanh al
where:
1/(R; +R,)]+h
a= J[ (R1*R)I* s (Eq. 99)
ko
t, -t )0 = Temperature difference between fin and ambient if there were no fin effect
hot JrqH+(’[1/R1)
_ 33 1+ (Ry/Ry) (Eq. 100)
- 1
h,y+
3 R +R,
Z
f Ri /Ry /Z're"r*erﬁé’”?ﬁe
Fin tx 3 jua[p
e X h3,f3 ’
I
Y|l — e ——
n
5
£ X
FIGURE 18 - Loss of Heat at One End of Fin
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2.6.10 Fin Heated by a Blanket With a Linearly Varying Heat Flux: Refer to Figure 19. This case is the
same as the preceding one except that the heat flux is constant for X < 0, and varies linearly for

X>0.
Y R, Ry Heat Flux
2l 1 32 ? UAW
|
hs’l's
t ‘ 'z ;'J
ay : """""""
oo ——— —+"
—x
)
FIGURE 19 - Fin Heated With Blanket; Linear Varying Heat Flux
For X <0,
e — 1 _ (ac/d) +b .
Tt [a[tanh al, + (e/d)]} [cosh ax + tanh al, sinh ax] + 1 (Eq. 101)
For X >0,
Lot [ (ac/d) + b }
(teo—ty )0 a[tanh al, + (e/d)] (Eq. 102)
- [cosh ax +tanh al, - sinh ax] + [~ (b/a) sinh ax + bx + 1]
where:
h 1/(R, +R
:A/3+[ (R +Ry)!l (Eq. 103)
kd
[Ry(da/dx)1(R; +Ry) 4
b= Eq. 104
hs+[1/(Ry +R5)] (’()(—’[1)0 (Eq )
_{UA[ o ol | (VAT
c = [kSa[1 o=y (el )b (Eq. 105)
UA .
= i5a sinh al,, + cosh al, (Eq. 106)
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2.6.10 (Continued):

_ UA
e_

‘oa cosh al, + sinh al, (Eq. 107)

qH+(t1/R1)_

1+(R,/Ry) 1 (Eq. 108)

t-ty), = hts +
2.7 Transient Heat Conduction:

This section treats solutions to the general heat conduction equation when the term dt/dt # O; that is,
the temperature distribution through the system is a function of time as well as distance. For
simplicity, solutions will be presented only for those cases where there is a step change in the
boundary conditions at time zero and where the initial temperature is uniform. For other
assumptions and the conversion of the step change to an arbitrary time dependent input, see
Reference 2.

2.7.1 Solid of Infinite Thermal Conductivity: In this case the temperature of the body is uniform
throughout at each instant of time, and the body, whose thermal capacity is mc, receives heat from
the surrounding fluid of temperature, t_, by convection. See Figure 20.

1.0 T l l T l

0.8 — —
0-6 — et

04 — —

(tr — ti)/(te — 1)

0.2 —

0 | | | | | |
0 0.5 1.0 1.5 2.0 25 3.0 3.5

1
T

FIGURE 20 - Solid of Infinite Thermal Conductivity
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2.7.1 (Continued):

o (Eq. 109)

where:

t. = Body temperature at time 7, °F
t; = Body temperature at time O, °F
t., = Temperature of surrounding fluid, °F
7 = Time after initiation of step change, h
T = Time constant of body

= ﬂ: h

hA’

m = Mass of body, Ib
¢ = Specific heat of body, Btu/lb-°F
h = Heat transfer coefficient over body from surrounding fluid, Btu/h-ft2-°F
A = Surface heat transfer area of body, ft2

2.7.2 Semi-Infinite Solid With Known Surface Temperature: See Figure 21. This is the case of a very
thick slab whose initial temperature is t; and whose surface at x = 0 is suddenly changed to
temperature t, at time zero.

FIGURE 21 - Semi-Infinite Solid With Known Surface Temperature
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2.7.2 (Continued):

t -t X

i[“ n = 1—erf
o1 24t (Eq. 110)
= erfc
2oz
where:
t, . = Body temperature at distance x and after time 1, °F

o = Thermal diffusivity of material, k/pgcy
T = Time after initiation of step change, h 5 5 ,
erf (€) = Gauss error function defined as erf (€) = T Ie'“ dn where n is a dummy variable
T
o]

erfc (§) = Complementary error function defined as erfc (§) = 1 - erf (§)
This equation is plotted in Figure 22 for the case of hx/k = .
2.7.3 Semi-Infinite Solid With Convection at the Surface: This is the same as the preceding case except
that the surface at x = 0 is heated from the surrounding fluid of temperature t_ by film coefficient h.

This solution is presented in graphical form in Figure 22 for various values of the dimensionless
parameter hx/k.

(tx,r — ti/(te — ti)

0 0.2 04 0.6 0.8 1.0 1.2 1.4 1.6
x/2vat

FIGURE 22 - Semi-Infinite Solid With Convection at the Surface
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2.7.3 (Continued):

te 1 X [hx h? j x . h
2 = erfc——-|eexp| =+—=01 erfc + = Jat Eqg. 111
t. -1 2Jaz [ Lk K2 [ (ZA/(X’C k )} (Eq )

2.7.4 Semi-Infinite Solid With Constant Heat Flux at the Surface: This is the same case as above
except that the surface x = 0 is heated by a flux of Q,, Btu/h-ft2. Refer to Figure 23.

bl 2 BT .
SR T e exp( 2] ~erfo (zm) (Eq. 112)
10 -1 11 M | ¥ 1 I i fTI

llllll

lllll[l i

(tx,z — ti)/Qox/k

lllllll A

]

i

001 llll ] Il l'lllll
06 1 2 5 10 20

2Vat /x

FIGURE 23 - Semi-Infinite Solid With Constant Heat Flux at the Surface
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2.7.5 Slab With Convection at the Faces: This is the case of a slab of thickness 2L of initial temperature
t; which is heated by convection on both faces by a fluid at temperature t_ and film coefficient h.
Since the equation expressing this case is an infinite series that is tedious to calculate, only the
graphical solution of Figure 24 will be presented.

2.7.6 Infinitely Long Cylinder With Convection Over the Surface: Refer to Figure 25.

2.7.7 $Solid Sphere With Convection Over the Surface: Refer to Figure 26.

2.7.8 Infinitely Long Fin: Refer to Figure 27.

t, .-t
X1 '—1eX/2herfc J_
t,-t 2 kd 2 / ot Nkd
(Eq. 113)
% X ,2h erfc ' '
k8 2 , fc
bt h it
I'x
-
s_g_ ) 100 =5
'6 N \\\ L 2[ > — = = 4
AN . e o e W Zand ) - h — e 2 ¥
4 \\\\ g 75510 DN \\:\\,7‘ : 5;:
1 s g — =
P 0.50 N - e 0.75. ]
2 N >4 \\ l |
= o 028 X oo NN T i 0.5‘0:
o o ,,—kl_‘ z --\-\o \\\ ]t | hiL"""‘ % \o.lo\ 0.25 ] s
i ——|00 t 25
—_ ; -+ T "-—--—:L S — -T QF
T"s : \\: < \C e 2 A\N P P :‘*—’2“
:_.4 o - O,"/?in \ P \’ -'? +
3 2 M N A NN ST —~—F1.0
?. N G i N N 7
< ___.%=o.20+:—L‘A“ :\f\\ 0.25 —XL— 0.80 27t < c‘;.sol<
. ENEN [\\ wol ] on |0 o2s] ‘
.8 a (00 = — Sé
6 N T y S— A 4 =
] &1,51: \\: S s S s - [24
4 - T 0.75 2.0 \\  —— TP 5 e
P B -~ R S e T
2 N ISR ECED T !71'501:
L 0.40 _%L:‘-"\—\\ N 0.0 s Rl N I e
T 010 |08° [ N 210 T L | | Tos
G.1 | I l LN i [ N [ Nt 028 { L ;Lo’
o 2 4 6 8 1.0 L2 4 0 .2 4 & 8 K 1.2 L4
at/L?
FIGURE 24 - Slab With Convection at the Faces
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FIGURE 25 - Infinitely Long Cylinder With Convection Over the Surface
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FIGURE 26 - Solid Sphere With Convection Over the Surface
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(txx —ti)/(to— 1)

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
x/2Vot

FIGURE 27 - Transient Temperature Rise of Fin

2.7.9 Heat Flow in Two and Three Dimensions: The general solution to the heat conduction equation
presented in 2.2 often may be obtained as the product of the solution for each dimension:

tix,y,z,7) = t(x,7) - t(y,7) - t(z,7) (Eq. 114)

This may be solved for the case of uniform initial temperature and either fixed surface
temperatures or convection to the surrounding fluid. Typical examples of the application of this
principle are given in the following paragraphs.

CASE 1. Semi-Infinite Cylinder - This is the region of a long cylinder near one end, shown in
Figure 28.

FIGURE 28 - Region of a Long Cylinder Near One End
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2.7.9 (Continued):

Solution:
t—too _ tr’,t—too tX,’C_ti
-t [ti—tw }[1 - tw—ti} (Eq. 115)
where from Figure 25,
bote (1 oor k.
t-t, - f[ro’ 2’ hroj (Eq. 116)
o
and, from Equation 111,
- (Eq. 117)
t.-4 2 Jor K

where f means “function of”.

CASE 2. Finite Cylinder - This cylinder, with length 2L, is of the same order of magnitude as its
diameter. See Figure 29.

Solution:

t-t B tm—too t.—t,

t-t, [ti—tw }[ti—tw} (Eq. 118)
where, from Figure 25,

t—r,’t_too = L % L

t-t, f[ro’ 2 hroj (Eq. 119)
(o]
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2.7.9 (Continued):

and, from Figure 24,

beamle _o(x 01 k
- f(x 25 (Eq. 120)

CASE 3. Quarter-Infinite Solid - This is the region near the edge or intersection of two
perpendicular faces of a large solid, as shown in Figure 30.

FIGURE 30 - Region Near the Intersection of Two Perpendicular Faces of a Large Solid

Solution:

t-t, _ g o—t teo ot
[1 ot }[1 ot -t } (Eq. 121)

where, from Equation 111,

b=t 0 X hxy

B (zm, T) (Eq. 122)
t -t h

1 _besti f(z%, %) (Eq. 123)

t, -t

CASE 4. Eighth-Infinite Solid - This region is near the corner or intersection of three mutually
perpendicular faces of a large solid. See the sketch shown in Figure 31.
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X3

X2

FIGURE 31 - Region Near the Corner of Three Perpendicular Faces of a Large Solid

2.7.9 (Continued):

t-t., _ [1 _tx1,r_tii||:1 _'&2,1"‘1[1 _tx3,1:_tii| (Eq. 124)
t_t t, -t t,—t; -t '

where, from Equation 111,

b=t _ o X hxg

o2t —f(zm, k) (Eq. 125)
bo—ti_ (X X

R —f(zm, k) (Eq. 126)
ba—ti_ (X Nxg

e —f(zJa_T, k) (Eq. 127)

CASE 5. Semi-Infinite Slab - This is the region of a large slab near one plane surface
perpendicular to the faces of the slab. See Figure 32.

o]
b
L

WM

FIGURE 32 - Region of a Semi-Infinite Slab
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